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Introduction 1/4
▶ Motivated by the study of quantum waveguides, we want to investigate
the properties of the Dirichlet Laplacian in thin domains.

▶ For ε > 0 small, define the thin straight strip

x

y
ε

−1 1O

Sε(0) := (−1; 1) × (0; ε)

as well as the thin broken strip of angle α

ε

O

Sε(α)

α α

▶ Consider the spectral problem for the Dirichlet Laplacian
−∆u = λεu in Sε(α)

u = 0 on ∂Sε(α).
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Introduction 1/4

▶ Another important example of application:
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Introduction 2/4
▶ Let us exploit symmetry wrt to the line x = 0

ε

O

α α

and work on the even part of the eigenfunctions.

▶ This leads to consider in the trapezoid Tε

x

y

ε
α

Σε

Γε

Σε

Σε

1O

the spectral problem with mixed BCs (Pε)
−∆u = λεu in Tε

u = 0 on Σε

∂νu = 0 on Γε.∂νu = 0 on Γε.

▶ Its spectrum forms a sequence of normal eigenvalues
0 < λε

1 < λε
2 ≤ · · · ≤ λε

n ≤ . . . → +∞.
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Introduction 3/4
▶ For α = 0, Tε is a rectangle ⇒ explicit computations can be done.

For the first eigenvalues, one obtains, for n ∈ N,

λε
n =

π2

ε2 + (n + 1/2)2π2, uε
n(x, y) = cos(π(n + 1/2)x) sin(πy/ε).

All eigenvalues move to +∞ as O(ε−2) when ε → 0.

▶ For α ̸= 0, let us do numerics with Freefem++.
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Introduction 4/4
▶ Spectrum of (Pε) with respect to α ∈ (−π/2; π/2) for ε = 0.02:

π2

ε2

- As in the rectangle, for all α, the eigenvalues behaves as O(ε−2) as ε → 0.
- The spectrum is symmetric wrt α = 0 ⇒ we study it for α ∈ [0; π/2).

Additionally, one observes that some eigenvalues dive at certain α.

Goal of the talk
We wish to explain this phenomenon of diving eigenvalue and charac-
terize the angles at which it occurs.
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Introduction 4/4
▶ Zoom for α ∈ (1.3; 0.48π) :
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Outline of the talk

1 Preparatory work

2 Asymptotic analysis at a fixed α

3 Model problems at the critical angles

4 Spectral breathing in periodic waveguides
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Asymptotic analysis - general picture
▶ Roughly speaking, at the limit ε → 0, we will obtain a 1D model
problem, with an explicit dependence on α, on the segment I := (0; 1).

ε

1O

→
ε→0 O 1

This is what we call the model reduction.

Which condition should we impose at O?

▶ To identify it, we will use techniques of matched asymptotic expansions
(see Post 05, Grieser 08).

▶ Classically, we will consider different expansions far from O and in a
neighbourhood of O that we will match in some intermediate regions.
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Near field problem 1/2
▶ To capture the rapid variations of the eigenfunctions close to O,
introduce the variables

(X, Y ) = (x/ε, y/ε).

▶ As ε → 0, in the variables X, Y , Ωε turns into the near field geometry Ω:

1/ε

1

O

and we are led to consider the problem with mixed BCs
−∆u = λu in Ω

u = 0 on Σ
∂νu = 0 on Γ.

Denote by AΩ the unbounded operator of L2(Ω) such that

D(AΩ) := {v ∈ H1(Ω) | ∆v ∈ L2(Ω), v = 0 on Σ, ∂νv = 0 on Γ}
AΩv = −∆v.
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Near field problem 2/2

Spectrum of AΩ:

O

µ1 µN•

λ† = π2

- The continuous spectrum of AΩ occupies the ray [π2; +∞).

- Discrete spectrum depends on α. There holds σd(AΩ) = ∅ if α = 0
σd(AΩ) ̸= ∅ if α ̸= 0(Avishai et al. 91).

Denote by
0 < µ1 < µ2 ≤ · · · ≤ µN• < π2, N• ∈ N,

the eigenvalues of σd(AΩ). From Nazarov-Shanin 14, Dauge-Raymond 12, we have

Proposition: N• depends on α and one has lim
α→π/2

N•(α) = +∞.

Eigenfunctions associated with two eigenvalues of the discrete spectrum:
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Near field problem at the threshold 1/2
▶ In the sequel, the properties of the problem

(P†)
∆W + π2 W = 0 in Ω

W = 0 on Σ
∂νW = 0 on Γ

i.e. at the threshold of the continuous spectrum of AΩ, will play a key role.

▶ For (P†), we have the degenerated waves (their flux of energy through
a transverse section is zero)

w0(x, y) = sin(πy), w1(x, y) = x sin(πy)
For j = 0, 1,

ℑm (
∫ 1

0 wj∂xwj dy) = 0.

▶ Define the wave-packets, with a non-zero flux of energy,

W+ = w1 − iw0, W− = w1 + iw0, ±ℑm (
∫ 1

0 W±∂xW± dy) > 0.

One can prove that (P†) admits a solution of the form
W = W− + SW+ + W̃ ,

with S ∈ C, W̃ ∈ H1(Ω). Conservation of energy ⇒ |S| = 1.

The threshold
scattering ma-
trix S (a scalar
here) is unitary.

11 / 35



Near field problem at the threshold 1/2
▶ In the sequel, the properties of the problem

(P†)
∆W + π2 W = 0 in Ω

W = 0 on Σ
∂νW = 0 on Γ

i.e. at the threshold of the continuous spectrum of AΩ, will play a key role.

▶ For (P†), we have the degenerated waves (their flux of energy through
a transverse section is zero)

w0(x, y) = sin(πy), w1(x, y) = x sin(πy)

For j = 0, 1,

ℑm (
∫ 1

0 wj∂xwj dy) = 0.

▶ Define the wave-packets, with a non-zero flux of energy,

W+ = w1 − iw0, W− = w1 + iw0, ±ℑm (
∫ 1

0 W±∂xW± dy) > 0.

One can prove that (P†) admits a solution of the form
W = W− + SW+ + W̃ ,

with S ∈ C, W̃ ∈ H1(Ω). Conservation of energy ⇒ |S| = 1.

The threshold
scattering ma-
trix S (a scalar
here) is unitary.

11 / 35



Near field problem at the threshold 1/2
▶ In the sequel, the properties of the problem

(P†)
∆W + π2 W = 0 in Ω

W = 0 on Σ
∂νW = 0 on Γ

i.e. at the threshold of the continuous spectrum of AΩ, will play a key role.

▶ For (P†), we have the degenerated waves (their flux of energy through
a transverse section is zero)

w0(x, y) = sin(πy), w1(x, y) = x sin(πy)
For j = 0, 1,

ℑm (
∫ 1

0 wj∂xwj dy) = 0.

▶ Define the wave-packets, with a non-zero flux of energy,

W+ = w1 − iw0, W− = w1 + iw0, ±ℑm (
∫ 1

0 W±∂xW± dy) > 0.

One can prove that (P†) admits a solution of the form
W = W− + SW+ + W̃ ,

with S ∈ C, W̃ ∈ H1(Ω). Conservation of energy ⇒ |S| = 1.

The threshold
scattering ma-
trix S (a scalar
here) is unitary.

11 / 35



Near field problem at the threshold 1/2
▶ In the sequel, the properties of the problem

(P†)
∆W + π2 W = 0 in Ω

W = 0 on Σ
∂νW = 0 on Γ

i.e. at the threshold of the continuous spectrum of AΩ, will play a key role.

▶ For (P†), we have the degenerated waves (their flux of energy through
a transverse section is zero)

w0(x, y) = sin(πy), w1(x, y) = x sin(πy)
For j = 0, 1,

ℑm (
∫ 1

0 wj∂xwj dy) = 0.

▶ Define the wave-packets, with a non-zero flux of energy,

W+ = w1 − iw0, W− = w1 + iw0,

±ℑm (
∫ 1

0 W±∂xW± dy) > 0.

One can prove that (P†) admits a solution of the form
W = W− + SW+ + W̃ ,

with S ∈ C, W̃ ∈ H1(Ω). Conservation of energy ⇒ |S| = 1.

The threshold
scattering ma-
trix S (a scalar
here) is unitary.

11 / 35



Near field problem at the threshold 1/2
▶ In the sequel, the properties of the problem

(P†)
∆W + π2 W = 0 in Ω

W = 0 on Σ
∂νW = 0 on Γ

i.e. at the threshold of the continuous spectrum of AΩ, will play a key role.

▶ For (P†), we have the degenerated waves (their flux of energy through
a transverse section is zero)

w0(x, y) = sin(πy), w1(x, y) = x sin(πy)
For j = 0, 1,

ℑm (
∫ 1

0 wj∂xwj dy) = 0.

▶ Define the wave-packets, with a non-zero flux of energy,

W+ = w1 − iw0, W− = w1 + iw0, ±ℑm (
∫ 1

0 W±∂xW± dy) > 0.

One can prove that (P†) admits a solution of the form
W = W− + SW+ + W̃ ,

with S ∈ C, W̃ ∈ H1(Ω). Conservation of energy ⇒ |S| = 1.

The threshold
scattering ma-
trix S (a scalar
here) is unitary.

11 / 35



Near field problem at the threshold 1/2
▶ In the sequel, the properties of the problem

(P†)
∆W + π2 W = 0 in Ω

W = 0 on Σ
∂νW = 0 on Γ

i.e. at the threshold of the continuous spectrum of AΩ, will play a key role.

▶ For (P†), we have the degenerated waves (their flux of energy through
a transverse section is zero)

w0(x, y) = sin(πy), w1(x, y) = x sin(πy)
For j = 0, 1,

ℑm (
∫ 1

0 wj∂xwj dy) = 0.

▶ Define the wave-packets, with a non-zero flux of energy,

W+ = w1 − iw0, W− = w1 + iw0, ±ℑm (
∫ 1

0 W±∂xW± dy) > 0.

One can prove that (P†) admits a solution of the form
W = W− + SW+ + W̃ ,

with S ∈ C, W̃ ∈ H1(Ω).

Conservation of energy ⇒ |S| = 1.

The threshold
scattering ma-
trix S (a scalar
here) is unitary.

11 / 35



Near field problem at the threshold 1/2
▶ In the sequel, the properties of the problem

(P†)
∆W + π2 W = 0 in Ω

W = 0 on Σ
∂νW = 0 on Γ

i.e. at the threshold of the continuous spectrum of AΩ, will play a key role.

▶ For (P†), we have the degenerated waves (their flux of energy through
a transverse section is zero)

w0(x, y) = sin(πy), w1(x, y) = x sin(πy)
For j = 0, 1,

ℑm (
∫ 1

0 wj∂xwj dy) = 0.

▶ Define the wave-packets, with a non-zero flux of energy,

W+ = w1 − iw0, W− = w1 + iw0, ±ℑm (
∫ 1

0 W±∂xW± dy) > 0.

One can prove that (P†) admits a solution of the form
W = W− + SW+ + W̃ ,

with S ∈ C, W̃ ∈ H1(Ω). Conservation of energy ⇒ |S| = 1.

The threshold
scattering ma-
trix S (a scalar
here) is unitary.

11 / 35



Near field problem at the threshold 1/2
▶ In the sequel, the properties of the problem

(P†)
∆W + π2 W = 0 in Ω

W = 0 on Σ
∂νW = 0 on Γ

i.e. at the threshold of the continuous spectrum of AΩ, will play a key role.

▶ For (P†), we have the degenerated waves (their flux of energy through
a transverse section is zero)

w0(x, y) = sin(πy), w1(x, y) = x sin(πy)
For j = 0, 1,

ℑm (
∫ 1

0 wj∂xwj dy) = 0.

▶ Define the wave-packets, with a non-zero flux of energy,

W+ = w1 − iw0, W− = w1 + iw0, ±ℑm (
∫ 1

0 W±∂xW± dy) > 0.

One can prove that (P†) admits a solution of the form
W = W− + SW+ + W̃ ,

with S ∈ C, W̃ ∈ H1(Ω). Conservation of energy ⇒ |S| = 1.

The threshold
scattering ma-
trix S (a scalar
here) is unitary.

11 / 35



Near field problem at the threshold 2/2

(P†)
∆W + π2 W = 0 in Ω

W = 0 on Σ
∂νW = 0 on Γ

Definition: Denote by X† the space of almost standing waves of (P†),
i.e. the space of bounded solutions of (P†) which do not decay at infinity.

Proposition: We have
X† = {0} if S ̸= −1

dim X† = 1 if S = −1.

Partial proof. If S = −1, then

W = W− + SW+ + W̃

= (x + i − (x − i)) sin(πy) + W̃ = 2i sin(πy) + W̃ ∈ X†. □

▶ For all α ∈ [0; π/2), we have |S| = |S(α)| = 1. But in general S(α) ̸= −1.

For most angles α, there holds X† = {0}.
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1 Preparatory work

2 Asymptotic analysis at a fixed α

3 Model problems at the critical angles

4 Spectral breathing in periodic waveguides
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First main results

Pick α ∈ [0; π/2). To simplify, assume absence of trapped modes for (P†).

Theorem: There are constants Cn, δn such that as ε → 0, we have:
For n = 1, . . . , N• : ∣∣∣λε

n − ε−2µn

∣∣∣ ≤ Cn e−(1+δn)
√

π2−µn/ε;

For n = N• + m, m ∈ N∗ :

i) if X† = {0},
∣∣∣λε

n −
(

ε−2π2 + m2π2
)∣∣∣ ≤ Cn ε1+δn ;

ii) if dim X† = 1,
∣∣∣λε

n −
(

ε−2π2 + (m − 1/2)2π2
)∣∣∣ ≤ Cn ε1+δn .

Comments:
1 The asymptotics of the first N• eigenvalues is dictated by σd(AΩ).

2 The behavior of the next eigenvalues depends on the existence or not of
almost stabilizing solutions.
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Elements of proof – first N• eigenvalues
For 1 ≤ n ≤ N•, let µn ∈ (0; π2), v be an eigenpair of the discrete spectrum
of AΩ:

Inserting (ε−2µn, v(·/ε)) in (Pε) only leaves a small discrepancy at
x = 1 because v is exponentially decaying at infinity.

▶ Let λε
n, uε be the n-th eigenpair of (Pε). As ε → 0, we can prove the

asymptotic expansion

λε
n = ε−2µn + . . . , uε(z) = v(z/ε) + . . .

where z := (x, y).
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Elements of proof – higher eigenvalues
For n > N•, let uε be an eigenfunction associated with λε

n.

Far-field expansion. Far from O, consider the ansätze, as ε → 0,

λε
n = ε−2π2 + κ + . . . , uε(z) = γ(x) sin(πy/ε) + . . . for x ∈ I.

Inserting it in (Pε), we obtain (P1D)
∂2

xγ + κγ = 0 in I

γ(1) = 0.



We must complete this system with a condition at O.

We will find it by matching the far field and inner field expansions of uε.

Near-field expansion. Close to O, consider the ansätze, as ε → 0,

uε(z) = U0(z/ε) + εU ′(z/ε) + . . . .

Inserting it in (Pε), we find
that U0, U ′ solve (P†)

∆U + π2U = 0 in Ω
U = 0 on Σ

∂νU = 0 on Γ.

Take U0 = c0 W , U ′ = c′ W where c0, c′ ∈ R and W is the one above .
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Elements of proof – higher eigenvalues
▶ Let us match the two representations of uε in some intermediate region
where both x → 0 and x/ε → +∞:

1O

√
ε < x < 2

√
ε

Far-field expansion at zero. As x → 0, one has

γ(x) sin(πy/ε) = (γ(0) + γ′(0)x + . . . ) sin(πy/ε)
= (γ(0) + εγ′(0) x

ε + . . . ) sin(πy/ε).

Inner-field expansion at infinity. As x/ε → +∞, one has

W (z/ε) = W−(z/ε) + SW+(z/ε) + . . .

= (1 − S + (1 + S) x
ε + . . . ) sin(πy/ε).

▶ We conclude that we must impose

γ(0) = c0 (1 − S), 0 = c0 (1 + S) and γ′(0) = c′ (1 + S).
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Elements of proof – higher eigenvalues

γ(0) = c0 (1 − S), 0 = c0 (1 + S) and γ′(0) = c′ (1 + S).

▶ Now the study depends on the value of S.

Case S ̸= −1 ⇔ X† = {0}.
We take c0 = 0 and impose γ(0) = 0, i.e. Dirichlet at O in (P1D).
Solving (P1D), we get

λε
n = ε−2π2 + m2π2 + . . .

uε(z) = sin(mπx) sin(πy/ε) + . . . far-field expansion.

Case S = −1 ⇔ dim X† = 1.
We impose γ′(0) = 0, i.e. Neumann at O in (P1D), and take c0 = γ(0)/2.
Solving (P1D), we get

λε
n = ε−2π2 + (m − 1/2)2π2 + . . .

uε(z) = cos(π(m − 1/2)x) sin(πy/ε) + . . . far-field expansion.
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Elements of proof – higher eigenvalues
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Critical angles
Are there α such that

S(α) = −1 ⇔ dim X† = 1 ⇔ (P†) admits a bounded solution
which does not decay at infinity

✓ Yes, this is true for α = 0 because Ω(0)

W (x, y) = sin(πy) satisfies
∆W + π2W = 0 in Ω(0)

W = 0 on Σ(0)
∂νW = 0 on Γ(0).

▶ Moreover, computing the differential of α 7→ S(α), one shows
Proposition: If α⋆ ∈ (0; π/2) is such that S(α⋆) = −1, then

∂S
∂α

(α⋆) ̸= 0.

⇒ The critical angles α⋆ such that S(α⋆) = −1 form a discrete sequence

0 = α⋆
0 < α⋆

1 < · · · < α⋆
k < . . . .

Numerically, we find non zero α⋆
k but proving their existence is an open pb.
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Numerics
▶ Eigenfunctions of (Pε) associated with the 5 first eigenvalues for ε = 0.02:

α = 0

α = π/4

α = 0.45π

Note the Neumann
behaviour at O.

Note the “Dirichlet be-
haviour” at O.

Eigenfunctions for λε
n < π2/ε are localized at the tip,

eigenfunctions for λε
n > π2/ε are not.
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Numerics
▶ Numerically, to compute the critical angles, we need to approximate

W = W− + SW+ + W̃ satisfying
∆W + π2W = 0 in Ω

W = 0 on Σ
∂νW = 0 on Γ.

▶ At x = L, we have

∂W+

∂x
=

∂((x − i) sin(πy))
∂x

= sin(πy) =
1

L − i
W+.

▶ In practice, we solve the approximate problem

∆Ŵ + π2Ŵ = 0 in ΩL := {z ∈ Ω | x < L} bounded domain
Ŵ = 0 on Σ ∩ ∂ΩL

∂νŴ = 0 on Γ

∂ν(Ŵ − W−) =
1

L − i
(Ŵ − W−) at x = L.∂ν(Ŵ − W−) =

1
L − i

(Ŵ − W−) at x = L. transparent BC

▶ Finally, from Ŵ we obtain an approximation of S.

21 / 35



Numerics
▶ Numerically, to compute the critical angles, we need to approximate

W = W− + SW+ + W̃ satisfying
∆W + π2W = 0 in Ω

W = 0 on Σ
∂νW = 0 on Γ.

▶ At x = L, we have

∂W+

∂x
=

∂((x − i) sin(πy))
∂x

= sin(πy) =
1

L − i
W+.

▶ In practice, we solve the approximate problem

∆Ŵ + π2Ŵ = 0 in ΩL := {z ∈ Ω | x < L} bounded domain
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(Ŵ − W−) at x = L. transparent BC
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Numerics
▶ S(α) for 400 values of α ∈ [0; 0.48π) in the complex plane

-1 -0.5 0 0.5 1
-1

-0.8

-0.6

-0.4

-0.2

0

0.2

0.4

0.6

0.8

1

We indeed have |S(α)| = 1.

Numerically, we obtain a sequence (α⋆
k) which accumulates at π/2.
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Numerics
▶ Phase of S(α) for α ∈ [0; 0.48π)
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Numerics
▶ Phase of S(α) for α ∈ [1.3; 0.48π)
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Numerics at a positive critical angle

▶ First eigenfunctions of (Pε) for ε = 0.02 and α = α⋆
1 ≈ 1.321:

We indeed have a “Neumann behaviour” at O for the far-field of the
eigenfunctions associated to the λε

n > π2/ε2.
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Initial picture
▶ Eigenvalues of (Pε) wrt α ∈ (1.3; 0.48π)

π2

ε2

We have identified the critical angles where an eigenvalue dives;
We have not explained the phenomenon of diving eigenvalue.
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1 Preparatory work

2 Asymptotic analysis at a fixed α

3 Model problems at the critical angles

4 Spectral breathing in periodic waveguides
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Setting

Goal now:
To describe the transition between the model with Dirichlet at O
valid for α ̸= α⋆

k and the one with Neumann at O valid for α = α⋆
k.

ε

α⋆
k + τε

1O

▶ For τ ∈ R and k ∈ N, define the trapezoid
Tε

τ := Tε(α⋆
k + τε).

Both the small side and the angle of the tip depend on ε.

▶ We denote with a subscript τ all the quantities introduced previously:
0 < λε

τ,1 < λε
τ,2 ≤ · · · ≤ λε

τ,n ≤ . . . → +∞.

▶ We wish to obtain an asymptotic expansion of the λε
τ,n as ε → 0.
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Asymptotic analysis
▶ For an eigenpair (λε

τ , uε
τ ) close to π2/ε2, consider the ansätze

λε
τ = ε−2π2 + ητ + . . .

uε
τ (z) = γτ (x) sin(πy/ε) + . . . (far-field expansion)

uε
τ (z) = U0

τ (z/ε) + ε U ′
τ (z/ε) + . . . (near-field expansion)

where the constants ητ and the functions γτ , U0
τ , U ′

τ are to be determined.

▶ Inserting it in (Pε), we obtain

∂2
xγτ + ητ γτ = 0 in I

γτ (1) = 0

∆U0
τ + π2U0

τ = 0 in Ω(α⋆
k)

U0
τ = 0 on Σ(α⋆

k)
∂νU0

τ = 0 on Γ(α⋆
k)

∆U ′
τ + π2U ′

τ = 0 in Ω(α⋆
k)

U ′
τ = 0 on Σ(α⋆

k)
∂νU ′

τ = −τ∂sU0
τ − τs(∂2

s U0
τ + π2U0

τ ) on Γ(α⋆
k).∂νU ′

τ = −τ∂sU0
τ − τs(∂2

s U0
τ + π2U0

τ ) on Γ(α⋆
k).
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Asymptotic analysis
▶ From the Taylor series

γτ (x) sin(πy/ε) = (γτ (0) + ∂xγτ (0)x + . . . ) sin(πy/ε)

= (γτ (0) + ε∂xγτ (0) x
ε + . . . ) sin(πy/ε),

we set U0
τ = γτ (0) W

(
W = sin(πY ) + W̃ is the solution
of (P†) introduced before.

)
.

▶ The Kondratiev theory guarantees that the problem for U ′
τ admits

solutions with the decomposition

U ′
τ (Z) = (C0 + C1X ) sin(πY ) + Ũ ′

τ (Z)

where C0 (not unique), C1 ∈ R and Ũ ′
τ ∈ H1(Ω(α⋆

k)).

▶ We find C1 = −2τBγτ (0) with B :=
∫

Γ(α⋆
k

)
s
(
(∂sW )2 − π2W 2)

ds.

▶ Matching the terms in x at order ε, we conclude that we must impose

∂xγτ (0) = −2τBγτ (0) .
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τ (Z)

where C0 (not unique), C1 ∈ R and Ũ ′
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Model problem at positive critical angles
▶ Finally, for γτ , we obtain the model problem with Robin BC at O

(Pτ
1D)

∂2
xγτ + ητ γτ = 0 in I

γτ (1) = 0
∂xγτ (0) = −2τBγτ (0).

Theorem: Consider a positive critical angle α⋆
k and some τ ∈ R.

For n = N• + m, m ∈ N∗, there are constants Cn,τ , δn,τ , s.t. as ε → 0,∣∣λε
n,τ − (ε−2π2 + ηm,τ )

∣∣ ≤ Cn ε1+δn ,

where ηm,τ is the m-th eigenvalue of (Pτ
1D).

Solving explicitly (Pτ
1D), we find

lim
τ→−∞

η1,τ = π2

η1,τ ∼
τ→+∞

−4B2τ2 and for m ≥ 2,
lim

τ→−∞
ηm,τ = m2π2

lim
τ→+∞

ηm,τ = (m − 1)2π2.

▶ Spectrum of (Pτ
1D) wrt τ :

-30 -20 -10 0 10 20 30
-200

-150

-100

-50

0

50

100

150

200

250

← Models the diving eigenvalue
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Model problem at α⋆
0 = 0

▶ Around α⋆
0 = 0 , the previous model is not interesting because B = 0.

The asymptotic analysis must be adapted.

Theorem: For τ ∈ R, work in the geometry Tε(α⋆
0 + τ

√
ε).

For n ∈ N∗, there are constants Cn,τ , δn,τ , s.t. as ε → 0,∣∣λε
n,τ − (ε−2π2 + ηn,τ )

∣∣ ≤ Cn ε1+δn ,

where ηn,τ is the n-th eigenvalue of the problem

(Pτ
1D)

∂2
xγτ + ητ γτ = 0 in I

γτ (1) = 0
∂xγτ (0) = −2τ2Dγτ (0) (D > 0).

Solving explicitly (Pτ
1D), we find

η1,τ ∼
τ→±∞

−4D2τ4 and for n ≥ 2, lim
τ→±∞

ηn,τ = (n − 1)2π2.

▶ Spectrum of (Pτ
1D) wrt τ :
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-150
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← Flatter behavior at the origin

Remark: It is natural to
obtain a symmetric picture
wrt τ at α⋆

0 = 0.
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Numerics
▶ Spectrum of (Pε) with respect to α ∈ (−π/2; π/2) for ε = 0.02:

π2

ε2

This explains the mild behavior of the diving eigenvalue at α = 0.
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Numerics in the broken strip
▶ Eigenfunctions for α varying around α⋆

1 and ε = 0.02:

Eigenfunction 2 Eigenfunction 4

Eigenfunction 3
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And for the Neumann Laplacian?
▶ Consider the problem with Neumann BCs

−∆u = λεu in Tε(α)
∂νu = 0 on ∂Tε(α).

ε
α

1O

▶ In this case, the near field problem at the threshold simply writes

∆W = 0 in Ω(α)
∂νW = 0 on ∂Ω(α).

Proposition: For all α, one has dim X†(α) = 1 (due to constants).

⇒ For all α, Neumann should be imposed at O for the 1D model problem.

No large variation of the behavior of eigenvalues when varying α.
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1 Preparatory work

2 Asymptotic analysis at a fixed α

3 Model problems at the critical angles

4 Spectral breathing in periodic waveguides
⇒
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Conclusion

What we did

♠ We studied the asymptotics of the spectrum of the Dirichlet
Laplacian in thin broken strips.
- All eigenvalues go to +∞ as O(ε−2);
- The behavior of the first eigenvalues depends on the discrete

spectrum of the near field operator;
- The behavior of the next eigenvalues depends on dim X†.

♠ When varying α, an eigenvalue dives at critical angles which are the
α⋆ such that dim X†(α⋆) = 1.

Possible extensions and open questions

1) We can work similarly in quasi 1D periodic waveguides.

2) Can one find examples of Ω such that dim X† = 2?
3) Can one work with other models, i.e. ∆∆u − k4u = 0+Dirichlet BC?
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Setting
▶ We consider the propagation of waves in a 2D thin periodic quantum
waveguide Πε.

▶ Start with some domain Ω ⊂ R2 which coincides with the strip R× (0; 1)
outside of a bounded region (the resonator).

x
y

1Ω

εωε

1
Πε

▶ Shrink Ω by a small factor ε > 0 to create the unit cell
ωε := {z = (x, y) ∈ R2 | z/ε ∈ Ω and |x| ≤ 1/2}

▶ Define the periodic waveguide

Πε := {z ∈ R2 | (x − m, y) ∈ ωε, m ∈ Z}.
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Setting 2/2
▶ In Πε we consider the spectral problem for the Dirichlet Laplacian

(Pε)
−∆uε = λε uε in Πε

uε = 0 on ∂Πε.

▶ Denote by Aε the unbounded operator of L2(Πε) such that
D(Aε) := {v ∈ H1

0(Πε) | ∆v ∈ L2(Πε)} and Aεv = −∆v.

▶ Aε is positive and selfadjoint. Moreover, due to the periodicity of the
geometry, Aε has only continuous spectrum.

Goal of the section

We wish to study the lower part of σ(Aε), the spectrum of Aε, as ε → 0.
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Reduction to a problem in the unit cell 1/2
▶ The Floquet Bloch transform

uε(z) 7→ Uε(z, η) =
1

(2π)1/2

∑
j∈Z

eiηjuε(x + j, y), η ∈ R,

converts (Pε) into a spectral pb set in ωε with quasi-periodic BCs at
x = ±1/2

(Pε(η))

−∆Uε(z, η) = λε(η) Uε(z, η) z ∈ ωε

Uε(z, η) = 0 z ∈ ∂ωε ∩ ∂Πε

Uε(−1/2, y, η) = eiη Uε(+1/2, y, η) y ∈ (−ε/2; ε/2)
∂xUε(−1/2, y, η) = eiη ∂xUε(+1/2, y, η) y ∈ (−ε/2; ε/2).

▶ It suffices to study (Pε(η)) for η ∈ [0; 2π) .

▶ For η ∈ [0; 2π), the spectrum of (Pε(η)) is discrete, made of the
unbounded sequence of real eigenvalues

0 < λε
1(η) ≤ λε

2(η) ≤ · · · ≤ λε
p(η) ≤ . . . .
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Reduction to a problem in the unit cell 2/2
▶ The functions

η 7→ λε
p(η)

are continuous so that the
spectral bands

Υε
p := {λε

p(η), η ∈ [0; 2π)}

are compact segments in [0; +∞).
η ∈ [0; 2π)

▶ Finally, we have σ(Aε) =
⋃

p∈N∗:={1,2,... }

Υε
p.

To study the behaviour of σ(Aε) as ε → 0, we have to consider
the asymptotics of λε

p(η) as ε → 0.
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Asymptotic analysis

▶ For p ∈ N∗, denote by aε
p− ≤ aε

p+ the bounds of the spectral band Υε
p:

Υε
p = [aε

p−; aε
p+].

▶ Working as in the first section, we can establish the

Theorem: There are constants cp− < cp+, Cp > 0, δp > 0 s.t. as ε → 0,

For p = 1, . . . , N• :∣∣∣aε
p± −

(
ε−2µp + ε−2e−

√
π2−µp/εcp±

)∣∣∣ ≤ Cp e−(1+δp)
√

π2−µp/ε;

For p = N• + m, m ∈ N∗ :

i) if X† = {0},
∣∣∣aε

p± −
(

ε−2π2 + m2π2 + εcp±

)∣∣∣ ≤ Cp ε1+δp ;

ii) if dim X† = 1,
∣∣∣aε

p± −
(

ε−2π2 + cp±

)∣∣∣ ≤ Cp ε1+δp ;
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Comments

1 Due to the Dirichlet condition, all bands move to +∞ as O(ε−2).

2 The first N• spectral bands become extremely short, in O(e−c/ε).

3 Concerning the next ones, the behaviour depends on dim X†:

When dim X† ̸= 1, the Υε
p are of length O(ε). Moreover, between Υε

p and
Υε

p+1, there is a gap whose length tends to (2m + 1)π2.

Generically, the propagation of waves in Πε is hampered and
occurs only for very narrow intervals of frequencies.

When dim X† = 1, the situation is very different because asymptotically
the Υε

p are of length cp+ − cp−, with in general cp+ > cp−.

For particular Ω, waves can propagate in Πε for much larger
intervals of frequencies than above.
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Spectral breathing

Then we can describe the
change of σ(Aε) when
perturbing the inner field
geometry around a Ω⋆

where dim X† = 1.

→ Note that we make a pe-
riodic perturbation of Πε.

▶ By deriving model problems as in the previous section, one shows:
- When perturbing the near field geometry around Ω⋆, the spectral bands
expand and shrink ⇒ breathing phenomenon of σ(Aε).
- In the process, a band dives below π2/ε2, stops breathing and becomes
extremely short.
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Numerical illustration

▶ We start from the inner field geometry

H

1.6

1Ω

that we shrink by a factor ε, cut at x = ±1/2 and periodize.

▶ We use Freefem++ to compute the spectrum of (Pε(η)) in the
corresponding unit cell for different values of H.
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Numerical illustration

⇒
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