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Definitions and notations

The BSDE under consideration is

T T
Yt:<§+/ H(s, YS,Zs)ds—/ ZsdWs (1)
t t
It will be referred as eq(&, H).
[ ] ft = FIW.
e S2 := {Y which is Fi-adapted and E sup |Y;|? < oo}

0<t<T
e M?2 :={Z which is Fi-adapted and [E fOT |Zs|?ds < oo}
e [? := { Z which is F;-adapted and fOT |Zs|2ds < oolP-a.s.}
e [2(Y) :=the local time of Y at time t at the level a.

Definition

A solution of the BSDE eq(¢, H) is an Fi—adapted processes (Y, Z)
which satisfy BSDE eq(¢&, H) for each t € [0, T| and such that Yis

continuous and foT |Zs|2ds < oo P — a.s., thatis (Y, Z) € C x L2
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Previous results in BSDEs and Quadratic BSDEs

Usually, the BSDE eq(¢, H) is called quadratic if there exist «, 8,y > 0
such that for avery (t, y, z),

H(t,y. 2)| < a+Bly| + 712/ (@)

@ Kobylanski, 1997, and 2000,
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Previous results in BSDEs and Quadratic BSDEs

Usually, the BSDE eq(¢, H) is called quadratic if there exist «, 8,y > 0
such that for avery (t, y, z),

H(t,y. 2)| < a+Bly| + 712/ (@)

Kobylanski, 1997, and 2000,

Dermoune-Hamadene-Ouknine, 1997,

Lepeltier—San Martin 1998,

Briand-Hu, 2006 and 2008,

Barrieu-El Karoui, 2012-2013, with more or less similar conditions,

Essaky-Hassani, 2011 and 2013, for stochastic quadratic BSDE
and others conditions.
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An example of Quadratic BSDEs

The following simple example shows that the exponential integrability
of the terminal condition is not necessary for the existence of solutions.

@ Let f be continuous function with compact support, consider the
following simple BSDE

T T
Yt:§+/ f(vs)zgds—/ ZsdWs 3)
t t

We shall refer to this equation as eq(¢, f(y)z?)
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@ Let u € C3(R). Itd’s formula gives
T !/
u(Ye) = u(@) — [ (¥s)ZeaWe

X /,T <u,(ys)f(Ys) _ ;u”(YS)> Z2ds
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@ Let u € C?(R). Itd’s formula gives
T !/
u(Yi) = u(g) - /t U (Ys)ZsdWs
+/ < F(Ys) — %u (Ys)> Z2ds
@ A solution to remove the last (quadratic) term is

u(x) := /OX exp <2 /Oy f(t)dt> dy,

u € C2(R) moreover v’ and u” are bounded.
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e Put, Y; := u(Yy), Z := U (Y;)Z;, our BSDE becomes

;
Vi = u(@) - /t Z,dWs
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e Put, Y; := u(Yy), Z := U (Y;)Z;, our BSDE becomes

— T —_
Ve=u(e) — [ ZeaWs
@ But u is a quasi-isometry: 3 mand M s.t.
¥x,y R, mix—y| < |u(x)—u(y)| <M|x—y].

Therefore eq(¢, f(y)Z?) has a unique solution if and only if
eq(u(&),0) has a unique solution.

But, we know that eq(u(¢), 0) has a unique solution if
u(&) € L2(Q).

This is equivalent to & € L2(Q) since u is a quasi-isometry.
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e Put, Y; := u(Yy), Z := U (Y;)Z;, our BSDE becomes

— T —_
Ve=u(e) — [ ZeaWs
@ But u is a quasi-isometry: 3 mand M s.t.
¥x,y R, mix—y| < |u(x)—u(y)| <M|x—y].

Therefore eq(¢, f(y)Z?) has a unique solution if and only if
eq(u(&),0) has a unique solution.

But, we know that eq(u(¢), 0) has a unique solution if
u(&) € L2(Q).
This is equivalent to & € L2(Q) since u is a quasi-isometry.

@ Remark: Neither the local Lipschitz on y nor the convexity
condition on z are needed for the uniqueness.
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e Put, Y; := u(Yy), Z := U (Y;)Z;, our BSDE becomes
— T —_
Ve=u(e) — [ ZeaWs

@ But v is a quasi-isometry: 3 mand M s.t.

VX y eR, mix—y|<|ulx)—u(y)| < Mlx—y|.

Therefore eq(¢, f(y)Z?) has a unique solution if and only if
eq(u(&),0) has a unique solution.

But, we know that eq(u(¢), 0) has a unique solution if
u(&) € L2(Q).
This is equivalent to & € L2(Q) since u is a quasi-isometry.
@ Remark: Neither the local Lipschitz on y nor the convexity
condition on z are needed for the uniqueness.
@ The following examples also are covered by our result.

f(y) =1any), 1) =1a0Y) —1cay), fy):=
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Removing the quadratic term

Lemma

Let f belongs to L' (R). The function

u(x) = /OX exp (2 /Oy f(t)dt> dy

satisfies following properties

Q ;u"(x) — f(x)u'(x) =0.
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Removing the quadratic term

Lemma

Let f belongs to L' (R). The function

u(x) = /OX exp (2 /Oy f(t)dt> dy

satisfies following properties
Q@ Lu'(x)—f(x)u'(x)=0.

@ u is a one to one function from R onto R.
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Removing the quadratic term

Lemma

Let f belongs to L' (R). The function

u(x) = /OX exp (2 /Oy f(t)dt> dy

satisfies following properties
Q@ Lu'(x)—f(x)u'(x)=0.
© u is a one to one function from R onto RR.

Q Both u and its inverse u~' belong to C' (R) N W2 (R).
where W3 . :={u:R—R; v, u" €L (R)}.
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Removing the quadratic term

Let f belongs to L' (R). The function

u(x) = /OX exp (2 /Oy f(t)dt> dy

satisfies following properties
Q@ Lu'(x)—f(x)u'(x)=0.
@ u is a one to one function from R onto R.
Q Both u and its inverse u~' belong to C' (R) N W2 (R).
where W e = {U:R—R; u U, u" el (R)}.

© u is a quasi-isometry: there exist m and M s.t. forany x,y € R,
m|x —y| < |u(x) —u(y)] < M|x—y]|
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Removing the quadratic term

Lemma

Let f belongs to L' (R). The function

u(x) = /OX exp (2 /Oy f(t)dt> dy

satisfies following properties
Q@ Lu'(x)—f(x)u'(x)=0.
@ u is a one to one function from R onto R.
Q Both u and its inverse u~' belong to C' (R) N W2 (R).
where W e = {U:R—R; u U, u" el (R)}.

© u is a quasi-isometry: there exist m and M s.t. forany x,y € R,
mix —y| < |u(x)—u(y)| <M|x—y|
@ Ifin addition f is continuous then both u and u—" are of class CZ.
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Theorem

(Essaky—Hassani (JDE 2013)). Let L and U be continuous processes
and ¢ be a Fr measurable random variable. Assume that
1) Ly <¢ < Ur.
2) there exists a semimartingale which passes between the barriers
L and U.
3) H is continuous in (y, z) and satisfies for every (s, w), every
y € [Ls(w), Us(w)] and every z € RY.
1(5,@, ¥, 2)| < 75(w) + 2|22
where 7 € IL'([0, T] x Q) and C is a continuous process.
Then, the following RBSDE has at least one solution.

) Ye=C+ [ H(s, Ys Zo)ds + [T aKs — [ dKs — [T ZedBs
iy Vt<T, Li<Yi<U,

i) ] (Ye=LodK! = [T (U= YodK; =0, as.,

iv) Ky =K, =0, K', K-, are continuous nondecreasing.

v) dKTLldK~
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The equation eq(&, a+ by + f(y)z?)

The BSDE under consideration in this subsection is,
T T
Yt:5+/t (a+b|Ys|+f(Ys)|Zs|2)ds—/t ZdWe  (5)

where a,be Ry and f: R — Ry.

Assume that ¢ € L2(Q)) and f be continuous and belongs to L' (R).
Then, the BSDE (5) has solution in S? x M? has a minimal and a
maximal solution.

The result remains valid when H(y, z) := a+ bly| + c|z| + f(|y])|z|?) .
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The equation eq(&, a-+ by + f(y)z?)

Proof. 1t6’s formula applied to the transformation u defined in Lemma
2 shows that

)
+/ U (Ye)( a+b|Ys|)ds—/t U (Ye)ZsdWs  (6)

We put,
Y'i=u(Y), Z'=1u(Y)Z and &= u(l)

(Y, Z') satisfies then the BSDE,
T T
Y, =&+ / G(Y!)ds — / Zdw, 7)
t t

where G(x) := U (u1(x)(a+ blu~'(x)])).
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Proof for equation eq(¢&, a+ by + f(y)z?), continued

Proof, continued. Using Lemma 2, one can show that equation (5)
has a (unique) solution if and only if equation (7) has a (unique)
solution.

From Lemma 2, we deduce that the coefficient G of BSDE (7) is
continuous and with linear growth. Moreover, the terminal condition
&' := u(¢) is square integrable if and only if ¢ is square integrable.

Therefore, according to Lepeltier & San-Martin 97-98, the BSDE (7)
has a minimal and a maximal solution.

KHALED BAHLALI (UTLN) Quadratic BSDEs with L2 terminal data. ¢



The equation eq(¢, H) with
H(t,y,z) < a+bly|+f(y|)z?)

Assume that
(H1) ¢ € LZ(Q)

(H3) |H(s,y.z)| < a+bly|+ f(ly])|z|? := g(y, z) with f continuous
and in L'(R).

(H4) H is continuous in (y, z).

Then, the BSDE eq(¢, H) has at least one solution in S? x M?,

The result remains valid when H(y, z) is dominated by
9(y.2) := a+bly| +clz| + f(ly])|z[?).
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Proof for the BSDE eq(¢&, H) with

H(t,y,z) < a+ bly| + f(y)z?)

Proof.
Let (Y9, Z9) be the maximal solution of BSDE eq(¢*, g) and
(Y~9,Z79)) be the minimal solution of BSDE eq(—¢~, —g).

Using the Essaky & Hassani result, with L =Y 9, U = Y9,
ny=a+b(|Y, 9+ Y] + 3

Ct =14 SUPs< SUP,c(o, 1] | F(aYs ¢+ (1 —a) Y{|), we deduce the
existence of a minimal and a maximal solution to the RBSDE,

() Yi=&+ [ H(s Yo Zo)ds + [ dks — [ dKs — [ ZsdBs

() Vt<T, Y, 9<Y: <Y,

(i) ftT(Yt - Y, 9adK" = ftT(Y,g —Yy)dK; =0, as.,




Proof, H dominé continued 1

e We shall prove that dK— = dK* = 0.

Since Y{ and Y, ¢ are solutions for BSDESs, we proceed as follows :
@ we apply Tanaka’s formula to (Y7 — Yy) T,
@ from (jj), we have (Y7 — Y)© = (Y] — Y3

@ we identify the terms of (Y7 — Y;)* with those of (Y7 — Y), then
we use properties (jjj) and (v) of the previous RBSDE, to prove
that dK— = 0.

© Symmetrically, one can show that dK+ = 0.
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Proof, H dominé continued 2

e We shall prove the previous claim 3.
Using the fact that: 1 —1¢yg_ vy =1 yo y) = Trye_y,, wefirst
show that (Z = Z9)1ys_y,,. And next we get
t t
/O 1ye_y,, (0K — dK;) :/O 1ys_y, [0(s. Y2, Z8) — H(s, Ys, Zs)]ds
+L0(Y9-Y)
Since fy 1;ys_y,,dKs = 0, it holds that

t t
9+ [yyzy,ylals. Y8 28) — H(s. Yo Zo)]s+ [ 149, 0 =0

Since the the three terms of the left hand side are positive, we deduce
that, fy 1,ys_y,,0Ks = 0, which implies that dK~ = 0.

e It now remains to show that Z € M?2.
To this end, we need the following lemma
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Zvonkin 1 for the Proof Z € M?

Letfbelongs to L1( ) and put K(y) := [ exp(—2 [, f(r)dr)ax. The
function u(x) := [y K(y)exp(2 fo dt )dy satisfies followmg
properties

(i) u belongs to C'(R) N W1 wc(R), and, u(x) > 0 and u'(x) > 0 for

x > 0. Moreover, Ju"(x) — f(x)u'(x) = } for a.e x.

(ii) The map x — v(x) := u(|x|) belongs to C'(R) N W2 (RR), and

v/(0) = 0.

(iii) There exists a positive constant c such that for every x € R,
u(|x]) < clx[? and u'(|x]) < c(|x]).

(iv) If moreover, f is continuous, then the function v(x) := u(|x|)
belongs to C?(R).
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Proof H dominé continued 3
For N> 0, let Ty := inf{t > 0: | Y| + [o |V/(Ys)[?|Zs[?ds > N} A T.
Applying It6-Krylov’s formula to the function v (defined in the previous
Lemma), it holds that for every t € [0, T],
tATN . ,
u(|Yol) = U(IYmNI)Jr/O sign(Ys)u'(| Ys|) ZsdWs
tATN . 1
+/ (sign(Ye)' (| V5| H(s, Yo, Zs)ds — 5" (| Ye)Z2) ds
(| Yeren) + / sign(Ye)u/(|Ys|)ZsdWe
+/ U (|Ys|)(a+ b|Ys|)ds

L WY YsD — Ju (s Z2)as

Since, U'(x)f(x) — zu"(x) = — 1, then passing to expectation and
using the previous Lemma, we get for any N > 0

KHALED BAHLALI (UTLN)

Quadratic BSDEs with L2 terminal data. ¢



Proof H dominé continued 3

tAT
;]E/ " |Zo2ds < 2E( sup u(]Ys|) +]E/ '(1Ys|)(a+b|Ys|)) ds
0

0<s<T

We successively use assertion (iii) of the previous Lemma, the fact
that the process Y belongs to S? and Fatou’s Lemma, to show that,

;
IE/ |Zs|?ds < oo.
0
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Krylov’s estimates.

Assumptions.
(H2) 3y,(w), and f(y) ;Y(t,w.y. 2), |H(t,y,2)| <n,+f(y)|z[>
For simplicity, we assume in the sequel that 77, = 0.
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Krylov estimate. The case f integrable

Lemma

Let (Y,Z) € 82 x L2 be a solution of the BSDE eq(&, H). Assume that
H satisfies (H2) with f € L' (R). Then,

o) and
fll,1 g\ Such that for any nonnegative measurable function ,
L'(R)

IE/ (Ye)Z2ds < C [[9ll,s x

-(ii)- There exists a positive constant C depending on T, |||+ and
1fll1 () such that for any nonnegative measurable function i,

TATR o
E [ p(Ye)Z2ds < Cllllipay

where T := inf{t > 0,|Y;| > R}
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Proof of the Lemma

For simplicity we assume that H(s, y,) = f(y)z2. The general case
follows by localization. Let a be a real number. By Tanaka’s formula

1
2

1
(Yo—a / 1{Y<a}H(Ys Zs dS+/ 1{Y<a}stWs+2

We successively use the fact that the map x— is Lipschitz and the
density occupation formula to get,

1 t t
EL?(Y> < ‘Yt - YO’ +/0 1{Y5<a}f(Ys)Zszd3+/0 1{Ys<a}stWs

(Yi—a) = (Yo—a)~ /1{ys<a}dYs+ ZL2(y)

LE(Y)

t t
— Y- Yo|+/ 1y,ca F(Ye)d(Y) s+/ 1y, a) ZsaWs

‘Yt YO"*’/ LX dX+/ 1{Y <a}stWs
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Proof of the Lemma

Since E f+°° Xx)L¥(Y)dx < oo, then passing to expectation to obtain,
a
E[L2(Y)] < 2E|Y; — Yo +/ 2f(x)E [LX(Y)] dx

Using Gronwall’s lemma we get

acR

SUpEE [L3(Y)] < 2E sup_|Ys| exp (2//fll1iw)) = Crexp (2llliw))
0<s<T

Now, let ¢ € L% (R). We use the previous inequality to get,

IE/ (Ys)Z2ds = IE/OTI,IJ(Ys)d(Y

—+o0
< [ p(@EL}(Y)da
< Crlvllom

The Lemma is proved.
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Krylov’s estimate. The case where f is locally
integrable

Lemma

Let (Y,Z) € S? x L2 be a solution of the BSDE eq(¢, H). Assume that
H satisfies (H2) with f locally integrable. Assume moreover that,

~
/ |H(s, Ys, Zs)|ds < oo P —a.s
0
Lettp:=inf{t > 0,]Y;| > R}.

Then, there exists C depending on T, R, (||| .1(qy and || f{| 1 _g,ay

such that for any nonnegative measurable functiony € L} ,

TATR >
E [ p(Ye)22ds < Cllll_pap
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Proof of the Lemma

Let Ty :=inf{t > 0: [} |Zs[?ds > N},
T =inf{t > 0: fot |H(s, Ys, Zs)|ds > M}, and put T := T A Ty A T}
By Tanaka’s formula we have,

TAT 1
(Yro—a) = (Yo-a) — [ 1rcad¥+ 5L5(Y)

Since the map y — (y — a)~ is Lipschitz, we obtain

1 TAT
sLhe(Y) < Vi =Yol+ [ VpcalH(s Ya Zo)lds (@

TAT
_ /0 11y,<a) ZsdWs

Passing to expectation in inequality (9), and since 7 := T A T\ A T},
we get E [L2, (Y)] < 4R+ 2M. Since ais an arbitrary real number,
we obtain
supE[L%,.(Y)] <4R+2M. (10)
a
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Proof of the Lemma continued 1

Passing to expectation in inequality (9) and use the occupation density
formula, we obtain,

B (L3, (V)] SEVrae— Yol + [ Ay,caf(¥e)Zi0s
< E[Yrar — Yol + /TAT1{YS<a}f(Ys)d<Y>s
<ElYr—Yol+ [ 2AfELhL(V)]dx (1)
Using inequality (10) and Gronwall’s lemma, we get

a
E [L10n(¥)] <28 sup [¥ilxp (21l -
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Proof of the Lemma continued 2

Let now ¢ € L1 (R). Using the previous bound and the occupation
density formula, we get

TAT o TAT
]E/O ¢(YS)ZSdS:]E/() 1{Ys<a}f(Ys)d<Y>s

R
= /—R l[J(a)]E [ ?’/\TR(Y)] da
< C(T.R) [¢ll1(—r.nA)

Passing to the limit on N and M, having in mind that
T := T A T) A T}y, We get the desired estimate. The Lemma is proved.
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[t6-Krylov formula

Theorem

Let (Y, Z) be a solution for BSDE eq(&, H). Assume that (H1) holds
with f locally integrable. Then, for any function u belonging to

CH(R) N WE 0 (R)
INTR >
u(Yines) = u(Yo) +/ U (Ye)dYs + - / "(Ye)Z2ds

where tg := inf{t > 0, |Y;| > R}.

Proof.

@ Using Lemma 7 (local Krylov’estimate), the term
[T (Ys) Z2ds is well defined.
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[t6-Krylov formula

Theorem

Let (Y, Z) be a solution for BSDE eq(&, H). Assume that (H1) holds
with f locally integrable. Then, for any function u belonging to
C'(R) N W2 s(R)

loc

INTR
(Yf/\TR) = U(YO +/ Ys)dYs+ / Ys)szS

where tg := inf{t > 0, |Y;| > R}.

Proof.

@ Using Lemma 7 (local Krylov’estimate), the term
VTR U (Yg) Z2ds is well defined.
@ To establish 1té’s formula, we approximate u by a suitable

sequence of smooth functions u, for which It6’s formula is valid.
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[t6-Krylov formula

Theorem

Let (Y, Z) be a solution for BSDE eq(&, H). Assume that (H1) holds
with f locally integrable. Then, for any function u belonging to
C'(R) N W2 s(R)

loc

l’/\TR INTR >
u(Yines) = u(Yo) +/ U (Ye)dYs + ~ / "(Ye)Z2ds

where tg := inf{t > 0, |Y;| > R}.

Proof.

@ Using Lemma 7 (local Krylov’estimate), the term
VTR U (Yg) Z2ds is well defined.
@ To establish 1té’s formula, we approximate u by a suitable
sequence of smooth functions u, for which It6’s formula is valid.

@ We use, once again, Lemma 7 and pass to the I|m|t
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The equation eq(¢, f(y)z?)

The following proposition shows that neither the exponential moment
of ¢ nor the continuity of the generator are needed to obtain the
existence and uniqueness of the solution to quadratic BSDEs.

Assume that ¢ € L2(Q) and f € L'(R). Then the BSDE eq(¢, f(y)z?)
has a unique solution in S? x M?.
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The equation eq(¢, f(y)z?) continued

Proof Let (Y, Z) be a solution of equation eq(¢, f(y)z2). Since
= [ exp([¢ f(t)dt)dy belongs to C'(R) N W2, (R), then
Ito Kronvs formula (Lemma 9) shows that,

]
u(Ye) = u(@) — [ /(¥s)ZeaWe

The function v satisfies : u is invertible and

0 < exp(— [[f[[1r)) < U < exp([|f]l k)
Therefore
(Y, Z;) is the unique solution of the BSDE eq(&, f(y)z?) if and only if
(u(Yy), U'(Y)Zy) is the unique solution to the BSDE eq(u(¢), 0).
Since, [u(Z)[ < [¢]exp([|f]|,1(r)), we deduce that equation eq(u(¢),0)
has a unique solution if & belongs to L?(Q)).
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Comparison theorem for eq(¢, f(y)z?)

This is a comparison theorem for measurable generators.

Let¢,, ¢, be Fr—measurable and satisfy assumption (H1). Let f, g be
in L'(R). Let (Y', Z"), (Y9,29) be respectively the solution of the
BSDEs eq(&4. f(y)|2|2) and eq(Z,, g(y)|z[?). Assume that &y < &
as. andf < gae. Then Y[ < Y/ forall t, P-a.s.

Let ¢ be Fr—measurable and satisfies assumption (H1). Let f, g be in
L'(R). Let (Y',Z"), (Y9,Z9) be respectively the solution of the
BSDEs eq(&, f(y)|z|?) and eq(¢, g(y)|z|?). Assume that f = g a.e.
Then Y[ = Y{ for all t, P-a.s.
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Proof of comparison.

Proof. According to Theorem 10, the solutions (Y', Z") and (Y9, Z9)
belong to S? x M?. For a given function h, we put

Up(X) := /OX exp <2 /Oy h(t)dt) dy

The idea consists to apply suitably the lto-Krylov formula to uf(Y$).
This gives,

T 1 T
u(Y9) = u(Y9) + [ u(v)ave+5 [ (v§)d(vO)s
T
= u(Y9) + My — M~ [ u(Y9)g(¥$)| 2 Pas
2/ '(Y9)|Z9)2ds

where (M;)o<<1 is @ martingale.
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Proof of comparison continued.

Proof, continued Since ug(x) — 2g(x)ug(x) = 0,
uf (x) — 2f(x)uz(x) = 0 and ui(x) > 0, then

(Y8) = u(YE) 4 Mr— M~ [ d(VE) [0(¥E) — (D)) 128 P

Since, [, uj(Y?) [g(Y?) - £(YZ)] |ZZ|2ds > O , then
ur (Y7) = ur(Y?) + My — M;
Passing to conditional expectation, and since us is increasing and
o 2 Gy, we get
ur (Y7) = E [u(Y]) / Fi]
= E[us(&p) / Fi]
> E[ur(&y) / Fi]

=y (Y{)

Passing to u, ', we get Y7 > Y/. The proof finished.
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The equation eq(&, a+ by + f(y)z?)

The BSDE under consideration in this subsection is,
T » T
Y, = §+/t (a+b|Ys| + F(Ye)|Zs| )ds—/t ZdWs  (12)

where a, be Ry and f: R — Ry.

Assume that & € L?(Q) and f € L'(R). Then, the BSDE (12) has
solution in 8% x M? has a minimal and a maximal solution.

The result remains valid when H(y, z) := a+ bly| + c|z| + f(|y])|z|?) .
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The equation eq(&, a-+ by + f(y)z?)

Proof. 1t6—Krylov formula applied to the transformation u defined in
Lemma 2 shows that

;
u(Y) = u(@ +/ Ys)a+b|Ys|)ds—/ U (Ye)ZsaWs  (13)

We put,
Y :=u(Y), Z:=U(Y)Z and ¢& :=u(g)
Y’ and Z' satisfies then the BSDE,
T T
Y/ =¢ +/ G(Y!)ds — / Z!dW,s (14)
t t

where G(x) := U/ (u=1(x)(a+ blu~ " (x)])).
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Proof for equation eq(¢&, a+ by + f(y)z?), continued

Proof, continued. Using Lemma 2, one can show that equation (12)
has a (unique) solution if and only if equation (14) has a (unique)
solution.

From Lemma 2, we deduce that the coefficient G of BSDE (14) is
continuous and with linear growth. Moreover, the terminal condition
& = u(Z&) is square integrable if and only if ¢ is square integrable.
Therefore, according to Lepeltier & San-Martin 97-98, the BSDE (14)
has a minimal and a maximal solution.

KHALED BAHLALI (UTLN) Quadratic BSDEs with L2 terminal data. ¢



Existence of a viscosity solution.

Assumptions.
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Existence of a viscosity solution.

Assumptions.
(H5) (o, b are uniformly Lipschitz |
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Existence of a viscosity solution.

Assumptions.
(H5) (o, b are uniformly Lipschitz |
(H6) o, b are of linear growth. And, f is continuous and integrable.
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Existence of a viscosity solution.

Assumptions.
(H5) (o, b are uniformly Lipschitz |
(H6) o, b are of linear growth. And, f is continuous and integrable.

(H7) The terminal condition 1 is continuous and with polynomial
growth.
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Existence of a viscosity solution.

Assumptions.

(H5) (o, b are uniformly Lipschitz |

(H6) o, b are of linear growth. And, f is continuous and integrable.
(H7) The terminal condition 1 is continuous and with polynomial
growth.

Assume (H3)-(H7) hold. Then, u(t, x) := ( ¥ is a viscosity solution
for the PDE associated to o(x), b(x), f(u )( (u))? with the terminal
condition 1.
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Touching property.

To prove the existence of viscosity solution, we need the following
touching property.

Let (G;)o<t<T be a continuous adapted process such that

dE, = B(t)dt + a(t)dW,,

where B and a are continuous adapted processes such that b,|c|? are
integrable. If {; > 0 a.s.for all t, then for all t,

1{@:0}06(1') = 0 a.s.,

1{§t:0}'8(t) > 0 as,

KHALED BAHLALI (UTLN) Quadratic BSDEs with L2 terminal data. ¢




Proof viscosity solution.

We assume, H(x, y, z) := f(y)z? with some integrable .
We denote (X, Ys, Zs) := (XEX, YI* ZtX)
Since X is a Markov diffusion and u(t, x) = Y;**), then

Vse [0, T], u(s, Xs)=Ys (15)

Let ¢ € C'2. Let (t, x) be a local Maximum of u — ¢, which we
suppose global and equal to 0, that is

¢(t, x) = u(t, x) and ¢(t, x) > u(t, x) for all (5, X).
This and equality (15) imply that

$(s, Xs) > Ys (16)
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Proof viscosity solution, continued.

We now show that u satisfies the comparison property. We have

S S
Y, = Ys+/ H(Xs, Y,,Z,)dr—/ Z.aw,
t t

$(5. Xs) = (£, X)) +/ % L) (r Xy dr+/ oD (r, X;)dW,

As ¢(s, Xs) > Ys , the touching property shows that, for each s,
d¢p
11 {(p(SvXS):YS}(ait + L4))(S, Xs) + H(Xs, Ys, Zs) Z 0 aS,

11{¢(S,XS)ZYS}| — Zs + U'TD(P(S, XS)| >0 as.

As ¢(t, x) == ¢(t, Xt) = Yi:= u(t, x) for s = t, the second equation
gives Z; = cD¢(t, X;) := oD¢(t, x), and the first inequality gives the
expected result .
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