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State space (E, )
@ Mp(E) - space of point measures on E.

@ Mp(E) - smallest o-algebra making the evaluation maps m — m(F) measurable,
me Mp(E), Fek.

° Cfg :={f: E — R : fcontinuous with compact support}.

Vague convergence of measures i, € Mp(E), n >0

pn > g <= pn(f) — po(f) forall f € C;.

Poisson point process £ on (E, £)

o P(¢(F) = k) :{ GO ME <% oralFee.

@ Fq,...,Fn € &mutually disjoint = £(Fq), . .., &(Fn) independent.
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Regular variation in R?

@ X € R and its distribution are regularly varying with index o > 0:

P(X_1X € ) v
P(IX| > x) = nl)

for a non-null Radon measure 1 on R’ \ {0} with p(tA) = t—*u(A), t > 0.
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Regular variation in R?

@ X € R and its distribution are regularly varying with index o > 0:
P(x—1X e -
PO e v )
P(IX] > x)
for a non-null Radon measure 1 on R’ \ {0} with p(tA) = t—*u(A), t > 0.
@ Equivalently, there exists © € S such that for any t > 0, S C S9—1 with P(@ € 8S) =0,

P(IX| > tx,X € S)

—top
e T P(IX| > X) rP© € S),

(weak convergence), where X = x/|x]|.
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Regular variation in R?

@ X € R and its distribution are regularly varying with index o > 0:
P(x—1X e -
PO e v )
P(IX] > x)
for a non-null Radon measure 1 on R’ \ {0} with p(tA) = t—*u(A), t > 0.
@ Equivalently, there exists © € S such that for any t > 0, S C S9—1 with P(@ € 8S) =0,

P(IX| > tx,X € S)

—top
e T P(IX| > X) rP© € S),

(weak convergence), where X = x/|x]|.
@ Equivalently, there exist a, — oo such that

nP(ay ' X €)% u().
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Regular variation in R?

{X;} i.i.d. and (an) such that nP(|X| > an) ~ 1. The following are equivalent:
@ X regularly varying with index a > 0.

@ Point process convergence with limiting Poisson process on R? \ {0} with mean measure p:

n +oo
Z 6a,,—1x,- = Z O
i=1 i=1
@ Convergence of partial sums with a-stable limit S, (for a < 2)

a; ' (Xi +... Xy — bn) = Sa.
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Example: Pareto distribution

X ~ Par(c, a)

. . c
@ Density function fx(x) = QW1{XZO}

@ Cumulative distribution function Fx(x) =1 — ( )1 ix>0}

c+X

— c
@ Tail function Fx(x) = (——)%1
x(x) (c+x) (x>0}
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Example: Pareto distribution
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Left: X1 yooe ,X1000 ~ Par(1 ) 2), Center: X1, ey Xwoo ~ Par(1 ) 3), nght X1 yooe ,X1000 ~ Par(3, 2)

Azra Tafro (University of Zagreb, Department of Mathel  Limit theory iled models




@ {Z;;:I,j € Z} real valued iid random variables such that:

P(|Zij| > x) = x~“L(x) , L slowly varying at co, o > 0 (1)
P(Z; ; P(Z,; < —
(Zij > x) — pand (Zi; < X)‘} @)
P(1Zi 1 > x) P(12i1 > x)

asx —o00,0<p<1,g=1—-p.
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@ {Z;;:I,j € Z} real valued iid random variables such that:

P(|Zij| > x) = x~“L(x) , L slowly varying at co, o > 0 (1)
P(Z; ; P(Z,; < —
(Zij > x) — pand (Zi; < X)*) @)
P(1Zi 1 > x) P(1Zij1 > x)

asx —o00,0<p<1,g=1—-p.
@ {an} sequence of positive constants such that

mMP(|Zy 1| > anx) — x~* forall x > 0. (3)

Azra Tafro (University of Zagreb, Department of Mathel  Limit theory for heavy-tailed models on a lattice August 27th, 2010



@ {Z;;:I,j € Z} real valued iid random variables such that:

P(|Zij| > x) = x~“L(x) , L slowly varying at co, o > 0 (1)
P(Z; ; P(Z,; < —
(Zij > x) — pand (Zi; < X)*) @)
P(1Zi 1 > x) P(1Zij1 > x)

asx —o00,0<p<1,g=1—-p.
@ {an} sequence of positive constants such that

mMP(|Zy 1| > anx) — x~* forall x > 0. (3)

© A(dx) = apx=* (g oy (X)aX + aq(—x) "1 (_, 0)(x)dx measure on R \ {0}.
@ u = Leb x Leb x X measure on R? x R\ {0}.
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Convergence to a Poisson process

Theorem 1

For each n suppose { X, : i,j € Z} are iid random elements of (E, £) and let X be a Radon
measure on (E, &).

Define &n := 37 ez 5( i) and suppose ¢ is PRM on R? x E with mean measure
R N ni’in,i,j
1= Leb x Leb x A. Then

&n = £in Mp(R? x E)
iff

mMPP(Xp11 €-) % A(-)on E. (4)
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Convergence to a Poisson process

Theorem 1

For each n suppose { X, : i,j € Z} are iid random elements of (E, £) and let X be a Radon
measure on (E, &).

Define &n := 37 ez 5( i) and suppose ¢ is PRM on R? x E with mean measure
b n’n’'n,i,j

w=Leb x Leb x \. Then
&n = £in Mp(R? x E)
iff

mMPP(Xp11 €-) % A(-)on E. (4)

Xn,ij = a, ' Z  satisfies (4) on R \ {0}, so

where t,(,”, ,(,2), wj are such that the sum on the right is a Poisson random measure with mean

measure u = Leb x Leb x A on R? x (R \ {0}).
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Convergence to a Poisson process

For a fixed m € N, Z(m) = (Zimmjems Zimit joms - - Zismjim) € RE@m+1)2,

Theorem 2

Let {Z;;} be i.i.d. satisfying (1) and (2) with {an} satisfying (3). Then for each fixed positive
integer m
(2m+1)2

oz m)):>Z Z 6 2 whex)

in Mp(R2 x (R@™D?\ {0})) as n — oo, where e, € RCM+1)? is the basis element with kth
component equal to one and the rest zero, and tm, z‘,(7 ), wy, are defined as above.

25

ijEZ

i
n
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Convergence of spatial averages

@ {ck,} array of real numbers such that

Z |Ck,/|‘s < ooforsomed < o, § < 1. (5)
k,EZ
°
Xij =Y CkiZivkjsi- (6)
k,I€Z
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Convergence of spatial averages

@ {ck,} array of real numbers such that

Z |Ck,/|6 < ooforsomed < o, § < 1. (5)
k,EZ
°
Xij =Y CkiZivkjsl- (6)
k,I€Z
Theorem 3

Suppose that {Z; ;}, {an}, {cx,/} satisfy (1), (2), (3) and (7), and {X ;} is given by (6). Let
{(t", ) wy)} be the points of PRM(y) on R2 x (R \ {0}). Then

25”’%1“ :>ZZ§ thk)1nMp(R2><(]R\{O}))asn—>oo.

n’n

iJEZ k,I€Z h
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Application

@ weak limiting behaviour of extremes
@ joint limiting distribution of upper and lower extremes
@ exceedances
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Applications

@ weak limiting behaviour of extremes
@ joint limiting distribution of upper and lower extremes
@ exceedances

Extremal index

If P(Mn < un) — =7 for each 7, with u, satisfying nF(un) — 7, we say that the stationary
sequence {Xn} has extremal index 6.
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Applications

@ weak limiting behaviour of extremes
@ joint limiting distribution of upper and lower extremes
@ exceedances

Extremal index

If P(Mn < un) — =7 for each 7, with u, satisfying nF(un) — 7, we say that the stationary
sequence {Xn} has extremal index 6.

Example (extremal index)

Denote M, = maxo<;,j<n X j, C+ = maxy j{ck,i, 0}, c— = maxy j{—Cck,1,0}.

P(ay 'Mp < x) = g~ (PeFHae= ),

i.e. the extremal index of the array {X; ;} is pc$ + gc2.
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Applications

@ weak limiting behaviour of extremes
@ joint limiting distribution of upper and lower extremes
@ exceedances

Extremal index

If P(Mn < un) — =7 for each 7, with u, satisfying nF(un) — 7, we say that the stationary
sequence {Xn} has extremal index 6.

Example (extremal index)

Denote M, = maxo<;,j<n X j, C+ = maxy j{ck,i, 0}, c— = maxy j{—Cck,1,0}.
_ (a7 Q) —
P(a; " Mn < x) = e~ (Pe¥FaeZ)x ="

i.e. the extremal index of the array {X; ;} is pc$ + gc2.

Example 2

Denote M, ,, - rth largest among {X(_n,—m), - - -, X(n,m) }- For 0 < y < x we have

P(ay "Mnn < x, 85" M3 5 < y) — P(N((x,00)) = 0,N([y, x]) < 1).

Azra Tafro (University of Zagreb, Department of Mathel  Limit theory for heavy-tailed models on a lattice August 27th, 2010



Convergence of moving maxima

@ {cx s} array of real numbers such that

Z |Ck,/|6 < oo for some § < o, 6 < 1. (7)
k,I€Z
°
Yiji= \/ Cr, 1 itk jti- (8)
k,EZ
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Convergence of moving maxima

@ {cx s} array of real numbers such that

Z |Ck,/|6 < oo forsomed < a, 6 < 1.
K,IEZ

= \/ Cr, 1 itk jti-
k,EZ

Theorem 4
Suppose that {Z; ;}, {an}, {cx,/} satisfy (1), (2), (3) and (7), and {Y; ;} is given by (8). Let

{(t", 1) wy)} be the points of PRM(x) on R2 x (R \ {0}). Then

Zé—,—,an vy = \V Za e )nMp(sz(R\{O}))asnﬂoo.

iJEZ k,€Z h
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Convergence of moving maxima

@ {cx s} array of real numbers such that

Z |Ck,/|6 < oo for some § < o, 6 < 1. (7)
Kk,IEZ
°
= \/ Cr, 1 itk jti- (8)
k,EZ
Theorem 4

Suppose that {Z; ;}, {an}, {cx,/} satisfy (1), (2), (3) and (7), and {Y; ;} is given by (8). Let
{(t", 1) wy)} be the points of PRM(x) on R2 x (R \ {0}). Then

257,7@” vy = \V Za e )nMp(sz(R\{O}))aanoo.

iJEZ k,€Z h

Example (extremal index)

Denote M, = maxo<; j<n Yij, C+ = maxy {ck,, 0}, c— = maxy ;{—ck,,0}.

P(ay ' My < y) = e~ (Pt rac=l,

i.e. the extremal index of the array {V; ;} is also pc§ + qc .
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Example

@ Z~ Par(1,2)

max{r, i} kL1 <20
0 , otherwise .
left X; ;, right V; ;, [i], |j| < 20:

@ Ck, =

2w 2"
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