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Ramsey conjecture

e Ramsey (1928): "... equilibrium would be attained by a division into
two classes, the thrifty enjoying bliss and the improvident at the
subsistence level".
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Ramsey conjecture

e Ramsey (1928): "... equilibrium would be attained by a division into
two classes, the thrifty enjoying bliss and the improvident at the
subsistence level".

@ In the long run, the most patient agents will hold all the capital.

@ This conjecture was proved by Robert Becker half a century later.
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Complete markets

@ Individuals are allowed to borrow against future income (Le Van and
Vailakis, 2003).
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Complete markets

@ Individuals are allowed to borrow against future income (Le Van and
Vailakis, 2003).

@ The impatient agents borrow from the patient one and spend the rest
of their life to work to refund the debt.

@ Their consumption asymptotically vanishes.
e Extension with elastic labor supply (Le Van et al., 2007).
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Incomplete markets

@ The existence of a steady state rests on the introduction of borrowing
constraints.
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Incomplete markets

@ The existence of a steady state rests on the introduction of borrowing
constraints.

@ These imperfections change the equilibrium properties in terms of
optimality, stationarity, monotonicity.
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Incomplete markets

@ The existence of a steady state rests on the introduction of borrowing
constraints.

@ These imperfections change the equilibrium properties in terms of
optimality, stationarity, monotonicity.

e Optimality. The set of optimal allocations is now uninformative about
the existence of equilibrium. The Negishi's approach no longer applies.
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Incomplete markets

@ The existence of a steady state rests on the introduction of borrowing
constraints.

@ These imperfections change the equilibrium properties in terms of
optimality, stationarity, monotonicity.

e Optimality. The set of optimal allocations is now uninformative about
the existence of equilibrium. The Negishi's approach no longer applies.

o Stationarity. At the steady state, impatient agents consume. The
steady state vanishes without borrowing constraints (Le Van and
Vailakis, 2003).
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Incomplete markets

@ The existence of a steady state rests on the introduction of borrowing
constraints.

@ These imperfections change the equilibrium properties in terms of
optimality, stationarity, monotonicity.

e Optimality. The set of optimal allocations is now uninformative about
the existence of equilibrium. The Negishi's approach no longer applies.

o Stationarity. At the steady state, impatient agents consume. The
steady state vanishes without borrowing constraints (Le Van and
Vailakis, 2003).

e Monotonicity. Borrowing constraints promote persistent cycles (Becker,
1980).
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@ Under heterogenous discounting, the monotonicity property fails
(Mitra, 1979; Le Van and Vailakis, 2003; Becker, 2005; Le Van et al.,
2007).
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@ Under heterogenous discounting, the monotonicity property fails
(Mitra, 1979; Le Van and Vailakis, 2003; Becker, 2005; Le Van et al.,
2007).

@ Borrowing constraints promote persistent cycles (Becker, 1980).
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@ Under heterogenous discounting, the monotonicity property fails
(Mitra, 1979; Le Van and Vailakis, 2003; Becker, 2005; Le Van et al.,
2007).

@ Borrowing constraints promote persistent cycles (Becker, 1980).

@ Rationale for persistence: cycles of period two occur when the capital
income is decreasing in the capital stock (Becker and Foias, 1987,
1994).
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@ Under heterogenous discounting, the monotonicity property fails
(Mitra, 1979; Le Van and Vailakis, 2003; Becker, 2005; Le Van et al.,
2007).

@ Borrowing constraints promote persistent cycles (Becker, 1980).

@ Rationale for persistence: cycles of period two occur when the capital
income is decreasing in the capital stock (Becker and Foias, 1987,
1994).

@ Ramsey conjecture still holds in the case of financial constraints.
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@ Under heterogenous discounting, the monotonicity property fails
(Mitra, 1979; Le Van and Vailakis, 2003; Becker, 2005; Le Van et al.,
2007).

@ Borrowing constraints promote persistent cycles (Becker, 1980).

@ Rationale for persistence: cycles of period two occur when the capital
income is decreasing in the capital stock (Becker and Foias, 1987,
1994).

@ Ramsey conjecture still holds in the case of financial constraints.

@ But under other imperfections (distortionary taxes or market power),
a non-degenerated distribution of capital in the long run is possible.
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Existence of an equilibrium under market imperfections

@ Borrowing constraints.
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@ The Negishi's argument no longer works (FWT fails).
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Existence of an equilibrium under market imperfections

@ Borrowing constraints.
@ The Negishi's argument no longer works (FWT fails).

@ Becker et al. (1991) prove the existence of an equilibrium with
inelastic labor supply (fixed point of a tdtonnement map).
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Existence of an equilibrium under market imperfections

Borrowing constraints.
The Negishi's argument no longer works (FWT fails).

Becker et al. (1991) prove the existence of an equilibrium with
inelastic labor supply (fixed point of a tdtonnement map).

Bosi and Seegmuller (2010) give a local proof of existence with elastic
labor supply (fixed point for the policy function).
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Novelty of the model

e Elastic labor supply (differently from Becker et al., 1991).
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Novelty of the model

e Elastic labor supply (differently from Becker et al., 1991).

@ Global argument of existence (differently from Bosi and Seegmuller,
2010).
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Novelty of the model

e Elastic labor supply (differently from Becker et al., 1991).

@ Global argument of existence (differently from Bosi and Seegmuller,
2010).

@ No bubbles in a productive economy with heterogeneous agents and
imperfect markets.
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A proof of existence

@ The equilibrium exists in a truncated economy with uniformly
bounded allocations sets (apply a Gale and Mas-Colell (1975)
fixed-point argument as in Florenzano (1999)).
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A proof of existence

@ The equilibrium exists in a truncated economy with uniformly
bounded allocations sets (apply a Gale and Mas-Colell (1975)
fixed-point argument as in Florenzano (1999)).

@ This equilibrium is also an equilibrium of an unbounded truncated
economy.
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A proof of existence

@ The equilibrium exists in a truncated economy with uniformly
bounded allocations sets (apply a Gale and Mas-Colell (1975)
fixed-point argument as in Florenzano (1999)).

@ This equilibrium is also an equilibrium of an unbounded truncated
economy.

@ Proof for an infinite-horizon economy as a limit of a sequence of
truncated economies.
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Notation

e /i=1,...,m, individuals.
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Notation

e /i=1,...,m, individuals.
o kj;, capital.

o i, labor supply.
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i=1,..., m, individuals.
k¢, capital.
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K:, aggregate capital.
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i=1,..., m, individuals.
k¢, capital.

lit, labor supply.

Aj+, leisure demand.

K:, aggregate capital.
L;, aggregate labor.

6, capital depreciation rate.

Becker, Bosi, Le Van & Seegmuller (CNRS) Existence and bubbles CIMPA 2014, Tlemcen
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k¢, capital.

lit, labor supply.
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K:, aggregate capital.
L;, aggregate labor.

6, capital depreciation rate.

p:, price of the good.
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i=1,..., m, individuals.
k¢, capital.

lit, labor supply.

Aj+, leisure demand.

K:, aggregate capital.

L;, aggregate labor.

6, capital depreciation rate.

p:, price of the good.

ry, return on capital.
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i=1,..., m, individuals.
k¢, capital.

lit, labor supply.

Aj+, leisure demand.

K:, aggregate capital.

L;, aggregate labor.

6, capital depreciation rate.
p:, price of the good.

ry, return on capital.

W, wage.
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Definition

@ Given the initial capital and leisure endowments, a Walrasian
equilibrium is a sequence of prices and allocations such that
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Definition

@ Given the initial capital and leisure endowments, a Walrasian
equilibrium is a sequence of prices and allocations such that
@ prices are positive,
e markets for goods, capital and labor clear,
e production plans are optimal,

Becker, Bosi, Le Van & Seegmuller (CNRS) Existence and bubbles CIMPA 2014, Tlemcen



Definition

@ Given the initial capital and leisure endowments, a Walrasian
equilibrium is a sequence of prices and allocations such that

prices are positive,

markets for goods, capital and labor clear,

production plans are optimal,

consumption plans are optimal under the budget and the borrowing
constraints.
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Assumptions

@ Borrowing constraints: k;; > 0.
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Assumptions

@ Borrowing constraints: k;; > 0.
@ Endowments:

e positive initial aggregate endowment: }; kjg > 0,
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Assumptions

@ Borrowing constraints: k;; > 0.
@ Endowments:

e positive initial aggregate endowment: }; kjg > 0,
e one unit of leisure per period: Ajy =1 — ;.
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@ Technology:
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@ Technology:

e CRS production function, strictly increasing and concave,
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@ Technology:
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@ Technology:

e CRS production function, strictly increasing and concave,
e inputs are essential: F (0,L) = F (K,0) =0,

e asymptotic properties,

o (0F/9K) (0, m) > 4.
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@ Technology:

e CRS production function, strictly increasing and concave,
e inputs are essential: F (0,L) = F (K,0) =0,

e asymptotic properties,

o (0F/9K) (0, m) > 4.

@ Preferences:

o heterogeneous preferences, strictly increasing and concave,
e u;(0,0) =0 for any i,
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@ Technology:
e CRS production function, strictly increasing and concave,
e inputs are essential: F (0,L) = F (K,0) =0,
e asymptotic properties,
o (0F/9K) (0, m) > 4.
@ Preferences:
o heterogeneous preferences, strictly increasing and concave,
e u;(0,0) =0 for any i,
e Inada conditions.
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Equilibrium of a finite-horizon economy

@ Choose sufficiently large quantity bounds for individual capital and
consumption, and aggregate inputs.

Under the previous Assumptions, there exists an equilibrium

(ﬁ, rw, (E,-, ki, X,-) " . K, E) for the finite-horizon bounded economy.

=
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@ Sketch of a long proof.
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@ Sketch of a long proof.

@ Define the price simplex:
AN={(p,r,w):p,r,w>0, p+r+w=1} and the budget sets

G’ (p.r,w)
(ci ki, Ai) € Xi x Y x Z; :
pe [cit + ki1 — ( —9) k:t] < rekip + we (1= Aj)
=0,..., T

and its interior
BiT (p.r,w)
(ci, ki, Aj) € Xi x Yi x Z; :

= pe [cit + Kit41 — ( J) :t] < rtklt +we (1= Ajr)
=0,.
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o lfwg>0andrs+w; >0, fort =1,..., T, then the set B,-T (p,r,w)
is nonempty and C.” (p, r,w) is the closure of B (p,r,w).
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o lfwg>0andrs+w; >0, fort =1,..., T, then the set B,-T(p,r,w)
is nonempty and C.” (p, r,w) is the closure of B (p,r,w).

@ We perturb the economy, providing ¢ units of good to any consumer
and & units per consumer to producers.
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o lfwg>0andrs+w; >0, fort =1,..., T, then the set B,-T(p,r,w)
is nonempty and C.” (p, r,w) is the closure of B (p,r,w).

@ We perturb the economy, providing ¢ units of good to any consumer
and & units per consumer to producers.

@ ¢ and kj; are the same good.
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@ Define the perturbed budget sets:

T (p.row) =
(C,‘,k,’,/\,’) eEXixY, xZ:
pe (Cit + kit41) < pee+ [pr (1 —0) + re] (ki +€) + we (1 — Ajr)
t=0,..., T
B¢ (p,r,w) =
(C,‘,k,’,/\,‘) eEXixY,xZ:
pt (Cit + kiep1) < pee+ [pe (1= 0) + ] (kie +€) + we (1 — Ajr)
t=0,..., T
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@ Define the perturbed budget sets:

T (p.row) =
(C,‘,k,’,/\,’) eEXixY, xZ:
pe (Cit + kit41) < pee+ [pr (1 —0) + re] (ki +€) + we (1 — Ajr)
t=0,..., T
B¢ (p,r,w) =
(C,‘,k,’,/\,‘) eEXixY,xZ:
pt (Cit + kiep1) < pee+ [pe (1= 0) + ] (kie +€) + we (1 — Ajr)
t=0,..., T

° BI-Tg (p,r,w) is nonempty and C,-TE (p.r,w) = BI-TS (p.r,w).
Moreover the correspondence B,-T8 is lower semicontinuous.
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@ In the spirit of Florenzano (1999), we introduce the following reaction
correspondences.
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@ In the spirit of Florenzano (1999), we introduce the following reaction
correspondences.
@ Agent i = 0 (the "additional" agent):
@y (P, 1. W, (ch, kp, /\h)hmzl KL) =
.7 W) € P:
ZtT:O (Pt — pt)
(2,- [C,'t + kit+1 — (1 — 5) k,'t] — meE—m (1 — 5) e—F (Kt, Lt))
+ Yo (Fe — i) (Ke — me — Yy kie)
+ Lo (e — we) (Le = m+ 12 Aie) >0

17 / 32
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@ Agents i =1,..., m (consumers-workers):

q)i (p' rw, (Ch, khr/\h)hm:]_ f K, L) =

BT (p,r.w) if (ci, ki, Ai) & G (p,r,w)
BT (p,r,w) N [P; (ci, Aj) x Vi if (ci ki Ai) € CT* (p,r, w)

where P; is the ith agent's set of strictly preferred allocations.
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o Agent i = m+1 (the firm):

qom—Q—l (p’ r,w, (Ch, khv Ah);,n:]_ ' K, L) =
(RT)evxz:
ZZ—IO [ptF (Rtv Zt) - rtkt - Wtzt]
> ZZ-:O [ptF (Kfr Ll’) - rth - WtLt]
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@ ¢, is a lower semicontinuous convex-valued correspondence for
i=0,....,m+1
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@ ¢, is a lower semicontinuous convex-valued correspondence for
i=0,....,m+1

o Letv=(prw (ckiA) ; KL).
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@ ¢, is a lower semicontinuous convex-valued correspondence for
i=0,....,m+1

o Letv=(prw (ckiA) ; KL).
@ By definition of ¢, (the inequality is strict): (p,r,w) € ¢, (v).
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@ ¢, is a lower semicontinuous convex-valued correspondence for
i=0,....,m+1

o Letv=(prw (ckiA) ; KL).
@ By definition of ¢, (the inequality is strict): (p,r,w) € ¢, (v).
o (ci ki, Aj) & Pi(ci,Aj) x Y; implies that (c;, ki, A;) & @, (v) for

i=1...,m
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@, is a lower semicontinuous convex-valued correspondence for
i=0,..., m+ 1.

Let v= (p,r,w,(ci, ki,Aj)"; K L).

By definition of ¢, (the inequality is strict): (p,r,w) € ¢, (v).
(ci ki, Aj) € Pi(ci, Aj) x Y; implies that (c; ki, Aj) € ¢, (v) for
i=1,..., m.

@ By definition of ¢, ., (the inequality is also strict):
(KiL) & @ppyq (V).
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@, is a lower semicontinuous convex-valued correspondence for
i=0,..., m+ 1.

Let v= (p,r,w,(ci, ki,Aj)"; K L).

By definition of ¢, (the inequality is strict): (p,r,w) € ¢, (v).
(ci ki, Aj) € Pi(ci, Aj) x Y; implies that (c; ki, Aj) € ¢, (v) for
i=1,..., m.

@ By definition of ¢, ., (the inequality is also strict):

(K.L) & @01 (V).
@ Then, for i=0,....,m+1,v; ¢ ¢;(v).
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@ Apply Gale and Mas-Colell (1975) fixed-point theorem. There exists
v € O such that ¢; (V) = @ for i =0,..., m+ 1, that is, there exists
v € ® such that the following holds.
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@ Apply Gale and Mas-Colell (1975) fixed-point theorem. There exists
v € O such that ¢; (V) =@ for i =0, ..., m+ 1, that is, there exists
v € ® such that the following holds.

e Focus on "agent" i = 0. For every (p,r,w) € P,

i [Cit + kiti1 — (1-9) Rit] —me—m(l—06)e—F (Rt, Zt)>

B
Y (re—T)
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o Consideri=1,..., m. (c,, ki, Aj ) € C,T8 (p,7,w) and
B,-Ts (p,r,w)N [P,- (E,-,X,-) X Y,-} =g fori=1,...,m. Then, for

i=1...,m (c ki,A)) € CT¢(p,F,w) = B, (p,F, W) implies
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o Consideri=1,..., m. (E,-,E,-,X,-) € C,-T8 (p,7,w) and

T (p. T W i (€A i| = =1....,m :
B!t (p.¥,w)N [P <c /\> X Y} @ for LTgl m. Then, for

i=1,..., m, (c;, ki, A;) € CT¢(p,¥,w) = B, (p,¥, W) implies
T T B
Y Biui(cie, Aie) <) Biui (Gie, Aie)
t=0 t=0
@ Focus on the frm i=m+1. For t =0,..., T and for every

(K,L) € Y x Z, we have Y[ [p:F (Ki, Lt) — 7e Ky — Wi L] <
ZtT:O [PeF (K, Lt) — Fe Ky — Wi Ly
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@ Then, we prove prices positivity and the zero profit:
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@ Then, we prove prices positivity and the zero profit:

epzo
o ptF (Ke Ly) — Ky — wele =0,
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@ Then, we prove prices positivity and the zero profit:
op>0
o ptF (Kt,Lt) — Ky — wely = 0,
o 1+ >0, wy > 0.
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@ Finally, using prices positivity, we show the market clearing in the
perturbed economy:
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@ Finally, using prices positivity, we show the market clearing in the
perturbed economy:

o ZI[E,t+/_(,t+1_(1_(5)/_(,1-]_F(Rt,Zt)_m(l_é)S—mEZO,
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@ Finally, using prices positivity, we show the market clearing in the
perturbed economy:
o i [Cit + kity1 — (1= 0) kie] = F (K¢, Lt) —m (1 — ) e — me =0,
o Ke—me—Y, ki =0,
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@ Finally, using prices positivity, we show the market clearing in the
perturbed economy:
o i [Cit + kity1 — (1= 0) kie] = F (K¢, Lt) —m (1 — ) e — me =0,
o Kt —me—}. ki =0,
(] Lt_Zi (I—A,t) :O
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@ We take the limit of the perturbed economy as ¢ tends to zero and we
show that the limit

(ﬁ, r,w, (E,-, ki, X,-)m K, E)

i=1

= lim (B(9).F(e) W(e) (€i(e) ki (€). Ai (e)) _ K (e),L (o))

satisfies the definition of Walrasian equilibrium (prices positivity,
optimal plans and market clearing).
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@ We take the limit of the perturbed economy as ¢ tends to zero and we
show that the limit
— m —_
(prw (e.kiAi) KL

i=1

= lim (B(9).F(e) W(e) (€i(e) ki (€). Ai (e)) _ K (e),L (o))

satisfies the definition of Walrasian equilibrium (prices positivity,
optimal plans and market clearing).

@ We prove that any equilibrium of £7 is an equilibrium for the
finite-horizon unbounded economy.

@ Simply, consider a convex combination within the bounds of the

equilibrium of the bounded economy with a candidate outside the
bounds and derive a contradiction.
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Equilibrium of a finite-horizon economy

Under the assumptions of the model, there exists an equilibrium in the
infinite-horizon economy with endogenous labor supply and borrowing
constraints.

@ We denote by

(F(M).F(T).w(T). (& (T) .k (7). 2:(T)) "
an equilibrium for the truncated economy and by
<p, P, W, (C,-, k;, i,-) e R, I:) the limit for T — oo for the product

topology.

K(T),L(1))
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Equilibrium of a finite-horizon economy

Under the assumptions of the model, there exists an equilibrium in the
infinite-horizon economy with endogenous labor supply and borrowing
constraints.

@ We denote by

(F(M).F(T).w(T). (& (T) .k (7). 2:(T)) "
an equilibrium for the truncated economy and by
<p, P, W, (C,-, k;, i,-) e R, I:) the limit for T — oo for the product

topology.

K(T),L(1))

@ We prove first that <C,-, ki, /‘;) solves the consumer’s program in the
infinite-horizon economy.
@ Then, we show the price positivity: py, #r, wy > 0.

@ The rest follows.
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Non-existence of bubbles

o Consider the equilibrium of an infinite-horizon economy. Take p; =1
with Ft, Wt > 0.
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Non-existence of bubbles

o Consider the equilibrium of an infinite-horizon economy. Take p; =1
with Ft, Wt > 0.

@ We introduce a market discount factor reflecting the marginal rate of
substitution between t and t 4 1:

B; (0u;/9c) (Tity1, Airr1) 1
(aU[/aC) (Eit, /_\,'t) - ]. — (5 + Ft+1

Gt 1= max
1
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o let @ =1and Q; = Hézl gs for t > 0, that is
Q=TI (1—0+ Fs)fl for t > 0.
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o Let @ =1and Q; =T[_;3s for t >0, that is
Q =TI, (1—6+F) " fort>0.

@ Q: is the present value of a unit of capital of period t with focal date
t=0.
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Q: is the present value of a unit of capital of period t with focal date
t=0.

By induction, 1 = @y = Q7 (1 — (5)T + Zthl Qi (1— 5)t71.

At date 1, one unit of this asset will give back 1 — § unit of capital
and 7 unit of consumption good as its dividend.
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o Let @ =1and Q; =T[_;3s for t >0, that is
Q =TI, (1—6+F) " fort>0.

@ Q: is the present value of a unit of capital of period t with focal date
t=0.

@ By induction, 1 = @y = Q7 (1 — (5)T +ZtT:1 Qi (1— 5)t71.

@ At date 1, one unit of this asset will give back 1 — § unit of capital
and 7 unit of consumption good as its dividend.

o At period 2, 1 — ¢ unit of capital will give back (1 — (5)2 unit of
capital and (1 —0) 7 as its dividend.
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@ Definition of the Fundamental Value of capital:

FV=Y @ (1-6""x
t=1
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@ Definition of the Fundamental Value of capital:
FV=Y @ (1-6""x
t=1
@ The economy is said to experience a bubble if

im7 e @7 (1 —6)7 > 0. Otherwise (lim7_. @7 (1—06)" = 0),
there is no bubble.
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If the economy experiences a bubble, then F; converges to zero.

@ Assume that 7; does not converge to zero. Thereis p > 0 and a
strictly increasing sequence ()., such that 7, > p for i =1,2,...
For T > t,, we get

a T 1-4 no1-9¢ 1—6 \"
;
_5nT = < <
Qr(1-9) Hl—(S—l—Fs_gl—(S—i—Ft,_(l—(S—i—p)

0 <lim TSiEOOT(l_(s)T Snllnoo <11—_5—ip> -

That is there are no bubbles.
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Under the assumptions of the model (Inada included), our productive
economy experiences no bubbles.
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Under the assumptions of the model (Inada included), our productive
economy experiences no bubbles.

@ The last (laborious) part of the proof consists in proving that 7; does
not converge to zero.
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Conclusions

@ Proof of equilibrium existence in a Ramsey model with borrowing
constraints and endogenous labor supply.
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Conclusions

@ Proof of equilibrium existence in a Ramsey model with borrowing
constraints and endogenous labor supply.

e We apply a fixed-point theorem by Gale-Mas-Colell to a perturbed
truncated economy.

e The limit as the perturbation vanishes is an equilibrium of the
unperturbed economy.

e This equilibrium turns out to be also an equilibrium of any unbounded
economy with the same fundamentals.

o Existence of an equilibrium in an infinite-horizon economy as a limit of
a sequence of truncated economies.

@ Proof of non-existence of bubbles in a productive economy.

o We define a market discount factor and the fundamental value of
capital.

o We show that, if the economy experiences a bubble, then the interest
rate converges to zero.

o We prove that our assumptions prevent the interest rate from going to
zero.
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