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General setting

» We are interested in methods based on the propagation of waves to
determine the shape, the physical properties of objects, in an exact or
qualitative manner, from given measurements.

» GENERAL PRINCIPLE OF THE METHODS:
i) send waves in the medium;
ii) measure the scattered field;
iii) deduce information on the structure.
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e Many techniques: Xray, ultrasound imaging, seismic tomography, ...

e Many applications: biomedical imaging, non destructive testing of

materials, geophysics, ...
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Goal of the talk

» The goal of imaging techniques is to find features of the structure from
the knowledge of measurements.

» In this talk, we are interested in questions of invisibility when one has a
finite number of measurements |

3 /928



Goal of the talk

» The goal of imaging techniques is to find features of the structure from
the knowledge of measurements.

» In this talk, we are interested in questions of invisibility when one has a
finite number of measurements |

- Less ambitious than usual cloaking and therefore, more accessible.

- Also relevant for applications, in particular in waveguides.

3 /928



Goal of the talk

» The goal of imaging techniques is to find features of the structure from
the knowledge of measurements.

» In this talk, we are interested in questions of invisibility when one has a
finite number of measurements |

- Less ambitious than usual cloaking and therefore, more accessible.

oL

- Also relevant for applications, in particular in waveguides.

» At least two reasons to study invisibility questions:

- We can wish to hide objects.

- It allows to understand limits of imaging techniques. 5/ 8



Outline of the talk

@ Construction of invisible penetrable defects

© Can one hide a small Dirichlet obstacle?

@ Can one hide a perturbation of the wall?
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@ Construction of invisible penetrable defects
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Waveguide problem

» Scattering in time-harmonic regime of an incident plane wave by a
bounded penetrable inclusion D (coefficients p) in Q := {(x,y) € R x (0;1)}.

Find v = u; + ug s. t.

—Au = k?’pu inQ

pP P )

() Opu = 0 on 0F),
Uug 1S outgoing.
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~Au = k?’pu  inQ
pP P )
(&) Opu = 0 on 012,
ug is outgoing.

—L +¢

» For ke (0;7),

only 2 propagative modes w* = e**® | Set u; = wt.

> ug is outgoing & |us=xTsTwt +xTsTwT + G,

with s* € C, 45 exponentially decaying at +oo.

(Xi are smooth cut-off functions s.t. x* =1 for o > 20, x* =0 for +z < £)

6 /28



Waveguide problem

» Scattering in time-harmonic regime of an incident plane wave by a
bounded penetrable (coefficients p) in Q := {(z,y) € R x (0;1)}.

Find v = u; + ug s. t.

p=1 2 :
—Au = kpu inQ
- Z F ’
wt (#) Ohu = 0 on 092,
’ Q

us is outgoing.

» For k< (0;7), lonly 2 propagative modes w* = e*™*%,| Set u; = wt.

> ug is outgoing & |us=xVTsTwt +xTsTwT + i,

with s* € C, s exponentially decaying at 4o0.

DEFINITION: | wu; = incident field (data)
u = total field (defined by (£))
us = scattered field (defined by (£2)).
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Definition of invisibility

» At infinity, one measures the reflection coefficient s~ and/or the
transmission coefficient 1 + s™ (other terms are too small).
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Definition of invisibility

» At infinity, one measures the reflection coefficient s~ and/or the
transmission coefficient 1 + s™ (other terms are too small).

DEFINITION: Inclusion is said | non reflective if s~ =0
completely invisible if sT = 0.

» From conservation of energy |s~ |2 + |1+ sT|? = 1, “complete invisibility”
implies “non reflectibility” (st =0 = s~ = 0). The converse is wrong,.

We explain how to construct inclusions such that

s =0 or st =0.

@ These inclusions cannot be detected from far field measurements.

@ We assume that & and the support of the inclusion D are given.

7 /28



Goal

Find a real valued function p # 1, with p — 1 supported in D, such
that the solution to the problem

Find v = us + w™T such that
—Au = k?pu  inQ,

ug is outgoing

satisfies s~ =0 or sT = 0.
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Sketch of the method

» We will work as in the proof of the implicit functions theorem.

The idea was used in Nazarov 11 to construct waveguides for which
there are embedded eigenvalues in the continuous spectrum.
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Sketch of the method

» Define 0 = p — 1 and gather the measurements in the vector
F(o) = (Fi(0),...,Fan(0))" € R*N,

» No obstacle leads to null measurements = F(0) = 0.
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Sketch of the method
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Our goal: to find o € L*°(D) such that F'(o) = 0 (with o # 0).
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Sketch of the method

» Define 0 = p — 1 and gather the measurements in the vector
F(o) = (Fi(0),...,Fan(0))T € R*Y,
Our goal: to find o € L*°(D) such that F'(o) = 0 (with o # 0).

» We look for small perturbations of the reference medium: o = ¢/ where
€ > 0 is a small parameter and where p has be to determined.
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» Define 0 = p — 1 and gather the measurements in the vector
F(o) = (Fi(0),...,Fan(0))T € R*Y,
Our goal: to find o € L*°(D) such that F'(o) = 0 (with o # 0).

> Taylor: F(ep) = edF(0)(u) + e2F=(p).

Assume that dF(0) : L>°(D) — R*V is onto. ‘

(D) s, | PO () =0
oty €LP) S| {ap (o)) PO o] = o

2N
» Take = uo+ Z Tnltn, Where the 7, are real parameters to set:
n=1
0= Fep) =3 7= G(7)
where 7 = (71,...,7on) | and G&(7) = —eF* ().

If G¢ is a contraction, the fixed-point equation has a unique solution 7.

Set 0%°! := eu*°l. We have F(0°') = 0 (invisible inclusion).
9728
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Calculus of dF(0)

» For our problem, we have (6 = p—1)
st st

Im —).

s s
F(O’)Z(%ei %mzl?,%e@, k2

ik?’

To compute dF(0)(u), we take p° = 1+ eu with p supported in D.

» We denote u®, uf the functions satisfying

Find u® = uf 4 u;, with uf outgoing, such that
—Au® = k?p"uf  in Q.
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Calculus of dF(0)

» For our problem, we have (6 = p—1)

To compute dF(0)(u), we take p° = 1+ eu with p supported in D.

F(o) = (Re 2, 9m 2 %

st

+
\sms—)

k2 S T e S e

» We denote u®, uf the functions satisfying

Find u® = uf 4 u;, with uf outgoing, such that

—Auf

= k?p°uf  in Q.

» We obtain the expansion (Born approx.), for small ¢

Conclusion:

+ :0+sik2/ pwtwt de
D

dF(0)(p

(/ucos (2kz) dx /usm (2kz) dx /,udw 0)

+ O(e?).
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Penetrable inclusion
s~ st st

Sm el R Sm —), we obtain
i

» For F(o) = (R e S s

S
€k

dF(0)(p) = (/Du cos(2kx) dx , /Dusin(Qkx) da:,/Duda:, O).

Is dF(0) : L>°(D) — R* onto 2
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Can we have sT =0 or

Uj sT=0 y orp. )
> D TN ~ al_;lc O Us (0‘1“2;;)70 ?

Waveguide Free space B
u:o(ginc)zo = USEOER‘I\D

s+ 1+stP=1

G —
S+:O(€) = sT=0.

. Then,
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Main result

PROPOSITION: For € small enough, define p*°' = 1 4 4% with

3
p = o+ D .

n=1
Then the solution of the scattering problem
Find v® = uf + w*
—Au = k%?p®lu inQ,

ug is outgoing

satisfies s~ = st = 0.

COMMENTS:
— We need € to be small enough to prove that G° is a contraction.

— We have ;°°' # 0 (non trivial inclusion). To see it, compute dF(0)(u5).
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— We have ;°°' # 0 (non trivial inclusion). To see it, compute dF(0)(u5).

— We have 7°°! = Oe) = p ol &~ 119. We control the main form of the defect.
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Numerical experiments: algorithm and data

» We can solve the fixed point problem using an iterative procedure: we
set 70 = (0,0,0) " then define

FrHl = ge(7m).

» At each step, we solve a scattering problem. We use a P2 finite element
method in Q4 := (—4;4) x (0;1). On z = £4, a truncated Dirichlet-to-Neu-
mann map with 10 harmonics serves as a transparent boundary condition.

» Weset k=3 and D= (—n/(2k);n/(2k)) x (1/4;3/4)
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Results at the end of the fixed point loop

0.1
—c 052
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ﬂ 0039

-n 0020

Re ug
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Results at the end of the fixed point loop
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Results at the end of the fixed point loop

With this approach, we produce small contrast invisible perturbations of
the reference medium.
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Results at the end of the fixed point loop

With this approach, we produce small contrast invisible perturbations of
the reference medium.

Can we increase the perturbation to obtain larger defects ?
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Can we increase the perturbation?

» Schematic view of what we did (F : R> — R is the measurements map):

F(o) =0
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» Schematic view of what we did (F : R> — R is the measurements map):

F(o) =0
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Can we increase the perturbation?

» Schematic view of the process to construct larger invisible defects:

F(o) =0

Can we reiterate the process ?
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Numerical results to impose s =0

» Same setting, 3 steps of iterations.
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— First results are encouraging. Still some questions: at each step, how to
choose the new directions?
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Numerical results to impose s =0

Depending on the directions, we may have

F(o)=0

— First results are encouraging. Still some questions: at each step, how to
choose the new directions?
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Numerical results to impose s =0

» Same setting, 3 steps of iterations.
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o
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—-0.20

-0.41

— First results are encouraging. Still some questions: at each step, how to
choose the new directions?

— We are not able to prove that ds= (o) : L>(D) — C is onto for o # 0. ) s



© Can one hide a small Dirichlet obstacle?
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Small Dirichlet obstacle

» Can one hide a small Dirichlet obstacle 05 = M; + €0 centered at M;?

- Find v = u; + ug s. t.
~Au = k*u in Q°:=Q\ 0%,
u= 0 on 00F,
_- ug is outgoing.

> Again, u, is outgoing < | us = xtstwt + x"sTw™ + @ , with sT € C,

Us expo. decaying at +oo.

18 / 28



Small Dirichlet obstacle
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- Find v = u; + ug s. t.
~Au = k*u in Q°:=Q\ 0%,
u= 0 on 00F,
_- ug is outgoing.

> Again, u, is outgoing < | us = xtstwt + x"sTw™ + @ , with sT € C,

Us expo. decaying at +oo.

Due to Dirichlet B.C., w* are not the same as previously (but this is not
important).
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Small Dirichlet obstacle

» Can one hide a small Dirichlet obstacle 0F

> Again, u is outgoing < us = xTsTwt + xTsTwT + 1

Us expo. decaying at +oo.

» In 3D, we obtain

+
0+£‘(4z7rcap(ﬁ)w (M;)? ‘-4—0 ,j Non zero terms!

S

st

0+£‘(4z7rcap(ﬁ)|w+ (My)[? ‘—i—

= M; + €0 centered at M;?
- Find v = u; + ug s. t.
~Au = k*u in Q°:=Q\ 0%,

u= 0 on 00N°,
_- ug is outgoing.

. with s* € C,

(cap(€) > 0)

18 / 28



Small Dirichlet obstacle

» Can one hide a small Dirichlet obstacle 0F

> Again, u is outgoing < us = xTsTwt + xTsTwT + 1

Us expo. decaying at +oo.

» In 3D, we obtain

; 4
0+£‘(4z7rcap(ﬁ)w (M;)? ‘-4—0 ,j Non zero terms!

S =

st

0+€‘(4z7rcap(ﬁ)|w+ (My)[? ‘—i—

= M; + €0 centered at M;?
- Find v = u; + ug s. t.
~Au = k*u in Q°:=Q\ 0%,

u= 0 on 00N°,
_- ug is outgoing.

. with s* € C,

(cap(€) > 0)

= One single small obstacle cannot even be non reflective. ‘
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Small Dirichlet obstacles

» Let us try with two small Dirichlet
obstacles centered at M7, Ms.

w*(My)?) + O(?)

» Weobtain s~ = 04c¢ (dimrcap(0)

N

Il
-

n

0+ (4imcap(0) Y |Jw(M,)|?) + O(e?).

I
N

Il
_

n
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9’_ We can find My, My such that s~ = O(g?).
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M +e7, and choosing a good T € R3 (fized point), we can get s~ =0.
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Small Dirichlet obstacles

o Oiw > Let us try with two small Dirichlet
obstacles centered at My, M.

» Weobtain s~

2
0 + ¢|(4im cap(O) Z wt (M,)%)| + O(e?)

st

0 + ¢ (4im cap(O Z %)+ 0(e?).

~9’_ We can find My, My such that s~ = O(g2). Then moving 0% from M; to
M +e7, and choosing a good T € R3 (fized point), we can get s~ =0.

COMMENTS:

— Hard part is to justify the asymptotics for the fixed point problem.
— We cannot impose s = 0 with this strategy.

— When there are more propagative waves, we need more obstacles.

19 / 28



[

Small Dirichlet obstacles

o Oiw > Let us try with two small Dirichlet
obstacles centered at My, Ms.

2
» We obtain s~ 0 + ¢|(4im cap(O) Z wt (M,)%)| + O(e?)

st

0+ ¢ (4im cap(O Z 2+ 0(e%).

/

9’_ We can find My, My such that s~ = O(g2). Then moving 0% from M; to
M +e7, and choosing a good T € R3 (fized point), we can get s~ =0.

~

COMMENTS:

— Hard part is to justify the asymptotics for the fixed point problem.
— We cannot impose s = 0 with this strategy.

— When there are more propagative waves, we need more obstacles.

IXI Acting as a team, flies can become invisible!
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@ Can one hide a perturbation of the wall?
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Can one hide a perturbation of the wall?

> Pick h € 65°(—¢;£), £ > 0. Set k € (0;7), wt = eFhT y; = wt.

1+ ch(z)

Find v = u; + ug s. t.

—Au = k>u in Q°,
opu = 0 on 00°,
-- 0_ ug is outgoing.

» Again, u, is outgoing < us = xTstwT + x"sTw™ + i , with sT € C,

is expo. decaying at Foo.
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> Pick h € 65°(—¢;£), £ > 0. Set k € (0;7), wt = eFhT y; = wt.

1+ eh(x)
- Find v = u; + ug s. t.

—Au = k>u in Q°,

0 ug is outgoing.

us = xtstwt +x~s~w™ + i |, with s

» Again, ug is outgoing <
is expo. decaying at Foo.

» We obtain
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Can one hide a perturbation of the wall?

> Pick h € 65°(—¢;£), £ > 0. Set k € (0;7), wt = eFhT y; = wt.

1+ eh(x)
- Find v = u; + ug s. t.

—Au = k>u in Q°,

0 ug is outgoing.

us = xtstwt +x~s~w™ + i |, with s

» Again, ug is outgoing <
is expo. decaying at Foo.

» We obtain

5T = (——/ O.h(z ))2dx> +0(g?)

st = 040 +0(e?

~— =0 but not st =0.

= With this approach, we can impose s

Opu = 0 on 00°,

+teC,
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Obstruction to invisibility

» More generally, for any Neumann wave-
guide, one can show that s™ = 0 implies

/ | Vg |* — k?|us|? dz = 0.
Q
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Obstruction to invisibility

» More generally, for any Neumann wave-
guide, one can show that s™ = 0 implies ¢

2 1200 (2 g0
/Q|VUS| k% |us|” de = 0. s a2

e Decomposing in Fourier series, one finds

/ |Vug|* — k2 |ug|? dz > 0.
95
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PROPOSITION: For a given shape, sT = 0 cannot hold for k2 € (0; \;).
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» More generally, for any Neumann wave-
guide, one can show that s™ = 0 implies ¢

2 1200 (2 g0
/Q|Vus\ k?lus|® de = 0. s a

e Decomposing in Fourier series, one finds

/ |Vug|* — k2 |ug|? dz > 0.
95

e Note that st =0=us €Y :={v e H'(Q)| [ _.,vdo = 0}. Define

i = B (/Q |Vv|2dac> / (/Q |v|2d:1:> > 0.
£ £

PROPOSITION: For a given shape, sT = 0 cannot hold for k2 € (0; \;).

— For a small smooth perturbation of amplitude eh, one finds |\; — 7| < C'c.
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Obstruction to invisibility

» More generally, for any Neumann wave-
guide, one can show that s™ = 0 implies ¢

2 1200 (2 g0
/Q|Vus\ k?lus|® de = 0. s a

e Decomposing in Fourier series, one finds

/ |Vug|* — k2 |ug|? dz > 0.
95

e Note that st =0=us €Y :={v e H'(Q)| [ _.,vdo = 0}. Define

i = B (/Q |Vv|2dac> / (/Q |v|2d:1:> > 0.
£ £

PROPOSITION: For a given shape, sT = 0 cannot hold for k2 € (0; \;).

— To impose invisibility at low frequency, we need to work with special shapes.
22 / 28



Non smooth perturbation of the wall

» We study the same problem in the geometry °

> Weobtain s~ = 0-+e (ikZizl(er(Mn))Ztan(khn))+0(52)

b= 02 (i/250 tan(khn) ) +O()
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Non smooth perturbation of the wall

» We study the same problem in the geometry °

> Weobtain s~ = 0-+e (ikzizl(m(Mn))?tan(khn))+0(52)

st

0+¢ (/255 tan(khn)) +O()

1) We can find My, h, such that s~ = O(e?) and sT = O(e?) .




Non smooth perturbation of the wall

» We study the same problem in the geometry °

3
c >,

ha hs

QE

» Weobtain s~

0+e (z’k S (wt(M,))? tan(khn)) +O(e2)

0+e (1/2 3 tan(khn)> +O(e?)

1) We can find My, h, such that s~ = O(¢?) and sT = O(?) .
9/_ 2) Then changing hy, into hy + T, and choosing a good T = (11,72, 73) € R?

(fized point), we can get s~ =0 and SmsT =0.




Non smooth perturbation of the wall

» We study the same problem in the geometry °

g
c >,

ha hs

QE

» Weobtain s~

0+e (z’k S (wt(M,))? tan(khn)) +O(e2)

0+e (z’/2 3 tan(khn)> +O(e?)

1) We can find My, h, such that s~ = O(¢?) and sT = O(?) .
9/_ 2) Then changing hy, into hy + T, and choosing a good T = (11,72, 73) € R?

(fized point), we can get s~ =0 and SmsT =0.

3) Energy conservation + [st =0()] = st =




Geometry at the end of the numerical process

> We set k = 0.87. We start with h{ = h§ = hf = w/k. At each step j > 0
of the fixed point loop, we change the geometry modifying h, hj, hj.

0 77
0 6

Re ug

0 3
-0.86
0.

50
0.4

|| I || =,
Reu 0
-0.4
-0.46
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Remark

» We could also have worked with gardens of flowers!
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@ Construction of invisible penetrable defects

© Can one hide a small Dirichlet obstacle?

@ Can one hide a perturbation of the wall?
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Conclusion

What we did

& We explained how to construct invisible perturbations of a reference
situation in a setting with a finite number of measurements.

1) We want to continue the analysis of the reiteration process to
construct large invisible defects of the reference medium.

2) It would be interesting to consider other models (Maxwell, elasticity,
...) and to investigate cases where the differential is not onto.

3) For a given perturbation, can we study the frequencies (invisible
modes) such that invisibility holds?

4) We wish to better understand the link between the invisible modes

and the so-called trapped modes in waveguides.
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Thank you for your attention!!!
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@ Can one construct a completely reflective defect?
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Completely reflective defects

DEFINITION: Defect is said completely reflective if sT = —1.

» In these waveguides, u = xT(1 + sT)w™ + x (wh + s w™) + @ is
exponentially decaying at +oo.

Can we construct such defects ?
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Can we construct such defects ?

A We cannot consider a small perturbation of the reference waveguide.
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» Consider the Helmholtz problem with Dirichlet B.C. in Q. It admits a
solution u = xT(1 + s, )wt + x " (wh + s, w™) + .
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Completely reflective defects

DEFINITION: Defect is said completely reflective if sT = —1.

» In these waveguides, u = xT(1 + sT)w™ + x (wh + s w™) + @ is
exponentially decaying at +oo.

Can we construct such defects ?

A We cannot consider a small perturbation of the reference waveguide.
14

> <

~

L

Qr

» Consider the Helmholtz problem with Dirichlet B.C. in Q. It admits a
solution u = xT(1 + s, )wt + x " (wh + s, w™) + .

— |For a given ¢ > 0, we compute numerically sf as L — 400
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Asymptotic behaviours of s7 as L — +oo 1/2

’Result depend on the nb. of prop. modes in the vertical branch By, ‘
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Asymptotic behaviours of st as L — 400 1/2

EI ‘ Result depend on the nb. of prop. modes in the vertical branch B ‘

-1 -05 0 05 1 1 -05 0 05 1

Figure: Numerical approximation of T, Ry, for L € (0.4;10), £ =1.
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Asymptotic behaviours of st as L — 400 1/2

EI ‘ Result depend on the nb. of prop. modes in the vertical branch B ‘

-1 -05 0 05 1 1 -05 0 05 1

Figure: Numerical approximation of T, Ry, for L € (0.4;10), £ =1.

x For £ € (m/k; 27 /k) (2 propagative modes wT in B.,), we can prove that

|RL — Rasy(L)| < Ce ™ and  |Tp — Tusy (L) < Ce®E, (C, a > 0)

where R,sy (L), Tasy(L) run on circles passing period. through 0 as L — +oo.

31




Asymptotic behaviours of st as L — 400 1/2

We can construct waveguides s.t. |T| < C' e~ for arbitrary large L.
For the moment, we do not know how to impose exactly 7" = 0.
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Numerical results

» Approximation of t — Re (e "“!u(x)) for some arbitrary L.

O 0.53
(:) éD.ZE

8.%5e-08
-

-0.26

DUOUVOUDUDUDUDUDULEE 3

» Approximation of t — Re (e~™*tu(x)) for L such that [Ty | < Ce L.

0.0029

-0.33

-0.67
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Asymptotic behaviours of st as L — 400 2/2

x For £ € (27 /k; 3w /k) (4 propagative modes w¥, wE in By,), one has

|RL — Rasy(L)| < Ce ™ and |Tp — Tusy (L) < Ce®E, (C, a > 0)




Asymptotic behaviours of st as L — 400 2/2

x For £ € (27 /k; 3w /k) (4 propagative modes w¥, wE in By,), one has

|RL — Rasy(L)| < Ce ™ and |Tp — Tusy (L) < Ce®E, (C, a > 0)

but behaviours of Rasy (L), Tasy(L) can be more complex...
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Figure: Curves L + Tasy (L), Rasy(L) for L € (0;+00), €= T, /2m =1y =2,




Asymptotic behaviours of st as L — 400 2/2

x For £ € (27 /k; 3w /k) (4 propagative modes w¥, wE in By,), one has

|RL — Rasy(L)| < Ce ™ and |Tp — Tusy (L) < Ce®E, (C, a > 0)

but behaviours of Rasy (L), Tasy(L) can be more complex...

1
o8} 08}
06} 06
04 04
02 02l
ok
s -02F
04 o4l
_osf -06f

-08f -08

-1

-1 -05 0 05 1

Figure: Curves L + Tasy (L), Rasy(L) for L € (0;+00), £= T, /2m =1y =3,
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x For £ € (27 /k; 3w /k) (4 propagative modes w¥, wE in By,), one has

|RL — Rasy(L)| < Ce ™ and |Tp — Tusy (L) < Ce®E, (C, a > 0)
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Figure: Curves L + Tasy (L), Rasy(L) for L € (0;+00), £ =T, /2m =1y = 4,




Asymptotic behaviours of st as L — 400 2/2

x For £ € (27 /k; 3w /k) (4 propagative modes w¥, wE in By,), one has

|RL — Rasy(L)| < Ce ™ and |Tp — Tusy (L) < Ce®E, (C, a > 0)

but behaviours of Rasy (L), Tasy(L) can be more complex...
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Asymptotic behaviours of st as L — 400 2/2

x For £ € (27 /k; 3w /k) (4 propagative modes w¥, wE in By,), one has

|RL — Rasy(L)| < Ce ™ and |Tp — Tusy (L) < Ce®E, (C, a > 0)

but behaviours of Rasy (L), Tasy(L) can be more complex...

.
o8 08
06 06}
04 04
02 02
o
-o2f 02t
-04f —0al-
-osf o6t

-08f -08f

. . . - L . . L
-1 -05 0 0.5 1 -1 -0.5 05 1

Figure: Curves L +— Tasy(L), Rasy(L) for L € (0;100), (= 1.4.
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Asymptotic behaviours of st as L — 400 2/2

For the moment, we are not able to prove that the curves L — T,ey (L),
R.sy(L) pass through zero.
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Numerical results

» Approximation of t — Re (e "“!u(x)) for some arbitrary L.
0.53

O

=0.27

Q

1.5e-05

DO 0N OO DO OO

-0.53

» Approximation of ¢ — Re (e~ u(x)) for L such that T}, is small.

0.91

=0.46

—0.44

-
O 0.010
-

-0.89 34 /og
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