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Definitions and notations

The BSDE under consideration is
T T
Vi=c+ [ His Yo Zo)ds— [ ZeaWs )
t t

It will be referred as eq(¢, H).

) ft = ./TtW.

e C := the space of continuous and F; —adapted processes.

e S2 := {Y which is Fi-adapted and E sup |Y;|? < oo}
0<t<T

e M?2 :={Z whichis F-adapted and E [} |Zs|2ds < oo}

e [? := { Z which is F;-adapted and fOT |Zs|2ds < oolP-a.s.}

Definition

A solution of the BSDE eq(¢, H) is an Fi—adapted processes (Y, 2)
which satisfy BSDE eq(¢, H) for each t € [0, T] and such that Y'is

continuous and fOT |Zs|?ds < oo P — a.s., thatis (Y, Z) € C x L2.
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The summarized way

Our Approach consists to derive the existence of solutions for the
BSDE without reflection from solutions of a suitable 2-barriers
Reflected BSDE.

To this end, we use the result of Essaky & Hassani which establishes
the existence of solutions for reflected QBSDEs without assuming any
integrability condition on the terminal datum.

For the self-contained, we state the Essaky & Hassani result in the
following theorem.
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Theorem

(Essaky—Hassani (JDE 2013)). Let L and U be continuous processes
and ¢ be a Fr measurable random variable. Assume that
1) Ly <¢ < Ur.
2) there exists a semimartingale which passes between the barriers
L and U.
3) H is continuous in (y, z) and satisfies for every (s, w), every
y € [Ls(w), Us(w)] and every z € RY.
(s, @, .2)| < 75() + 522
where 7 € IL'([0, T] x Q) and C is a continuous process.
Then, the following RBSDE has a minimal and a maximal solution.

) Ye=C+ [ H(s, Ys Zo)ds + [T aKs — [ dKs — [T ZedBs
iy Vt<T, Li<Yi<U,

i) ] (Ye=LodK! = [T (U= YodK; =0, as.,

iv) Ky =K, =0, K', K-, are continuous nondecreasing.

v) dKTLldK~
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Theorem

Theorem

Assume that there exist positive constants a and b such that ¢ satisfies
(HL2)  E(|&]?) < oo.
Let the generator H(t, w, y, z) be continuous in (y, z) for a.e (t, w)
and satisfies

H(t, y, z) < a+ bly| + c|z| (3)
for some positive constants a, b and c.

Then, the BSDE (¢, H) has at least one solution (Y, Z) which belongs
to S? x M?2.

o
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Proof, H sublinear

Proof. We put g(t,y, z) := a+ bly| + c|z|.
Let ¢ := max(¢ 0)and & := min(&,0).

According to Pardoux-Peng Theorem, the BSDE with the parameters
(€%, g) as well as the BSDE with the parameters (—&~, —g) have
unique solutions in 82 x M?.

We denote by (Y9, 29) [resp. (Y~9,Z79)] the unique solution of
eq(c", g) [resp. eq(—¢~, —g)l.

Using then the Essaky-Hassani result with
L=Y9, U=Y9, n,=a+b(|Y; 9 +|Y?|)+ic? and Ci=1,

we deduce the existence of solution (Y, Z, K+, K~) to the following
Reflected BSDE, s.t. (Y, Z) belongs to C x £2.
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Proof, H sublinear, continued 1

(i) Yt:§+/TH(s, Ys,Zs)ds+/Tsz+—/Tsz‘—/TstWs
(i Vt<T, \%‘g <Y<Y/ t t t

(iif) /OT(Yt — Y 9)dK; = /OT(Ytg — Y})dK; =0, as.,

(iv) K =K, =0, K K~ are continuous nondecreasing.

L (v) dKT LdK~

(4)
Now, if we show that dK™ = dK~ = 0, then the proof is finished. We
shall prove this property.

Since Y7 is a solution to BSDE eq(¢, g), then Tanaka’s formula
applied to (Y7 — Y;)* shows that,
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Proof, H sublinear, continued 2

t
(Y2 =YDt =(Yd - Yo" +/ 1{Yg>ys}[f(s, Ys, Zs) — 9(s, Y3, Z9)|ds

t
/ 1(vgs v,y (K, s_)+/0 1{Y§>YS}(Z§q_Zs)dWS
+L0(Y9-Y)
where L9(Y9 — Y) denotes the local time at time t and level 0 of the
semimartingale (Y9 —Y).
Since Y9 > Y, then (Y — Y1)t = (Y7 — V).

Therefore, identifying the terms of (Y7 — Y;)* with those of (Y7 — Y;)
and using the factthat 1 —1,yo_y, = 1y9_y, = 17y9_y,,, We show

Using the previous equalities, we deduce that,
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Proof, H sublinear, continued 3

t t
/0 1,0y, (dKS — dK; ) = /O 1,y0_y.,9(s, Y€, Z8) — 1(s, Ye, Zs)]ds
+L9(Y9—Y)

Since [y 1;ys_y,,dKs" = 0, it holds that
t
0< /0 1,ye_y,l0(s, Y2, 28) — (s, Ye, Zs)]ds + LO(Y9 — Y)
t
- —/O 1ys_y, dKs <0 >0

This shows that , f0t1{ysgzys}sz‘ =0, and hence dK~ = 0.
Arguing symmetrically, one can show that dK™ = 0.
Therefore, (Y, Z) satisfies the initial non reflected BSDE.

KHALED BAHLALI (UTLN) BSDEs with continuous generator. |. Subl




Proof, H sublinear, continued 4

Since both Y9 and Y9 belong to S?, so it is for Y.

Using standard arguments in BSDEs, we show that E fOT | Zs|?ds < co.
This complete the proof.
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Logarithmic nonlinearity

Theorem

Let a, b, ¢y be positive real numbers, and assume that,
(HA)  E[gF* ] < +oo.
Then, the BSDE

T T
Y, = §+/f (a+b]|Ye| +co|Ys\|In|Ys||)ds—/t ZadWs  (5)
has a unique solution such that

- T
E( sup |Yi|¥*'*) <o and E [ |Zs[ds < oo (6)
te[0,T) 0

V.

To prove this theorem we need some a priori estimates and
approximations. This will be given in the following Lemmas.
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Estimate of Y

Lemma

Let C > 2cy. Let (Y, Z) be a solution to BSDE (5) such that

IE SUPye(o,7] Y;|¢%+1 < 00 and E fOT |Zs|2ds < co. Then, there exists a
constant K = Kt such that:

E sup |Yi/®” " < K7 (E| Y7+ + a(e® + 1) T exp[b(e°T +1)T)
te[0,T]

v
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Estimate of Y, idea of the proof

Idea of the Proof. Let f(y) := a+ bly| + coly||In|y||. It&’s formula
gives Let u be C'2 function. I1t&’s formula gives,

u(t, Yy) =u(T, Yr) — /t TV, (s, Ye) ZsdWs
+ / ’ [Yof(s, Ye)ayu(s, Ys) — dsu(s, Ys)] ds
/ 32,u(s, Ys)|Zs2ds
If we can find a C'? and positive function u such that

[Ysf(s, Ys)oyu(s, Ys) —osu(s, Ys)| < a1 +biu(s, Ys),  (7)

then Gronwall Lemma gives the result.
The function u(t, y) = ]y\ezcot“ satisfies these properties.
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[t6’s formula gives
VI = YT [ (652 1) 1Yol ) sqn(Ye) ZeaWs

T S
— [T I Yal) Yl (6 1) Yol Isgn( V() s

1 T
_5 t |ZS|2(eCS+1)(eCS)|Y3’(CS_1)dS
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Proof estimate of Y , continued

Since C > 2¢y, we deduce that,
Yo < [T [ (@0 )] Yl a+ bl el
a /;T(ecs +1)] e[ #%) sgn( Vs) ZsaWs.
Hence,
E|Yi|* 1 < E|Y7|¢“H) +E /tT(eCS +1)] Ys|®™) (a+ b| Ys|)ds
Using Gronwall Lemma, we obtain

E|Y;|*+1 < (] Y|+ 4 a(eCT +1)T) exp[b(eCT + 1)T].

Using the BDG inequality, we complete the proof of Lemma 5. ]
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Estimate of Z

Lemma

Let (Y, Z) be a solution of BSDE (5) such that

E supco, ) |yt|ec'+1 < oo and E fOT |Zs|2ds < co. Then, there exits a
positive constant C; = C(C, T, K, ¢y) such that

v T
]E/ | Zs[2ds < 011E(1 +|C|2+/ |<a+b\Ys|)\2ds+sup|YS|e“+1)
0 0 s<T

(8)

4

Proof By Ité’s formula, we have:

T T T
Yol2 + /0 |Zs[2ds = |2 + 2 /0 Ysf (s, Yo, Zs)dls — 2 /0 YsZsaWs

T T
< [2[2+2 [ [Yel(a+ b|Yal) +2c0| el [In| Vel s =2 [ VeZeaWs,
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Proof estimate of Z , continued

Since for every y and every v > 0, we have |y|[In|y|| <1+ 1]y["*7,
we use standard arguments in BSDEs to get,

1 T T
5 | 1Zs[2ds < |22+ 20T sup | Yl? + [ (a-+ bl Ysl)2ds
0 s<T 0

K(C,T)

+2COT(1 + m)

ezc T T
+2¢ T sup(] Ys|(E +1) —2/ YsZsdWs
s<T 0

The result follows by passing to expectation. ]
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Estimate for | YLn|Y/||

Lemma

Letf(y) := a+ bly|+ coly||In|y||. Assume that { satisfies (H.1). Let
(Y, Z) be a solution to BSDE (5) satisfying Lemma 5 and Lemma 6.
Then, there exists a positive constant & such that

T _ T T
IE/ |f(Ys)|%ds < K[H—]E/O |Ys|2ds+1E/O |Zs|?dis]
0

where K is a positive constant which depends on ¢y and T.

Proof
It is not difficult to show that for every e > 0, |yIny| <1+ 1y["*e
We puta:=1+¢ and a = 2. A simple computation gives
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Proof estimate for | YLn|Y|| , continued

T _ T _
E [ 1f(Ys)l"ds <E [ ((a+Db|Ys)) + colyl|In|y||)*as
T 1 B
snz/o ((@+b]Ys]) + co(1+ ——| Ys|")ds
_ T _ 1 _
<O+ c)E [ ((a+b|Ysl)* + (1 + —[Ve])*)as

- T 1
< (14 )E [ (14 (a+ bl Yal)? + (1 4+ ——| el 2ds

1

m” Ys[?ds)

)
< (1 +cg<)(4r+1E/0 ((a+ b|Ys|)2 +
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Approximation for f

Lemma

Let f(y) :== a+ bly| + coly||In|y||- There exists a sequence of
functions (f,) such that,

(a) Foreach n, f, is bounded and globally Lipschitz in (y,z) a.e. t
and P-a.s.w.

(b) s%p If,(y)| < a+bly|+colyl||In|y||, P-as.,ae tel0 T|.
(c) Forevery N, py(fa—f) — 0asn— oo,

where pp(f) := EfOT SUPyy|1z1<n (S ¥, 2)|ds.
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Proof, Approximation for f

Proof Let ¢, : R — R be a sequence of regularization functions
which satisfy [ en(u)du = 1.

Let ¢, from R to R be a sequence of smooth functions such that
0< |y, <1,¢,(u):=1for|ul <nandy,(u):=0for|ul >n+1.

We put, egn(y) := [ f(y — u)ag(u)dup,(y).
For n € IN*, let g(n) be an integer such that q(n) > n+ n*.

It is not difficult to see that the sequence f, := ¢4y , satisfies all the
assertions (a)-(c). [
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Approximation for Y, Z, f

Using the previous estimates for Y, Z and f, and standard arguments
of BSDEs, we prove the following estimates.

Lemma

Letf and ¢ be as in Theorem 4. Let ¢, := ¢ A n and (f,) be the
sequence of functions associated to f by the previous Lemma. Denote
by (Y™, Z') the solution of BSDE (&, f,). Then, there exit constants
Ki, K>, K3 and a universal constant ¢ such that

u
a) sup]E/ 1Zlh|?ds < Kq
n 0
b) supE sup (|Y|?) < 1K; := Ky
n0<t<T

T _
c) supIE/ |f(YI)|Fds < K3
n 0
where & is a constant defined on the proof of Lemma 7.

From this Lemma we deduce the following limits.
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Approximation for Y, Z, f, continued

After extracting a subsequence, if necessary, we have
Corollary

There are Y € 1.2(Q), L®[0, T]), Z € 1L.2(Q x [0, T]) and
[ e LYQ x [0, T]) such that

Yh Y weakly star in1L2(Q), L*[0, T])
Zn ~ Z, weakly in1L2(Q x [0, T])
fo(., Y Z") ~ T weakly inIL*(Q x [0, T]).

Moreover

T T
Yt:g+/ Fsds—/ ZsdWs, Vit € [0, T]. 9)
t t
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Estimate between the (Y, Z/)

The key estimate is,

Lemma

Let & be the positive constant defined on the proof of the previous
Lemma, and put M := 3c,. For every R € N, g €]1,min(3 — 2,2)],

¥ < %mm(; E k:=3—2—p8) ande > 0, there eXIsts
No > R such that forall N > Np and T' < T:

T zi — ztn[°
S S
imsup E sup |V —Y["F+ E/ C

2-8
nm=teo  (T'—§')+<t<T’ * (, yh _ yinj2 4+ VR) =
S S

€ _ond' fr _ vt
<e+——e™ limsup E|Yr — Y|P,

- n,m— oo

where Cy = 5M2ﬁ) log N, vg:=sup{f%, N> R} and ( is the BDG
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Proof Estimate between the (Y™, Z'), continued 1

Let0 < T’ < T. It follows from It6’s formula that for all t < T/,
2 T
‘th" _ Y,ff"‘ +/t

2 T
12 [ (YE = YE) (fls. YE) ~ fuls, YD) ds
t

2

Zh — zIn|" ds

= |Yh-vh

Tl
—2 [ (Ye-Yb (Zh-zi)aw).
t

2
For N € IN* we set, A; := ‘Y,f" - Y{m + 4

Let C>0and 1< B <min{(3—2),2}. Ito’s formula applied to
ef.(At)g shows that,
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Proof Estimate between the (Y™, Z'), continued 2

g T B
eCIA? + C/ esAZds
t

, B T f_
=efT'Az, +ﬁ/t €Az (VI — YIr) (fa(s, YE) — fn(s, Yin))ds

2

T B
— g N ds

t

f, f,
Zl — Zlm

L b_
B[ NN YE Y (28— Zi) oW
T B o 2
—B5—1) [ e%ag (v - vin) 2k - 2k ds

If we put @(s) = | Y| + | YI"|, then the previous formula becomes,
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Proof Estimate between the (Y™, Z'), continued 3

B T B
e“'A7 + C/ e®AZds
t
CT A5 N Y fh
= €Az, —;s/t %N (Yo — Vi (Z8—ZI) W)

T B
5—1
— é / eCSAg

BB [T ol (v - vzt - zin)’ as

2
Zh -z ds

+ Ji —|—J2+J3+J4,
where

T B_q
Jy = ,3/t eAZ (Yo — Y)Y (fx(s, V) — fu(s, stm))ﬂ{q,(s)>,\,}ds.

T B_q
Jo 1= [;/t OSAZ ! (YD — YIr) (fa(s, YE) — (5, YI) M (0s)<ny 0.
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Proof Estimate between the (Y™, Z), continued 4

T B_q
Jg = 5/t eCAZT (Y& = YI)(f(s, YE) = £(s, YI") 1 (0(5)<ny 0.

T B_q
Jy = 5/t e®SAZT (Yh — Y (f(s, YIm) — fn(s, stm))n{@(s)g,\,}ds.

KHALED BAHLALI (UTLN) BSDEs with continuous generator. |. Subl



Proof Estimate between the (Y™, Z'), continued 5

Since | Y — Y7|2 < Ag, we have
Ctpb T cspb
e Af + C/ e"°Agds
t

, B T B
T —p [ e (Yo Y (2b-zl)dw)

B /T’ ecSA§—1
2 — B_
1B B [T eonl i zpeas

+J1+J2+J3+J4,

Passing to expectation, we obtain for every t,

2
Zh -z ds

g T B — T B_
E(e%A? + c/ e%sA? ds+,3(ﬁz1)/ e%nZ |2k — Zlr[2ds)
t t
<E(J +do+d3+ds)
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Proof Estimate between the (Y™, Z'), continued 6

According to BDG inequality, we deduce that

Ctas T Csp s
E sup e“A} +C/ e“AZds
(T'=8)+<t<T’ (T'=0)*

1) (T B_
gl [T ook izt - zbeas

2/
‘BﬁE(‘A +do+Js+dg) +E(Jy+do+J3+ ds)

N
CT

It remains now to estimate E(J;) fori = 1,2, 3, 4.

B
< eTAzZ +

VE(Jy 4 o+ Jz + ) (10)

Letk =3 — % — B. Since (’52;1) + 5+ % = 1, we use Hoélder inequality
to obtain,
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Proof Estimate between the (Y, Z), continued 7

—1

) T =z T 3
E(J;) < pe‘T Ni []E Asds] []E / d)(s)zds]
t t

I3

T )
X []E/ fa(s, YIn) — £ (s, Yé’”)\"‘ds]
t
1
Since |YI" — YI"| < AZ, it easy to see that

! — T/
et o < 2peCT 2N+ ui)'% | [T sup fa(y) — fly)]s
L lyllz[<N

T!
w1 sup [fmly) - f<y>rds]
tolyllzI<N
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Proof Estimate between the (Y™, Z'), continued 8

2
Since At := ‘th" — Yt”"‘ + 1 and the generator
f(y) := a+ bly| + coly||In|y|| satisfies for every N > max(e, €°) and
every [y| < N

In N

#(y) = 1(y')] < 3e(NN)ly — y'| +3eg .

we then deduce [by putting M, := 3¢g] that,

T B_1 InN
J3 < ,BMz/t e%AZ [\ YO —YIPInN + N} M {a(s)<n} 0S8

T B_

If we choose C = Cy = ﬁ(%)Mg InN, then we obtain
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Proof Estimate between the (Y™, Z'), continued 9

— B_
E sup CNTA2 + ﬁ(ﬁ 1) / eONSA2 1|Zsf" — ZIm|2ds
(T'—=8)*<t<T’ (T'=0)*

< eCNT’A%
T A1 T 3
2£ + ﬁ - 1 { C T/ 1 |: / ' :| 2 |: / ' 2 :| 2
_— eN' — |E Agds E d(s)°ds
+ ( g—1 ) p N« (T'—58)+ s (T'=5)+ ( )

1
T @
X [IE/(T fa(s, YY) — f(s, Yim) ]”‘ds]

_ T
+ 28T [2N2 + 4] [/ sup |fa(y) — f(y)|ds
(T"=0)" ly|<N

+ ) sup Ifm(y)—f(y)ldS]} (11)

(T'=8)* |y|<N
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Proof Estimate between the (Y™, Z™), continued 10

Since T — (T' = §")* < &', we use the estimates for Y and Z to show
that there exists a positive constant K’ = K'(Kj, Kz, &, x, B, £) such that,

2
T Zsfn _ Zsfm

2—

—1)
E sup |Y"—YymP4 (ﬁ]E/
(T-)r<tsT e 2 (T'=d')*

’\)‘
Aes)

(Ive = v&+va)

< eCN(S' (IE’Y;Z _ y;_ly‘ﬁ) +

n (25;_51—1)90~6’{5[2N2 + 112 [on(fa = ) + py (i — 1) }

cN(s

; / (B—1) : eCnY' e
Since for 0" < 55—y, Min (2 ﬁ> the quantities - an nd

tend to 0 as N tends to oo, we pass to the limits on n, mto complete
the proof. [ |
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Proof of the existence

We now pass to the Proof of the existence. Passing to the limit

first on n, m and next on N, then taking successively T’ =

T = (T-04)", "= (T —25)"... in the previous inequality, we

obtain, for every g €]1, min (3 —2,2) |

2
Zbh -zl

T
i fn _ fm ﬂ
n,n’IIILn-Q—oo (IE Sup ‘ Yt Yt ’ * E /O

53 ds> =0.
0<t<T =
- (1Ye— Yir2 +v) °

But, by Schwarz inequality we have

2
T T Zh _ Zlm 3
]E/ |zl — ZIm|ds < (IE/ 7 ds>
0 0 <|

Yo YR +va)

T f; Tm|2 2;7;3 :
< (B[ (1= P +vn) * )

BSDEs with continuous generator. |. Subl
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Proof Existence, continued 1

.
lim (IE sup |V — Yt|ﬁ+]E/ | Zlr —Zsyds> = 0.
N—+o0 0<t<T 0
T . T
This allows to show that / fa(s, Ys")ds tends to/ f(s,Ys)|ds asn
0 0

tends to co. And hence to deduce that (Y, Z) is a solution to the BSDE
(5). Using Fatou’s Lemma and our a priori estimates, one can show
that (Y, Z) satisfies inequality (6).
Indeed, the last inequality shows that there exists a subsequence,
which we still denote (Y™, Z), such that

nﬂTw<|th”— Yt|+]th”—Zt|) —0 ae (tw). (12)

We have,

-
IE/ If2(s, YIT) — £(s, Ye)|ds < 17+ 18
0
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Proof Existence, continued 2

where

)
= [ (s, YE) ~ f(s, YE)|ds
0

.
- IE/ I£(s, Y?) — £(s, Ys)|ds
0
we have

;
R<E [ (s ¥0) ~ f(s YOI ds
0

{|YsM <N}

(IvbpeE?

N vz 98

.
CE [ [fals, YE) ~ f(s. YD)

1
2K [THy + Kq]' 7
NE=2) '
Passing to the limit on nand N, we show that /{’ tends to 0. We use the
continuity of f and the uniform integrability to show that /7' tends to 0.
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Proof of uniqueness

Uniqueness. Let (Y, Z) and (Y’, Z’) be two solutions. Arguing as
previously one can show (with My := 3c¢y) that: for every R > 2,
Bellmn(3—22)[ &< %mm (2 g) and ¢ > 0, there
exists Ny > R such thatforall N > Ngand T’ < T:

2

/

Zs— 2,

/ T/
E  sup ]Y,—Yt]ﬁJr]E/
(T'=0")+<t<T (T=d')* (IYs — Y2 +vR)

< &+ ‘[‘KIGCN(SIIE‘ YT/ — Y;'/"B

ds

2—

N‘
=

Again, taking successively T/ =T, T' = (T -8+, T' = (T - 25')*..,
we establish the uniqueness of solution. Theorem 4 is proved. ]
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Extensions, YLogY and Z./LogZ

The previous Theorem can be extended, with the an analogue
integrability condition on ¢, to the case where

H(t y,z) = a+ bly| +clz| + dly[|In|y[| +elz[\/[In|z[|  (13)

More generally, using Essaky-Hassan result one can establish the
following theorem.
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H dominated by YLogY + Z+/LogZ

Theorem

Assume that,

(H.1) H s continuous on (y, z) and, there exit positive real numbers a,
b, ¢, d and e such that for every t, y, z

|H(t.y,2)| < a+ bly| + ci]z| + coly|[In]y[| + e|z]y/]In|Z]]

( H.2) There exists a positive constant C (large enough) such that
E[|¢]*°*+] < +eo.

Then, the BSDE with parameters (&, H) has a unique solution such
that

;
E( sup |Yi*"*") < oo and IE/ | Zs[2ds < oo (14)
te[0,T] 0

v
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