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Abstract. We prove the global existence and uniqueness of solutions both in the energy
space and in the space of square integrable functions for a Korteweg-de Vries equation with
noise. The noise is multiplicative, white in time, and is the muliplication by the solution of a
homogeneous noise in the space variable.

1. INTRODUCTION AND STATEMENT OF THE RESULTS

The aim of the paper is to prove the global existence and uniqueness of strong solutions for
a Korteweg-de Vries equation with noise, which may be written in It6 form as

(1.1) du + (O3u + %8x(u2))dt = updW

where u is a random process defined on (t,7) € RT x R, W is a cylindrical Wiener process on
L?(R) and ¢ is a convolution operator on L?(R) defined by

bf(z) = /R k(z — ) f(y)dy, for f € L*(R)

where the convolution kernel k is an H'(R) N L!(R) function of x € R. Here H'(R) is the
usual Sobolev space of square integrable functions of the space variable x, having their first
order derivative in L?(R). Considering a complete orthonormal system (e;);en in L?(R), we
may alternatively write W as

(1.2) W(t,x) =Y Bit)ei(x),

€N
(6;)ien being an independent family of real valued Brownian motions. Hence, the correlation
function of the process ¢W is

E(eW (L, z)oW (s,y)) = c(z —y)(s At), z,y€R, s,t>0,
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2 A. DE BOUARD AND A. DEBUSSCHE

where
c(z) = /Rk:(z + u)k(u)du.

The existence and uniqueness of solutions for stochastic KdV equations of the type (1.1) but
with an additive noise have been studied in [4], [7], [8]. Here we extend those results to equation
(1.1), that is the multiplicative case with homogeneous noise.

Note that an equation of this form, but with an additional weak dissipation has been con-
sidered in [13]. Indeed, in this latter case where a dissipative term is added, such a noise may
be viewed as a perturbation of the dissipation. Although our existence and uniqueness results
would easily extend to the case where weak dissipation is added, the dissipative term is of no
help in the existence proof, so we prefer stating the result for equation (1.1).

Assuming k € HY(R) N L}(R) will allow us to prove the global existence and uniqueness
of solutions to equation (1.1) in the energy space H'(R), that is in the space where both
quantities

(1.3) m(u) = —/R’LLQ(:E)d$

and

(1.4) H(u) = % /R (Opu)’das — % /R W

are well defined. Note that m and H are conserved quantities for the equation without noise,
that is

1
(1.5) Opu + Ou + §8z(u2) =0.

It is important to solve equation (1.1) in the energy space, indeed most of the studies on the
qualitative behavior of the solutions are done in this space. Omne of our aim in the future
is to analyse the qualitative influence of a noise on a soliton solution of the deterministic
equation, as we did in the additive case in [6], and this requires the use of the hamiltonian
(1.4). However, our method of construction of solutions easily extends to treat the case of
a kernel k € L%(R) N L'(R), obtaining global existence and uniqueness in L2(R). It seems
difficult to get a result with less regularity.

It may be noted also that the use of a noise of the form given in (1.1) naturally brings some
localization in the noisy part of the equation, at least in the limit where the amplitude of
the noise goes to zero, and when the initial state is a solitary wave — or soliton — solution of
the deterministic equation, that is a well localized solution which propagates with a constant
shape and velocity. This localization in the noise was a missing ingredient in the study of the
influence of an additive noise on the propagation of a soliton (see [6]).

The precise existence result is the following, and the method we use to prove it closely
follows the method in [7].

Theorem 1.1. Assume that the kernel k of the noise satisfies k € H*(R) N LY(R), s = 0 or
1. Then for any ug in H*(R), there is a unique adapted solution u with paths almost surely in
C(R*; H5(R)) of equation (1.1). Moreover, u € L*(Q; C(R*; L2(R))).
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As in [7, 8], we use the functional framework introduced by Bourgain to study dispersive
equations. Following [3], [14], [15], for 5,b € R, X}, 5 denotes the space of tempered distributions
f € S'(R?) for which the norm

) 1/2
17l = (/ /Rz“ +1E)* (1 + I = NP §)I2drdg>

is finite, where f (7,€) stands for the space-time Fourier transform of f(¢,x). In the same way,
we set for b, s1,s9 € R,

. 1/2
”f”)zb,sl,sz = <//IR2 ‘5’232(1 4 ’£|)231(1 + |7. _ §3|)2b‘f(7',§)|2d7'd€>

and

Xb,sl,SQ = {f € S’(]R2), |’fH)~(b,sl,52 < —l—oo}.

Note that the use of the space )Z@ s1,s2 18 necessary here. Indeed, since we work with stochastic
equations driven by white in time noises, we cannot require too much time regularity, and we
have to choose 0 < b < 1/2. But then the bilinear estimate which allows to treat the KdV
equation is not true in the space Xj 5 as was already mentioned for the additive case in [7].

For T' > 0, we also introduce the spaces X g , and X g s1.s, Of restrictions to [0, T] of functions

in Xj ; and )2;,781,52. They are endowed with
||f||xgs = inf {||f||Xb,Sa f e Xy, and flor = flor}

s =t {Iflg,,, [ €Xnss and flom = Flom}

Because equation (1.1) is a multiplicative equation with a nonlinear deterministic part, we
have to consider first a cut-off version of this equation (see Section 2). As we make use of
the functional framework defined above, the cut-off will arise as a function of the norm of the
solution of the type ||- || x¢ - Moreover, this function of the norm must be a regular function, in

order to allow us to use a fixed point argument (i.e. in order that our mapping is a contraction
mapping, see Section 2). The fact that the functional spaces we consider are nonlocal spaces
in the time variable then brings a lot of technical difficulties, concerning points that would be
obvious if we were dealing with more classical function spaces (see e.g. the proof of Lemma
2.1).

The paper is organized as follows: Section 2 is devoted to the proof of several preliminary
lemmas and propositions, which once brought together lead quite easily to the proof of global
existence and uniqueness for the cut-off version of the equation — or to the local existence and
uniqueness for equation (1.1). In Section 3 we prove that the solutions of equation (1.1) are
global in time, by using estimates on the moments of the L2-norm of the solution. Again, due
to the spaces we consider for the local existence, the globalization argument is not obvious.
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2. PRELIMINARIES AND EXISTENCE FOR A TRUNCATED EQUATION

As is usual, we introduce the mild form of the stochastic Korteweg-de Vries equation (1.1).
We denote by U(t) = e~19% the unitary group on L?(R) generated by the linear equation

ou o
ot Ox3
Using Fourier transform, we have F (U (t)v)(€) = €€’ F(v)(¢). We then rewrite (1.1) as follows

=0.

(2.1) u(t) = U(t)uo — %/0 U(t — 1) (u?(r))dr + /0 Ut —r)(u(r)pdW(r)), t > 0.

The X3 and )me& norms defined in the introduction have the nice property that they
are increasing with T'. However, it is more convenient to work with other norms, given by the
multiplication by the function 1jy 7). In the case we consider here, that is 0 < b < 1/2, we can
prove the following result, stating that the two norms are equivalent.

Lemma 2.1. Let s > 0 and 0 < b < 1/2, then there exist two constants C1, Cy depending on
b but not on T' such that for any f € Xy s

Cillfllixz, < Mo @ fllx,, < Coll Fllxg -

Proof. The first inequality is clear and in fact we may choose C'1 = 1. For the other inequality,
let us set g(t) = 1o 7)(t)U(—t)f(t) so that

Mom(®f, = [ [ a0+ )t o) drde

://RQ(“F|§!)28H(fzg)(',E)Hilgdi.

The result follows from the following inequality
180,717l oy < CllAl growy, b € H(R),

which holds for a constant C' > 0 depending on 0 < b < 1/2. To prove this, we use the
following equivalent norm on H®(R) (see for instance [1]):

I = [ [ 2 |t_ |1+2,, O = BOF 4 4 )2y

Clearly, ||]10Th||L2(R < ||h||L2(R Moreover

2

|20, 79(t)R(t) = Lo 77(r)h(r) Lio 7y (H)R(t) — Ao 7y (r)h(r)|
=2
/1. \t —i - / / “ |t —i ardt

|h(t) — h(r)|?
o[ [ IO gy [ O [ [T O

=1+ 1T+1I1.
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The first term I is less than [|h|| g»(g). The second and third terms are equal to

e e
II = —/ |t| =20 h(t)|?dt, IIT = —/ |T — r|~2|h(r)|?dr-.
b Jo b Jo
Both are bounded by C|[h| g (o,)- To see this, we note that it is obvious for b = 0 and results

from Hardy inequality for b = 1 when H®(0,T) is replaced by H}(0,T). The result follows by

interpolation since, for 0 < b < 1/2, H*(0,T) = H}(0,T) . O
We now define Yb% = Xg: 0N )A(ibT 0,-3/8 endowed with the norm

171y, = max{llfllr, 1 gr, |

We also use the space Yle = XbT 1N )Z'bT 1,-3/8 with a similar definition of its norm. From now
on and thanks to Lemma 2.1, we will use the definition HUH):Cb . = [Torpvlly;,. each time we

take a norm in Y, with 0 < b < 1/2.
For ug € L?(€2; H'(R)), we set

z(t) =U(t)up, and v(t) = u(t) — 2(¢).

Then (2.1) is rewritten as

v(t) = —% ; U(t—r) [895(1)2(7“)) + 85,;(22(7“)) + 2895(2(7‘)1)(7'))] dr
(2.2)

+/ Ut —7r)((z(r) +v(r))¢pdW(r)), t > 0.
0

Let 6 be a cut-off function — §(x) = 0 for z > 2, §(z) =1 for 0 < z < 1, with § € C§°(R™) —
and let 0r = 0(5); we consider the cut-off version of (2.2) written for R > 0 as:

on(t)= =3 [ U= [0 (Ionlhg, ) 2u(eh)]

_ /Ot U(t—r) [QR (HURHYI;J 895(2(7’)1)1%(7«))} dr

1

! 2
_5/0 Ut — 1) [0.(z2(r))] dr

—I—/ Ut —r)(z(r)+vg(r)epdW(r)), t > 0.
0

We find vg as a fixed point of the mapping 7r, Trvr being defined by the right hand side
above. Note that the cut-off is made in the L? in space norm, even for the H! result. We will
choose 0 < b < 1/2 and 1/2 < c.

We use the following Lemma.
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Lemma 2.2. For any0<b<1/2, R>0,v¢€ Ybrﬁ, there exists C(R) such that

< C(R)

[0m (Illly;, ) o)

T
Yb,O

and, for s =0 or 1, there is a positive constant C, independent of R, such that

|m (lollyy, ) o)

< C oy

T
Yb,s

Proof. We use arguments similar to the proof of Lemma 2.1. Let w(t) = U(—t)v(¢) then,
using the same norm on H°(R) as in Lemma 2.1,

de.

[0 (I, ) )]

T
Xp0

SCAWRW%%NEMWSV

Hp([0,77)

The L? part of the H? norm above is easily estimated, while the other part is bounded above

by
] () PO
—I—C/R/OT /Ot <9R (||U||Yb{0) —0gr (H”HY{O))Q %drdtd&
=I+1I

Next, we define 75 = inf{t > 0, ||U||th0 > 2R}; then 0p <||U||th0) =0 for t > 7p and

(e Fow)(r, )|
T <C// /' w) t_r|(1+2bw)(r W i dvae

< C/ 1(Faw) () o 0,7y AE < Clollxq < 2CR.

In order to estimate 11, we use the fact that for r < ¢,
2_C 2
(9% (Iellg, ) = 0r (I0llvg, ) < 2510 oo vl = oy,
c 2 o
< ol ~ Mool o < ol begolfy

< s [+ Fa) ) B

We leave to the reader the estimate of the contribution to I of the L? part of the H? norm
above; indeed, it follows the same line as the estimate of the remaining contribution, which is
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bounded above by

// L 3/4/ /// el 027 . Ufﬁ+;ﬁ)(al7n)|2d01d02

NFEw) 0P
‘t _ 7«’1-i~2b

<z [ Laems [T ([ o) (e P

N Faw)(o9,m) = (Fow)(o1,m)|”
oy — oq|1H2

drdtdndé

doidosdndé

where we have inverted the integrals in the time variables; this last term is in turn bounded

above by
Q —3/4 TR 02< o1 I , >
e fasws [ ([ o tiEaeora

NFaw)(o9,m) = (Fow)(o1,m)|*
|O'1 _ 0-2|1+2b

dO’l d0'2d77d5 N

by the fact that |7 — r|™2? <o —r|7?? <oy —r| 2 for 0<r <oy < 09 <t < 73.
Using then the same arguments as in the proof of Lemma 2.1, we finally get

I < R2/H (Faw) (- Ol 0,7 di/ L+ [ ) (Few) )1 0.y @0

C
R?
This, together with the estimate of I implies the first inequality of the Lemma for the X,

2 2
< ol el

part of the Y} o norm; the )N(b,07_3 /8 part, and the second inequality of the Lemma are proved
in the same way. U

Next results state the estimates on the bilinear term appearing in (2.3).

Proposition 2.3. Leta>0,0<b<1/2<c<1, withb+c>1 and a,b,c sufficiently close
to 1/2, then for any v € Yb:g, ze€ X  s=0 orl, we have

c,S7

10: ) llyr < Cllellyz ol

18:02)llyx, < € (el Ielxz, + el lellxr, )
and
10 (=2)llyx. . < Clellx, Izlxr,.



8 A. DE BOUARD AND A. DEBUSSCHE

Proof. These estimates are proved in [7], Proposition 2.2 and 2.3, for s = 0. These are easily
extended to s = 1. It suffices to add a factor 1 + [£| in the expression

/ﬁfTﬁ / / (r— 1, —&)h (71751)d71d51d7d5

and to use the fact that 1+ |£] < (1 + € — &) + (1 + |&1])- O

Remark 2.4. It does not seem possible to get rid of the homogeneous Sobolev space, i.e.
of )Zbo _3/8, to get the result of Proposition 2.3, when b < 1/2, even in the case s = 1;
indeed, a careful reading of the proof of Proposition 2.2 in [7] shows that the additional
factor €|~ 3/4 induced by the use of XbO _3/8 s necessary in a region of the integral where
|€1] < €], so that |€ — &1 ~ |&], and with moreover |§| < 1; hence the supplementary factor

(T+1[€=&DA+ &)/ 4+ [€]) is of no help there.

It remains to derive the estimates on the stochastic integrals in (2.3). In order to be able to
globalize the solutions in Section 3, we will need estimates on all the moments of the stochastic
integrals.

Proposition 2.5. Letm e N, s =0 or 1, and v € L2m(Q,XgS); then for any 0 < b <1/2,

2m
m 2m
E (\ . ) < ClkIER g E (10133,
b,s

< CT™ k]2 B (1101133 ) -

/0 Ut — r) [o(r)gdW (r)]

Moreover
t 2m
E \ /0 Ut =) pr)sdW (]| < C (k132 + 151370 ) E (1013,
Xb,s—3/8 7

< CTv™ (11kI37 gy + 14137y ) E (0135 )
Proof. We prove the result for s = 1, the proof is exactly the same for s = 0. We set
t
wit) = Loz (1) /O U(t — r)[o(r)¢dW (r)]. Let
= ton(®) [ V1) Rryoaw (o),

then w(t) = U(t)g(t), t > 0. We have

B (i) —2(( [/ 0+ ra+m®aropade)”)
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Choosing Brownian motions (8 )ren, defined on R, we have

F)t.6) =3 I () /0 € F, (u(r)ber) (€)dBu(r)

M8

e
Il

0

=Y 1om® [ Lom () F, (v(r)den) (€)aB(r),

k=

o

It follows

= kZ:O /R ]I[O,T] (t) /;oo ]I[O,T} (T)eir@fx (’U(T’)gﬁek) (é‘)d/@k(r)e—zﬁ—tdt
) kzzo /R o, 79(r)e™ Fy (u(r) de) (€) </ L7y (t)e‘”tdt> dBy(r).

By Burkholder inequality, we deduce:

B ([ a+igra+m®aropaa)”)

<c E((Z/// (14 1D+ (7)1 (1) | (o)) (O
/TOO ]I[O,T}( )e_”tdt : drd§d7'> m>

X

It easy to see that

2
< min{T?, 2r72}.

/ ]I[O,T} (t)e_iq—tdt

Therefore, using Lemma 2.6 below,

E <<//RQ(1 FIED2A + 7D Pa(r, 5)\2d7-d§> m>

<c(( [[[[[a+ 1P P mingr, 22 aon (Fee)E + 0l

X |/%(n)|2dndrd£d7> m)
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which in turn we bound from above, using the unitarity of U(¢) in L? and in H!, by

0E<< ] 1 ie a2 + @ i) don () |Fie + 0l
x|1%<n>|2dndrds>m>

< C | Ik e E (I0omyel%s, ) + %137 e ® (Il )|

< € |kl (1018, ) + Ik, (1013, )

For the second statement, we proceed similarly. However, the extra [£ ]‘3/ 4 implies that a
special treatment of the integral for || < 1. On the region |¢] > 1, we simply use |¢|~3/4 < 1.
The following estimate is thus sufficient to conclude.

E((/vs|51 //RQ(l + €D21€1* Doz (r) [(Frw(r) (€ + ) \k(”)’zd"‘mﬁ) m>

< OE<<//R </|g|<1 €]/ 1k (n — 6)!2d5> o7 (r) |fw<”(r>)(’7)'2d"dr>m>

< Cllil B (l0)23. )

< ClklpmE(llol2s ).
g

We now give the Lemma used in the above proof.

Lemma 2.6. Let v € X, then for any complete orthonormal system (ex)ren of L*(R), we
have

Z|f rder) ( r—/u—* D& + )2 V(o) P,

Proof. We have
Fo (0(r)ger) (€) = Fo (v(r,@) (k@ = v),ex(®)) 13 ) (€) = (Fa (v(r, @)k = )) (€), e (W) 13-
Therefore, by Parseval identity,

Z | Fe (v(r)ger) (€)1 = 1 Fe (0(r, 2)k(z — ) ()72
and by Plancherel theorem and an easy computation

Z |Fa ((r)per) () = | Fay (v(r,2)k(x = 1)) (€)7o = |1 Fa(v(r)(€ + k13,
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which gives the conclusion. O

The proof of the next proposition is left to the reader. It only makes use of classical
arguments and ideas similar to those at the end of the proof of Proposition 2.5.

Proposition 2.7. Let s =0 or 1. For any To > 0, any stopping time T and any predictable

process v € L2({; C([O To AT HP(R))), [oU(- = r)[pv(r)dW (r)] has continuous paths with
values in H*(R) N H=3/3(R) and for any integer m, there is a constant Cy, with

2m
E| sup < CuE | sup [fo@®)|F ).
t<ToAT HsNH—3/8 t<ToAT

We are now able to prove the following existence theorem for the truncated equation.

/0 Ut — ) [o(r)dW (r)

Theorem 2.8. Let s = 0 or 1 and assume that the convolution kernel of the operator ¢
satisfies k € H*(R) N LY(R); then for any ug in H*(R), equation (2.3) with 2(t) = U(t)uo
has a unique solution vy € YIE), for any b with 0 < b < 1/2, and any Ty > 0. Moreover
vr € L*(;C([0, To): H*(R))).

Proof. We use a fixed point argument on equation (2.3). The following lemma, whose first
and third estimates were proved in [7], while the second one can be proved in the same way, is

useful.

Lemma 2.9. o Letug € H*(R), s=0or1l. ForanyT >0 andc>1/2, z=U(-)ug €
ng and

12l xz, < C(T)|[uollmsr)
e For any up € H*(R) N H—3/8(R), and any b with 0 < b < 1/2, z=U(-)ug € Yst and
12l < CT) (ol s ) + luoll gr-s/s gy)-

e For any a,b € (0,1) witha+b <1, and any f € Y, as Jo Ul )drEYbTS and

We first assume that the hypothesis of Theorem 2.8 hold with s = 0. Let us fix a, b, ¢ as in
Proposition 2.3, with a + b < 1. We fix Ty and take T' < Ty. Let vy, vy € YbTO, T being also

fixed. We set v;(t) = 0g (|vl|ybto> vi(t), i = 1,2. Then, recalling that 7rvg is defined by the

/' U — 1) f(r)dr

< T fllyr
0 —a,s

T
Yos
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right hand side of (2.3), we have

E (HTva — TRUQH?/I]T()

2
< CE
Yo

t 2
+CE ( /0 Ut — 1), [(51(r) — Ba(r)) 2(r)] dr YT)

[ 0=, [0 - @)
0

t 2
+CE ( /0 Ut —r)[(vi(r) —va(r)) ¢dW (r)] » )

which, by Lemma 2.9 and Proposition 2.5, applied with m = 1, is bounded above by

o720 ()R (Ha‘f <(f}1)2 B (172)2) > 4 OT20- @) R (||ax (51 — D) z)||§’,;a10)

H2
T
Yfa,,O

+OTE (Hvl - vgui%) .
By Proposition 2.3, it follows

E (|| Trvr — Tros 3 )
< T2t {E (|15 = Ballyr 151+ Ballyr ) +E (151 = Ball3r ) 1205, }

+OT'E (Hvl - vguigo) .
By Lemma 2.2,
91 + 172||§/bT0 < C(R).

Moreover, it is not difficult to use the arguments of the proof of Lemma 2.2 and prove

L2 2

191 = T2llyz, < C(R) [Jor = vallyr, -
We deduce that for some a > 0,
E (HTRUI — TRU2||§/I;TO) < C(R, To, ||UO||L2(R))TQE ||U1 - ’U2||2YbTO .
Thus, 7 has a unique fixed point vy € LQ(Q; Yb%) for T' < T, where T, is chosen such that
C(R7 To, HUOHLQ(R))TS < 1/2‘

Moreover, using arguments similar to the proof of Proposition 2.5, it can be seen that
fg U(—7) [(2(r) + vr(r)) ¢dW (r)] is a square integrable martingale in L?(R)NH~3/8(R). Since
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(U(t))ter is strongly continuous on L?(R) N H~3/8(R), we deduce that
/0 Ut =) [(=(r) +vr(r)) ¢dW (r)] € L*(Q: ([0, T.); L*(R) N HY¥(R))).

Using then Lemma 2.9 with b > 1/2 and similar estimates as above, we deduce that vp is also
in L2(; C([0, T.]; L*(R) N H-3/5(R))).

Then, we construct a solution in [T}, 27%]. First, we write equation (2.3) with ¢ > T}, in the
form

oR(Tu + )= U(ton(T.) - 3 /0 ) 0% (Ilorlly i) 0 (05(T + 1)) dr

_ /Ot Ut — 1) [03 (||UR||Y£+T) 8 (2(Ts + r)or(Ts + r))] dr

(2.4)
1

- = t -Tr 22 T r
5 | U= [T+ ) a

+ /Ot Ut —r)((2(Tx +7r)+vr(Te +1))pdW (1)), t > 0.

Since vp(Ty) € L*(; L*(R) N H~3/8(R)), the first term is in L?(Q; Yb%). It is then easily seen
that v can be found on [T}, 2T.] as a fixed point in L2?(£); YI')%) in the same way as on the
interval [0, T%].

Iterating this, we get a solution on [0,7p] which is in fact in LQ(Q;YI%)) and also in
L2(Q; C([0, Tp); L*(R) N H—3/3(R))). This proves the result for s = 0.

Now suppose that the assumptions hold with s = 1. Let v € L?(f; Yle); we have, setting
o(t) = QR(||U||thO)v(t), and using Lemma 2.9,

ITavllyz, < OTCH) |[80,5]lyr, + 10, (52) v, , + [0 (=) |y, ||

)

T
Yo

/Ut—r r)dW (r)]

/Ut—r r)pdW (r

so that by Proposition 2.3,

ITavllyg, < CT= [l [l + 5l llxr, + [l Bellxz, + lellcr, sl x|

/Ut—r r)dW (r)]

/Ut—r r)dW (r

T
You
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We then make use of Lemma 2.2 and Lemma 2.9 to get

[ Twolly, < €T/ (uvuygl + \|Z|!X§q> <C<R> + ||z||Xg%>

(t — 1) [2(r)pdW (r (t = 1) [o(r)pdW (r)]
v,
< C(R, T, Juol| 2y T+ <||U||ygl + lfwoll 1 )
t t
+ / Ut — ) redaw (]| + ‘ / Ut — ) [o(r)¢dW (r)]
0 v,h 0 v,h

Thus, by Proposition 2.5 and Lemma 2.9,
E(17rol3z, ) < [COR To, lluoll 2y T2~ 4 €T (E (oll}r ) + luolZ )

This shows that 7z maps LQ(Q;Yb:’q) into itself. Moreover, the ball in L2(Q;Yb71) of radius
Ry is invariant by 7p if T < T, such that C(R, Ty, ‘|U0|’L2(R))T3>¢<(l_(a+b)) + CT?, < 1/2 and
Ro > |luoll g1 (my

Choosing T, < Ty, in the construction of the solution vy of (2.3) in L2, it follows that
the solution vy is in LQ(Q;YbTI*). We then use similar arguments as above to prove that

vg € L3(Q;C([0,T.]; HY(R)) and

—(a+b 2
E (sup ||vR||%{1(R>> < op et (E( loal}r. ) + ||uo||?p(R)) (CR) + lluol 2wy

0,T%
2
sup
[0,T%] H'(R)

—(a+b 2
< oi-lerh) <E< ||UR||§/bT{ ) + ||U0||§{1(R)> (C(R) + ”u0||L2(R))

/ Ut — 1) [((r) + vr(r))gdW ()]

+CT,E (sup HvRH?p(R)> + CT. ol gy

5L %

with b > 1 /2 and a + b<1. Choosing a smaller T} if necessary, we deduce

E <sup ||vRu%{1(R>> <R},

7T*

if Ro > [luo|| g1 (m)- On [Tk, 2T.], we use equation (2.4) and obtain by similar arguments

E (an(T* 9B ) < OIE (IonT) i ayi-ny) + ol o
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and

E <[ sup ||UR||%{1(R)) <CE (HUR(T*)||§{1(R)0373/8(R)) + Rg-

s y4d %

We know from the L? contruction that vy € L?(€; C([0, To]; H3/8(R))), therefore

E ({ s ||vR||%{1(R>> < CE (Jor(T) 3w + B3 +E ({gqu] ||vR||i-1-3/s<R>> -
syl x »40

It is now easy to iterate this argument and deduce that the solution vy is in L?(£); YI')Tf) and
also in L2(2; C ([0, Tp]; H'(R))). O

Theorem 2.8 gives the following local in time existence result for the non truncated equation.

Corollary 2.10. Let s = 0 or 1 and assume that k € H*(R)NL'(R); then for any ug € H*(R),
there is a stopping time 7*(ug,w) a.s. positive, such that (2.1) has an adapted solution wu,
defined a.s. on [0, 7*(ug)[, unique in some class, and with paths a.s. in C([0, 7*(uo)[; H*(R)). If
s = 1, the uniqueness holds among solutions with paths in C([0,7*(ug)[; H*(R)) a.s; moreover,
the stopping time 7*(ug) satisfies
7*(ug) = 400 or limsup ||u — U(-)uplly: = +o0o, a.s.
t /' 7*(uo) b0

Remark 2.11. Let us explain what we mean by a solution on the random interval [0, 7* (uo)].
This means that u is defined on [0, 7*(ug)[ and is an adapted process such that for any stopping
time 7 < 7*(ug) the following holds on [0, 7]:

u(t) = U)o — /0 U(t — )0 (u(r))dr + /0 Ut - ) (ulr)6dW (1)),

Proof. Let z(t) = U(t)up and let vg € Y, for any b < 1/2 and any Ty > 0 be the solution
of (2.3) given by Theorem 2.8. We then set 7r = inf{t > 0, HvRHthO > R}; for t € [0,7R], we
have HR(”UR”Y;O) = 1, hence vp is a solution of (2.2) on [0,7g]. It is not difficult to see that
7R is non decreasing in R and that vgy1 = vg on [0,7x]. Hence we may define u on [0, 7*(ug)]
with 7*(ug) = imp_.o Tr by setting u(t) = vr(t) + z(t) for t € [0, 7] and w is then a solution
of (2.1) on [0,7*(ug)[. The uniqueness for u holds in the class z 4+ Y, for any R and it is not

difficult to see that any solution u with paths in C([0,7*(ug)[; H*(R)) is in this class. The last
property of the lemma is an immediate consequence of the definition of 7*(uy). O

3. GLOBAL EXISTENCE

As already seen, Theorem 2.8 gives a local in time existence result for the equation without
cut-off. In the present section, we end the proof of Theorem 1.1 by showing that those solutions
are globally defined in time. To that aim we need an estimate on H'UHYbTO. We will use the

following result.

Proposition 3.1. Assume that k € L*(R). Let u € C([0,7]); L>(R)) be a solution of equation
(2.1) with ug € L*(R), where T is a stopping time. Then, for anym > 1, u € L*™(Q; C([0,7]; L*>(R)))
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and for any T >0

[0,7AT]

E (t sup |u(t)|%gl(R)> < C(T, [Juol| 2wy, m)-
€

Proof. The result is a straightforward consequence of Ito formula. We prove it for m = 2.
For m < 2 it then follows from Hélder inequality. For m > 2, the proof is similar.
We apply Ito formula to M(u) = [|ul|3. (r) and obtain after a regularization argument and

easy computations (see [4] for more details in the case of an additive noise or [5] for the case
of the stochastic Schrédinger equation):

M(ulr A) = Mluo) +2 3 | [ eaeadndso) + 1M [ M)

We take the square of this identity and deduce:

E ( sup M2(u(r))>
re[0,7AT
rAT
< 2M2%(ug) +4E [ sup / / (0, z)per(z)dzdBy, (o )
rE[O TAT] =0

2] o B (( [ vtaton) )

AT
< 202 (ug) + (422 + 2TH/<:H§2(R)) B[ e,

thanks to Burkholder and Hélder inequalities, and to Lemma 2.6. The result follows from
Gronwall Lemma. O

Let vgr be the solution given by Theorem 2.8, let Ty > 0 be fixed, and let 7 = inf{t €
[0, To], ”'URHYt > R}; then on [0, 7g|, vr+2 is a solution to (2.1) which is a.s. in C([0, 7r]; L*(R))

and Proposmon 3.1 applies:

(3.1) E ( sup  [vg(t) + 2(t )\La(R> < C(To, fluoll 2wy m)-

te|0,7rATo)
We now show that this implies an estimate on the Yb% norm of vg.

Lemma 3.2. Let vg be the solution of the truncated equation (2.3), then there exists a constant
C(To, [luollp2(w)) independent of R such that

E (lurllyr ) < C(Th, luoll2qwy)-

Proof.
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Step 1: Using similar arguments as in the beginning of the proof of Theorem 2.8, taking into
account the fact that vy satisfies equation (2.3), we prove using Lemma 2.2 that for Ty > T > 0,

t
lonlyn < CTO [foal gy + 1, |+ [ 06 = ) luntrioaw ey

To
Yy 0

)

t
< oV (ath) [HURHQYI;TOMR +CO(Ty) |yuo|y2LQ(R)} + H /0 Ut — ) [up(r)¢dW (r)]

To
Y0

with ug(t) = vg(t) + U(t)ug. We set

)

t
—(a+b
Kl = Kl(w) = CTOl (at )C(TO) HuRHQC([O,T()};LQ(R)) + H/(; U(t - 7’) [UR¢dW(7’)]

Y0
then
CTY 4 lwp|2 2arp — lvRlTArse + K1 > 0.
Yoo Y0
3
Therefore, if we choose T' = T'(w) such that 71— (a0 —= , we have

- 16CK;
HURHYIIQ/\TR < 2K1.

Note indeed that vg(0) = 0 and that ||vg]| |Yi)€0 is a continuous function of ¢. Similarly, for any
k > 0, we define

vh(t) = ug(t) — Ut — kT)ugr(kT), te [kT,(k+1)T],
with 7" = T'(w) chosen above. Then the same argument shows that

k
HURHY[ICT/\TR,(IC-&-UT/\TR] < 2K,
b,0

where we use the space Yb[€1 T2
by [T, T»).

whose definition is exactly the same as Yb% but [0, T is replaced

Step 2: Since up is a solution of (2.1) on [0, 7g|, we may write for any ¢ € [0, 7g], ur(t) as

ugr(t) =U(t)ug — %/0 Ut — r)ax(uQR(r))dr + /0 Ut —r)[ug(r)pdW (r)]
k¢

(k+1D)TAt
kZ:O /kT Ut =)0, [(vﬁ(r) +U(r - kT>uR<kT>)1 dr

- Ut = 1) [ur(r)odW ()]

1
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where k; is the integer part of ¢/T. Using this decomposition and the unitarity of U(c) in
H—3/8 for any o, we deduce that for any t € [0, 7g],

lur(®) — U)ol g-sss(a)
k¢
0

< % 3 /k rﬂ)m Ut — 1)0, [(vg(r) LU — kT)uR(k:T)>2] dr
k

= H—3/8(R)

U(t =) [ur(r)pdW (r)]

.

‘H3/8(R)

t /:ﬂmt U((k+ )T At —1)0, [(vﬁ(r) +U(r - kT)“R(kT)ﬂ o
0

wo

IA
DO | =
g

H—3/8(R)

B
Rl

U(t =) [ur(r)pdW (r)]

i

0 ‘H—3/8(R)

Now, suppose that a is fixed with 0 < a < 1/2 in such a way that Proposition 2.3 holds, and set
b=1—a, so that b > 1/2. Then, using the fact that YE[:gl’Tz} c C([[Th, To]; L*(R) N H—3/3(R))
for any positive 17, Ts, we have for t € [0, 7] and k = é, oo ke,

g ‘

/(k+l)T/\t Utk + )T At — 1), [(vﬁ(r) +U(r — kT)uR(k:T))T dr
KT

H-3/8(R)

/kT U(- —7)0% [(v%(r) +U(r— kT)uR(k;T))T dr

C([KT AR, (k+1)TATg]; H3/3(R))

<c| [ ve=no, [(vg(r) LU — kT)uR(k:T)>2] dr

kT

y FTATR (k4 1) TATR) ’
5,0

By Lemma 2.9, the above term is majorized for each k € {0,--- ,k¢} by
—(atD 2

OT1-(a+b) H@m [(v% +U(-— k:T)uR(kT)) } Hy_[kTO/\TR,(k+1)T/\TR]

< C L ||vh|3 trarm s rarg) + Jur (RT)[|22

= Rlly,0 L2R) [~
by Proposition 2.3 and Lemma 2.9 again, since a + b=1. By the result of step 1, we obtain

HUR(t) - U(t)UOHH—iS/ES(R) S K27 te [OvTRL

with

1 _ .
Ky = 50T [4K12+HuRH%([QTo};LQ(R))} + /U('—ﬂ [up(r)pdW (r)]

0

CUOTosH3/3(®)
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Step 3: By Lemma 2.9, and the unitarity of U(kT) on L*(R) N H~3/8(R) we have
”U(t — kT)uR(k:T) — U(t)uoHYb[Iz)T/\TR,(kJrl)T/\TR] S C ”U(—kT)’U,R(kT) — UOHLQ(R)QH73/8(R)

< Cllur(kT) — U(kT)UOHL2(R)mH—3/8(R) :
Therefore, using step 2,
|U(- = kT)ur(kT) — U(')Uo||YJ%TATR,U€+1>TMRJ <K3=C (Kz +2 ||UR||C([O,TO];L2(R))) :

Finally, for ¢t € [kT A Tr, (k + 1)T A g}, we have
vp(t) = V&) + Ut — kT)ug(kT) — U(t)uo,
and we may write, kg being the integer part of Ty/T,
ko

||UR||be(I)2 < Z ||UR||Yb[IBT/\TR,(k+1)TATR]
k=0 ’

ko
k
< Z HURHY[kT/\TR,(k-H)TMR] + ”U( - kT)u(kT) - U(')UO”YbUBT/\TR,(kH)TATR]
k=0 b0 ’

T,
< <?0 +1> (2K, + K3).

Note that T~ is proportional to Kll/(l_(a+b)); by Proposition 3.1 and Proposition 2.7, K7 and

K3 have all moments finite, and it follows

E (Ilonlly s ) < e(To, lluoll2e)
which concludes the proof of Lemma 3.2. U

It is now straightforward to achieve the proof of Theorem 1.1. Indeed, due to Corollary
2.10, it suffices to see that limsupp_ ., 7Tr A To = Tp in probability as R goes to infinity. But
this is an easy consequence of Markov inequality and Lemma 3.2, since

P(TR < TO) =P <||UR||YTO/\TR > R) .
b,0
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