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Multi-domain acoustic scattering
The transmission problem

Find U ∈ H1
loc(Rd) s.t.

−∆U − κ2
Σ(x)U = f in ΩΣ

−∆U − κ2
j U = 0 in Ωj , j = 0, . . . , n

U − Uinc outgoing in Ω0

γjDU − γ
k
DU = 0

γjNU + γkNU = 0
on ∂Ωj ∩ ∂Ωk , j 6= k

γjDU − γ
Σ
DU = 0

γjNU + γΣ
NU = 0

on ∂Ωj ∩ ∂ΩΣ

ΩΣ

Ω0

Ω1 Ω2

n0

n1
nΣ

n2

Trace operators (by density)
γjDϕ := ϕ|∂Ωj

γjNϕ := nj · ∇ϕ|∂Ωj

B Junction points B

Goal: stable formulation with FEM in ΩΣ + BEM in Ωj , j = 0, . . . , n
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FEM vs BEM: benefit from both!

Finite Element Method (FEM): discretization of a partial differential equation

Boundary Element Method (BEM): discretization of a Boundary Integral
Equation (BIE): reformulation on the boundary of the object

surface mesh ⇒ reduction in the number of unknowns,
no need of artificial boundary conditions for an unbounded domain,
non local integral kernels ⇒ dense matrices,
possible only if piecewise constant propagation medium.

ΩΣ

Ω0

Ω1 Ω2

n0

n1
nΣ

n2
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FEM-BEM coupling strategies (2 domains)

Johnson-Nédélec coupling: direct BIE in Ω0

Costabel coupling: direct BIE in Ω0, symmetric!
Bielak-MacCamy coupling: indirect BIE in Ω0
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Boundary integral formulations for multi-domain setting

Single-Trace Formulation (STF) (also called Rumsey or PMCHWT):
only one pair of traces at each point of each interface
[Rumsey, 1954], [Poggio & Miller, 1973], [Chang & Harrington, 1977], [VonPetersdorff, 1989] ...

Boundary Element Tearing and Interconnecting method (BETI):
boundary integral equation version of FETI
[Langer & Steinbach, 2003], [Langer & al, 2007], [Steinbach & Of, 2009] ...

STF of 2nd kind: multi-domain version of Müller formulation with
non-singular integral kernels
[Claeys, 2011], [Greengard & Lee, 2012], [Claeys, Hiptmair & Spindler, 2017]

Multi-Trace Formulation (MTF) (global, quasi-local, local):
pair of traces are doubled on each interface
[Hiptmair & Jerez-Hanckes, 2012], [Claeys & Hiptmair, 2013], [Claeys, 2015] ...
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Multi-domain FEM-BEM with junction points

Multi-domain coupling with junction points

mainly explored strategy is FETI-BETI
here we choose to study STF (or MTF) for the BEM part:
proper functional spaces even with junction points
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Outline

1 Recap of boundary integral operators and Costabel coupling

2 Single-Trace FEM-BEM formulation

3 Multi-Trace FEM-BEM formulation
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Pair of traces and potentials

H(∂Ωj) = H1/2(∂Ωj)×H−1/2(∂Ωj)

Interior and exterior trace operators:

γjV =

(
γjDV

γjNV

)
∈ H(∂Ωj) γjcV =

(
γjD,cV

γjN,cV

)
∈ H(∂Ωj)

Gκ(x) : Green kernel (or fundamental solution) for the Helmholtz operator

−∆Gκ(x)− κ2Gκ(x) = δ0(x) in Rd

for κ constant Gκ(x) =
exp (ıκ|x|)

4π|x|
for d = 3

Potential operator (DL + SL potentials): for vj =
(v
q

)
∈ H(∂Ωj)

Gj
κ(vj)(x) =

∫
∂Ωj

v(y) nj(y)·(∇Gκ)(x−y) dσ(y)+

∫
∂Ωj

q(y) Gκ(x−y) dσ(y)
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Representation formula and Calderón identities

Potential operator (DL + SL potentials): for vj =
(v
q

)
∈ H(∂Ωj)

Gj
κ(vj)(x) =

∫
∂Ωj

v(y) nj(y)·(∇Gκ)(x−y) dσ(y)+

∫
∂Ωj

q(y) Gκ(x−y) dσ(y)

Representation formula

If U ∈ H1
loc(Ωj) with −∆U − κ2U = 0 in Ωj (outgoing if j = 0) then

U(x) 1Ωj
(x) = Gj

κ(γjU)(x)

Take interior traces of repr. formula

Calderón identities

γj ◦ Gj
κ(γjU) = γjU

characterizes traces of solutions to homogeneous Helmholtz eq!
γj ◦ Gj

κ: Calderón projector
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Calderón identities and boundary integral operators

Calderón identities

γj ◦ Gj
κ(γjU) = γjU

characterizes traces of solutions to homogeneous Helmholtz eq!
γj ◦ Gj

κ: Calderón projector

Boundary integral operators:

Aj
κ = {γj} ◦ Gj

κ = 1
2(γj + γjc) ◦ Gj

κ =

(
Kj Vj

Wj K′j

)
By jump relations ...

γj ◦ Gj
κ = Aj

κ + Id/2

so the characterization becomes

(Aj
κ − Id/2)(γjU) = 0
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Classical Costabel coupling: 2 domains

n = 0 Rd = Ω0 ∪ ΩΣ Γ = ∂Ω0 = ∂ΩΣ

−∆U − κ2
Σ(x)U = f in ΩΣ

−∆U − κ2
0U = 0 in Ω0

U − Uinc outgoing in Ω0

γ0
DU − γΣ

DU = 0

γ0
NU + γΣ

NU = 0
on Γ

In ΩΣ: find U ∈ H1(ΩΣ) s.t. 〈v , q〉Γ =
∫

Γ vq dσ∫
ΩΣ

(∇U·∇V−κ2
Σ(x)UV ) dx−

〈
γΣ

DV , γ
Σ
NU
〉

Γ
=

∫
ΩΣ

fV dx ∀V ∈ H1(ΩΣ)

using γ0
NU = −γΣ

NU:

aΣ(U,V ) +
〈
γΣ

DV , γ
0
NU
〉

Γ
= FΣ(V ) ∀V ∈ H1(ΩΣ)
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Classical Costabel coupling: 2 domains

In Ω0: both Calderón identities

γ0(U − Uinc) = γ0G0
κ0(γ0(U − Uinc))

⇐⇒


γ0

DU − γ0
DG

0
κ0

(
γ0

DU

γ0
NU

)
= γ0

DUinc

γ0
NU − γ0

NG
0
κ0

(
γ0

DU

γ0
NU

)
= γ0

NUinc

plug into FEM var. form.

using γ0
DU = γΣ

DU, unknown p := γ0
NU.

Find p ∈ H−
1
2 (Γ) s.t.〈

γΣ
DU, q

〉
Γ
−
〈
γ0

DG
0
κ0

(
γΣ

DU

p

)
, q

〉
Γ

=
〈
γ0

DUinc, q
〉

Γ
∀ q ∈ H−

1
2 (Γ)
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Classical Costabel coupling: 2 domains

After subtracting and simplifying...
defining the skew-symmetric duality pairing for

(u
p

)
,
(v
q

)
∈ H(Γ)[(

u

p

)
,

(
v

q

)]
Γ

:= 〈u, q〉Γ − 〈v , p〉Γ

Costabel coupling

find U ∈ H1(ΩΣ), p ∈ H−1/2(Γ) such that

aΣ(U,V ) +

[
A0
κ0

(
γΣ

DU

p

)
,

(
−γΣ

DV

q

)]
Γ

− 1
2

[(
γΣ

DU

p

)
,

(
γΣ

DV

q

)]
Γ

= FΣ(V )−
[
γ0Uinc,

(
−γΣ

DV

q

)]
Γ

∀V ∈ H1(ΩΣ), q ∈ H−1/2(Γ)

2× 2 operator A0
κ0 : explicit classical boundary integral operators
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Classical Costabel coupling: 2 domains

Generalized Gårding inequality
aC: the bilinear form of Costabel coupling.
There exist a compact bilinear form k, β > 0 s.t.
Re
{
aC
(
(V , q), (V , q)

)
+ k
(
(V , q), (V , q)

)}
≥ β(‖V ‖2H1(ΩΣ) + ‖q‖2H−1/2(Γ)

)

for all V ∈ H1(ΩΣ), q ∈ H− 1
2 (Γ).

⇒ bijective if and only if injective!

Spurious resonances
Let U ∈ H1(ΩΣ), p ∈ H− 1

2 (Γ) solve Costabel formulation with f = 0, Uinc = 0.
Then

U = 0

p = 0 IFF κ2
0 is not an interior Dirichlet eigenvalue of −∆ on ΩΣ, i.e.

@W ∈ H1(∆,ΩΣ)\{0} such that
−∆W = κ2

0W in ΩΣ

W = 0 on ∂ΩΣ.

See well-posed CFIE formulation in [Hiptmair & Meury, 2006]
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Trace spaces for multi-domain scattering

Rd =
⋃n

j=0 Ωj ∪ ΩΣ

Γ =
⋃n

j=0 ∂Ωj skeleton Σ = ∂ΩΣ

H(∂Ωj) = H+1/2(∂Ωj)×H−1/2(∂Ωj)
for uj = (u, p), vj = (v , q) ∈ H(∂Ωj)
[uj , vj ]j = 〈u, q〉j − 〈v , p〉j

ΩΣ

Ω0

Ω1 Ω2

n0

n1
nΣ

n2

Multi-trace space: H(Γ) = H(∂Ω0)× · · · ×H(∂Ωn)
Duality pairing:
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n
j=0 ∈ X−1/2(Γ) }

X+1/2(Γ) = { (V |∂Ωj )
n
j=0 | V ∈ H1(Rd) }

X−1/2(Γ) = { (nj · q|∂Ωj )
n
j=0 | q ∈ H1(div,Rd) }
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Trace spaces for multi-domain scattering

ΩΣ

Ω0

Ω1 Ω2

n0

n1
nΣ

n2

Every x ∈ Σ = ∂ΩΣ also belongs to some ∂Ωj , j = 0, . . . , n

Proposition [Claeys & Hiptmair, 2015]
A tuple in X(Γ) induces unique traces in H(Σ).
The resulting operator T : X(Γ)→ H(Σ), u 7→ (TD(u),TN(u))
is continuous and surjective.
For all u, v ∈ X(Γ) we have [u, v] = −[T(u),T(v)]Σ

[Claeys & Hiptmair, Integral Equations for Acoustic Scattering by Partially Impenetrable Composite Objects, 2015]
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Single-Trace FEM-BEM formulation

Goal: stable formulation with FEM in ΩΣ + BEM in Ωj , j = 0, . . . , n
for the transmission problem

−∆U − κ2
Σ(x)U = f in ΩΣ

−∆U − κ2
j U = 0 in Ωj , j = 0, . . . , n

U − Uinc outgoing in Ω0

γjDU − γ
k
DU = 0

γjNU + γkNU = 0
on ∂Ωj ∩ ∂Ωk , j 6= k

γjDU − γ
Σ
DU = 0

γjNU + γΣ
NU = 0

on ∂Ωj ∩ Σ

ΩΣ

Ω0

Ω1 Ω2

n0

n1
nΣ

n2
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Single-Trace FEM-BEM formulation

First reformulate the piece-wise homogenous part by BIEs
γjDU − γ

k
DU = 0

γjNU + γkNU = 0
on ∂Ωj ∩ ∂Ωk , j 6= k

γjDU − γ
Σ
DU = 0 on ∂Ωj ∩ Σ

Set u := (γ0U, . . . , γnU)

Seek
u ∈ X(Γ) with γΣ

DU = TD(u)

{
−∆U − κ2

j U = 0 in Ωj , j = 0, . . . , n

U − Uinc outgoing in Ω0
(A− Id/2)(u− uinc) = 0

where uinc := (γ0Uinc, 0, . . . , 0) and A : H(Γ)→ H(Γ)

A(u) :=
(
Aj
κj

(uj)
)n
j=0 =


A0
κ0 0 . . . 0

0 A1
κ1

. . .
...

...
. . . . . . 0

0 . . . 0 An
κn



u0
...
...
un
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Single-Trace FEM-BEM formulation

u ∈ X(Γ) with γΣ
DU = TD(u) such that

(A− Id/2)u = −uinc

variational form: ∀ v ∈ X(Γ) with TD(v) = γΣ
DV

[A(u), v] −1
2

[u, v]

=

+ 1
2 [T(u),T(v)]Σ

= −[uinc, v]

[A(u),Θ(v)] +
1
2

[T(u),T(Θ(v))]Σ = −[uinc,Θ(v)]

where

Θj

(
vj
qj

)
:=

(
−vj
qj

)
, Θ(v) :=

(
Θj(vj)

)n
j=0 for v =

(
vj
qj

)n

j=0
∈ H(Γ)
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Single-Trace FEM-BEM formulation

Now reformulate the heterogenous part by usual domain var. form.{
−∆U − κ2

Σ(x)U = f in ΩΣ

γjNU + γΣ
NU = 0 on ∂Ωj ∩ Σ, j = 0, . . . , n

In ΩΣ: find U ∈ H1(ΩΣ) s.t.∫
ΩΣ

(∇U·∇V−κ2
Σ(x)UV ) dx−

〈
γΣ

DV , γ
Σ
NU
〉

Σ
=

∫
ΩΣ

fV dx ∀V ∈ H1(ΩΣ)

using γΣ
NU = +TN(u):

aΣ(U,V )−
〈
γΣ

DV ,TN(u)
〉

Σ
= FΣ(V ) ∀V ∈ H1(ΩΣ)
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Single-Trace FEM-BEM formulation

Summing and simplifying

Single-Trace FEM-BEM formulation

find U ∈ H1(ΩΣ), u ∈ X(Γ), with γΣ
DU = TD(u) such that

aΣ(U,V ) + [A(u),Θ(v)] +
1
2

[(
γΣ

DU

TN(u)

)
,

(
γΣ

DV

TN(v)

)]
Σ

= FΣ(V )− [uinc,Θ(v)] ∀V ∈ H1(ΩΣ), v ∈ X(Γ) with γΣ
DV = TD(v)

Proposition (Representation formula)
The solution to the transmission problem is given by

Ũ(x) := U(x) for x ∈ ΩΣ,

Ũ(x) :=
(
G0
κ0(u0) + Uinc

)
(x) for x ∈ Ω0,

Ũ(x) := Gj
κj

(uj)(x) for x ∈ Ωj , j = 1, . . . , n.
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Single-Trace FEM-BEM formulation

A generalized Gårding inequality is satisfied
Consequences: in the case of injectivity

well-posedness
stability (inf-sup condition)
for Galerkin, discrete inf-sup condition and quasi-optimal convergence

Proposition (Injectivity condition)

Let U ∈ H1(ΩΣ), u ∈ X(Γ) with γΣ
DU = TD(u) solve the FEM-BEM STF

with f = 0, Uinc = 0. Then
U = 0
u = 0 is the unique solution IFF

for all j = 0, . . . , n, Σ 6⊂ ∂Ωj or κj /∈ S(∆,ΩΣ)

(i.e. κ2
j not an interior Dirichlet eigenvalue of −∆ on ΩΣ)
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Single-Trace FEM-BEM formulation
Spurious resonances examples

Costabel coupling: Σ ⊂ ∂Ω0

⇒ spurious resonances if κ0 ∈ S(∆,ΩΣ)

Rd = Ω0 ∪ Ω1 ∪ ΩΣ, but κ0 = κ1
Σ 6⊂ ∂Ω1 and Σ 6⊂ ∂Ω0

⇒ no spurious resonances no matter κ0!

Results analogue to
[Claeys & Hiptmair, Integral Equations for Acoustic Scattering by Partially Impenetrable Composite Objects, 2015]
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Outline

1 Recap of boundary integral operators and Costabel coupling

2 Single-Trace FEM-BEM formulation

3 Multi-Trace FEM-BEM formulation
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Gap setting and new trace spaces

Problem with STF: X(Γ) contains transmission conditions in strong form
not flexible
obstacle to operator preconditioning [Claeys, Hiptmair & Jerez-Hanckes, 2013]

⇒ Multi-Trace Formulations:

idea: apply STFs to gap
configurations with
vanishing gap

{ (U, u) ∈ H1(ΩΣ)× X(Γ) | γΣ
DU = TD(u) } isomorphic to H1(ΩΣ)×Ĥ(Γ)

multi-trace space:

Ĥ(Γ) = H(∂Ω1)× · · · ×H(∂Ωn)×H−
1
2 (Σ)
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Multi-Trace FEM-BEM formulation

Elaborate the FEM-BEM STF by eliminating all the contributions on ∂Ω0...

Global Multi-Trace FEM-BEM formulation

find U ∈ H1(ΩΣ), û ∈ Ĥ(Γ), û = (û1, . . . , ûn, pΣ), such that

aΣ(U,V ) + ⦃

̂̂A(ˆ̂u),Θ(ˆ̂v)⦄ +
1
2

[(
γΣ

DU

pΣ

)
,

(
γΣ

DV

qΣ

)]
Σ

= FΣ(V ) + ⦃

ˆ̂f,Θ(ˆ̂v)⦄ ∀V ∈ H1(ΩΣ), v̂ ∈ Ĥ(Γ), v̂ = (v̂1, . . . , v̂n, qΣ)

where ˆ̂u := (û1, . . . , ûn, (γ
Σ
DU, pΣ)) ˆ̂v := (v̂1, . . . , v̂n, (γ

Σ
DV , qΣ))

ˆ̂f := (γ1Uinc, . . . , γ
nUinc, γ

ΣUinc)

Skew-symmetric duality pairing: difference with [·, ·]

⦃u, v⦄ :=
n∑

j=1

[uj , vj ]j + [uΣ, vΣ]Σ
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Multi-Trace FEM-BEM formulation

̂̂A =



A1
κ1 + A1

κ0 γ1G2
κ0 . . . γ1Gn

κ0 γ1GΣ
κ0

γ2G1
κ0 A2

κ2 + A2
κ0 γ2Gn

κ0 γ2GΣ
κ0

...
. . .

...

γnG1
κ0 γnG2

κ0 An
κn + An

κ0 γnGΣ
κ0

γΣG1
κ0 γΣG2

κ0 . . . γΣGn
κ0 AΣ

κ0


global MTF: all subdomains coupled with all other subdomains
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Multi-Trace FEM-BEM formulation

Proposition (Representation formula)
The solution to the transmission problem is given by

Ũ(x) := U(x) for x ∈ ΩΣ

Ũ(x) :=

(
Uinc − GΣ

κ0

(
γΣ

DU

pΣ

)
−

n∑
j=1

Gj
κ0(ûj)

)
(x) for x ∈ Ω0

Ũ(x) := Gj
κj

(ûj)(x) for x ∈ Ωj , j = 1, . . . , n

Proposition
The formulation satisfies a generalized Gårding inequality
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Multi-Trace FEM-BEM formulation

Gap configuration: Σ ⊂ ∂Ω0 ⇒ spurious resonances expected!

Proposition (Injectivity condition)

Let U ∈ H1(ΩΣ), û ∈ Ĥ(Γ) solve the FEM-BEM MTF with f = 0, Uinc = 0.
Then

U = 0
û = 0 is the unique solution IFF κ0 /∈ S(∆,ΩΣ)
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Conclusion and outlook

Stable FEM-BEM formulations for multi-domain acoustic scattering,
with junction points
Generalized Gårding inequalities, injectivity conditions

Combined field versions immune to spurious resonances! X

Future work:
implementation and numerical tests
piece-wise constant coefficient in Neumann transmission conditions
local FEM-BEM MTFs → optimized Schwarz methods
quasi-local FEM-BEM MTFs
other FEM-BEM coupling strategies
FEM-BEM preconditioners
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