Solitons in random media with long-range correlation

J. Garnier Centre de Mathématiques Appliquées, Centre National de la Recherche Scientifique, Unité Mixte de Recherche 7641, Ecole Polytechnique, 91128 Palaiseau Cedex, France, Tel. (33) 1 69 33 46 30, Fax. (33) 1 69 33 30 11, Email: Josselin.Garnier@polytechnique.fr (December 21, 2000)

A statistical approach of the propagation of solitons in media with spatially random potential is developed. Applying the inverse scattering transform several regimes are put into evidence which are determined by the mass and the velocity of the incoming soliton as well as by the correlation length of the random potential. Namely, the mass of the soliton is conserved if its initial amplitude is large enough. If the initial mass is small, then the mass decays with the length of the system. The decay rate is exponential in case of a white noise perturbation, but it obeys a power law if the carrier wavenumber of the soliton lies in the tail of the spectrum of the potential. Furthermore, the scattered radiation propagates in backward direction in case of a white noise perturbation, while it propagates in forward direction (with the same carrier wavenumber as the soliton) in case of a colored noise with long range correlation.

05.40.+j; 52.35.Sb

I. INTRODUCTION

In the last decade a lot of papers have been devoted to the study of propagation of solitons through random media. Most of them are concerned with a perturbation of the potential [1–4]. Numerical modeling of the Non- Linear Schrödinger (NLS) equation with random linear potential confirms this theory [5,6]. There exists also experimental investigations of the propagation of nonlinear waves in random media [7,8], describing the Korteweg-de Vries (KdV) type wave propagation, that may have qualitative relevance to the analytical work where the NLS case is addressed since both NLS and KdV equations are completely integrable systems.

We shall consider the one-dimensional nonlinear Schrödinger equation with a random potential. As a first motivation we think at the continuum limit of a nonlinear Anderson model [1], but the same model can also be derived from the continuum limit corresponding to randomly dispersed impurities [9]. This problem actually arises in this form in a number of problems in nonlinear optics [10] as well as in solid state physics [11–13]; as an example, it can be derived in the small amplitude limit for the sine Gordon and ϕ^4-models [14]. Our contribution consists in the study of the long scale behavior of this system in the asymptotic framework where the amplitude of the random potential tends to small values and the size of the system tends to large values.

The problem has been studied and the influence of the nonlinearity is now well understood. These results have been derived for a white noise, or a white noise type model. We refer in particular to the survey paper by Gredeskul et al [15]. In Ref. [16] we revisited these results from a mathematical point of view, and we proved that the results actually hold true for a large class of colored noises. The basic tool of our approach relies on a perturbed inverse scattering transform [17].

The general form of the effective system that governs the soliton dynamics was established in a general framework and discussed in configurations close to the white noise case. Recently we discover that the discussion proposed in Ref. [16] is incomplete in that the influence of long-range correlation in the noise may induce drastic changes in the soliton dynamics. This paper is devoted to the thorough study of this problem. More exactly, we shall deal with the propagation of a soliton whose carrier wavenumber lays in the tail of the spectrum of the noise. The interplay of the correlation length of the medium and the characteristic lengths of the soliton (related to its width and velocity) will be shown to play an important role.

Our main aim is to demonstrate that original and unexpected behaviors can be exhibited in the sense that they are not encountered when studying white noise perturbations. We shall show that a colored noise is less critical in terms of backscattering or localization effects, but it may induce the conversion of the original soliton (of nonlinear nature) into dispersive radiation (of linear nature) that propagates with the same velocity as the soliton.

We consider a perturbed NLS equation with a random potential: iu_t + u_{xx} + 2|u|^2u = εm(x)u. (1) The small parameter ε > 0 characterizes the amplitude of the potential. m is assumed to be a zero-mean, stationary, and ergodic process. The Fourier transform of the autocorrelation function of the process m is:

d(k) = 2 ∫_∞ 0 E[m(0)m(x)] cos(kx)dx, (2) which is nonnegative since it is proportional to the kfrequency evaluation of the power spectral density of the stationary process m (Wiener-Khintchine theorem [18]). Throughout the paper the bandwidth of the power spectral density will play an important role so we denote by 1/l_c its typical width.

When there is no random potential in the underlying medium the partial differential equation (1) is completely integrable and admits soliton solutions:

u_0(t, x) =

N_0 2 exp i (_{N0} 2 (x − V_0t) +^{N 20 +V 20}_4 t ) cosh (_{N0} 2 (x − V_0t)

) . (3)

The mass = ∫ |u_0|^2dx and the velocity of the soliton are respectively N_0 and V_0.

If we restrict ourselves to the linear problem (by neglecting the cubic term in the right-hand side of Eq. (1)), then the problem of the propagation of a monochromatic wave in a random medium reduces to the secondorder ordinary differential equation with random coefficient (Helmholtz equation with spatially random index of refraction): −u_{xx} + εm(x)u = k^2u, (4) where k is the wavenumber. This leads to the well-known phenomenon of strong localization, which means that the transmission coefficient T^ε(L, k) of a slab of random medium decays exponentially with the size of the slab L [9,19]: 1 L ln T^ε(L, k)^{L→∞}−→ − 1 L^ε_{loc}(k) . (5)

Furthermore the so-called localization length L^ε_{loc}(k) can be expanded as powers of the amplitude of the potential ε [20]: 1 L^ε_{loc}(k) = d(2k) 4k^2 ε^2 + O(ε^3). (6)

If k lies in the tail of the spectrum of the random potential, then d(2k) is very small. In this framework, the localization length of a monochromatic wave is very large. This means that a high-frequency wave is hardly sensitive to the random potential so that it can propagate over very large distances.

II. SOLITON DYNAMICS

We use the Inverse Scattering Transform to study our problem. Indeed the random potential induces variations of the spectral data [21]. Calculating these changes we are able to find the asymptotic evolution of the field and calculate the characteristic parameters of the wave. We are interested in the asymptotic dynamics of the soliton propagating over the long distance L/ε^2. The total mass and energy are conserved but the discrete and continuous components evolve during the propagation. The evolution of the continuous component corresponding to the radiation are found from the evolution equations of the Jost coefficients. The evolutions of the coefficients of the soliton are then derived from the conservation of the total mass and energy. The main results pointed out in Ref. [16] are the following: First the event “the transmitted wave consists of one soliton plus some radiation” occurs with very high probability for small ε, and second the soliton dynamics is governed by non-random equations in the asymptotic framework ε → 0, where only the power spectral density of the random potential appear: dN dL = − ∫_∞ −∞ n(λ, N, V )dλ, (7a) dV dL = − 1 2 ∫_∞ −∞ ( 16λ^2 NV + N V − V N ) n(λ, N, V )dλ, (7b) where n(λ, N, V ) is the scattered mass density per unit length for the colored noise model with power spectral density d(k): n(λ, N, V ) = C(λ, N, V )d(κ(λ, N, V )), (8) C(λ, N, V ) is the scattered mass density per unit length for the normalized white noise model (d(k) ≡ 1): C(λ, N, V ) = π 2^4V^6 ( (4λ − V )^2 + N^2

)_2

cosh^2 ( π^{V 2−N 2−16λ2} 4NV ) , (9)

and κ(λ, N, V ) is equal to: κ(λ, N, V ) = (4λ − V )^2 + N^2 4V . (10)

III. THE SMALL MASS REGIME N0 ≪ V0

When N ≪ V the scattered mass density for the white noise model presents a main peak around −V/4: C ( λ = − V 4 + Nx, N, V ) = π V^2 cosh^2(2πx)

, (11)

and also a secondary peak around V/4, which is much weaker than the first one (see Figure 1) because of the factor N^4/V^4: C ( λ = V 4 + Nx, N, V ) = N^4 V^4 π(1 + 16x^2)^2 16V^2 cosh^2(2πx)

. (12)

Accordingly, in the white noise model, the dynamics is imposed by the main peak, so that system (7) can be solved analytically yielding V (L) = V_0 and the exponential decay of the mass. In the colored noise model we take into account the influence of the power spectral density of the noise. The system (7) can then be simplified. We get that the velocity is preserved while the mass decays to 0 according to the differential equation: dN dL = − d(V_0) V^2_0 N − d̄(N 2/(4V_0))

V^6_0

N^5, (13a)

d̄(N̄) = ∫_∞ −∞ d (¯ N(1 + 16x^2)

) π(1 + 16x^2)^2

16 cosh^2(2πx) dx. (13b) Note that we cannot get rid off the term that originates from the secondary peak unlike the white noise model because d̄(N^2/(4V_0)) may be much larger than d(V_0). It appears here the two important characteristic lengths of the soliton:

l_0 :=

4V_0 N^2_0

, l_1 := 1 V_0

. (14)

Note that the l_0 is much larger than l_1 in the small mass regime. Although the width 1/N_0 of the soliton envelope seems a natural characteristic length, we shall see in this paper that the relevant characteristic lengths which play a role in the random scattering are l_0 and l_1. More exactly we can distinguish three regimes depending on the ratios between the correlation length l_c and the characteristic lengths l_0 and l_1.

A. Short-range correlation

Here we assume that the correlation length is of the same order or smaller than the characteristic length l_1: l_c ∼ l_1 or l_c ≪ l_1. On the one hand this implies l_0 ≫ l_c, so that for any N ≤ N_0 we have d̄(N^2/(4V_0)) ≃ 2d(0)/15. On the other hand, l_c ≤ l_1 implies that d(V_0) is of the same order as d(0), so that the second term in the righthand side of (13a) is very negligible compared to the first one. Accordingly the mass N decreases exponentially with L:

N(L) = N_0 exp ( − L L_{loc} ) , L_{loc} = V^2_0 d(V_0)

. (15)

We get exactly the same result as in the white noise model. This indicates that the white noise model is valid as soon as l_c ≤ l_1 or even l_c ∼ l_1. We can give a simple physical explanation of this exponential regime. In the limit case N_0/V_0 → 0, the incoming soliton can be approximated by a linear wavepacket: u_0(t, x) ≃ ∫_{+∞} −∞ dkϕ̂_0(k)e^{ikx−ik2 t}, (16a) ϕ̂_0(k) = 1 2 cosh^{−1} ( π N_0

(k − k_0) ) , (16b)

whose spectrum ϕ̂_0 is peaked at the wavenumber k_0 := V_0/2. Eq. (15) is therefore in agreement with the linear approximation, where the random potential gives rise to the exponential decay of the transmittivity of a linear wavepacket. Note also that the radiation is scattered backward since the spectrum of the radiation is concentrated at λ = −V_0/4 which corresponds to the wavenumber k = −V_0/2.

B. Medium-range correlation

Here we analyze the configuration l_1 ≪ l_c ≪ l_0. The inequality l_0 ≫ l_c implies that, for any N ≤ N_0 we have d̄(N 2/(4V_0)) ≃ 2d(0)/15. Then the velocity is constant while the decay of the mass is governed by: dN dL = − d(V_0) V^2_0 N − 2d(0) 15V^6_0

N^5. (17)

If the ratio l_1 ≪ l_c is small enough so that 2d(0)N^4_0 /(15V^4_0 ) ≪ d(V_0), then the main peak of the scattered mass density is so reduced that the second term actually prevails over the first one in the right-hand side of Eq. (13a). Accordingly the decay rate of the mass of the soliton N obeys a power law:

N(L) = N_0 ( 1 + L L_{dec} )_{−1/4} , L_{dec} = 15V^6_0 8d(0)N^4_0

. (18)

Furthermore, radiation is emitted in forward direction, and its spectrum is centered around the carrier wavenumber of the soliton V_0/2. So, in this regime, there is neither backscattering nor localization. But the soliton is progressively converted into dispersive radiation that propagates in forward direction.

This holds true rigorously if the power spectral density vanishes around V_0. If not, since N is decaying, the ratio 2d(0)N(L)^4/(15V^4_0 ) also decays, so that when N becomes small enough, this ratio becomes smaller than d(V_0) and the decrease of the mass obeys again the exponential law (15). The crossover between the power decay and the exponential decay occurs when L reaches the value L_{cros,1}: L_{cros,1} = ( 2d(0)N^4_0 15d(V_0)V^4_0 − 1 ) L_{dec}. (19)

C. Long-range correlation

Here we analyze the configuration l_0 ≪ l_c. Then the velocity is constant while the decay of the mass depends on the tail of the spectrum of the random potential.

1. Power decay of the power spectral density. To discuss this dependence we shall first consider that the power spectral density has a power-law decay: d(k) = σ^2l^{1−p}_c k^{−p}, for |k|l_c ≫ 1. Note that a finite variance E[m(0)^2 ] < ∞ implies p > 1. Denoting c_p = π 16 ∫_∞ −∞ dx (1 + 16x^2)^{p−2} cosh^2(2πx)

, (20)

we can rewrite system (13) as: dN dL = −σ^2l^{1−p}_c N V^4_0 (( 1 V_0 )_{p−2} + 4c_p ( 4V_0 N^2 )_{p−2}) . (21)

Since l_0 ≫ l_1 we should distinguish the cases p < 2, p = 2, and p > 2.

If p < 2, then the first term within the big parentheses of the right-hand side of Eq. (21), which originates from the main peak of the scattered mass density, is dominant, so that we get the usual exponential decay.

If p > 2, then the second term prevails over the first one, so that the decay rate of the mass of the soliton N is rapid and apparently leads to the disintegration of the soliton at distance L_{dis}:

N(L) = N_0 ( 1 − L L_{dis} )_{1/(2p−4)} , (22a) L_{dis} = 32 (p − 2)c_pσ^2l_c

V^6_0 N^4_0 ( l_c l_0 )_p . (22b)

As in the case of medium-range correlation, radiation is emitted in forward direction, and its spectrum is centered around the carrier wavenumber of the soliton. This means that the soliton is progressively converted into forward-going dispersive radiation. However, the complete disintegration does not occur, because just before it should occur, at distance L_{cros,2}: L_{cros,2} = ( 1 − ( l_c l_0 )_{p−2}) L_{dis}, (23) the quantity 4V_0/N^2(L) becomes larger than l_c. Then we get back the regime described in Section III B that is characterized by a decay of the mass as L^{−1/4}.

2. Complements on the critical power decay. Let us consider in more detail the case when the decay of the power spectral density is k^{−2}:

d(k) ≃ σ^2l^{−1}_c k^{−2}, |k|l_c ≫ 1. (24)

This configuration is of particular interest since a decay as k^{−2} for the power spectral density is very usual. For instance the two following classical models belong to this class. Both of them are step-wise constant processes that are constant over elementary intervals [x_j , x_{j+1}) and take values v_j over the j-th interval. The v_j ’s are assumed to be independent random variables with zero-mean and variance σ^2. First assume that the x_j are deterministic and that all intervals have the same length l_c : x_j = jl_c. Then the autocorrelation function is: E[m(0)m(x)] = σ^21_{|x|≤lc} ( 1 − |x| l_c ) , (25) so that the power spectral density is:

d(k) = σ^2l_csinc ( kl_c 2 )_2 , where sinc(s) = sin(s)/s. Second assume that the l_j are random and have independent increments λ_j := l_j − l_{j−1} that obey exponential distribution with mean l_c. Then the autocorrelation function is:

E[m(0)m(x)] = σ^2 exp ( − |x| l_c ) , so that the power spectral density is:

d(k) = σ^2 2l_c 1 + k^2l^2_c . Substituting the general form (24) into system (13) then yields that the decay of the mass is exponential, and that, whatever l_c, the contributions of the main peak and of the secondary peak are equal. Accordingly the localization length is half the standard value of L_{loc} (compare with Eq. (15)):

N(L) = N_0 exp ( − L L_{loc,2} ) , (26a) L_{loc,2} = V^4_0 l_c 2σ^2 ( = V^2_0 2d(V_0) ) . (26b)

Furthermore the radiation is emitted half in the forward direction and half in the backward direction, with wavenumbers −V_0/2 and +V_0/2 respectively.

3. Fast decay of the power spectral density. We consider that the function d(k) decays fast if its decay rate is faster then any power. For instance, let us assume that the power spectral density has a decay of the form: d(k) ≃ σ^2l_c exp(−|k|^pl^p_c ) for some p > 0 as |k|l_c ≫ 1. Then, for N̄ ≫ 1:

d̄(N̄ ) = σ^2l^c √ π 4l^{p/2}_c N̄^{p/2} exp ( −N̄^pl^p_c ) . (27)

Substituting into Eq. (13a) one gets that the mass first decays as:

N(L) = N_0^{2p} √ 1 + l^p_0 l^p_c ln ( 1 − L L_{dis,2} ) , (28a)

L_{dis,2} = 2 √ πpσ^2l_c V^6_0 N^4_0 l^{p/2}_0 l^{p/2}c exp ( l^p_c l^p_0 ) . (28b)

Then, at distance L_{cros,3} = (1 − exp(1 − l^p_c /l^p_0 ))L_{dis,2} the quantity 4V_0/N^2(L) becomes larger than l_c so that we get back the regime described in Section III B that is characterized by a decay of the mass as L^{−1/4}.

4. Conclusion. If the power spectral density decays at most as k^{−2} one can only observe an exponential decay of the mass. If this decay is faster than k^{−2}, then one first observe a quick decay of the mass to a low value where the exponential becomes exponential again.

IV. THE LARGE MASS REGIME V0 ≪ N0

When V ≪ N the scattered mass for the white noise model has broadband spectrum: C(λ = √ NV x, N, V ) = πN^4 4V^6 exp ( − π 2 N V − 8πx^2 ) . (29)

Substituting into system (7) yields that the mass of the soliton is almost constant while the velocity decays to zero. This decay is governed by the equation: dV dL = − π 2^{9/2}

N^{11/2}_0 V^{13/2}

D(N_0, V ) exp ( − π 2 N_0 V ) , (30)

where

D(N_0, V ) = 2^{5/2} ∫_∞ 0 e^{−8πx2} d ( N^2_0 4V + 4N_0x^2 ) dx. (31) Note that l_0 is much smaller than l_1 in the large mass regime. The limit behavior for large L of the velocity V depends on the high frequency behavior of the powers spectral density of the process m. The exact decay rate of the velocity results from the competition between the terms D(N_0, V ) and exp −(πN_0)/(2V ) in the right-hand side of Eq. (30).

1. Sub-exponential decay. We consider that the function d is sub-exponential if lim sup_{k→∞} k^{−1} ln d(k) = 0. For instance a power decay belongs to this class. Then D(N_0, V ) ≃ d ( N^2_0 /(4V ) ) and the decay of the right-hand side of Eq. (30) is imposed by the exponential term. Accordingly the velocity decays as: V (L) ≃ πN_0 2 ln L

, L ≫ 1. (32)

2. Exponential decay. Let us now assume that lim sup_{k→∞}^1_k ln d(k) = −l_c. Then

D(N_0, V ) ∼ exp ( − N^2_0 l_c 4V ) . (33)

The exponential term exp −(πN_0)/(2V ) and D(N_0, V ) are of the same order in Eq. (30) so that the velocity decays as: V (L) ≃ ( π 2 + N_0l_c 4 ) N_0 ln L

, L ≫ 1. (34)

3. Super-exponential decay. In the case when the decay rate of d(k) is faster than any exponential: lim sup_{k→∞} k^{−1} ln d(k) = −∞, the term D(N_0, V ) imposes the behavior of the right-hand side of Eq. (30). Let us assume for instance that the power spectral density of m is:

d(k) ∼ σ^2l_c exp (−|k|^pl^p_c ) , |k|l_c ≫ 1, (35)

for some p > 1. The velocity then decreases as the p-th root of the logarithm of L: V (L) ≃ N^2_0 l_c 4(ln L)^{1/p}

, L ≫ 1. (36)

4. Conclusion. The logarithmic rate (32) actually represents the maximal decay rate of the velocity. Whatever the process m, the term of the right-hand side of (30) has at least an exponential decay of the type exp −(πN_0)/(2V ), which implies lim inf_{L→∞} V (L)× ln(L) ≥ πN_0/2. However the decay rate may be much slower. If D(N_0, V ) is smaller than exp −(πN_0)/(2V ), then the decay rate is imposed by the power spectral density d. If the spectrum decays faster than some exponential, then the regime corresponding to Eq. (32) will be slower. Conversely, if the spectrum decays slower than any exponential, then one can only observe the regime (32).

V. NUMERICAL SIMULATIONS

The results in the previous sections are theoretically valid in the limit case ε → 0, where the amplitude of the potential goes to zero as ε and the size of the slab goes to infinity as ε^{−2}. In this section we aim at showing that the asymptotic behaviors of the soliton can be easily observed in numerical simulations in the case where the potential has small amplitude, so that its effect appears after a long propagation distance. We use a splitstep method to simulate the one-dimensional perturbed NLS equation, and more exactly a fourth-order variant [22], so that we obtain a reliable numerical algorithm which provides accurate solutions even for a long computational time-domain. In this section we shall consider a colored noise with top-hat spectrum. It is a Gaussian white noise that has been filtered so as to cancel the frequencies above the cutoff frequency k_c = l^{−1}_c . As a result the power spectral density is d(k) = d(0)1_{|klc |≤1} and d(0) = πσ^2l_c, where σ^2 = E[m(0)^2 ]. In this framework the theoretical scattered mass density is the scattered mass density of the white noise model restricted to the frequency domain where κ(λ, N, V ) is smaller than l^{−1}_c . Illustrations are given in Figure 2 and 3. If l_c is small enough, then we get back the white noise case, while if l_c is large, then the spectrum of the scattered mass is concentrated around the wavenumber V/2.

The same dichotomy is found when plotting the evolution of the mass of the soliton: If l_c is small , then the decay is exponential, while if l_c is large, then the decay is power-like (Figures 4 and 5). Thus all numerical simulations are in perfect agreement with the theoretical results.

VI. CONCLUSION

We have studied the propagation of a soliton in a nonlinear dispersive medium with random potential by applying the inverse scattering transform. We have focused on the role of the correlation length of the noise, and especially the importance of long range correlation. We have put into evidence novel and interesting features in this regime. If the amplitude of the incoming soliton is large, then the mass of the soliton is preserved while the velocity decreases at a slow rate (at most logarithmic) which depends on the high-frequency behavior of the power spectrum of the random potential. If the amplitude of the incoming soliton is small, then the amplitude of the soliton decays exponentially with the length of the system if the initial velocity of the soliton V_0 is smaller than the width 1/l_c of the spectrum of the potential. This regime is similar as for a white noise potential. If V_0l_c > 1, then a power decay as L^{−1/4} of the amplitude is shown. This regime is original and differs from previously known results. The underlying phenomenon is completely different from the strong localization which is characterized by strong backscattering. The mass of the soliton decays because it emits dispersive radiation in the forward direction.

As a global conclusion we can claim that a largeamplitude soliton is more stable than a linear wavepacket with respect to external random perturbations. However a small-amplitude soliton is less stable than a linear wavepacket with respect to random perturbations, especially those whose correlation lengths are long. When such a configuration arises, the soliton is converted into dispersive radiation that propagates in the forward direction, and whose dynamics is imposed by the standard laws in linear and random media.

REFERENCES

[1] Nonlinearity with Disorder, F. Kh. Abdullaev, A. R.

Bishop, and St. Pnevmatikos (Eds), Springer, Berlin, 1991.

[2] Fluctuations, Nonlinearity and Disorder, G. P. Tsironis and E. N. Economou (Eds), Physica D 113 (1998) 115.

[3] Y. U. Kivshar, S. A. Gredeskul, A. Sanchez, and L.

Vasquez, Phys. Rev. Lett. 64 (1990) 1693. [4] J. C. Bronski, J. Stat. Phys. 92 (1998) 995. [5] J. G. Caputo, A. C. Newell, and M. Shelley, In Integrable Systems and Applications, M. Balbane, P. Loshak, D. W. Mc Laughlin, and C. Sulem (Eds), Springer-Verlag, Berlin, 1990.

[6] R. Knapp, Physica D 85 (1995) 496.

[7] M. J. Kenna, R. L. Stanley, and J. D. Maynard, Phys.

Rev. Lett. 69 (1992) 1807.

[8] V. A. Hopkins, J. Keat, G. D. Meegan, T. Zhang, and J.

D. Maynard, Phys. Rev. Lett. 76 (1996) 1102. [9] S. A. Gredeskul, I. M. Lifshitz, and L. Pastur, Introduction to the theory of disordered media, Wiley, New York, 1988.

[10] F. Kh. Abdullaev, Theory of solitons in inhomogeneous media (Wiley, Chichester, England 1994).

[11] F. Tappert and C. Varma, Phys. Rev. Lett. 25 (1970), 1108.

[12] J. Wu, J. Wheatley, S. Putterman, and I. Rudnick, Phys.

Rev. Lett. 59 (1987), 2744.

[13] Yu. S. Kivshar and B. A. Malomed, Rev. Mod. Phys. 61, (1989) 763.

[14] A. C. Newell, Solitons in Mathematics and Physics, SIAM, Philadelphia, 1985.

[15] S. A. Gredeskul and Y. U. Kivshar, Phys. Rep. 216 (1992) 1.

[16] J. Garnier, SIAM J. Appl. Math. 58 (1998) 1969. [17] S. V. Manakov, S. Novikov, J. P. Pitaevskii, and V. E.

Zakharov, Theory of solitons, Consultants Bureau, New York, 1984.

[18] D. Middleton, Introduction to statistical communication theory, Mc Graw Hill, New York, 1960.

[19] G. Papanicolaou and J. B. Keller, SIAM J. Appl. Math.

21 (1971) 287.

[20] L. Arnold, G. Papanicolaou, and V. Wihstutz, SIAM J.

Appl. Math 46 (1986) 427.

[21] V. I. Karpman, Phys. Scr. 20 (1979) 462. [22] H. Yoshida, Phys. Lett. A 150 (1990) 262.

FIGURE CAPTIONS

Figure 1. Mass density scattered by a soliton with weak amplitude in the white noise model (d(k) ≡ d(0) = 1). One can see the main peak around λ = −V/4, and the secondary peak around λ = V/4.

Figure 2. Mass density scattered by a soliton with weak amplitude in the colored noise model with top-hat spectrum (d(k) = d(0)1_{|klc |≤1}, d(0) = 1, and l_c = 8). One can see that the main peak around λ = −V/4 has been canceled, so that it remains only the secondary peak around λ = V/4. Moreover the spectrum becomes more and more concentrated as N decreases.

Figure 3. Mass density scattered by a soliton with weak amplitude in the colored noise model with tophat spectrum (d(k) = d(0)1_{|klc|≤1}, d(0) = 1). Here l_c = 0.125 so that this configuration is very close to the white noise model, and the main peak around λ = −V/4 dominates the spectrum.

Figure 4. Mass of the soliton as function of the propagation distance (log-log scales). Here N_0 = 1, V_0 = 4, the power spectral density is d(k) = πl_c1_{|klc|≤1} where l^{−1}_c = 0.125 is the cutoff frequency. We test different values for the small parameter ε. We can clearly see the x^{−1/4} decay after a short transient regime. The thick lines correspond to the theoretical values computed from system (7) (with the scaling x = L/ε^2), while the thin lines correspond to numerical simulations with different realizations of the random potential.

Figure 5. Mass of the soliton as function of the propagation distance (lin-log scales). Here N_0 = 1, V_0 = 4, the power spectral density is d(k) = πl_c1_{|klc|≤1} where l^{−1}_c = 8 is the cutoff frequency. We test different values for the small parameter ε. We can clearly see the exponential decay. The thick lines correspond to the theoretical values computed from system (7), while the thin lines correspond to numerical simulations with different realizations of the random potential.

Figure 1

Figure 2

Figure 3

Figure 4

Figure 5