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Output process

e Effort=Control process v = («a, ) with values in A x B

e Output=the controlled state process in RY : any weak solution P
of the SDE

dX = O-t(X,“{))t) [)\t(X,(Yt)dt"‘ th)
where W is a Brownian motion with values in R”

e Observation of X does not give access to the drift o\

e Observation of X gives access to oo | but not to o
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The Agent problem

Agent solves the following control problem :

)
V() 1= sup [ 5 KXo Dsgx) [ e SO0 (X, o8 o
0

where the contract £(X) is Fr—measurable, and represents the
compensation for the management of X

— No interest on X, except for the compensation £ indexed on X

Path-dependency of £ is crucial = Non-Markov stochastic control
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The Principal problem

Moral hazard : Principal chooses the optimal compensation scheme
&(X) based on the observation of X only, i.e. Principle does not
observe the Agent effort

Principal solves the optimization problem

VE = sup EF O |u(e(X7) - €)

§EZR
e P*(¢) : solution of Agent problem given the contract £

e =r : collection of all £, such that V§'(¢) > R (reservation utility)
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Existing literature

e Non-zero sum Stackelberg game, highly nonlinear problem

e Holstrom & Milgrom '87 (Econometrica), ..., Sannikov '08,
un-controlled diffusion

e Cvitani¢ & Zhang '13 : calculus of variations = Pontryagin
Maximum Principle leading to a system of Forward-Backward
SDEs...

Our objective : Simple solution by standard dynamic programming
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Review of stochastic control of Markov diffusions

Outline

@ Review of stochastic control of Markov diffusions
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Review of stochastic control of Markov diffusions

Stochastic control of Markov diffusions

Probability space (2, F,P), filtration F = {F;,t > 0}

W : Brownian motion with values in R"”

e Control process : v = {v;,t > 0} F—progressively measurable
process with values in U C R¥

e Controlled state process X", valued in RY, defined by the SDE

dX{ = b(t,X{,ve)dt +o(t, XY, ve)dW,

U : admissible controls, i.e. X” well-defined, appropriate regularity
e Control problem :

V(t,x) = supE[g(X7"")]
veu
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Review of stochastic control of Markov diffusions

Hamiltonian and the HJB equation

Hamiltonian :

1
H(t,x,z,v) = sup {b(t,x, u)-z+ *O’O’T(t,X, u): fy}
uelU 2

for all (t,x) € [0, T] x R? and (z,v) € R? x Sg(d). Then,

The value function V solves the Dynamic Programming
(Hamilton-Jacobi-Bellman) Equation :

OtV 4+ H(t,x,DV,D?>V) =0, t<T, xcR?
V(T,)=g on R
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Review of stochastic control of Markov diffusions

In which sense HJB equation holds ?

o Classical sense : V € C12([0, T),RY)... Not expected, many
counter-examples

e Sobolev solutions : V € W172([0, T),]Rd) ;, see Krylov 1980, very
developed in the semilinear case...

e Vicosity solutions : not in this talk
@ V locally bounded, Crandall & Lions '81, Lions '83...
@ No access to optimal control, in general
@ Uniqueness implied by comparison result, difficult! finite-dim
underlying space
><E%f¢sg9ﬂu.aug
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Review of stochastic control of Markov diffusions

[td's formula

All previous notions of solutions rely on differential calcul :
1
do(t,XY) = Deplt, XY)dt + Dp(t, XE) - dXE + 1 D%o(t, X )d(X"),

where (X") is the quadratic variation process :

diX"): = oo’ (t, XV, v:)dt

This is all we need from regularity...
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Review of stochastic control of Markov diffusions

Running cost, discounting

e More general control problem :

T
V(t,x) :=supE |e” I k(s’XSV’l’S)dsg(Xé’-)—i-/ e ki k(S’XSU’”S)de(r,X,”,V,)dr]
veu t
= Hamiltonian :
Bl

1
H(t,x,y,z,7) = sup {b(t,x, u)-z+ -oo (t,x,u):~y

uel 2
+1(t, x,u)y — k(t, x, u)}

The value function V solves the Dynamic Programming
(Hamilton-Jacobi-Bellman) Equation :

0V +H(t,x,V,DV,D*V) =0, t<T, xeR?
V( 7—7 ) =g on Rd X’omggumau;
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Smooth processes
Stochastic control of non-Markov diffusions Case of un-controlled diffusion
General controlled diffusion case

Outline

@ Stochastic control of non-Markov diffusions
@ Smooth processes
@ Case of un-controlled diffusion
@ General controlled diffusion case
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Smooth processes
Stochastic control of non-Markov diffusions Case of un-controlled diffusion
General controlled diffusion case

Paths space and non-anticipative process

e Q= {we Co0, T],RY),wo =0}, A:=[0, T] x Q

e X canonical process, i.e. X¢(w) = w(t)

o ' = {F;} the corresponding filtration, i.e. 7y = 0(Xs,s < t)

o d[(£.0). (#,6)] = [t — ¢ + e — gl

e u: [0, T] x Q@ — R non-anticipative if u(t,w) = u(t, (ws)s<t)

In particular, u € C°(A) = u non-anticipative
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Smooth processes
Stochastic control of non-Markov diffusions Case of un-controlled diffusion
General controlled diffusion case

Probability measures on the paths space

e Py : Wiener measure on €, so that X is a Pg—Brownian motion

e P = P*F such that
S S
X: = / alds +/ BEAWE, P —as.
0 0

for some adapted processes of, ¥
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Smooth processes
Stochastic control of non-Markov diffusions Case of un-controlled diffusion
General controlled diffusion case

Smooth processes

¢:[0,T] x Q2 — R € CH(A) if
@ in CO(/\) (in particular, non-anticipative)
o 3 processes 6, Z,T € C°(A) valued in R, RY, Sy(R), s.t.

1 )
dpe = Oedt+ 2 dX: + Ert d(X);, P—as. forall P=pP*~
Then, denote :
Otdr = 0t, Our = Zi, aiw¢t =T

Or drop C°(A) requirements, replace by integrability on Y and Z

= Sobolev regularity... :
><5%f¢sg9ﬂu.aug
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Smooth processes
Stochastic control of non-Markov diffusions Case of un-controlled diffusion
General controlled diffusion case

Back to stochastic control... Path-dependent case

e Control process v = {v;,t > 0} F—prog meas valued in U C R¥

e Controlled state process X", valued in RY, defined by the SDE
dX{y = b(t,X",ve)dt + o(t, X", ve)dW,

U : admissible controls, i.e. X” well-defined, appropriate regularity

e Control problem :

V(t,w) = supE [é(X.t"”'”’)]
vel
where £(x) = £(xaT), Fr—measurable ><
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Smooth processes
Stochastic control of non-Markov diffusions Case of un-controlled diffusion
General controlled diffusion case

Path-dependent Hamiltonian

Hamiltonian :

1
H(t7w7277) ‘= sup {bt(w7 LI) "Z+ EO'tO';r(W, U) : '7}
uel

for all (t,w) € [0, T] x Q and (z,7) € RY x Sg(d)
Consider the Path-dependent HJB equation

(9tV+Ht(W,(9wv,0£wv) =0, t<T, we

vir=¢& on Q
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Smooth processes
Stochastic control of non-Markov diffusions Case of un-controlled diffusion

General controlled diffusion case

Verification argument

Let v smooth and solves the path-dependent HJB, then Vv € U :
v = E [VT(XV)] +E [Vg — VT(XV)]

— E[¢X)] -E [/OTdvt(X”)}

— E[gxY)] - / Devedt + Bove - dXV + af,w LoVo dt]
T
—E [¢(X")] - 1[«:[/(—Ht(awvt,angt)+awvt-bV+ ~Puve: otol )]
0 2
<0

Hence vg > V/, and equality satisfied by © maximier of H
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Smooth processes
Stochastic control of non-Markov diffusions Case of un-controlled diffusion
General controlled diffusion case

Semilinear path-dependent HJB equation

Suppose o¢(w, u) = o¢(w), or even o¢(w, u) = Iy, (d = n), for
simplicity. Then the Hamiltonian reduces to

1
Hi(w, z,v) = Fr(w, z) + ETr[v], where  Fi(w,z) :=sup b(w, u) - z

We want to find a solution v¢(w) of HIJB, then

1
th = (@tvt + ETI’ [(95wvt:|)dt + ath . dXtV
= —Ft(awvt)dt + ath . dX;/
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Smooth processes
Stochastic control of non-Markov diffusions Case of un-controlled diffusion
General controlled diffusion case

Semilinear HJB equation and backward SDE

e Denote P¥ := Py o (X¥)71, Z := §,,v == solve for (v, Z) :
dvi = —F(Zy)dt+ Z;-dX, P —a.s. for all v
e Notice that P¥ ~ Py in the present context
dvi = —F(Zy)dt + Z; - dX, and vy =&, Pg—as.

= Backward SDE (Pardoux & Peng '91), for Lipschitz F :

For ¢ €12, 3F—adapted solution (v, Z) with ||v|| 2+ Z || 2 < oo
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Smooth processes
Stochastic control of non-Markov diffusions Case of un-controlled diffusion
General controlled diffusion case

The case of controlled diffusion : difficulties

e Similar to the Markov case, very difficult to access to the Hessian
component... Need a relaxation of the C?—regularity

e The P”'s (measures induces by the controlled state) are defined
on different supports for different values of v, so can not reduce the

analysis to one single measure

= Quasi-sure stochastic analysis : stochastic analysis under a
non-dominated family of singular measure
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Smooth processes
Stochastic control of non-Markov diffusions Case of un-controlled diffusion
General controlled diffusion case

From fully nonlinear HJB equation to semilinear

e Hi(w, z,) non-decreasing and convex in v, Then

1
Ht(w72,’7) = sup{fa:y—Hf(w,z,a)}
a>0 L2

Path-dependent HJB equation is

1
atv+sup{fa:85wv—H;‘((")wv,a)} = 0, vi=¢
a>0 2

— stochastic representation

w(w) = sup V()

where, denoting P? := Py o <f0 a§/2dXs),

T T
Yt_a = 5 — / H:(Zsa/ as)ds + / ZsadX57 IP)Q —a.s. XE%CL)VLEECHNIQUE
t t i ’
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Smooth processes
Stochastic control of non-Markov diffusions Case of un-controlled diffusion
General controlled diffusion case

Wellposedness of second order BSDEs

There exists a unique triple (Y, Z, K) F—adapted with appropriate
integrability, such that

T T T
oY, =¢— / HZ(Zs, as)ds / ZsdXs +/ dKs, P?—a.s.
t t

Jt
for all control process a
e K nondecreasing, Ko = 0, and inf, E"” [KT} =0

Soner, NT & Zhang '10
Chao, Possamai & Tan '15
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Smooth processes
Stochastic control of non-Markov diffusions Case of un-controlled diffusion
General controlled diffusion case

Regularity reduces to the non-decreasing process K

Suppose K; = fot Ksds, t € [0, T], and define the process I by
. 1 i
Ke = H{(Z:,T:) - Eat e+ HE(Z:, ar)

Substituting in the 2BSDE, we get for all a :

T 1 T
Y, — 5+/ [HS(ZS,FS)—EaS : rs}ds—/ Z.dX,, P? —as.
t

t

— Y}(w) solves the path-dependent HJB equation :

oY + Hi(0,Y,92,Y)=0, Yr=¢

? T ww
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Recalling Problem formulation
A sub-optimal Principal problem
Solving the Principal-Agent Problem Reducing the Principal problem to standard control

Outline

© Solving the Principal-Agent Problem
@ Recalling Problem formulation
@ A sub-optimal Principal problem
@ Reducing the Principal problem to standard control
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Recalling Problem formulation
A sub-optimal Principal problem
Solving the Principal-Agent Problem Reducing the Principal problem to standard control

The Principal-Agent problem

e Agent solves the control problem :

. p T "t
V(€)= sup EP [ e Jo ks(Xwi)dsg(x) / e Jo kX)X, 1} dt
P 0

where the Output process is a weak solution P of the SDE
dX = O't(X,Bt) [)\t(X,OLt)dt+ th)

e Principal solves the optimization problem

VP = sup EF' [U(e(xr) - 5)}
§E=R
where =g : collection of all £, such that V§'(¢) > R ><5%?¢$;9HN.M
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Recalling Problem formulation
A sub-optimal Principal problem
Solving the Principal-Agent Problem Reducing the Principal problem to standard control

A class of revealing contracts

e Path-dependent Hamiltonian for the Agent problem :

Hi(w,y,z,7) = SUp, p {at(w, a)Ae(w, b) - z + %Uta;r(w’ a):y
—ke(w, a,b)y — ce(w, a,b)}

e For Yy € R and Z, FX—prog meas, define

Ytz’r =Y+ fot Zs - dXs + % fot Ms:d(X)s — fot Hs(X, YSZ’F? Zs,T's)ds

Proposition VOA(Yf’r) = Yp and any maximizer of the Hamilto-

nian (a*, b*)(Y, Z,T) induces a solution P* of the Agent problem
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Recalling Problem formulation
A sub-optimal Principal problem
Reducing the Principal problem to standard control

Solving the Principal-Agent Problem

Sub-optimal stochastic control problem

Under P%T, we have

dXe = of(X, Ye, Ze,Te) [N5(X, Ye, Ze, Te)dt + dW;]
1
dY?T = ZoodX, + STe d(X)e — He(X, Y, Z,, T )dt

where U?(wvyazaly) = Uf(wv b*(w,y,z,*y)), A:(w7y7277) =

VY > sup Vo(Xo, Yo); Vo(Xo, Yo) := sup EF”
Yo>R Zr

uexn-vih)|

V characterized by standard HJB equation X

2BSDEs and the Principal-Agent Problem
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Recalling Problem formulation
A sub-optimal Principal problem
Solving the Principal-Agent Problem Reducing the Principal problem to standard control

Case of un-controlled diffusion

o B = {BO}, then YZI = yZ0

e To prove that VOP =V, it suffices to show that an arbitrary
£ e ]-'§-< has the representation & = YTZ’O, i.e.

T T
£ = Y0+/ Zt~dXt—/ He(Ye, Ze,0)dt, PP° —ass.
0 0

Backward SDE wellposedness guarantees this is true! Hence

Vo = sup Vo(Xo, Yo): Vo(Xo, Yo) := S;PEPZ’O [U(E(XT)_Y?O)}

Yo>R
XE’COLE
‘ POLYTECHNIQUE

Nizar TOUZI 2BSDEs and the Principal-Agent Problem



Recalling Problem formulation
A sub-optimal Principal problem
Solving the Principal-Agent Problem Reducing the Principal problem to standard control

The general case

e In the fully nonlinear case, the representation £ = YTZ’r not true
for general £... We only have the 2BSDE representation :
=¢— ft H:(Ys, Zs, as)ds — ft ZsdXs +ft dKs, P —as. forall P

with K nondecreasing, Ko = 0, and mprEP[KT] =0

e It is sufficient to find an approximation &° of £ such that
&= Yf T .. and pass to the limit in the Principal problem...

o Ki = %fotv(t—s) dKs and £° := Y% (replacing K by K¢) =
€ = YT and P* optimal for K is also optimal for K¢

— VOP f— Su p MO (XO ) YO) P
YO 2 R XPOLVTF?HN|0U§
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Recalling Problem formulation
A sub-optimal Principal problem

Solving the Principal-Agent Problem Reducing the Principal problem to standard control

BON ANNIVERSAIRE VLAD'!
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