FINITE-TIME BLOW-UP IN THE ADDITIVE SUPERCRITICAL
STOCHASTIC NONLINEAR SCHRODINGER EQUATION : THE
REAL NOISE CASE

A. DE BOUARD AND A. DEBUSSCHE

ABSTRACT. We review some results concerning the apparition of finite time
singularities in nonlinear Schrédinger equations with a Gaussian additive noise
which is white in time and correlated in space. We then extend the results
to the case where the noise is real valued, which is the case in some physical
situations.

1. INTRODUCTION

The nonlinear Shrodinger (NLS) equation is a generic equation describing the
propagation of weakly nonlinear waves in strongly dispersive media. It is found in
diverse fields of physics, such as hydrodynamics, plasma physics, nonlinear optics,
or molecular biology, where it appears to be the continuum limit of certain discrete
systems (see [2] and the references therein).

Recently, interest has grown up in the influence of Gaussian white noise on the
dynamical behaviour of solutions of this equation; especially, in the focusing case,
propagation of soliton solutions in the presence of noise has been the subject of
several investigations.

A one dimensional NLS equation with additive Gaussian space-time white noise
is e.g. considered in [7], with the aim of computing error probability in signal
transmissions.

Another example of NLS equation with noise is given in [1] and [2], where it
describes energy transfer in monolayer molecular aggregates, and where the noise
stands for thermal fluctuations. As explained in [2], this noise may be multiplicative
if it describes process where excitation is not being created or destroyed and in this
case the noise appears in the equation as a linear potential. It may also be additive
in the case of and exciton that creates or absorbs a photon. In both cases, the noise
is real valued and depends on space and time variables.

Here, we consider the stochastic nonlinear Schrédinger equation

(1.1) 0 — (A + [9*79) = €

in general dimension n. The noise ¢ is an additive real valued Gaussian noise, which
is white in time and correlated in space. The nonlinear term |¢)|?74) is a supercritical
power of the solution, and our aim is to investigate the possible blow-up of solutions.

It is well known indeed that when there is no noise, i.e. £ = 0 in equation (1.1),
and when o satisfies % <o < % (o > % in dimension n = 1 or 2), a solution of
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(1.1) (with £ = 0) starting from vy with a finite negative energy, that is with

! / o (2)[27+2dz < 0

20 +2
cannot be globally well defined. More precisely, there is a positive t* such that

Hb) = 5 [ 1Von(a) e -

1.2 li t,z)*dr = +oo0.
(1:2) lim [ (9uta) s = o

The ingredient of the proof of such a fact uses what is sometimes called the
“variance identity” (see [8], [11], [12]) which consists in computing the second order
time derivative of the quantity

V) = [ laPlooPds

Using the equation satisfied by 1 and the fact that the energy H is a conserved
quantity for the deterministic equation, it is indeed possible to show that under the
preceding conditions on o,

(1.3 VD) < V(o) + 5 V) leey, +SH o)

V(¢) being a nonegative quantity, this inequality cannot remain true for all time if
e.g. the energy H (1)) is negative, and it leads to (1.2). The condition H () < 0
is of course far from necessary in order that the solution blows up, and some much
more precise criteria may be exhibited (see [10]).

We have generalized in [5] this identity to the stochastic equation (1.1), where
¢ is a complex valued noise which is correlated in space and white in time. In this
case, the solution is a random process, which is defined on a random time interval
[0,7* (o)), provided that 1 is sufficiently correlated in space, as was proved in [4].
Assuming that for some deterministic ¢ > 0, one has ¢ < 7*(¢)y) almost surely and
that

2041

t 2 ( 20+2 )"“
IEI/O (/RHIW(s,x)I dz + /n\w(&x)\ da ds | < +oo,

we have proved that E(V (¢(t))) satisfies an inequality of the form (1.3) where the
right hand side is replaced by a third order polynomial in time; here, the expres-
sion E(v) stands for the mathematical expectation, or mean value, of the random
variable v. In this third order polynomial, the coefficient of ¢> depends only on the
covariance operator of the noise, while the coefficient of ¢ is SE(H (1y)). Hence, by
choosing v such that E(H (1)) is sufficiently negative, again the inequality cannot
remain true for all positive time because the right hand side takes negative values,
and the solution necessarily blows up (see Proposition 2.3 for a precise definition
of blow-up).

This result does not make use of the fact that the noise is complex valued, and
it is true with exactly the same proof in the present case of a real valued noise.

We then made use in [5] of a control argument to show that if the noise is
nondegenerate, the stochastic equation is irreducible in the sense that for any time
T > 0, initial data 1)y and final data ¢, the solution of (1.1) with t(0) = 1 is close
at time T to ¥r with a positive probability. Choosing then 7 with sufficiently
negative energy allowed us to apply the stochastic variance identity, to the solution
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of (1.1) starting from 7 at time T, so that this solution finally blows up. Hence,
blow-up occurs for any initial data.

Contrary to the variance identity, the control argument leading to the irreducibil-
ity of the equation strongly uses the fact that the noise is complex valued, since in
this case it is sufficient to control the equation with a complex valued determinis-
tic forcing term. The aim of the present note is first to review the existence and
blow-up results that were previously obtained and then to show that the control
argument is still valid in the real valued case, implying the same result as in the
complex valued case, that is any solution of (1.1) blows up in finite time if the noise
is sufficiently correlated.

Note that on the opposite case of a completely uncorrelated noise in space — that
is a space-time white noise — even though we are not able to prove any theoretical
result, some numerical computations have been performed in [6], which seem to
indicate that if the noise is multiplicative and arises as a Stratonovitch potential
then it will tend to prevent the blow-up phenomenon.

‘We now describe more precisely the noise that we consider. We introduce a prob-
ability space (2, F,P), endowed with a filtration (F;);>0, and a sequence (Ok)ken
of independent real valued Brownian motions on R associated to the filtration
(Ft)t>0. We then consider a complete orthonormal system (e)ren in the space of
real valued square integrable functions on R™, and a bounded linear operator ® on
this space. The process

W(t,x,w) :Zﬂk(t7w)¢ek(x)ﬂ tZOa ’JJER”, WGQ,
k=0

is then a Wiener process on the space of real valued square integrable functions

ow
on R™, with covariance operator t®®*. We then set £ = ——. Note that if @ is

defined through a real valued kernel K, which means that for any real valued square
integrable function w,

Pu(x) = | Kl y)u(w)dy

then the correlation function of the noise is given by

ow ow
B (G0 % 6n) = e
with
)= [ Kl K. i
Rn

We then write equation (1.1) as
(1.4) idip — (A + [9|272p)dt = dW.

Note that in the physical situations described at the beginning, the correlation
function c¢(z,y) is a Dirac delta function, corresponding to space-time white noise
(in this case, ® is the identical operator). We are not able to treat that case for
two reasons. To understand them, one should consider the linear equation

idz — Azdt = dW
2(0)=0
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whose solution is given by the stochastic integral

(1.5) A(t) = /O S(t — 8)dW (s)

where S(t) = e~ is the group associated with the linear Schrédinger equation.
Since S(t) is a unitary group in any Sobolev space H*®(R™), it is easy to see that
z(t) lies in H*(R™) almost surely if and only if ® is a Hilbert-Schmidt operator
from L?(R™) into H*(R"). Note indeed the identity

2

= t”‘b”?LIS(L?,Hs)

t
0 He (B")

where ||<I>H§IS(L27HS) = > |®6k‘§{S(R") is the Hilbert-Schmidt norm of ® as an
operator from L?(R™) into H*(R™).

However, it is easy to see that a convolution operator — i.e. an operator defined
through a kernel K(z,y) = k(x — y) — will never be Hilbert-Schmidt from L?(R™)
into H*(R™), even if s is largely negative. This proves that the integral z(¢) cannot
live in H*(R"™) if the noise is homogeneous. This is the first reason : homogeneity
of the noise.

The second reason is the irregularity of the correlations : even if one adds
some localization in the correlations of the noise — e.g. if ® is given by a ker-
nel K(z,y) = k(2)0,—, — there is no hope that z(t) lies in a more regular space
than H~"/2(R™). However, it has been proved (see [9]) that the deterministic
conservative NLS equation is ill posed in any H*(R"™) with negative s.

This implies in particular that treating the stochastic term as a perturbation
by using the integral z(¢) will never lead to the existence of a strong solution of
the stochastic equation with a space-time white noise, as long as we deal with H*®
Sobolev spaces ; note that the H® spaces have revealed to be very natural spaces
to handle the deterministic NLS equation.

Anyway, we only consider correlated noise in this note, which means that we
will require from & sufficient regularization properties, and the above mentionned
problem will not appear here.

The note is organized as follows : in Section 2, we recall the results proved in
[4] and [5] concerning the existence of solutions and blow-up for some initial data.
Those results were proved in the context of a complex valued noise, but they hold
with exactly the same proof for equation (1.4) with a real valued noise, so that
we do not recall the proofs. we will give for each particular result the minimal
assumptions required on ®, and on the initial data. In Section 3, we prove that
the controlability problem allowing to deduce the irreducibility of equation (1.4)
has a solution in the real valued case — and here the proof is different and more
complicated than in the complex valued case. We then deduce the irreducibility as
in [5] from this result and from the continuity with respect to the forcing term in
the equation. Finally, irreducibility together with the blow-up result of Section 2
implies as in [5] the blow-up for any initial data (see Theorem 3.1).

2. REVIEW OF EXISTENCE AND BLOW-UP FOR A RESTRICTED CLASS OF INITIAL
DATA

We start with some local and global existence results. All these results are proved
in [4].
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2.1. Local and global existence results.

Theorem 2.1. Assume that 0 < o < 2/(n—2) ifn >3 or0 <o forn=1,2
that ® is Hilbert-Schmidt from L?(R™) into H'(R™) and that the initial data 1o is
a Fo measurable random variable with values in H*(R™); then there exists a unique
solution 1 to (1.4) with continuous H' valued paths, such that 1(0) = vg. This
solution is defined on a random interval [0, 7*(1g)), where 7*(y) is a stopping time
such that

(o) = 400 or n(lw )|¢(t)\H1(Rn) = +00.
0

li
t T
Furthermore, T is almost surely lower semicontinuous with respect to .

In order to prove the global existence result in the subcritical case o < 2/n, the
following invariant quantities of the deterministic NLS equation have been used in
[4] : the momentum

M) = [ )P
and the Hamiltonian

1) =5 [ 1V0@Pde = 5 [ o),

The evolution of these quantities along the solutions of the stochastic equation (1.4)
is described in the next proposition.

1
20+ 2

Proposition 2.1. Let 19,0 and ® be as in Theorem 2.1. For any stopping time T
such that T < 7 (30) a.s., we have

21 M) = M) —2mY [ [ wa)bena)dndsils) + 7Y vl
14

£eN

where v is the solution of (1.4) given by Theorem 2.1 with 1)(0) = tg.
Moreover, for any k € N,

(2:2) B[ sup M*((r))] < CLE[M" (vo)]

for a constant Cy, > 0.
In the same way, for any T such that T < 7*(¢g) a.s. we have

@) =)~ 1m [ [ (&0 + o dawds

1 T 2
(2.3) —1-52/0 / [V ®e,|” drds

LeN
1 T _
[ e + 2ofue e (oen)?] drds
22 )0 Jan
LeN
where (-) is the solution of (1.4) given by Theorem 2.1 with 1(0) = 1.

Using the preceding proposition, the following global existence result was proved
in [4] in the subcritical case.

Theorem 2.2. If in addition to the assumptions of Theorem 2.1, ¢ < 2/n, then
for any Fo-measurable 1o, the solution of (1.4) with 1(0) = 1y given by Theorem
2.1 is global, i.e. T*(1¢p) = +00 a.s.
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Note that the result of Theorem 2.1 is still true with L? solutions instead of H*
solutions, if 0 < o < 2/n and if @ is only Hilbert-Schmidt in L?(R"). In this case,
the solutions are global, due to the estimate (2.1) on the L? norm.

2.2. Blow-up for some initial data. The blow-up result for a restricted class of
initial data, which is proved exactly as in [5], is based on Proposition 2.1, together
with another identity, which we call the “stochastic variance identity”. This identity
is proved in [5] in the case of a complex valued noise — the real noise case is proved
exactly in the same way — and requires slightly more regularity on ® and g. In
order to state precisely the assumptions we need, we introduce the space

Y= {v € H'(R™), /n |22 |v(z) |Pde < oo} .

Proposition 2.2. Let iy, 0 and @ be as in Theorem 2.1, and assume furthermore
that ® is Hilbert-Schmidt form L*(R™) into ¥ and that g lies almost surely in 3.
Then for any stopping time T such that T < 7*(10g) a.s. the solution v of (1.4) with
¥(0) = g belongs to L>(0,7;%) a.s. and satisfies

2—on

V(b(r)) = V(o) + 4G (o) + 8H (1) 7% + 4 —

/ (r — )52 ds
0

) 4.1.3
+CgT + 3C5T

—42/0 <T—3)2/Rn|¢|2o|q>ee|2+za|¢|2<f—2 (Re(§ber))? duds

£eN

+21m/ / |z|2pdW dx

n 0 T So S1

—16Im / / / (AY + [¢|?7¢) dW (r)ds dsada
o Jo . Jo

R" )
+4Rez Y (2x - VPey + ndey)drdBeds
ten”’0 JO JR™
with
Gw)=1Im v(z)x.Vo(z)dz
R"L
forv e X, and with

F=X [ et and o = 3 Vol

(€N £eN

Note that the first four terms in this identity already occur in the deterministic
identity, and that the other terms vanish in the absence of noise. The last three
terms are stochastic integrals and are responsible for technical difficulties. In the
particular case where 7 = T is a deterministic time, the mean value of these last
three terms vanishes. Let us denote Eq, (f) = E(f1q,)/P(Qo) for f € L'(Qo) or f
measurable and nonnegative on g, and €y a JFy measurable set.

In the preceding case of a deterministic 7 = T, and if we assume moreover that

T
Eq, < /O V() [72 + [(s) i‘éffzd8>

is finite, then Proposition 2.1 implies that
Eo,(V(© (1) < o, (V (%)) + (4B, (|G (v0)]) + ¢5)t + 8Eqq, (H (o))t + 5et?
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for any ¢ € [0,T]. Now, it is possible to choose v in such a way that the right hand
side polynomial takes negative values for some ¢ € [0, T], leading to a contradiction
since the left hand side is nonnegative. More precisely, we have

Proposition 2.3. Assume that2/n < o < 2/(n—2), and that ® is Hilbert-Schmidt
from L*(R™) into . For each T >0,V >0, G >0, H; > 0, let Hy be such that

_ _ _ _ 1 _ _ 4 _
o

then for each Fo measurable vy with values in X and for any Qo € Fo with P(Qg) >
0 such that

Eo, (IVolz2) < Hi, Eo, (IG(to)) <G

(2.5) )
Eq, ( (%)) <V and Eq, (l"/’O %ozjfz) > Ha,

then either

(2.6) P(7* (o) < T) is positive

or

27) Eq, ( / (19 + o) ds> = +oo,

where 1 is the solution of (1.4) with ¥(0) = 1o given by Theorem 2.1.

The possibility that (2.7) occurs instead of (2.6) is due to the fact that we had
to choose a deterministic time 7" in the argument above in order to cancel the mean
value of the stochastic terms in the stochastic variance identity. If instead we use
a stopping time, then the expectation of those terms do not vanish. Under more
restrictive assumptions on ¢ and ®, however, they may be handled and lead to the
following result.

Proposition 2.4. Assume that 2/n < o < min(3, %), that ® is Hilbert-Schmidt

from L%(R™) into X, with moreover Z£eN|@€€|L4a+2 < 00, and bounded from
L2(R™) into H?(R™) N L>®(R™). Let T,V,G, Hy, Hy,Qo and 1 be as in Propo-
sition 2.2, with moreover, Eq, (M (1)1~ U)) < 00 ; then

P(m* () < T) > 0.
Note that the assumptions on the power ¢ in Proposition 2.4 are compatible

only when n > 4.

3. THE CONTROLABILITY PROBLEM AND BLOW-UP FOR ANY INITIAL DATA

In this section, we prove the irreducibility of equation (1.4), or equivalently of
the following equation :

(3.1) v(t) = S(t)o —i/o S(t—s) (Jo+2*(v+2))ds

where z is given by (1.5), in the case where the noise is nondegenerate. (Note that
if z is given by (1.5) and v satisfies (3.1), then ¢ = v + z is a solution of (1.4)
with ¥ (0) = 1)p.) This is done by using the following controlability result, which
was already proved in [5] in the case of a complex valued noise, together with some
continuity property . The controlability result is more difficult to prove in the real
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valued case, because we have to control the NLS equation by using a real valued
forcing term instead of a complex valued one, which means that we can act only on
one of the two components of the solution. The result is also weaker in the sense
that it requires more smoothness on the forcing term and on 1y. Of course, this
will affect the main result in consequence (see Theorem 3.1).

We define some other spaces which are necessary to state the assumptions : for
k,? € N we define

skt = {ve HR™), z|'v € H¥(R™)}
endowed with the natural norm
2 2 2
MEW = MHHZ + ||x|£v|Hk
and let S,, be the following space (recall that n is here the dimension of the space
variable) :
Sl = 2, SQ = UOL>OEDA’17 Sn = 21’2 if n > 3.
In order to understand how Proposition 3.1 below is related to the controlability

of the NLS equation by a real valued forcing, one only needs to note that u is a
solution of

g4 (ai+[af*a) = 4

(3.2) dt o dt
u(0) = to
if and only if u = v + Z with Z satisfying
d
Ly
(3.3) dt dt
2(0) =0,

and v satisfies equation (3.1) with z replaced by Z. In addition, f(t) is real valued
if and only if iZ(t) — fot AZ(s)ds is real valued.

Proposition 3.1. For any Ty > 0, ¢ € S, N H®, s > n/2, for any real valued
function by in S,, there exists a Z in C ([0,T1];Sn) such that 2(0) = 0, iZ(t) —
fg AZ(s)ds is real valued for any t € [0,T1] and such that the solution v(Z, 1o, ") of
(3.1) exists on [0,T1], with

Im (2(Th) + v (2, %o, 1)) = br.
Moreover, for any 6 > 0, Z may be chosen so that
|Re (2(T1) + v (2,90, T1)) — Re (¢o)|g, < 0.

Remark 3.1. This result is weaker than what we proved in [5] for a complex val-
ued noise in two ways. First, we are not able to choose Z(-) such that Z(T1) +
v (2,%0,T1) = uy for some fized uy; only the imaginary part can be controled ex-
actly. However this is not a problem for our purpose as will be made clear later.
Also, here we have to assume that 1g,b; have extra smoothness assumptions if
n > 2: they are assumed to be in S, N H®(R™). This is the reason why Theorem 3.1
below is restricted to initial data in S, N H*(R™).
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Proof of Proposition 3.1. It is convenient in this proof to decompose the solution

of the nonlinear Schrodinger equation into its real and imaginary parts. We first
construct the forcing f in (3.2) and then deduce Z solution of (3.3) by the formula

Z(t) = —if(¢) /St—s (1A) f(s)ds.

‘We note that @ solves

du df
= _(Aq .
ig — (aalala) = 5
for a real valued f if its real and imaginary parts a and b solve
d -
(3.4) L Ab—(a®+7)7b=0
dt
and
db 9 oo df
(3.5) — ~Aa- (a® +b7) a=—

The idea is to construct b explicitly such that 5(0) = Im (¢)0) , b(T1) = by and b =0
on a large interval in (0,77) . In that way %¢ = 0 in that interval and a (7}) is close
to a(0).
Take k1 € N and denote by U(t) the semigroup on ¥ associated to the linear
equation
dw
dt

w(0) = .

For € > 0 to be chosen, we set

+ (=AY 4 |z =0, xeR",

LU Tm (o), t€[0,e],
o) ={ o, teleTi—d
SLEEU (T~ )by, € [T -, T

Clearly, for k1 large enough, b is in C ([0,71];S,) N L' (0,T1; H*(R™)) and Ab is in
LY(0,Ty; S, N H*(R™)). Then, for any § > 0, there exists ¢ > 0 depending on 1
and by such that (3.4) has a solution a in C ([0,¢]; S, N H*(R™)) such that

a(0) = Re ()
and

la —a(0)|c(o,e);8,nEs) <

I\D\Qq

This can be proved by a fixed point argument.
Similarly, there exists a solution a of (3.4) on [T} — ¢, T3] such that a (T} —¢) =
a(e) and

la —a(e)|o(r - 11)i5,nHs) <

l\D\sz

Then, since b = 0 on [e,T) — €], setting a(t) = a(e) on [g,T}1 — €] we obtain a
solution of (3.4) on [0, T3] such that

la — Re (Yo)lcqo.r):s,nme) < 0
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‘We now define
t
F(t) = —b(t) + b(0) — / Aa+ (a® + 1) ads

0

and .
Z(t) =—-f(t) — z/ S(t—s)Af(s)ds

0

so that v = a + b — Z solves
dv 20 ~

e — Av = |a]* @,

with @ = a + @b, and for any t € [0,T1], iZ(t) — fot AZ(s)ds = f(¢) is real valued.

We can choose k; in the definition of U(-) sufficiently large to ensure that
|b|2°+t e L'(0,71;S,). Moreover, since S, N H® is an algebra, we also have
a2+t € LY (0,Ty; Sy) . It follows that |@|>” @ € L' (0,T1;5,) and since (S(t))ser
is strongly continuous in S,, and v(0) € S,,, v € C (|0,T1];S,) . Since we know that
u also belongs to this space, we have proved :

zeC ([O,Tﬂ ,Sn) s
and this ends the proof of Proposition 3.1.

The following corollary of Proposition 3.1 shows that it is possible to reach a
state which leads to blow-up by controlling only the imaginary part of the solution.

Corollary 3.1. For any Ty, T > 0, ¢y € S,NH*(R") for some s > n/2, there exist
V >0,G>0, H >0, Hy > 0 satisfying (2.4) and there exists Z € C ([0,T}1];S,)
such that 2(0) = 0, iz(t) — fot AZ(s)ds is real valued for any t € [0,T1], v(Z, o, ")
exists on [0,T1] and 41 = Z(Th) + v(Z, 10, T1) verifies

1 1 . ., ]
V|7 < 541, |G(a1)] < §G’ V() < 5V, and || 73022 > 2H,.

Proof. Assume first that Im(tg) # 0 ; set uy = Re(t) + iA\Im(¢)p). Then the
expression

_ 1 - _ 4 _
is negative for A large enough, say larger than Ag. Then, by Proposition 3.1 with
b1 = AoIm(¢p), given § > 0, we can find 2 with 2(0) = 0, i2(t) — [; AZ(s)ds is real
valued for any ¢ € [0,T}], v(Z,y, ) exists on [0,T1] and with moreover

Im(2(T1) + v(2, %0, T1) = AoIm(tpo),
and
|2(T1) + v(Z, %0, T1) — uxylg, < 0.
Now, the quantities |Vu|3,, |G(u)|, V(u), |u|i‘§j32 depend continuously on u € S,
so that choosing ¢ small enough, and setting @(t) = Z(t) + v(Z, 1o, ), we have
Va(T) e < 2Vun, 22, [G(T))] < 2G(ur)l, V(@) < 2V (u,)

and L

|U(T1) i&t@ > 5‘“)\0 %;tz
Hence we obtain the result with Hy = 4|Vuy, |2, G = 4|G(uy,)|, V = 4V (uy,) and

7. 1 20+2
Hy = Z‘UAO L20+2"
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Assume now that Im(1pg) = 0, and let us consider the solution @ of (3.2) with
f = 0; it is not difficult to see that the imaginary part of @& cannot be identically
zero on a whole time interval [0, t] with ¢ > 0; indeed, writting @ as a + ib with a
and b satisfying respectively (3.4) and (3.5), this would imply that a is a stationary
solution of the deterministic NLS equation on [0, #], but it is well known that there
is no such solution in H*(R™). Hence, for some positive tq, one has Im((tg)) # 0,
and we can reproduce the preceding argument by starting at time to from @(to)
(which corresponds to taking Z =0 on [0, #o)).

We have now all the tools in hand to state and prove the main result.

Theorem 3.1. Assume that 2/n < o < % ifn>3 o0r2/n<oifn=1or
2, that ® is Hilbert-Schmidt from L*(R™) into S, and that the null space of ®* is
reduced to {0}. Then for any o € S, N H® for some s > n/2, and for any t > 0
the solution (t) starting from 1y and given by Theorem 2.1 satisfies either

P(7*(¢p0) < T) >0

or

E </OT (\w(s)FLQ +[(s) j‘éii) ds) = +o0.

If furthermore ® satisfies the assumptions of Proposition 2.4, then ¢ blows up with
a positive probability.

Proof of Theorem 3.1. The proof follows exactly the same lines as the proof of
Theorem 2.1 in [5], once we have Corollary 3.1 in hand. We repeat shortly the
arguments for the sake of completeness. Let T}, T > 0, and ¢ € S, N H*(R"™) with
s > n/2. Applying Corollary 3.1, we get V, G, Hy, and H, satisfying (2.4), and
zZ € C(]0,T1];Sp) such that if we set @(t) = Z(t) + v(Z, 1o, t) then

_ 1 - _ 1~ _ 1- B o _
IVa(Ty)[3. < 5Hl, \G(a(Ty))] < 50, V(a(Ty)) < 5v, and |a(Th)[324 7 > 2H;.

Now, for ¢ € [0,Ty], the mapping z — v(1)g, 2,t) is continuous on a neighbourhood
of Zin C([0,T1],X) N L"(0,Ty; W20ty L1 (0, T1; S,,) with values in H'(R"), and
lower semi-continuous with values in ¥ (see Proposition 3.4 and 3.5 in [5]). Hence,
there is a ball B centered at Z in the preceding space, such that for any z € B,
u =z~ v(z,o, ) exists on [0,7;] and satisfies

(3.6)

Vu(T)fs < H,  IG@T)) <G, V@) <V, and ()5 > .

The solution of (1.4) with ¢(0) = vy is given by ¢(t) = z(t) 4+ v(z, Yo, t) with

z(t) = /0 S(t— s)dW (s)

almost surely on [0,7*(tp)). Since ® is Hilbert-Schmidt from L?(R") into S,, z is
almost surely in C ([0,T1];S,) (see [3], Theorem 6.10). Moreover, it is shown in [4]
that z is almost surely in L” (0,7; W*2*2). Since the null space of ®* is equal to
{0}, ® has dense range in S™ and in W22 we deduce that z is non-degenerate
(note that z is a Gaussian process with values in S,,) and P(z € B) > 0; therefore
the probability that 7*(¢g) > T and ¢ (T}) satisfies (3.6) is positive. We now set

O ={w € Q, 7" (up) > Ty and (1) satisfies (3.6)}
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and note that ¢ (Ty),Q,T,V, G, Hy, Hy satisfy the condition of Proposition 3.1, or
Proposition 3.2. The result follows.
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