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Multi-domain acoustic scattering

The transmission problem

Find U € HL (RY) s.t ng |
QO ny
— AU — U="finQs
—~AU-kU=0inQ;,j=0,...,n o 0
U — Uinc outgoing in Qg ¢
. —» 11y,

U—-~5U=0 1
" o on 99 NIy, j # k
WU+ WU =0

Trace operators (by density)

U—- =0 .
’YID fYD on aQ_, N Qs 'Y/DQO = 90|8Qj
WJNU—FVNU_O WP = n; - Volag;

/\ Junction points A\

Goal: stable formulation with in Qs + BEMinQ;, j=0,...,n
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FEM vs BEM: benefit from both!

Finite Element Method ( ): discretization of a partial differential equation

Boundary Element Method (BEM): discretization of a Boundary Integral
Equation (BIE): reformulation on the boundary of the object

@ surface mesh = reduction in the number of unknowns,

@ no need of artificial boundary conditions for an unbounded domain,
@ non local integral kernels = dense matrices,

@ possible only if piecewise constant propagation medium.
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FEM-BEM coupling strategies (2 domains)

BEM

e Johnson-Nédélec coupling: direct BIE in Qg
o Costabel coupling: direct BIE in Qg, symmetric!
o Bielak-MacCamy coupling: indirect BIE in Qg
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Boundary integral formulations for multi-domain setting

e Single-Trace Formulation (STF) (also called Rumsey or PMCHWT):
only one pair of traces at each point of each interface

[Rumsey, 1954], [Poggio & Miller, 1973], [Chang & Harrington, 1977], [VonPetersdorff, 1989]

e Boundary Element Tearing and Interconnecting method (BETI):
boundary integral equation version of FETI

[Langer & Steinbach, 2003], [Langer & al, 2007], [Steinbach & Of, 2009] ...

@ STF of 2nd kind: multi-domain version of Miiller formulation with
non-singular integral kernels

[Claeys, 2011], [Greengard & Lee, 2012], [Claeys, Hiptmair & Spindler, 2017]

e Multi-Trace Formulation (MTF) (global, quasi-local, local):
pair of traces are doubled on each interface

[Hiptmair & Jerez-Hanckes, 2012], [Claeys & Hiptmair, 2013], [Claeys, 2015] ...
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Multi-domain FEM-BEM with junction points

Multi-domain coupling with junction points

@ mainly explored strategy is FETI-BETI

@ here we choose to study STF (or MTF) for the BEM part:
proper functional spaces even with junction points
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Outline

@ Recap of boundary integral operators and Costabel coupling
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Pair of traces and potentials

H(89)) = HY2(89;) x H™Y/2(0Q;)

Interior and exterior trace operators:

Y- (ij;g) CH(OQ) V= (j{zv) € H(0%;)
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Pair of traces and potentials

H(89)) = HY2(89;) x H™Y/2(0Q;)

Interior and exterior trace operators:

Y- (Z/i Z) CH(OQ) V= (j{zv) € H(0%;)

G (x) : Green kernel (or fundamental solution) for the Helmholtz operator
—0G,(x) = £°Gy(x) = do(x) in R

for k constant G.(x) = M ford =3

47 |x|
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Pair of traces and potentials
H(89)) = HY2(89;) x H™Y/2(0Q;)
Interior and exterior trace operators:

ViV (Z’ZZ) cH(0Q) AV = (j;t) < H(9%;)

G (x) : Green kernel (or fundamental solution) for the Helmholtz operator
—0G,(x) = £°Gy(x) = do(x) in R

_exp (ekx])

for k constant Gr(x) ford =3

47 |x|
Potential operator (DL + SL potentials): for v; = (;) € H(0%))
GL(0))(x) = /{9 o YOI n)(VO)x=y) doly)+ | aly) Gu(x=y) doly)
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Representation formula and Calderén identities
Potential operator (DL + SL potentials): for v; = (;) € H(0%))

GL(vj)(x) = / o v(y) nj(y)-(VGx)(x—y) do(y)+ / q(y) Gx(x—y) do(y)

o9, 09;
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Representation formula and Calderén identities

Potential operator (DL + SL potentials): for v; = (/) € H(0%))

G = [

J

) () (VL) x-y) do(y)+ | aly) Gulx-y) dary)

0Q;
Representation formula
If U € Hi (Q)) with —AU — k2U = 0 in €; (outgoing if j = 0) then

U(x) 1g,(x) = GL(Y/ U)(x)
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Representation formula and Calderén identities

Potential operator (DL + SL potentials): for v; = (;) € H(0%))

GL)60 = [ Vi) (VG xy) doly)+ | aly) 6u(x-y) doy)
Representation formula

If U € Hi (Q)) with —AU — k2U = 0 in €; (outgoing if j = 0) then

U(x) 1g,(x) = GL(Y/ U)(x)

Take interior traces of repr. formula
Calderén identities
7 0 Gy U) =AU
characterizes traces of solutions to homogeneous Helmholtz eq!
+/ o Gl;: Calderén projector
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Calderén identities and boundary integral operators

Calderén identities

7 0 G+ U) =AU
characterizes traces of solutions to homogeneous Helmholtz eq!
+ o Gl: Calderén projector

Marcella Bonazzoli (Inria, CMAP) Multi-Trace FEM-BEM 27/01/2020 10 / 31



Calderén identities and boundary integral operators

Calderén identities
Yo GL(+U) =+U

characterizes traces of solutions to homogeneous Helmholtz eq!
+ o Gl: Calderén projector

Boundary integral operators:

W= (706l =40+ o6k = ()
J J

Marcella Bonazzoli (Inria, CMAP) Multi-Trace FEM-BEM 27/01/2020 10 / 31



Calderén identities and boundary integral operators

Calderén identities

¥ o GL(¥U)=~U

characterizes traces of solutions to homogeneous Helmholtz eq!

7/ o Gl: Calderén projector

Boundary integral operators:

M= (706, = 4+ o6l = ()

By jump relations ... o '
Y oG, =A +1d/2

so the characterization becomes

(AL —1d/2)(x/U) = 0

)
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Classical Costabel coupling: 2 domains

n=20 Rd:§0U§z = 0Qy = 00s
— AU — U="finQs

“X ~AU- 12U =0in Q
o U — Ui, outgoing in Qg

BEM U —15U =0
0 - onl

WU+ nwU=0
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Classical Costabel coupling: 2 domains

n=20 Rd:§0U§z = 0Qy = 00s
— AU — U="finQs

“X ~AU- 12U =0in Q
Q U — Ui, outgoing in Qg
BEM WU -15U=0
onl
RU+U=0

In Qs find U € HY(Qx) s.t. (v,q)r = Jrvqdo

/ (VU-VV—rZ(x)UV) dx — <%§ V,x u>r — | fVdx YV eH(Qy)
Q): QZ

using 7% U = “/\IU

ax(U, V) + (1BV,RU) = Fe(V) ¥V eH}(Qs)
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Classical Costabel coupling: 2 domains

n=20 Rd:§0U§z = 0Qy = 00s
— AU — U="finQs

“X ~AU- 12U =0in Q
Q U — Ui, outgoing in Qg

BEM DU o) U =0
> onl

WU+U=0

In O5: (v,q)r = Jrvqdo

/(VU-VV—/{QZ(X)UV)dx—<7]§V,7NU> — | fVdx YV eH(Qy)
Q): QZ

using YU = —VNU
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Classical Costabel coupling: 2 domains

In Qo: both Calderén identities

'YO(U - UiHC) = 'YOGQO(VO(U - UinC))

0 U 0
DU ’YDG/{()( 0 U> =7 Uinc
N
U
0 0 ~0 D _ 0
U =Gy, (71% U> = W Uinc
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Classical Costabel coupling: 2 domains

In Qo: both Calderén identities
'YO(U - UinC) = 'YOGQO(VO(U - UinC))

0
U
vgufygezo( D

0
’\/’1% U> D VYinc

—

.

0

0 0~0 D
WU — 'VNGR()( 0
N
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Classical Costabel coupling: 2 domains

In Qq: both Calderén identities

’YO(U - Uinc) = VOGQO(VO(U - Uinc))
~Z U
1502865 () = 1B e

0 0 ~0 “/’%U 0
’)/NU_FYNGKQ< p )Z’YNUinc

using 73U = 45U, unknown p = ~2 U.

—
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Classical Costabel coupling: 2 domains

In Qq: both Calderén identities

’YO(U - Uinc) = VOGQO(VO(U - Uinc))
2y
7]%U - ’Y]%Ggo (712 ) = 7]('_)) Uinc

2
5 U
W%U—%%Ggo< I; ) = IR Une

using Y3 U = v5 U, unknown p := 1 U.

—

Find p e H2(T) stt.

> 0 0 V%U 0 -1
<7D U? q>r - ,‘YDGKO p »q = <’yD Uinc; q>|— Vq € H 2(r)
r
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Classical Costabel coupling: 2 domains

In Qq: both Calderén identities

’YO(U - Uinc) = VOGQO(VO(U - Uinc))
2y
7]%U - ’Y]%Ggo (712 ) = 7]('_)) Uinc

)N
5 U
_71(\)1620< Dp ) ZV%Uinc

using Y3 U = v5 U, unknown p := 1 U.

—

Find p e H2(T) stt.
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Classical Costabel coupling: 2 domains

After subtracting and simplifying...
defining the skew-symmetric duality pairing for (I';), (;) € H(T)

[(g)’ (;)]r = (u,q)r — (v, P)r

Costabel coupling

find U/ € HY(Qs), p € H"Y2(I') such that

as(U, V) + [Aﬁo <7§) >’ <_7§V>L _% [<%§p )’ <7§7V>L
= Fs(V) - [vannc, <_7§ V)] _ Ve H'(Qx), g € HH/2(T)

O . . . . .
2 x 2 operator A : explicit classical boundary integral operators
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Classical Costabel coupling: 2 domains

Generalized Garding inequality
ac: the bilinear form of Costabel coupling.
There exist a compact bilinear form k, 5 > 0 s.t.

Re {aC((Va q)v (Vva)) + k((\/, q)v (Vva))} Z B(HVH%P(QX) + ||q||%-[71/2(r))
forall V e HY(Qs), g € H2(IN).

= bijective if and only if injective!
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Classical Costabel coupling: 2 domains

Generalized Garding inequality
ac: the bilinear form of Costabel coupling.
There exist a compact bilinear form k, 5 > 0 s.t.

Re {aC((Va q)v (V7a)) + k((\/, q)v (Vva))} Z B(HVH%P(QX) + ||q||%-[71/2(r))
forall V e HY(Qs), g € H2(IN).

= bijective if and only if injective!

Spurious resonances

Let U € HY(Qs), p € H 2(I") solve Costabel formulation with f = 0, Ujne = 0.

Then
e U=0

@ p =0 IFF x3 is not an interior Dirichlet eigenvalue of —A on Qy, i.e.

—AW = kW in Qs

W e HY(A, Q5x)\{0 h that
? (8, 02)\{0} such that = " oo,

See well-posed CFIE formulation in [Hiptmair & Meury, 2006]
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Outline

© Single-Trace FEM-BEM formulation
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Trace spaces for multi-domain scattering

Rd R U};O ﬁj Y ﬁ): Qo - g
M=o 0% skeleton Y = 0Qs L -

o,

]HI(@QJ) = H+1/2(8§2j) X Hil/z(an)

o,
for u; = (u, p), v; = (v, q) € H(O,) Y
[wj, vj]j = (u, q); — (v, p); i %» b
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Trace spaces for multi-domain scattering

=ULoQuQs 9 .
M=o 0% skeleton Y = 0Qs

Q

H(0%;) = HY/2(99
for uj = (U,p) j = (
[uj,05]; = (v, q); — (v,

) x H™1/2(09))
v, q) € H(0Q;) ¢ ///% n
>J n; / A

Muilti-trace space: (') = H(9) x --- x H(9Q,)

Duality pairing:
for u= (o, ..., up),0 = (vo,...,0,) € H(T) [u,0] =377 o[, 0]

Marcella Bonazzoli (Inria, CMAP) Multi-Trace FEM-BEM 27/01/2020 16 / 31



Trace spaces for multi-domain scattering

= U};O ﬁj U ﬁ):
M=o 0% skeleton Y = 0Qs

1o

Q

H(0%;) = HY/2(99
for uj = (U,p) j = (
[uj,05]; = (v, q); — (v,

) x H-1/2(09))

Muilti-trace space: (') = H(9) x --- x H(9Q,)

Duality pairing:
for u= (o, ..., up),0 = (vo,...,0,) € H(T) [u,0] =377 o[, 0]

Single-trace space X(I') C H(IN):
X(I') = tuples of traces that match the transmission conditions
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Trace spaces for multi-domain scattering

= U};O ﬁj U ﬁ):
M=o 0% skeleton Y = 0Qs

1o

Q

H(0%;) = HY/2(99
for uj = (U,p) j = (
[uj,05]; = (v, q); — (v,

) x H-1/2(09))

i) € H(HQ) j %% N

Muilti-trace space: (') = H(9) x --- x H(9Q,)
Duality pairing:
for u= (o, ..., up),0 = (vo,...,0,) € H(T) [u,0] =377 o[, 0]

Single-trace space X(I') C H(IN):

X(I') = tuples of traces that match the transmission conditions
X(r) = {u (ujvpj)J 0 | (UJ)J 0 € X+1/2(r)7 (pJ)ano € X—I/Z(r)}
XH2(M) = {(V]og)j—o | V € HI(RY) }

XTV2(M) = {(n; - alon,)]_o | @ € H'(div, RY) }
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Trace spaces for multi-domain scattering

1

(

-

Every x € ¥ = 05 also belongs to some 0€2;, j =0,...,n

Qs

Proposition [Claeys & Hiptmair, 2015]

A tuple in X(I') induces unique traces in H(X).

The resulting operator T: X(I') — H(X), u — (Tp(u), Tn(u))
is continuous and surjective.

For all u, v € X(I') we have [u,0] = —[T(u), T(v)]s

[Claeys & Hiptmair, Integral Equations for Acoustic Scattering by Partially Impenetrable Composite Objects, 2015]
Marcella Bonazzoli (Inria, CMAP) Multi-Trace FEM-BEM 27/01/2020 17 / 31



Single-Trace FEM-BEM formulation

Goal: stable formulation with in Qy + BEMin Q;, j=0,...,n

for the transmission problem

Marcella Bonazzoli (Inria, CMAP)

— AU - U=Ffin Qs
ny
—~AU-k;U=0inQ;,j=0,...,n Q 1 n
U — Ui outgoing in g
U—~kU=0 o o
" n on 89 N O, j # k
WU+ U =0 ¢ oy
U—~5U=0 .
D v on 9, N T
WJNU +1wU=0
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Single-Trace FEM-BEM formulation

Goal: stable formulation with
for the transmission problem

in Qy + BEMin Q;, j=0,...,n

~ AU - U=fin Qs
ny
—~AU-k;U=0inQ;,j=0,...,n Q L
U — Ui outgoing in g
M U—~rkU=0 o 2
! . .

b ]k) on 09 N O, j # k
WU +2{U =0 I

j > ng e
W'ﬁU—”/DU:O .

. . on ()QJ ap
'YIN U+nwU=0
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Single-Trace FEM-BEM formulation

Goal: stable formulation with
for the transmission problem

U — Ui outgoing in g

WU +~§U =0
WU =150 =0

Marcella Bonazzoli (Inria, CMAP)

U—~1KU=0
Y= on 89 N O, j # k

in Qy + BEMin Q;, j=0,...,n

—~AU-k;U=0inQ;,j=0,...,n

Multi-Trace FEM-BEM

1y
-
QO ny
o
0 Qs
¢ —» 11y
n;
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Single-Trace FEM-BEM formulation

First reformulate the piece-wise homogenous part by BIEs

U—_~%U=0 Set u = (7°U,...,7y"U)
" n on 89 N O, j # k

’)’JNU‘F"}/NU:O Seek

YU = 45U =0 on 0Q;N% u € X() with 75U = Tp(u)
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Single-Trace FEM-BEM formulation

First reformulate the piece-wise homogenous part by BIEs

U —~kU =0 Set u:= (7°U,...,7"V)
" n on 89 N O, j # k

’)’JNU‘F"}/NU:O Seek
YU —~5U =0 on 9Q;NE u € X() with 45U = Tp(u)

(A—1d/2)(u—u"") =0

—~AU-KU=0inQ;,j=0,...,n
U — Ui outgoing in g

where u"¢ := (7%Uinc, 0,...,0) and A: H(T') — H(I)

Ago 0 ce 0 Up
; n 0 Al :
A(u) = (A{fj(uj))jzo = . 1 . .
0 ... 0 AL [uwn
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Single-Trace FEM-BEM formulation
u € X(I') with v5U = Tp(u) such that
(A —1d/2)u = —u'"®
variational form: Vo € X(I') with Tp(v) =5V
AW, 0] —Sfe] =[]

I
+3[T(W), T
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Single-Trace FEM-BEM formulation
u € X(I') with v5U = Tp(u) such that

(A —1d/2)u = —u'"
variational form: Vo € X(I') with Tp(v) =5V

[A(w), o] + %[T(u)yT(U)]z = —[u",v]
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Single-Trace FEM-BEM formulation
u € X(I') with v5U = Tp(u) such that
(A —1d/2)u = —u'"
variational form: Vo € X(I') with Tp(v) =5V
A, o] + [T, T(o)]x =~ 0]

[A(u), ©(0)] + %[T(u),T(@(U))]z = —[u",O(v)]

where

9; <;j> = <_qjvf> O(v) = (&)(vy))7_, forv= (;) € H(T)

Jj=0
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Single-Trace FEM-BEM formulation
u € X(I') with v5U = Tp(u) such that
(A —1d/2)u = —u'"
variational form: Vo € X(I') with Tp(v) =5V
A, o] + [T, T(o)]x =~ 0]

[A(u), ©(0)] + %[T(u),T(@(U))]z = —[u",6(v)]

where

9; <Zj> = <_qjvf> O(v) = (&5(v))) 7, forv= (;) € H(T)

Jj=0
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Single-Trace FEM-BEM formulation

Now reformulate the heterogenous part by usual domain var. form.

_AU- U=FfinQy
ﬂ,{.U—FA/f\:IU:O ondyNY,j=0,...,n
In Q5 find U € H(Qx) s.t.

/Q(VU-VV—/@%(X)UV)dx—<y]§V,ﬂ/§U>z: [ v vV e HY(Qy)
Y >N

using 75 U = +Tx(u):

as (U, V) — <7§ v,TN(u)>z = Fe(V) VYV eH(Qy)
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Single-Trace FEM-BEM formulation

Now reformulate the heterogenous part by usual domain var. form.

—AU— U="finQy

*y{\IU—i-’y U=0 ondQ;Nk,j=0,.
In
/(VU-VV—;@%(x)UV)dx < V., 4% U> = [ fVdx VYV eHY Q)
Qs Qs

using 75U = +Tx(u):
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Single-Trace FEM-BEM formulation

Summing and simplifying
Single-Trace FEM-BEM formulation
find / € HY(Q5), u € X(I), with 450 = Tp(u) such that

b >
(U + e+ |(20). (50) ]
= Fx(V) ~ [4",©(v)] ¥V & H(Q5), v € X(T) with 15V = Tp (o)

Marcella Bonazzoli (Inria, CMAP) Multi-Trace FEM-BEM 27/01/2020 22 /31



Single-Trace FEM-BEM formulation
Summing and simplifying
Single-Trace FEM-BEM formulation

find U € HY(Qx), u € X(I'), with 45/ = Tp(u) such that
> )N
=+ o1+ () (o),
= F£(V) — [u",0(v)] VYV eHY(Qs), v eX(T) with 75V = Tp(v)

Proposition (Representation formula)

The solution to the transmission problem is given by
U(x) = U(x) for x € Qy,
U(x) = (Ggo(uo) + U;nc) (x) for x € Qo,

U(x) =Gl (u)(x) forxeQ,j=1,....n.
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Single-Trace FEM-BEM formulation

A generalized Garding inequality is satisfied
Consequences: in the case of injectivity
o well-posedness
e stability (inf-sup condition)
o for Galerkin, discrete inf-sup condition and quasi-optimal convergence
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Single-Trace FEM-BEM formulation

A generalized Garding inequality is satisfied
Consequences: in the case of injectivity
o well-posedness

e stability (inf-sup condition)
o for Galerkin, discrete inf-sup condition and quasi-optimal convergence
Proposition (Injectivity condition)

Let U € HY(Qx), u € X(I) with 45U = Tp(u) solve the FEM-BEM STF
with f =0, Uy, = 0. Then

o U=0
@ u = 0 is the unique solution IFF
forall j=0,....,n, X Z 09 or k; ¢ G(A,Qyx)

(i.e. K;J? not an interior Dirichlet eigenvalue of —A on Qy)
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Single-Trace FEM-BEM formulation

Spurious resonances examples

Costabel coupling: X C 99 0
0

= spurious resonances if kg € S(A, Qx)
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Single-Trace FEM-BEM formulation

Spurious resonances examples

Costabel coupling: X C 99 0
0
= spurious resonances if kg € S(A, Qx)

— — — // \\
Rd:Q()UQ;[UQz, but kg = K1 N
Y ¢ 0Q; and ¥ ¢ 0 o o)
= no spurious resonances no matter xq! . //

Results analogue to
[Claeys & Hiptmair, Integral Equations for Acoustic Scattering by Partially Impenetrable Composite Objects, 2015]
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Outline

© Multi-Trace FEM-BEM formulation
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Gap setting and new trace spaces

Problem with STF: X(I') contains transmission conditions in strong form
@ not flexible

@ obstacle to operator preconditioning  [Claeys, Hiptmair & Jerez-Hanckes, 2013]

= Multi-Trace Formulations:

idea: apply STFs to gap
configurations with

vanishing gap

4
° |
4

Qo
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Gap setting and new trace spaces

Problem with STF: X(I') contains transmission conditions in strong form
@ not flexible

@ obstacle to operator preconditioning  [Claeys, Hiptmair & Jerez-Hanckes, 2013]

= Multi-Trace Formulations:

idea: apply STFs to gap
' configurations with
\\\ = \\\ vanishing gap

{(U,u) e H{(Qs) x X(I) | 75U = Tp(u) } isomorphic to H!(Qs) x H()
multi-trace space:
H(T) = H(0Q1) x -+ x H(9Q,) x H2(%)
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Multi-Trace FEM-BEM formulation

Elaborate the FEM-BEM STF by eliminating all the contributions on 0€...
Global Multi-Trace FEM-BEM formulation

find U/ € HY(Qg), i € H(T),fi = ({i1,...,Qi,, px), such that
A L R 1 = y
ax(U.V)+ 1A@. 0@ + 5 | (07). (BY))
Px as >
= (V) +{},0(8)) vV eH"(Qx), 8 €H(I),6=(b1,...,65 q5)

where 1 := (fig, .. ., {in, (7% ,Px)) 0= (b1, Bn, (7% V. ax))
If\ = ('71 Unc, -+ 7" Uinc, ’YZ Uinc)

Skew-symmetric duality pairing: difference with [-, ]

n

{0 =) [, 05]j + [ux, 055

j=1
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Multi-Trace FEM-BEM formulation

ral 1 12 1cn ~LoX T
A, +AL, G, 7GR, Gy
21 2 2 2cn ~2CX
7 G){o Aﬂz + AI-CO ’Y Glio i Gh‘,o
A= : :
ncl nec2 n n ~NCE
v G,‘{o Y Gno Ann =+ Ano / G.‘-’.‘,Q
Y1 ~ (2 ~x(n PN
Y GHQ Y Gh‘o Y Gh‘o AH() i

global MTF: all subdomains coupled with all other subdomains
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Multi-Trace FEM-BEM formulation

Proposition (Representation formula)

The solution to the transmission problem is given by

U(x) == U(x) forx € Qy
U(x) = (U;nc e (f{ > - Z; G{m(ﬁj)> (x) forx € Qo
p=

U(x) = G{;j(ﬁj)(x) forxeQj,j=1,...,n

Proposition

The formulation satisfies a generalized Garding inequality
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Multi-Trace FEM-BEM formulation

Gap configuration: ¥ C 9€y = spurious resonances expected!
Proposition (Injectivity condition)
Let U € H(Qg), fi € H(T') solve the FEM-BEM MTF with f = 0, Upc = 0.
Then
o U=0
o {i = 0 is the unique solution IFF xo ¢ &(A,Qyx)
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Conclusion and outlook

o Stable FEM-BEM formulations for multi-domain acoustic scattering,
with junction points
@ Generalized Garding inequalities, injectivity conditions

Combined field versions immune to spurious resonances! v/

Future work:
@ implementation and numerical tests
piece-wise constant coefficient in Neumann transmission conditions
local FEM-BEM MTFs — optimized Schwarz methods
quasi-local FEM-BEM MTFs
other FEM-BEM coupling strategies
FEM-BEM preconditioners
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