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The Problem

Deterministic control problem :
+ A - compact metric space;
+ A:={a: R— A, o Borel measurable };
+ f: R? x A— RY bounded, continuous,
f(.,a) Lipschitz, uniformly w.r.t. a € A;
Dynamics of the control problem : For given o € A,
X'(t) = f(x(t),a(t)), t € R; x(0) = xo € RY;
unique solution : x(t, xp, @) := x(t), t € R.
+ ¢: R?x A— R bounded, continuous:
Cost functionals : two ways of averaging the cost along the
trajectery x(t,xp, ), t >0
+ Cesaro Mean,
+ Abel Mean;

R.B. (Long Run Averaging Optimal Control Problem) Le Mans, October, 2015 2/ 34



The Problem

1 T
Cesaro Mean : For T > 0, T/ £(x(s, x0, @), a(s))dSs;
0

+oo
Abel Mean : For A > 0, )\/ e 0(x(s, x0, @), (s))ds.
0

This leads to the def;_nition of the value functions :
vr(x0) == 012&;_/0 U(x(s, x0, @), a(s))ds;

+oo
un(x0) = inf A / e~ X5((x(5, x0, ), (5))ds.
acA 0

The existence of the limits, as T — +o0o and A — 0T, resp.,
constitutes a crucial problem well studied in the literature :

+ Arisawa (Ergodic problem, 1997,1998), Arisawa, Lions (Ergodic
Stochastic Control, 1998), Bardi, Capuzzo-Dolcetta (2007),

+ Oliu-Barton, Vigeral (Uniform Tauberian Theorem in Optimal
Control, 2012),
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The Problem

+ Quincampoix, Renault (Limit values under non expansion
condition for deterministic control, 2012),

+ Buckdahn, Goreac, Quincampoix (Limit values under non
expansion condition for stochastic control, 2014).

e Works in Ergodic Control : use conditions guaranteeing existence
of the limit in topology of uniform convergence; limit is a constant
(independent of xp); usual assumption : coercitivity of Hamiltonian.
e Here : No assumption for ergodicity ; limit can depend on xq ;

e Main result : representation formulas for the accumulation points
w.r.t. toplogy of uniform convergence of vy, T — +o0, and

uy,A — 0t

e Remark : A byproduct : There is at most one accumulation
point; Oliu-Barton, Vigeral (Uniform Tauberian Theorem in
Optimal Control, 2012) : (v7)7s0 converges iff (uy)x>o converges,
and the limits (for T 1+ +oc and A | 07) are the same.
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The Problem

Here : Two different representation formulas :
+ One for the case of {(x, a) = ¢(x) independent of a € A; based
on invariant measures for differential inclusions;
+ One for the general case, based on occupational measures and
their limits ; approach more involved.
Commun structure of both representation formulas :
The only possible occupational point u*(-) is the supremum of all
bounded continuous functions w(-) satisfying :
i) Ry >t — w(x(t, xo, )) nondecreasing, for all (xp, @) ;
i) / w(x)dp(x,a) < / U(x,a)du(x, a), for all p e W,
X

XxA

where

+ W - suitable set of probabibility measures on X x A,

+ X C RY compact set, invariant w.r.t. the controlled system ;

+ for the case ¢(x, a) = ¢(x) ii) reduces to du(x) € M, M - set of
invariant measures of the differential inclusion.
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Preliminaries, Assumptions

Assumption : e A compact metric space;
e /:R?x A—[0,1] continuous; £(-, a) uniformly Lipschitz;
e f: RYx A— RY continuous, bounded (by some M € R,);
f(-,a) uniformly Lipschitz;
e f(x,A) := {f(x,a), a€ A} convex, for all x € RY;
e 3X C RY compact subset, invariant by the dynamics of the
control problem.
Recall : + Invariance means : V(xp, ) € X x A, x(+, x0, ) C X.
+ Invariance, iff, in (viscosity sense)

(Vdx(x), f(x,a)) <0, forall (x,a) € 9X x A.
Observe : Under the above assumptions, the control problem is well
posed, vr(-) and uy(-) are [0, 1]-valued, continuous on X.
Occupational measures : 2 € A(X), for T >0, xo € X :

X0,&x 1 T
wP(Q) = 7 [ Tolx(s.x0.0))ds. @ € B(X),
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First Representation Formula

F(x) :={f(x,a), a€ A}, x € X; note :
+ For all x(+) := x(-, x0, @), @ € A, we have :

x'(t) € F(x(t)), t € R, x(0) = xo.
+ Conversely, for every absolutely continuous solution x(-) of the
above differential inclusion : Ja € A s.t. x(-) = x(+, x0, @).
+ S(xp) - set of absolutely continuous solutions of the above
differential inclusion ; then :

vr(x) = inf / o(x

(.)eS(x0)
. —As
(o) = i ;(Xo)/\ /0 ((x(s))ds.
Advantage of differential inclusion : its nice topological structure :
+ S = UXOEX S(xo) - set of all solution of the differential
inclusion, endowed with the topology
|X] oo = sup (|x(t)|e_M|t|> ; (M € R bound of f).

terR
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First Representation Formula

+ (S, | |oo) compact metric space (Aubin, 1992);
Artstein (1999) : flow on S : for all t € R,

oS =S, x(0) = x(-+ ).
Observe :
+ & is continuous;
+ 0(0,x(1)) = x(-), x(1) € S;
+ O(t +5,x(-)) = (¢, d(s, x(+))), x(*) € S.

Recall : p € A(S) is invariant for ®, iff
p(®¢(M)) = p(T), VI € B(S), t € R.

Also recall : Weak limits of occupational measures are invariant for
®. More precisely :
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First Representation Formula : Cesaro Means

(See, e.g., Artstein, 1999) For any fixed y(-) € S, T > 0, define
the occupational measure ;% € AS :
1 T
L otdier (= 3 [ o(@t)ds. ¢ € ()

If for some sequence T,, — +00, we have u}% =, for some
w € A(S), then p is invariant for the flow ®.

4

Remark. The lemma holds also for S replaced by a general compact
metric space B endowed with a flow ® = {®.(x), (t,x) € R x B}.

Definition

Given p € A(S), associated projected measure p € A(X) :
w(B) :=p(< B >), Be B(X), with < B>={x(-) €S, x(0) € B},

/ o (x)pa(dx) = / H(x(0))p(dx()), ¢ € C(X).
X S

R.B. (Long Run Averaging Optimal Control Problem) Le Mans, October, 2015 9/ 34



First Representation Formula : Cesaro Means

Definition

(Sequel).

+ If p invariant measure for ®, p is called projected invariant
measure on X ;

+ M = set of all projected invariant measures on X ; M closed
convex subset of A(X).

| \

Definition

H:={w: X —[0,1] : w satisfies

i) Ry ot — w(x(t,x0,)) non decreasing, for all (xg, @) ;

i) / w(x)u(dx) < / 0(x)p(dx), for all u € M. We also define :
X X

v¥(x0) := sup{w(xp), w € H}, xo € X.

\
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First Representation Formula : Cesaro Means

Example 1. X =unit cercle in R?; uncontrolled dynamics is given

by -
(t) = ( 0 _01 )x(t), t€R;

+ Unique projected invariant measure : the uniform (Haar) measure
on the unit cercle X;

+ H = the set of functions w : X — [0, 1] which are constant (by
(i) and not greater than % 027r £(e®)db. (by (ii)). Thus,

1 27 .
v*(x0) / 0(e)dh, xo € X.
0

~2r
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First Representation Formula : Cesaro Means

Example 2. Two-dimensional dynamics x(t) = (x1(t), x2(t)), t € R,
M = a0 ()
xy(t) = a(t)(l—xu(t . >
{ S = 22()(1-a(t)) a(t) € [0,1], x(0) = xp € R,
and with cost function
U(x)=1-x1(1 —x), x = (x1,x) € R
Computation shows :
+ X = {x = (x1,%) € [0,1]%, x1 > xp} is an invariant set;
+ As x;(t) > x4(t) > 0, using the properties of the projected
invariant measures, one shows :
-Vw e H :w(x,x2) < xo;
- w(x1,x2) = xz is in H.
Consequently, v*(x1,x2) := x2, x = (x1, x2) € X, depends on x,
i.e., the problem cannot be reduced to an ergodic one.
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First Representation Formula : Cesaro Means

Under our assumptions, for {(x, a) = {(x), any accumulation point
(in the uniform convergence topology on X) of (v1(-)) 10, as
T — 400, equals to v*(.).

Analogously, for Abel Means we have :

Under our assumptions, for {(x, a) = {(x), any accumulation point
(in the uniform convergence topology on X) of (ux(-))x>0, as
A — 07, equals to v*(.).
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First Representation Formula : Cesaro Means

Sketch of the proof of the 1st Theorem. Let v be an accumu-
lation point of (vr(-))7>0, as T — 4o00. Then, up to a sub-
sequence, v converges uniformly to v as T — +o00. For simplicity
of notation, we suppose vy — v.

Step 1: v¥(xp) > v(x0)

It suffices to show that v € H.

1) Monotonicity property : Let r < t, xg € X and « € A, and prove
V(x(r.30.0)) < v(x(t. x0. ).

W.l.o.g. r = 0. Then,

-
vr(x(t, xo0, ) = 1 inf 0(x(s, x(t, x0, ), @))ds
. T acA Jg
_1 inf Ux(s+ t,xp,a ® a(- — t)))ds, where
T acA Jg
- | a(s), if s<t,
a©a(-—t)(s) = { a(s—t), if s>t
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First Representation Formula : Cesaro Means

Thus,

T+t
vr(x(t%0,0)) = —inf / (x(0, %0, 0 © (- — 1)))do

f/ U(x(o, x0, 0 © (- —t)))da—%
t

> vr(xo) — T

Thus, as T — oo : v(x(t, xp,@)) > v(xp).

v
~|\+-H

2) Verification of property ii) of the definition of # : For u € M
(projected invariant measure) to show : [, vdu < [y fdpu.

Let T > 0. Foralla e A,
1 T
vr(xo) < / U(x(s, x0, @))ds.
T Jo

Hence, for all x() € S,

T T
r(x(0) < 7 [ ox(e)ds = 1 [ e1:(x)0)es
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First Representation Formula : Cesaro Means

Now, integrating the above inequality w.r.t. an invariant probability
measure p € A(S) which projection is p, from the invariance of p,

vrduy = /SVT(X(O))G'P(X('))

7/ / L U([4(<(1(0)) dslp(x()
://[d>x( dp(x())ds
-1/ / £(x(0))dp(x())ds

/e( /Zdu

Taking T — oo, we get [, vdu < [, ¢du. Hence, v € H.

X

AN
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First Representation Formula : Cesaro Means

Step 2 : v*(xp) < v(xp) By definition of v* it is enough to show
that w(xo) < v(xp), for all w € H. Let us fix arbitrarily w € H.
For any T > 0, € > 0, Je-optimal control a. € A s.t., for the
occupational measure p2*%,

.
/Bd/f;‘-”ae ::1/ U(x(s,x0,ac))ds
1X T T 0
- 2 / (D)0, %0, ) ds:

T Jo

W' € A(X) is the projection of the occupational measure
pt € A(S) defined by

.
Jodor =7 | e(@ulxtx0.0)ds. € €(S).

The compactness of S, X implies that of A(S), A(X). Hence,
there is (p, ) € A(S) x A(X) s.t. (pr, p2™) = (p, ) along a
subsequence, as T — +oc.
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First Representation Formula : Cesaro Means

Due to the above lemma (see Artstein) :
+ p is an invariant probability measure for ® and, thus,
+ p is the associated projected invariant, i.e., p € M.
Consequently, for w € H (by definition of ) :
+ / wdp < / ldu
X X
X0,0e __ T

1 T
+/wd,u7- = T/o w(x(s, x0, ac))ds > w(xo).

X
T — +oo yields
v(xp) +¢€ > / bdp > / wdp > w(xp).

The result follows from the arbitrariness of £ > 0.
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Second Representation Formula for Abel Means

Discounted Occupational Measures on X x A : Now ¢ = /(x, a) :

For A >0, xo € X, a € A we define 1{>% € A(X x A) : For all
p e C(X x A),

+oo
| edpoxa) = [ e (s 0. a)a(s)ds
XxA 0
Ma(x0) == {r"" € A(X x A), o € A}.
Observe that, for all 13> € M\(x0) and ¢ € C}(X),

/XxA (Vep(x) - £(x, a) + Mp(x0) — ¢(x))) dv®“(x, a) = 0.
Indeed

V(x) - f(x,a)diy>%(x, a)

“+oo
— /o e M*Vop(x(s, x0, a))f (x(s, x0, @), a(s))ds
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Second Representation Formula for Abel Means

+o0 d. . N
- )\/o <ds[e /\foiX(S,XO’a))] + e SO(X(S,Xo,a))) ds
= —Ap(x0) + )\2/0 e o(x(s, x0, ) ds

= —A (p(x0) = @(x))dvi™(x, a).
XxA

This means that

r)\(Xo) C W)\(Xo)7
where

Wa(x0) i= {y € A(X x A): forall p € CY(X),
| (6 Fx,2) 4 Aolo) — () dv(x. 2) = 0},
XxA

Observe : W)(xp) it is convex, compact (X x A is compact).
= Consequently, co(I'x(x0)) € Wi(x0) (co = closed convex hull).
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Second Representation Formula for Abel Means

Now, if v, € W), (xo) s.t. vy = v as A\, — 0T, then
veWw: .=

{1/ e A(X x A) : V(x) - f(x,a)dv(x,a) = 0, p € cl(X)}.
XXA
This shows :

) m+ co(lA(xo)) := set of the accumulation points of all
A—=0

sequences v, € co(ly,(x0)), n > 1, with A\, — 0.

Moreover, from Gaitsgory, Quincampoix (2009) :

lim d M(X)). W) = 0, with :
Jim, H(co(TA(X)), W) =0, wi

+ TA(X) = Uspex Ma(x0) ;
+ dy = Haussdorff distance associated with any distance d
consistent with the weak convergence of measures in A(X x A).
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Second Representation Formula for Abel Means

Recall : For M; € A(X x A), i =1,2,

dy(My, M) = max{ sup d(u, M2), sup d(u, M1)}.
peMy neEMo

Representation formula for Abel Means

Definition

For all xg in X,

u*(x0) := sup{w(x), w € K},
where K := {w : X — [0,1] continuous, s.t. :
i) [0, +00) > t — w(x(t, x0, )) is nondecreasing,
V(x0, ) € X x A;

i) /X  wl)du(x.a) < /X | Hx.2)du(x.2), Vi € W,
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Second Representation Formula for Abel Means

Any accumulation point - in the uniform convergence topology - of
(ur(:))as0 as A — 0T, is equal to u*(-).

Remark : u*(-) is viscosity solution of H-J equation :
infaca(Vu*(x), f(x,a)) =0, x € X.

+ Indeed : u*(.) is uniform limit of a subsequence of u)(.), A J 07 ;

take limit H-J equ. satisfied by u,.

+ Observe : H-J equ. for u* justifies monotonicity assumption in

the definition of K.
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On Limits of vy, T — +o0.

As for the Abel Means we begin with discussing the
Occupational Measures on X x A

For T >0, (x0, @) € X x A, definition of 2% € A(X x A) :

/ pd o = / o(x(5, 30, ), a(s))ds, o € C(X x A),
XxA
Mr(xo) = {7 € A(X x A), a € A}.

Observe, from Ité's formula, for all ¢ € Cl(X) :
; 1
| < e, flx.) > diip(x2) = T (oX(T 0. 0)) = o(0))
XxA T
Thus, for 't (x0) 2 pn = i, as T, — +00, we have :
uwe W=
[venxxa): / Vielx) - Flx. a)dv(x.2) = 0, p € CH(X)}.
XXA

As in the case of Abel Means, W can be understood as limit of the
set of occupational measures.
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On Limits of vy, T — +o0.

Indeed, for I'7(X) := U, ,ex F'7(x0) :

(See Gaitsgory, 2004)

(co(T7 (X)), W) = 0.

lim dH

T—+o00
Recall : dy = Haussdorff distance associated with any distance d
consistent with the weak convergence of measures in A(X x A).

Representation formula for Cesaro Means :

Any accumulation point -w.r.t. the topology of uniform
convergence- of (vr ()10, as T — 400, coincides with u*(-)
(defined in the sub-section “Abel Means").
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Comparison between both representation formulas

We've got two representations of different nature :

+ the first one : based on invariant measures, ¢(x, a) = ¢(x),
+ the second one : /(x, a) ; use of measures being limits of
occupational measures on X x A.

A natural question : possibility to use an invariant measure
approach also in the 2nd case ? Answer : This is possible to a
certain extent. Consider :

G .= {(x, a): X(t) = f(x(t),a(t)), t € R,a € A,x(0) € x}

equipped with the product topology defined by :
+ the uniform topology for the x(.)-component :

x(. ‘=su X e Mltl ound o ;
e loe = sup (x(B)le™1) (M bound of £);

+ for the a(-) component the L2 __,-topology associated with the

[2-norm )
+OO 2
la() ez = ( / !a(t)lze_Mtdt> .
— 00



Comparison between both representation formulas

+ G is sequentially compact (Every sequence has a convergent
subsequence) ; hence, as G is metrisable, G can be considered as
compact metric space.

+ Definition of a continuous flow ¢ = (p¢)ter on G :

{ G - G

L x(al) = (G al+ D).

Main difficulty for £ = ¢(x, a) : To work with the measures, we have
to take the limit in integrals fg ¢dp for p € A(G). But for this we
have to consider ¢ as continuous function on G endowed with the
weak topology defined above.

Observe : For all ¢ continuous in x and affine in a, the following
mapping is continuous :

g - R
GS{ <()al) = JE elx(r), a(r)dr
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Comparison between both representation formulas

For all p € A(G) we define vs € A(X x A), s > 0, s.t., for all
p € C(X x A) affinein a:

/XXA o(x, a)dvs(x, a) // r))drdp(x, ).

This allows to proceed similarly to the case ¢(x, a) = ¢(x) :

M :=setofall p € A(X x A) accumulation points -w.r.t. the weak
convergence of measures - for (vs)s>o associated with all possible
invariant probability measures p € A(G) by the above relation.

v¥(x0) == sup{w(x0), w € H }, x0 € X,
where H := {w € C(X —[0,1]):
i) t € [0,4+00) — w(x(t, x0, @)) nondecreasing, (xp, ) € X x A;
il / w(x)dp(x, a) < / U a)du(xa), e M},

XXA X X
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Comparison between both representation formulas

Proposition

Suppose that a — ((x, a) is affine, for all x € X. Then any
accumulation point -w.r.t. the topology of the uniform
convergence- of (vr(-)) 70, as T — oo, is equal to v*.

We also have the corresponding result (ux(-))x>0-

Proposition

If a — U(x, a) is affine, for all x € X, then any accumulation point
-w.r.t. the topology of the uniform convergence- of (ux())x>0, as
A — 07, coincides with v*.

Remark. Proof rather technical because of the topology on G ;
however, the above results are weaker than those gotten with using
occupational measures.
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Comparison between both representation formulas

Deduction of the results for £(x) from the general case ¢ = {(x, a) :
Recall : _lim dy(co(l' (X)), W) =0,

T—+o00
where
+ Mr(x0) = {pP" € A(X x A), a € A};
+ T7(X) == Uex M1 (x0).
Using the lemma (Artstein, 1999) we get :

nx(W) Cc M,

where TMx(m) := m(- x A) € A(X) denotes the projection on X of
a measure m € A(X x A).

We even have :

Mx (W) = M.
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Applications

One of the main advantages of the representation formulas is that
convergence of averaging values is deduced from equicontinuity.

If (vr(:)) >0 is equicontinuous, it converges uniformly to u*(-), as
T — 0. The same holds true for (ux(-))aso0 - Its equicontinuity
implies its uniform convergence to u*(-), as A — 0%.

Proof. Indeed, from Arzela-Ascoli : (v1(:))7s0, (ux(*))a>0 are
relatively compact, and by the the above theorems we obtain their
uniform convergence to u*(-).

We illustrate this observation :
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Applications

Nonexpansivity

Corollary

(Nonexpansivity : Quincampoix, Renault, 2012, extension to
stochastic control : Buckdahn, Goreac, Quincampoix, 2014). Let us
suppose the following nonexpansivity condition : There is some

c € Ry such that, for all x1,xx € X,

for all a1 € A there exists a) € A s.t. :

i) (x1 — x2, f(x1,a1) — f(x2,a2)) <0,

ii) w(xlv al) - K(XZ, a2)| < C‘Xl = Xzy}.

Then vr(-) and uy(.) converge uniformly to u*, as T — oo and
A — 07, respectively.

Remark. 1) If £(x, a) = ¢(x), ii) means that ¢ is Lipschitz.
2) Nonexpansivity implies equicontinuity, and then the above
corollary applies.
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Applications

3) The interest of the nonexpansivity property consists in the fact
that it allows u*(-) to depend on the initial condition xp.

4) Unlike the nonexpansivity property, the following stronger
condition - called dissipativity condition - implies that the limit
u*(+) is a constant independent of xp (See Artstein, Gaitsgory,
2000, ¢(x,a) = £(x) Lipschitz) :

There exists a constant C > 0 such that

for all xi,xo € X, for all a1 € A thereis a, € A s.t.

< X1 — X2, f(Xl, al) — f:(Xz7 32) >< —CHXl — X2H2.
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Thank you very much for your attention !

Good luck and good continuation, Vlad!
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