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INTRODUCTION

These notes are an introduction to continuous-time corporate finance which is mainly concerned
with the decisions taken by firm managers in terms of investment, hedging and dividend distri-
bution. Unlike standard option-pricing models, which rule out frictions or market imperfections,
Corporate finance is relevant only when the markets exhibit frictions such as tax subsidies, liqui-
dation costs, costs of issuing new shares and agency costs. This is the famous Modigliani-Miller
theorem that claims: in the absence of frictions, the value of a firm is independent of its capital
structure that is the proportion of debt and equity in the liability side of its balance sheet.
As a consequence, in a world without frictions, all managerial decisions that would modify the
structure of the balance sheet, have no impact on the total value of the firm. In these notes, we
will focus on two type of frictions: issuance costs and agency costs keeping in mind that agency
costs are a way to explain why issuance costs are high in practice.

In the first chapter, we present the base liquidity-management problem where the issuance costs
are so high that firm are liquidated when they run out of cash reserves. We apply the base model
to banks to study the impact of regulatory capital requirements and to investment in a more
productive technology. From a mathematical viewpoint, the liquidity-management problem ne-
cessitates to solve stochastic singular control problems whose difficulty increases as and when
the model becomes more realistic. While the first chapter assumes exogenous costly refinancing,
a deeper approach consists in focusing on endogenous costs due to a conflict of interest between
shareholders and managers such as moral hazard issues when the firm’s owner cannot observe
the effort made by his/her manager. As a consequence, we must study the contracting problem,
called principal-agent problem that defines the relationship between firm’s owners and firm’s
managers. The practical implementation of the optimal contract when it exists gives a role to
cash reserves which establishes a connection between the two chapters.



CHAPTER 1

LIQUIDITY-MANAGEMENT PROBLEMS

1.1 A workhorse model

A firm has a single investment project that generates random cash-flows over time. The cumu-
lative cash-flow process X = (X;);>0 is an arithmetic Brownian motion with strictly positive
drift pu,

Xt:ut+UWt (11)

In absence of any frictions (in particular, new equity issuances are costless, the firm’s value
is defined by the sum of initial cash holdings of the firm z plus the present value of future
cash-flows:

Viz) =1 +E, [/Ooo e”dXt} —a+ g (1.2)

Assume now that the firm is cash constrained in the sense that it cannot afford to issue new
equity or debt. To meet the operating costs and avoid bankruptcy, the cash reserves must always
remain non negative. The cash reserves of the firm M = (M;);>o evolves according to

th = dXt - dZt MO =T (13)

where Z = (Z;)1>0 is the cumulative payment process to equity-holders (here we assume that
the manager acts on behalf of equity-holders) to be endogenously determined. The process Z
is assumed to be non decreasing meaning that the losses for equity-holders are limited to their
initial investment, which is called limited liability. For a given payment policy Z the value of
the firm is defined by the present value of future payments up to the liquidation time 7,

V(z; Z) = E, [/OTL e”dZt] (1.4)

where
= {t>0 M, <0} (1.5)

Thus the Stochastic Control Problem that defines the firm'’s value

supV(z;Z) = supE, [/ e”dZt] =V*(x) (1.6)
z z 0



1.1.1 A stochastic singular control problem
Bounded dividend rates

In that case, the dividend payment process Z; is given by dZ; = u(X;) dt where 0 < u(.) < M.
Then, the value function is now given by

V*(z) =supE </0TL e "u(X,) ds) .

u

Let V(z,u) = E (f;* e "*u(X,) ds) be the expected total discounted value corresponding to the

manager’s strategy u. To prove that a strategy u* is optimal, we will proceed in two steps:
1. Find a function ¢ such that V(z,u) < ¢ for all z > 0 and for all .
2. Prove that ¢(x) = V(z,u").
Verification Theorem Denote by A the differential operator

292 0
Aft) = G gy

Assume that there is a smooth function ¢ such that the following variational inequalities hold:

e For all bounded dividend rate u,
A (@) +u(z)(1 - ¢'(x)) < 0. (L.7)
Then, the function ¢ satisfies ¢ > V(z,u) for all bounded dividend rate w.
Proof: Apply Ito formula to e "¢p(X,).

Free Boundary Problem It is clear from variational inequalities (1.7) that the optimal control
u* depends on the the sign of 1 — V” in the following way

(o) = 0 if V' >1
W)=Y M V<1

When V' = 1 the optimal control switches. Let (Vas,x%,) be a solution to the following free
boundary problem

AVy = 0, z<z}y
AVy+ M1 -=Vy) = 0, x>z
Var(0) = 0 limited liability condition
V(z3) = 1 switching condition.

Then, the shareholder value function is V), and the optimal strategy is u*(z) = M Lie>as,y
Unbounded dividend rates
Heuristic derivation of Bellman Equation.
- The policy Zy = z € (0, z) yields to
Vi(x) > V*(x—2)+ 2.
Letting z go to 0 yields that V/(z) > 1 for all z > 0.

e Dynamic programming principle yields to LV < 0.



Let

V(z,2) = E (/O s dZs> .

and ¢ such that ¢’ > 1 and L¢ < 0 then ¢ > V(z, Z) for all admissible strategy Z.

Solution of the Bellman Equation. Let (Vp, xo) the solution to the following boundary prob-
lem:

AV(z) = 0, z<ux
Vo(z) = 1 x>0
V()(O) = OVH(I()) =1 and VOH(IE()) =0

Then, the shareholder value function is given by Vy and the optimal strategy is given by
Z7° = max [0, maxo<s<; (s + oWy — x0)] .

Computations are explicit and give

Vo(z) = E, {/OTL e_”dZ;”O] = Ji:')O((LZ:o)) 0 <z <, (1.8)

with )
1 (ag)
+

folz) = €N — % and = — 5
Qg — o (oza')

(1.9)

where oy < 0 < of are the roots of the characteristic equation

1
wx + —o%z2? —r=0.
2
If the firm starts with cash reserves x above z(, the optimal dividend policy distributes immedi-
ately the amount (x — xg) as exceptional dividend and then follows the dividend policy defined
by the process Z%°. Thus, for z > z,

VO(:L'):x—:EOJrg.

A
T
VFB\ 0
Vo
.. i) ..
No dividends Dividends

(Financial distress)

Figure 1: Shareholder value Vy(z)
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Figure 3: The cost of financial frictions
as a function of p and o2.

1.1.2 Application to Banking

This part is based on the book by Rochet and Santiago-Moreno, Chapter 4. Let us consider a
bank with a fixed volume of deposit and a fixed volume of risky assets. It is assume that the

assets generate cashflows
/Jdt + O'th,

where p,o > 0. The structure of the balance sheet implies that the book value of equity F;
satisfies
E, =M, +A—-D.

If we assume for simplicity, that neither the cash nor the deposit are remunerated, we obtain

the dynamics of cash reserves
th = ,udt + O'th — dZt,

where Z = {Z;,t > 0} represents the cumulative dividends paid to shareholders.

There is a deposit insurance system that protects depositors in case the bank is liquidated. Here,
we make the strong assumption that the bank cannot issue new equity and is forced to liquidate
its assets at a lower price than the market value of these assets when M; < 0. The losses
are modeled by an exogenous parameter « and /alphaA represents the proceeds of liquidation.
Assuming oA < D, the deposit insurance system has to provide the shortfall D — aA and to
avoid this situation, it imposes a minimum capital requirement. More precisely, we assume that
the bank is allowed to operate as long as E; > e, where ¢ = A(1 — ) to avoid costly deposit
insurance. This is equivalent to impose a minimum level of cash reserves m = D — a/A.

The shareholder value function under regulation is

TL
Vr(m) =supE,, [/ e_rtdZt}
4 0
where now
7, = inf{t > 0, My < m}.
Because the parameters of the model are constant, it is not difficult to see that for m > m
Vi(m) =V*(m —m),

and that the distribution threshold is mgr = xg+ m. The target cash level is shifted to the right
by the minimum-liquidity ratio. In particular, if the parameter « is very low (high cost of fire
sale) or if the level of deposit is high, the shareholders have to wait a longer time to distribute
dividends.



1.2 Optimal Investment for cash-constrained Firm

So far, we have considered firms with a fixed technology. A natural question arises: how liquidity
management interacts with investment decision. This introduces a real-option component in
the liquidity management problem. We will study a model based on Décamps and Villeneuve
(2007) where a cash-constrained firm can adopt a new technology. The optimal time to invest
is a classical real option problem but it is complicated here by the assumption that the firm has
no access to external financing.

1.2.1 The model

A firm has an investment option to improve its profitability at a sunk cost I. We assume that
the firm must finance the investment cost with the funds generated by its own activity. This is a
crucial difference with the base model because now retaining earnings is not only precautionary
but can be used to make the firm more profitable.

The manager who again acts on behalf of shareholders chooses a control policy 7 = (Z], 7™t >
0) that models a dividend/investment policy. Z[ therefore corresponds to the total amount
of dividends paid out by the firm up to time ¢ and the control component 7™ represents the
investment time in the growth opportunity. Therefore, cash reserves of the firm at time ¢ evolves
as

dX;r = (,UJO]ltSTT‘ + /,Ll]lt>7—7r)dt + O'th - dZtTr - d]gr,

A given control policy (Z],7™;t > 0) fully characterizes the associated investment process
(IT )i>0 by relation I = Il;>,~. As before, we define the bankruptcy time as the first time cash
reserves are depleted 77 = inf{t > 0 : X7 < 0}. The shareholder value along a fixed control 7

is given by
0
| eraz:
0

V*(z) = sgp Vi (x),

Vi(z) = E,

and thus the shareholder value function is

and the optimal policy 7* = (7™, ZF ;¢ > 0) is such that
Vs () = V™ (2).
There are two simple scenarios that play a key role in the analysis. The first one is

e Never invest in the growth option (and follow the associated optimal dividend policy).
This gives the following value function
Vo(z) = flo(m) , 0< 2 <,
fo(@o)

Vo(z) = o — zo + Vo(x0), = > xp.

The second is

o Invest immediately in the growth option (and follow the optimal dividend policy associated
to the new profit rate).
This gives the following value function

-1
Vl(x—l)zmaX<0, fl(x)>, 0<z<mx +1,
fi(z1)
Vile—D=ax—-IT—21+Vi(z1), z>a1+ I



Clearly, we have V*(z) > Vo(x) and V*(x) > Vi(« — I). Note that the second strategy exposes
the firm to a higher risk of liquidation as its cash reserves are reduced by I.
Now let consider the following optimal stopping problem

¢(x) =sup E, eiT(TMO)maX(VO(RT/\TO), Vi(Ronry — 1))
TET

where (R:); represents the cash reserves process generated by the activity in place in absence
of dividend distribution:
th = [Lodt + O'th

and 7o = inf{¢t >0 : R; <0}. We have,
Theorem 1.2.1. For all x € [0,00), V*(x) = ¢(z).

A road map towards the proof
A first observation is that Optimal stopping theory implies V*(x) > ¢(z). The difficulty is
to prove the reverse inequality. We introduce the HJB equation

max(1l — v, Lov —rv, Vi(. —I) —v) = 0.
First, we have a standard verification result

Lemma 1.2.2. Suppose we can find a positive function 1% piecewise C? on (0, +00) with bounded
first derivatives and such that for all x > 0,

(i) LoV —rV <0 in the sense of distributions,

(i) V(x) = Vi(z = 1),

(iii) V'(z) > 1,
with the initial condition V(0) = 0 then, V(z) > V*(z) for all x € [0, 00).
Lemma 1.2.3. ¢ is a supersolution and thus V* = ¢.

Some observations. First, the growth option is worthless if and only if

(N—M) < (4 1) — 0.

r

We focus on the case where the investment is valuable by assuming

(H1) M ;“0 > (21 + 1) — 0.

If the manager decides to postpone dividend distribution until investment, we can define the
associated value function

0(x) = sup B, [ TNV (Repr, — 1)
TeT

that can be explicitly computed

0(z) = J}‘;((g)) Vilb—1) a<b,

O(z) =Vi(x—-1I), z>0,
where b > I is defined by the smooth-fit principle

Vilb—1I) Vi(b—1I)
fo)  fob)

This allows us to determine the optimal strategies.

(1.10)




Proposition 1.2.4. If 0(xo) > V(o) then, the policy 7 = (ZF" 77" ) defined by the increasing
right-continuous process

77 =

(Rr, = 1) —21) 4 Ny, + Ly (1) Ly

and by the stopping time ™ = 7, satisfies for all positive x the relation o(x) = Vo ().

V1(.%' - I)
o(x)
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Figure 1: 6(zq) > Vo(xo)

Proposition 1.2.5. If 0(xo) < Vo(xo) then, the policy 7% = (ZF" |17 ) defined by the increasing
right-continuous process

27 = [(Re, = 20)+ L, + (L7 (10) = L7 (110)) Loz, ] Ly s,

+ [((R'rc - I) - x1)+ﬂt:n + Lfl (Nl» W)Ilt>rc] ]1‘rc<'ra7
and by the stopping time
* { Te Zf Te < Tq
T = .
00 if Te > Tq

satisfies for all positive x the relation ¢(x) = Vi ().
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Figure 2: 6(z0) < Vo(o)



CHAPTER 2

AGENCY FRICTIONS IN A CONTINUOUS-TIME
FRAMEWORK

The models in Chapter 1 assume an exogenous friction, that is a costly refinancing. A way
to understand why refinancing is costly is to focus on endogenous frictions due for instance
to conflicts of interest between managers and shareholders. These frictions are called agency
frictions and we will focus here more particularly on moral hazard issue, when the firm’s owner
is unable to observe if the manager is exerting effort to improve the earnings of a project. As
a consequence, we have to regulate this friction by entering into an agreement or a contract
specifying the remuneration of the manager in order to give him the right incentives to make
the desirable effort.

2.1 Principal-Agent model

We will consider a standard framework where an entrepreneur, refereed as the Agent has the
expertise but not the funds to start a project. An investor, referred as the Principal has the
required funds but lack of expertise to steer the project. We assume that both actors are risk-
neutral but they differ by their preference with respect to time. We assume that the agent is
less patient than the principal and thus has a discount rate p that is higher than the principal’s
discount rate r. We also assume that the agent has limited liability which imposes that all the
losses are the responsibility of the principal who is assumed to be able to finance any shortfall.
Once the contract has been signed, the project starts and generates cash flows that evolve as

dX: = (u— (1 —e4)d)dt + odZ;. (2.1)

where p,d > 0 which makes the effort profitable, Zf is a Brownian motion and e = {e;, ¢t > 0}
is an effort process adapted to the filtration generated by Z¢ that takes values in [0,1]. Tt is
assumed that the agent has a private benefit B dt where B is a positive constant, whenever
he shirks. Finally, once the contract is terminated, the principal receives a liquidation payoff
L<Ek

P:“obabilistic model. Formally, we consider the probability space Q = C(]0,00),R), the set
of continuous real functions on [0, +00) endowed with the Wiener measure denoted by P. Let
Z = (Z;)1>0 be a Brownian motion under (P, F;) where F; is the completion of the natural
filtration generated by Z. Under P, we assume that the project’s cash flows evolve as

dXt = Mdt + O'dZt.

Thus, P corresponds to the probability distribution of the profitability when the agent chooses
to make effort at any time. For any effort process e = {e;, ¢ > 0} which is assumed to be a F;

10



adapted process with values in [0, 1], we define

[/O‘f_(ma—e») - (50;69)24.

Because the effort process is bounded, the process (vf):>o is an F;- martingale. We then define

a probability P¢ on 2 such that
dpe

3

t —
Zte:ZtJr/ (‘5(16)) ds
0 g

is a Brownian motion under P¢. Therefore, any action process e induces a probability measure
P¢ on Q for which the dynamics of cash flows is given by Equation (2.16).

|./T"t :’}/f

The process (Z§)¢>0 with

Problem formulation. A contract is a triplet (C,7r,e) that specifies nonnegative transfers
C = (Ci)i>0 (remuneration) from the principal to the agent, a stopping time 7, at which
the project is liquidated and an effort process e that the principal recommends to the agent.
The process C is FX-adapted, nondecreasing (reflecting agent’s limited liability), 7 is an FX-
stopping time, and, for any effort process e, we assume

TL
E° (/ e_TSdCS> < 400. (2.2)
0

Throughout the paper F¥ denotes the P¢-augmentation of the filtration generated by (Xt)t>o0
and T the set of FX-stopping times.

For a fixed contract I' = (C, 7, e). The agent’s expected profit and the principal’s expected
profit associated to I' are respectively,

Va(T) = E° </0 e P (B(1 — e;) dt + dCt)) :

and

VP(F) = E° (/ e_”(dXt - dC’t) + e "k L) .
0

An incentive-compatible effort process e*(C, 1) = (e; (C,71))i>0 is an agent best reply in
term of effort to a given remuneration and liquidation policy (C, 7). That is, for any effort
process a, the effort process e*(C, 71,) satisfies

TL L
Ee (/ e PH(B(1 —e) dt + dCt)> < E¢(©me) (/ e PY(B(1 — e} (C,7p))dt + dCt)) .
0 0

We say that a contract (C, 71, e) is incentive compatible or (C, 71,) induces an effort strategy
e*(C,7) if e = e*(C, 7). An optimal contract is an incentive compatible contract that maxi-
mizes the expected principal’s profit at date 0 subject to delivering to the agent a payoff larger
than her reservation utility wg > 0. The principal problem is then to find, if any, an optimal
contract. Formally, the principal studies the problem

sup B¢ (©572) (/ e "(dX; — dCy) + e”LL) (2.3)
C,1r 0
TL
st Ee(Oe) (/ e ""(B(1 — e (C,mr))dt + dCt)) > wo. (2.4)
0

We refer inequality (2.4) as the agent’s participation constraint.

11



2.2 Incentive compatibility and Markov formulation

This section develops in our setting a standard result due to Sannikov, generalized by Cvitanic,
Possamal and Touzi: the continuation value of the agent (defined below) characterizes the incen-
tive compatible effort and allows for a Markov formulation of the principal’s problem (2.3)-(2.4).

Fix a contract I' = (C, 71, €) and assume for a while that effort process e is incentive compat-
ible which yields that both players have the same set of information. Let us define the process
WF = (WtF)tEO as

e ([ acy 7).
t

The process W' corresponds to the agent’s continuation value process associated to contract
I'. Because C is an increasing process and effort process e takes values bounded by 1, W} >0
for all t < 71, while WfL = 0 by construction. Moreover, because we assumed the manager has
limited liability, we deduce that a contract I' is terminated the first time W7 hits zero. The
following holds.

Lemma 2.2.1. The continuation value process W' associated to the incentive compatible con-
tract ' satisfies under P° the dynamics

dW} = (oW} — B(1 — e;)) dt + B} dZ¢ —dCy for t < 11, (2.5)

where the process 37 = (ﬁf)tzo is FX predictable and uniquely defined. It is called hereafter the
sensitivity process.

Proof of Lemma 2.2.1. By assumption (2.2) and because p > r, the process
t TL
U =e "W + / e P5(B(1 — es)ds + dCy) = E* </ e P (B(1 —es)ds + dC’S)|}'tX>
0 0

is a uniformly integrable martingale under P¢. By the martingale Representation theorem, there
exists a unique ;% predictable process 8 such that

t
Ui=Yo+ [ e stz
0

E° (/OTL e 2rs (B2 ds) < 400.

Then, 1t6’s formula, yields (2.5). ]

with

Thus, any contract I' = (C, 71, e) defines a unique sensitivity process 81" = (35)i>0 by the
representation theorem for Brownian martingale that yields (2.5). We could interpret Lemma
2.2.1 in the framework of BSDE as follows: for any given incentive compatible contract I' =
(C, 7L, e), there exists an unique pair of 7;* adapted process (W}, 5 ) such that

wk 0,
dWE = (oW — B(1 —e)) dt + Bl dZg — dC,.

However, the question of characterizing incentive-compatible contracts that satisfy the agent’s
participation constraint (2.4) remains unanswered: we have to characterize the set I'(wg) of
contracts I for which e = e*(7, (C;);) and, W' is greater than the participation constraint wy.

12



To solve this problem, the idea of Sannikov (2008) has been to see the sensitivity process 5*
as a control. To this end, let us consider the class of FX measurable processes 8 = (3;);>0 such

that -
E* (/ e s 32 ds) < 400, (2.6)
0

and, for any fixed increasing process C, let us consider the process W# = (Wtﬁ )i>0 that satisfies
the controlled stochastic differential equation under P,

WP = (pWF + h(B,)) dt + B, dZ, — dC; and WE > wy,

with h(B) = infogegl(gﬁ — B)(1 —e). We would like the process (Wf)tzo to play the role of
the agent continuation value associated to some incentive compatible contract I' € I'(wg). By

limited liability, this requires Wtﬂ > 0 up to the termination date of the contract I". Therefore,
we introduce

2(C) =inf{t >0, W =0}.

Let us recall that we have assumed so far that action process a is incentive compatible.
The next lemma characterizes incentive compatible contracts as a deterministic function of the
control process 3.

Lemma 2.2.2. For any compensation process (Ct)i>o satisfying (2.2) and any process (Bt)i>o0

satisfying (2.6), the contract I' = (C, TOB(C’)JLBQUA) is incentive compatible and belongs to
F(’wo)

Proof of Lemma 2.2.2. The proof follows from a standard application of the martingale
optimality principle. For any compensation process (C):>o satisfying (2.2) and any process
(Bt)e>0 satisfying (2.6), the process

¢
Rf:efptWtﬁJr/ e P (B(1 — es)ds + dCy)
0

is a uniformly integrable P°-supermartingale for every effort process (e;);>o and a uniformly
integrable P¢ -martingale where, for any ¢ > 0, ef = 1llg, >0\ with A = %. Therefore

5 (C)
Ee / e (B(1 — en)dt + dCy) | < RS
0
= wy
= RS
L @
_Ee / P (B(L—e)dt+dC) | (2.7)
0

O
Therefore, the principal’s problem is to find a contract I' = (C, 7'0ﬁ (C), 1>, ) that maximizes

her expected profit at date 0. This leads to the following Markov formulation of problem (2.3)-
(2.4).

Vp(’wo) = manZonp(w) (28)
where
5 (C)
_ e —rs —rrB(C)
Vp(w) =supE / e " (dX, — dCs)+e 0L
c.B 0
with ef = 1g,>0x,

such that

th = (th - B:ﬂﬁt<0-)\) dt + 5tdZt - dCt with WO = w. (29)

13



2.2.1 Full-effort contracts

From now, we will focus on contracts that induce full effort e; = 1 for all t. From the above
Markov formulation, the best full-effort contract is obtained by solving the singular stochastic
control problem

75 (C)

N 0

Vp(w) = sup E° (/ e "(dXs — dCs) + e_TTg(C)L> (2.10)
C,B>Xo 0

where the dynamics of the agent’s continuation utility is given by
th = th dt + ﬁtdZt — dCt with WO = w.

There are similarities between the Principal problem and those of the shareholders value function
in the liquidity management models. In particular, the value function Vp can be characterized
in terms of the HJB equation:

2
max {maXBZ,\UBQU”(w) + pwv' (w) — ro(w) + p, —v" — 1} =0 (2.11)

together with the boundary condition v(0) = L.

The main result, first obtained in a continuous-time framework by De Marzo and Sannikov is

that the Principal value Vp is a smooth and concave solution of the above HJB equation. Note

that the concavity of Vp implies that the principal chooses the sensitivity parameter 5 = Ao.

More precisely, we state the main result as follows (see De Marzo and Sannikov, Proposition 8)

Proposition 2.2.3. There exists a unique function vy defined on (0,+00) and a unique threshold
w* > 0 such that

e u(0) =1L, ’\22‘72'06’(10) + pwvi(w) — rvg(w) + p =0, v) > =1 on (0,w*) and vj(w*) = —1,

e vy is concave and twice continuously differentiable.

Some words about concavity. Assume there is a point w such that v{/(«) > 0. Because
vy > —1, this implies

p— pw

vo (W) > "

But, in absence of agency frictions, the right-hand side corresponds to the first best value, i.e.
choose the admissible remuneration policy Cy = pwt. Thanks to the concavity, it is clear that v
is a solution of (2.11) and thus a standard verification result implies that v = Vp. Termination
occurs when the continuation utility hits zero where the manager is fired. Unlike liquidity
management models, it is here a matter of incentives and not a question of liquidity because the
shareholders have deep-pockets. Observe that Vp is not always increasing because w belongs
to the agent and at some point, increases in cash flows no longer offset the promised payments
which triggers the remuneration at a point where the marginal cost of an immediate payment
equals that of increased continuation utility, v'(w*) = —1.

Therefore, it could happen that Vp falls below the liquidation value L before w*. Without
agency frictions, the shareholders would prefer to liquidate the firm. However, because of agency
frictions, they have committed to a long-term contract which prevents them from stopping the
project outside the rules of the contract.

If it happens that Vp < I then the shareholders have no incentives to start the contract at time
zero. This could happen for low profitability firms, when p is small relative to I. To sum up, the
project is undertaken if the set {w > 0, Vp(w) > I} is not empty. If we assume that the labor
market for skilled managers is competitive which is equivalent to assume that the shareholders
have the bargaining power, they will offer a contract that will promise ex-ante

wo = max{w >0, Vp(w) > I}.

14



2.2.2 Implementation

The theoretical characterization of the optimal contract using the agent’s continuation utility
needs a more concrete implementation which uses a combination of limited-liability securities,
such as stocks and bonds that can be sold to the financial market. We present the implementation
proposed by Bias et al. where all managerial decisions are contingent on the level of cash reserves.
As a nice consequence, the capital structure of the firm looks like that of liquidity management
models.

The idea of Biais et al. is to use cash reserves to model agent’s continuation utility. We assume
that these reserves M; are kept in an escrow account whose balance is observable by posing
Wy = Ao M,. Setting a = Ao, we get

dL
dM, = pM,dt + odZ; — Tt

But cash reserves grow with the interest rate earned (pM;dt) and with the earnings (udt+odZ;)
and decreases with the payout to stakeholders. In order to stick with this accounting evolution
of cash reserves, we observe that the evolution of M; can be written as follows:

dL
dM,; = pMydt + pdt + odZ; — —* — pdt.
(0%

The payouts are thus % + pdt. The flow pdt corresponds to a perpetual bond with coupon u
paid out to bondholders.

To sum up, the optimal full-effort contract is implemented with a combination of debt, equity
and liquid reserves. The firm issue debt with a coupon equals to the expected profitability to
discipline the manager. The manager receive a fraction a of the firm’s equity. Observe that
the greater the moral hazard problem, the greater the stake held by the manager. Dividend
are paid when cash reserves hit the target level % The greater the moral hazard problem, the
higher the target cash level. Finally, the firm is liquidated the first time the cash reserves hit
zero. Although the last feature is similar to liquidity management models, it is not for liquidity
reasons that the firm is liquidated but rather to give the incentives to do effort.

2.3 Moral Hazard with a Risk-Averse Agent

Consider the following dynamic principal-agent model in continuous time based on Sannikov
(RES 2008) who considers a setting where a risk- averse agent works for a risk-neutral principal
for an infinite time horizon. The principal and the agent discount future utility at a common
rate r.

The total output X; produced up to time t evolves according to

dX, = A, dt + dB?,

where (B{');>0 is a Brownian motion under P4. The process (4;); is measurable with respect to
the filtration generated by X and represents the agent’s choice of effort level. We assume that
Ay takes values in a bounded interval [0, A]. The agent has a cost of effort given by h(A;) where
h is a continuous, increasing and convex function. Furthermore, it is assumed that h(0) = 0
and there exists some « such that h(a) > ~va.
Using the same probabilistic formulation as above, we observe that X is a Brownian motion
under PV,
The principal compensates the agent by a stream of consumption (Cy)i>o, the consumption
needs to be nonnegative which reflects the limited liability of the agent. The agent cannot save
and his utility function u is assumed to be smooth, increasing and concave with «(0) = 0.

The output process X is publicly observable by both the principal and the agent. The
principal does not observe the agent’s effort, and uses the observations of X to give the agent
incentives to make costly effort. Because the cost function and utility function are common
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knowledge, the principal knows the set of all effort processes that are optimal for the agent
given this compensation contract. In cases where the optimal effort process is not uniquely
determined, we assume that we can choose arbitrarily one such A. This is due to the common
assumption in the literature that the agent will choose what the principal prefers if there is
more than one optimal choice for the agent, since he will have no incentives to deviate from
that choice.Before the agent starts working for the principal, the principal offers him a full-
commitment contract that specifies a nonnegative flow of consumption (C}); and a termination
date 7.

A contract I' = (7,(C}),) is said to be incentive-compatible if there exists at least an effort
process A*(T") that maximizes the agent’s total expected utility

EA ( / e~ (u(Cy) — h(At))dt) .
0
The principal’s problem then becomes
sup EA™(D) </ e AN - Cy) dt> ,
TI.C. 0
Moreover, an incentive-compatible contract is admissible if

B0 ([ et ulCn) ~ AT dt) 2w

where wq is the agent’s reservation utility that could be interpreted as the utility the agent
benefits from not working.

2.3.1 Characterization of incentive-compatible contracts

Given the principal-agent setting, the intuitive formulation is that the principal will offer a
compensation at time t depends solely on the path of the output process up to time t. Knowing
this contract, the agent chooses his action which maximizes his expected payoff. The process
(A¢); is restricted to be progressively measurable with respect to the filtration generated by X.

Proceeding analogously as in the risk-neutral case, we introduce the control 7 = ((8), (Ct):)
and define the controlled SDE W™ as follows:

{ W§ =wo
dWF = (rWF + [(Br) — u(Cy)) dt + BB,

where f(z) = inf,cp 1)(h(a) — za). We also define 7§ = inf{t > 0, W{" = 0} such that the
control 7 induces a contract (77, (Ct)¢).
The martingale optimality principle gives that the family

t
RA = et +/ e u(Cy) — h(Ay)) dt
0

is a uniformly integrable P4 supermartingale and a uniformly integrable P4™ martingale for
Af () = (W) (Be) g, >y = a* (Br).

Optional sampling Theorem gives

wy = B4 ( /0 " e " (u(Cy) — h(A})) dt)

and thus the contract (7J, (Cy):) is incentive-compatible with the associated best reply a*(8;).
It is moreover admissible because Wi = wp by definition.
The principal’s problem becomes

F(w) = supE*” () ( / Y etar(e) - ) dt) .
0

B,C
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This is a Markov control problem, while not a singular one unlike the risk-neutral case.
The principal value dominates the value associated to the shirking action A; = 0 for all ¢. Denote
by Fp this value. Because the agent must at least receive w, a constant flow of consumption

-1
co = u~t(rwp) is an admissible contract which gives Fy(wg) = —w. Observe that Fp is a
decreasing and concave function with F(0) = 0. The associated HIJB equation is

0 =sub.soper (5 F"(w) + (rw+ f(8) + Ba*(8) - u(©))F'(w) = rF(w) + a* (8) — )
0 =F(0)

Observe also that f(8) + Sa*(8) = h(a*(8)) and when S > +, there is a one-to-one correspon-
dence between S and a.

Sannikov has made two important contributions. First, he has conjectured that it is optimal to
choose always 8 > = and he has shown that there is a solution F} and a threshold w; such that

e [ is strictly concave and twice continuously differentiable.
e Fy satisfies F1(0) = 0, Fi(wy) = Fy(wy) and F|(wy) = Fj(w1)

e [ is a solution of the HJB equation

sup <(h/(2a))2F{’(w) + (rw + h(a) — u(c))Fl(w) — rFy(w) +a — c> =0 on (0,w;).
a,c>0

Second, he has shown that F' = F{, for large w and has thus linked the Principal value to the
value function of the mixed optimal stopping/control problem

R TG AT B
F(w) = sup E (/ e "ay — Cy)dt + e "0 ATM?«“O(WTOW)>
0

T,a,c
Applying a verification result, we have F; = F on (0, wy). But Sannikov claimed that F} = F
everywhere. From a mathematical viewpoint, a rigorous proof of this claim is still an open

question as the question of the optimality to choose always g > .
To close that section, we sketch the proof of F' = Fp for large w.

Lemma 2.3.1. Assume lim.,u'(c) = 0. Then, for every w > w, where W is defined by
o' (ut(r) = vy, we have F(w) = Fy(w).

Proof. For w > 1, let us define ¢ by the relation u(c) = rw. By concavity of u, u/(¢) < «y. Then,
we have for any incentive pair (A, C),

w= ([ eruc) - o) i) (2.12)
<B([ et (e - o - vanat) (2.13)
< wt () (E (/Ooo eH(Cy — Ay) dt) - ;) (2.14)
< wtu() (Fo(w) _E </OOO oy —Ct)dt)). (2.15)
Therefore, for any incentive pair (A, C), we have

Fy(w) > E </OOO e Ay — C’t)dt> ,

which concludes the proof.
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2.4 Moral Hazard and Real Option
2.4.1 The model

We will study now a dynamic corporate finance contracting model in which firm’s profitability
fluctuates and is impacted by unobservable managerial effort. Thereby, we introduce in an
agency framework the issue of strategic liquidation, a real option to abandon a project. We shall
link the principal’s problem to a two-dimensional fully degenerate optimal stopping problem.
Principal and agent. We consider a firm that hires a manager to operate a project. The firm’s
owner, or the principal, has access to unlimited funds and the manager, or agent, is protected
by limited liability. The agent and the principal both agree on the same discount rate r. We
assume that, at any time ¢, the project produces observable cash flows if and only if the manager
is in charge. In particular, the project is abandoned when the manager is fired and we assume
without loss of generality that its scrap value is zero. The cumulative cash flows process (Y7):>0
and the profitability process (X;);>0 evolve as

dY;g = Xt dt and dXt = —5(1,5 dt + O'ng, Xo =X (216)

where § and o are positive constants, Z; is a Brownian motion, and a; € [0, 1] is the agent’s
unobservable action. The unobservable action a; = 0 is called the effort action, the unobservable
action a; > 0 is called the shirking action. Thus, shirking has a negative effect —da; on prof-
itability. Whenever the agent shirks, he receives a private benefit Ba; dt where B is a positive
constant.

Proceeding analogously as before, we obtain the following Markov formulation of our problem:
find a contract I' = (C, 7} (C), I g<rs) that maximizes her expected profit at date 0.

Vp(z, wo) = maxy>w, Vp(z, w) (2.17)
where
i ()
Vp(z,w) = supE*® / e " (Xsds — dCs)
c,B 0
with a* = (af )i>0 and aj = llg, <o,

such that
dX; = =0l g, cox dt + 0dZ; with Xo = z, (2.18)
AW, = (TWt — Bﬂ5t<g)\) dt + pBidZ; — dCy with Wy = w. (2'19)

Our first result concerns the possibility to postpone the payment to a terminal lump sum
transfer.

Lemma 2.4.1. [t is always optimal for the principal to postpone payments and to pay the agent
only at the liquidation time with a lump-sum payment.

Proof of Lemma 2.4.1. First, observe that, from (2.7), the Principal’s value function (2.17)
can be re-written as Vp(x, wp) = maxy>w, (v(z, w) —w) where

i 5 (C)
v(z,w) = supE* </ e "(Xs+ Blg,<xs) ds) s.t (2.18) and (2.19). (2.20)
c.B 0

The amount v(z,w) corresponds to the total surplus generated by the project in our moral
hazard framework.
Second, note that T(?(C) = crg A %(? (C) where for any fixed increasing process (Cy)i>0, we

have
72(C) = inf{t > 0, W =0},

and
ol =inf{t >0, (AC); = W/ and (AC); > 0}.
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Third, with no loss of generality, a remuneration process can be written under the form
(Ct)t<.ré3(c) +W 5(C))- ﬂt:-rf(c)' Therefore, a control policy can be viewed as a pair (C, 8) and

a stopping time 7 at which the Principal pays Wf_ and liquidate. Thus, we have

X TAFE(C)
C,B, 0

Observe that %()5 (0) corresponds to the liquidation time when the principal postpones pay-
ments up to liquidation. We have

X TAFE(0)
v(z,w) > supE* (/ e " (Xs+ Blg, <o) ds> , choosing C' =0 (2.21)
B, 0

[ e AFE(@)AFE(0)
> [E® / e " (Xs+ Blg,<xo)ds |, choosing 7 = g'ég A 7105(0)
0
-8

B A7l (C)
. 0/\To
=E* (/ e " (Xs+ Blg,<xo) ds) , observing 72 (C)) < 7(0). (2.22)
0

Taking the supremum over the controls C, 3 in (2.22) yields v(z,w). It follows from (2.21) that

X TATE(0)
v(z,w) = sup E* / e " (Xs+ Blg.<xo)ds |, (2.23)
B,7 0
which proves that it is optimal to postpone payments. O

2.4.2 Full-effort contracts

We focus on full-effort contracts, that is the class of contracts that induces the agent to exert
effort at any time. It follows from Lemma 2.2.2 that the full-effort action process a = 0 is
incentive compatible if and only if 3; > Ao. Restricting the analysis to contracts that incentivize
the full-effort action leads to re-write the Principal problem as follows:

Find a contract T'= (W,_1;—r, 7 A 7~'é3, 0) where the pair (7, 3) is solution to

7'/\716i
v(z,w) = sup E° (/ e "X, ds) (2.24)
0

B>Ao,T
such that
dX; = odZ; with Xy =z, (2.25)
th = ’I"Wt + ﬁtdZt with WO = w, (226)
where

7 =inf{t >0, W,- =0}.

The above problem is an Optimal Stopping problem with a random maturity 7:5 and the rest
of the lecture will consists in solving this problem.
First remember that the unconstrained stopping problem

vo(x) = sup E° < /0 ’ e "X, ds) (2.27)

T
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which corresponds to the firm value in a frictionless world in which there are no asymmetry of
information and private benefits is a standard real option problem that has an explicit solution
(see for instance Dixit and Pindyck). We have

* . —V2 1
vo(x) = T 7T e ), with 6 = " and z* = 7
roor o

The threshold z* is the profitability threshold below which it is optimal to abandon the project
when the profitability is observable. The stopping time

=inf{t >0, X; <z*} (2.28)

is optimal for (2.27).
Second, we consider the sub-solution to problem (2.24)-(2.26) where §; equals Ao. This yields
the two-dimensional constrained optimal stopping problem

TATHC
u(z,w) = sup E° (/ e " X, ds) (2.29)
0

T

such that
dXt = O'dZt with Xo =,

th = TWt dt + )\O'dZt with WO =w,

and
707 = inf{t > 0, W,- = 0}. (2.30)

The main result states

Theorem 2.4.2. The following holds

(i) For all (z,w) € R x RT, v(z,w) = u(x,w). Furthermore, u(z,w) = vo(x) for all (x,w) €
R x R such that w > Az — z*).

(ii) The contract (W= Ly—r« )0, 7* A 739, 0) is the optimal contract that induces full effort.

The proof of Theorem 2.4.2 consist in three steps that we briefly describe below. For a
rigorous proof, we refer to Décamps and Villeneuve (2018).

Step 1 We explicitly solve the optimal stopping problem (2.29).
The exit time 7 = 7% A 79 of the open rectangle R = (z*,4+00) x (0, +00) is optimal for

(2.29). That is,
TR
u(z,w) = E° </ e "X, ds) )
0

Moreover, if w > A(z — x*) then, u(z, w) = vo(z).

Step 2 We prove regularity results for u. We have w is jointly continuous over [z*, +00) x [0, 00)
and C* over R = (z*,+00) X (0, +00). Furthermore, it satisfies

max(L(Ao)u, —u) =0 (2.31)
almost everywhere on R x R where £(f) is the fully degenerate differential operator

2 2 2
(Z‘ w)_|_10- al(aj w)+ /6 (3 ‘g(x w)—‘rO',B o Z(%,IU)

v
LBV = —rV(z,w)+x+rw— 57 5a2

ow

Step 3 We show concavity results for u. For any x > x* (z,0) exists and is finite. Moreover,

ou
" dw

for any (z,w) € R, the value function u satisfies
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. Ou 0 ou
- =K « — (X >
(@) ow (w,w) <ﬂ70<7 8w( TO’O)> 20,

2
0% 0%y
(i) (8x(‘3w + )\W

We thus conclude that « is a smooth solution of

)z, w) < 0.

max(maxg>xoL(8)v, —v) =0 on R x Ry, (2.32)

with boundary conditions v(z,0) = 0 Then, a standard verification argument based on Ito’s
formula yields u = v.

Optimal payment policies. It follows from the proof of Theorem 2.4.2 that, once the agent’s
continuation payoff W; reaches A(X; — z*), payment policy W, 1;—,+ guarantees optimal liqui-
dation of the firm. Another policy that leads to optimal liquidation once Wy reaches A(X; — z*)
is to pay the agent at continuous rate rW;dt up to the optimal liquidation time 7*. To see
this, assume that couple (z,w) satisfies relation w = A(z — z*) and consider payment policy
dCy = rWy dt. The dynamics

dXt = O'dZt X() =,

th = T'Wt + )\O'dZt - dCt WO = w,

imply that dW; = AdX,, from which we deduce that W; = A\(X;—z*). In turn, 7o = 7* a.s., that
is, the continuation value process W reaches zero at the optimal liquidation time 7*. Consistent
with (2.7), a direct computation yields that

([

and, accordingly, the value of the principal satisfies

Vp(z,w) = E° </OT

The above remark shows that paying cash earlier is not costly for the principal provided that
principal can ensure that profitability process reaches optimal liquidation threshold z* before
continuation value of the agent falls to zero.

To summarize, when initial values (x,w) satisfy w < A(z — z*), deferring payments give
incentives to the agent, the continuation value rises and the risk of inefficient liquidation is
reduced. Once the agent has established a high performance record, that is when continuation
value W; reaches A\(X; —z*), any payment policy that leads to liquidation at 7* is optimal. The
same idea is present in He and in DeMarzo and Sannikov (2017) where payments to the agent
are postponed until inefficient liquidation can be avoided. Note that, as it is usual in dynamic
contracting models, the agent may be fired without any compensation at all after a series of bad
outcomes leading to inefficient liquidation.

*

e "W ds) ) (2.33)

*

e " (Xsds — dCS)> = vo(z) — w.

21



	Liquidity-Management Problems
	A workhorse model
	A stochastic singular control problem
	Application to Banking

	Optimal Investment for cash-constrained Firm
	The model


	Agency frictions in a continuous-time framework
	Principal-Agent model
	Incentive compatibility and Markov formulation
	Full-effort contracts
	Implementation

	Moral Hazard with a Risk-Averse Agent
	Characterization of incentive-compatible contracts

	Moral Hazard and Real Option
	The model
	Full-effort contracts



