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KALMAN FILTERING WITH RANDOM COEFFICIENTS AND
CONTRACTIONS*

PHILIPPE BOUGEROLTY

Abstract. The Riccati transformation of linear filtering/control theory is shown to be a contraction on
the space of positive symmetric matrices. This is used to describe the asymptotic behavior of the filter for
systems with stochastic stationary parameters.
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Introduction. In this paper we study the asymptotic properties of the Kalman filter
in a random stationary environment, under weak controllability and observability
conditions. We show that the covariance matrix of the conditional error converges in
law and that the filter is exponentially stable. This is a direct generalization of Kalman’s
classical results.

Our main tool is the following. Consider the classical Riccati transformation that
associates the error covariance matrix at time n+1 to the error covariance matrix at
time n. We show that this transformation is a contraction with respect to the Riemannian
metric on the set of positive symmetric matrices. This important fact does not seem to
have been noticed before. For instance, it leads to a straightforward proof of Kalman’s
results on the asymptotic behavior of the filter. It can also be useful in other parts of
filtering or control theory.

For the convenience of the reader who is not interested in random environment,
we present our results in three parts. Section 1 is devoted to the study of the above-
mentioned contraction property in the classical set-up. Filtering with random para-
meters is considered in §2. Section 3 is an appendix that proves the general
results on iteration of random Lipschitz contractions (needed in § 2).

Let us describe the main results of this paper. We consider the linear system

Xn = Aan—l + E18:1’ n= 1,
(1)
Y, =C.X,tm,,

where X, e R, £, e R”, 1,,, Y, R In § 1, the parameters A,, F,, and C, are deterministic
matrices with size d X d, d X p and g x d, respectively. The random vectors {(&,, n,),
n €N} are independent; they have the same Gaussian law with mean 0 and covariance
matrix equal to the identity. We assume that X, has a Gaussian law with mean X,
and covariance matrix P,. We always suppose that the matrices A, are nonsingular
(our approach does not apply in the singular case).

For any n=1, let %, be the sigma-algebra generated by the random vectors
Y,,Y,,..., Y, and

) X, =E(X,/ %),
3) P, =E((X,— X, )(X,— X,)*/F,).
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KALMAN FILTERING AND CONTRACTIONS 943

When %, is known, )?,, is the best estimate of X,,, and P, is the conditional error
covariance matrix. Let ? (respectively, ?,) denote the set of d xd nonnegative
(respectively, positive) symmetric matrices. For any n in N and P € &, we set

(4) ®,(P)=(A,PA}+S,)(I+R,S,+R,A,PAY) ",

where R, = C¥C, and S, = F,F7; then ®,(P)c ?, and ®, maps %, in ?,. The classical
Kalman’s recursive equations can be written as

(5) Rl =‘bn(1)r14|)
(6) XAH = (An - PHRnAn)XAn-I + P,,Cf Yn

(see, e.g., Balakrishnan [3, Relations 4-1-19, -27, -31, -34]). The main result of § 1 is
that the maps @, are contractions on P, if we equip this set with the Riemannian
metric 8, which is invariant under conjugacy (see Theorem 1.7). Moreover, the fact
that these contractions are strict and/or uniform depends on the observability and the
controllability properties of the linear system (1). These results are proved in their
natural context, namely, by looking at the symplectic matrices that act on the set of
symmetric matrices by preserving %,. In that setting, they can be seen as generalizations
of the Perron-Frobenius theorem. We also could have considered the recursion associ-
ated with E(X,,/%,_,) for which analogous results hold true (see [8]).

Section 2 is devoted to filtering in a random stationary environment. We consider
again the linear equation (1), but we now suppose that the parameters A, F,, and C,
are stochastic and that {(A,, F,, C,), n=1} is a stationary ergodic process. Under
suitable hypotheses (see Hypothesis in § 2), system (1) is conditionally Gaussian, and
X, and P, are also given by the recursive equations (5) and (6) of Kalman. These
hypotheses hold, for instance, when the parameters are independent of the noises. We
first describe in § 2.1 some actual situations that can be described by such systems.
Then, in § 2.2 we introduce weak controllability and observability assumptions (in
contrast with the uniform conditions of Kalman). These conditions can hold for systems
that are usually neither controllable nor observable. Fault-tolerant systems usually
have this property. Under these assumptions, we describe the asymptotic behavior of
the conditional error covariance matrices P,. Our main result is Theorem 2.4. We show
that there exists a stationary %,-valued process {P,, n € N} with the following universal
property: “Almost surely, for any solution P, of (5), |P,— P,|| converges to 0 as
n->+00.” In particular, P, converges in law. In § 2.3 we prove that the filter (6) is
exponentially stable. These results are deduced from properties of processes that are
defined by iterations under stationary Lipschitz maps (Relation (5) and Theorem 1.7
show that the process P, is of this type). These properties are interesting for their own
sake; they are established in § 3.

This paper is self-contained and in some sense elementary. Some of its ideas are
already in the literature. The trick of studying the filtering of Riccati’s equation through
the action of symplectic matrices is, of course, well known (see, e.g., Hermann [15],
Shayman [24], and their references). Our semigroup # has been introduced already
by Wojtkowski [31], [32] in a different context. The contraction property of the Riccati
transformation is a generalization of the contraction property of matrices with nonnega-
tive elements for the Hilbert metric, due to G. Birkhoff [5]. It’s also related with the
contraction properties of product of random matrices on boundaries. In Bougerol [7]
we recover some of the results obtained here by making use of the Osseledets theorem
and the Lyapunov exponents of the associated Hamiltonian matrices.
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All our results can be generalized easily to the continuous-time case, either by a
direct study or by a reduction to discrete-time.

1. Contraction properties of Riccati equation.
1.1. The semigroup of Hamiltonian matrices. We consider the classical linear
system (1) with deterministic parameters (A,, F,, C,), n=1,

Xn = Aanfl + E:ana
Yn = Can + Mns

defined in the Introduction. We always suppose that the matrices A, are invertible.
We associate to this system the so-called Hamiltonian matrices M,, of order 2d written
in block form as

An SHA?:_I )
7 Mn = - ’
( ) <R'1An (I + Iann)"Ai< :

where R, = C¥C, and S, = F,,F}. These matrices are in the symplectic group Sp(d, R).
This group is defined as the set of all the matrices M of order 2d such that M*JM = J,
where J = (" (), (I is the identity matrix of order d and M* is the transpose of M).

This relation can be written as M ~' = JM*J, thus we see that M* is also in Sp(d, R).

If we write
A B
M =
(& o)

where the entries are d X d matrices, then BA* and A*C are symmetric and A*D —
C*B=1

Let 2 (respectively, ?,) be the set of d X d nonnegative (respectively, positive)
symmetric matrices (we recall that a matrix M is nonnegative, respectively, positive,
when for all x # 0, x*Mx = 0, respectively, >0). The set of all Hamiltonian matrices is

= {(2 g) € Sp(d, R); A is invertible, BA*e P, A*C ¢ g,}‘

Indeed, every matrix M, defined previously is in %, and every matrix (& j5) in 9 is
the Hamiltonian matrix of the linear system (1) with the constant parameters A, = A,
F,=vBA*, C,=vCA™', and dimensions p = q = d. We define three subsets ¥,, %>,
and %, of ¥ by

%lz{(g g)e%;BA*e@,A*CEQ()},

C D
%)=%|m%2.

We remark that 9, is the dual of 7, (in the sense that M € 3, if and only if M* e %,).
The following semigroup property of 3 already appeared in a different context,
implicitly in Ol’shanskii [22] and explicitly in Wojtkowski [31] and [32].
ProposITION 1.1. The product of matrices in ¥ is in . The product of a matrix in
F with a matrix in ¥, (respectively, ¥,, ¥,) is in ¥, (respectively, #,, ¥,). In other
words, ¥ is a semigroup of matrices, and ¥,, ¥,, and ¥, are two-sided ideals of ¥.

%2={<A B) e, BA*EQ’O,A*CE?/’},
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We will need the following well-known lemma.

LEMMA 1.2. When P and Q are in P, then I + PQ is invertible.

Proof. If P is positive, we can find an invertible matrix M such that P~'= M*M
and Q= M*DM, where D is diagonal with nonnegative entries. Then I+ PQ=
M ~'(I+ D)M. Thus, the eigenvalues of I+ PQ are greater than one. By density, this
remains true even if P is only nonnegative. 0

Proof of Proposition 1.1. Let M, and M, be two matrices in #, and M1 M,M,.
For i=1, 2, or 3 we write M, =(& /), and we set Q,= C,A7' and P,= A;'B,. Since
M, € ¥, the matrix A¥C, is in 2 and the fact that Q,= A¥ '(AF¥C,) A" yields that Q,
is in ?. Similarly, P, is also in . We have

As;=A,A +B,C,=A,(I1+A5'B,C,AT)A, = A,(I1+ P,Q))A,.

Hence, it follows from the previous lemma that A, is invertible. We will make use of
the relation

A¥D,=C¥B,+1=C¥A,P,+1=A%C,P,+1
in the next computation. Since C;= C,A,+ D,C,, one has
A¥Cy=A¥(1+ Q,P,)A%(C,A,+ D,C))
=AF(I+ Q,P,)(A¥C,A + A¥C,P,C + C))
=AF(I+ Q,P,)AYC,(A,+ P,C))+ AFC,+ C¥P,C,
=A¥(I1+ Q,P,)AFC,(I1+ P,Q))A,+ A¥C,+ C§P,C,.

This shows that A¥ C; is a nonnegative symmetric matrix. Similarly (or using transposi-
tions) we see that A;B¥ is also nonnegative. This proves that M, is in #. Thus, ¥ is
a semigroup. If, moreover, A¥C, or A¥C, is invertible, then (8) shows that A¥C; is
positive definite. Hence, %, is an ideal of %. Similarly, %, and thus 3, is also an
ideal of .

The following result will be useful later to link the fact that a linear system is
observable or controllable with the fact that the associated Hamiltonian matrices are
in ¥, or in .

PropPosSITION 1.3. Let M, = (& [}), neN, be matrices in %. Then M\M,,_, ... M,
is in ¥, if and only if

Det (A¥C,+ A¥AY¥C,A\+- - -+ AF ... AF_A¥C,A,_,...A)#0,
and M\M, _, ... M, is in 3, if and only if
Det (B,A*+ A,B,_A¥_ A%+ .-+ A,... A,B/ATAY ... AF)#0.

Proof. For any M =({ f) in %, let f(M)—A*C and a(M)=A. We first show
that, if M, and M, are in %, then for any x in R,

(8)

9) E(MaM)x =0
if and only if
(10) EM)x=0 and &(M,)Ax=0.

We use the following two properties:

(i) When P, Qe @ and (P+ Q)x =0, then Px= Qx =0;

(ii) For any matrix M, if Pe ? and M*PM x =0, then PMx =0.
We know by (8) that if Q,= C,A;' and P,= A;'B,, then

(11) E(M,M,) = AT(I+ Q,P) AT Co(I + P,Q)) A, + AT C + CTP,C.
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The right-hand side is a sum of nonnegative symmetric matrices. Therefore, we see
that if (9) holds, then A¥C,x =0 and A¥ C,(I + P,Q,)A,x =0. This implies that C;x =0
(since A, is invertible) and A¥C,A,x =0 (since Q;A,x = C,x=0); thus, (10) holds.
The converse also follows easily from (11). Using the equivalence between (9) and
(10) we see that the following statements are equivalent:

&M, ... MuM|)x =0,
SEM)x=0 and &M, ... M)a(M,)x=0,
&,
SEM)x=0 and &(M,)a(M)x=0,...,
and ¢é(M,)a(M,_,)...a(M)x=0.

Since the matrices ¢€(M,) are nonnegative and a(M,,) invertible, this is also equivalent
to

{f(M|)+a(M|)*§(M2)a(M,)+' : ~+a(M,)* cee a(M,,_,)*f(M,,)
ca(M,_y)...a(M)}x=0.
This proves the first claim. The second claim is obtained by duality.

1.2. Contraction property. For any matrix M =(2 () in % we define a map
Dy P> P, by
(12) @, (T)=(AT+B)(CT+D)"', Te®?,.
The fact that the right-hand side is a well-defined element of %, will be shown in

Proposition 1.5. A straightforward computation shows that the map M - ®,, defines
an action of the semigroup # on %,, in the sense that, for any M, N in ¥,

(13) Dyn=Dpody

(in fact this action is induced by the linear action of symplectic matrices on
d-dimensional linear subspaces of R*?). We remark that the relation (4), which defines
the maps ®,, can be written as

®,(P)=(A,P+S,A* ") (R,A,P+(I+R,S,)A¥ "),
This shows that ®, =®,, . Therefore, by (5), the error covariance matrix P, satisfies
(14) Pnzq’)M,,(Pn—l)'

This equation is called the discrete Riccati equation. The classical continuous matrix
Riccati equation on %, is similar. Indeed, under some mild regularity and boundedness
assumptions, if P,, t€R", is the solution of the matrix-valued differential equation

P,=AP+PAf-PRP+S, PP,

where R,, S,, t=0, are in 2, then there exists a family N,, t =0, of matrices in # such
that P, = ®y (P,) (cf., Hermann [15]).
DEeFINITION 1.4. The Riemannian distance 8 on ?is defined by: forany P, Q € 2,

d 1/2
5(P, Q)={_; Logz)«,«} ,

where A,, ..., A, are the eigenvalues of the matrix PQ .
It is shown in Maass [19, Thm. p. 27] (see also Terras [27]), that & is the usual
Riemannian distance on 2, when this set is considered as the Riemannian symmetric
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space Gl(d,R)/O(d) (this metric is associated to the arc length ds’=tr {(P~' dP)?},
which is invariant under conjugacy and coincides with the Euclidean arc length on
the logarithms of the diagonal matrices in %,). In particular, (2,, §) is complete and
6 induces the usual topology. The main property of this distance is its invariance under
conjugacy and under inversion. For any invertible matrix A and for all P, Q in 2,

8(APA*, AQA*)=8(P,Q)=8(P7",Q7").

We next prove that the transformations ®,, are contractions of (%?,, §) when M e .

PropPOSITION 1.5. Let M =({ ) be a matrix in . Then

(i) Forany Tin % (respectively, ?,), CT + D is invertible and (AT + B)(CT+ D)™
is in P (respectively, P,).

(ii) If M € %, then for any T in P, (AT+B)(CT+ D) ' isin P,.

Proof. Let T e . The matrices P=A"'B, Q=CA™',and S=A (T+ P)A* are in
P. Since

CT+D=QAT+ QAP+ A* '=(QS+I1)A*"",
it follows from Lemma 1.2 that CT+ D is invertible. Now, the relation
(AT+B)(CT+ D) '=(AT+AP)A*(QS+I)'=S(QS+1)"’

easily implies the proposition (we note that this is equal to (S™'+ Q)" when S is
invertible). 0
We always use the Euclidean norm on R and the associated operator norm on
the set of matrices: if M is a matrix of order d, we let | M || = Sup{|| Mx|); x e R, || x| = 1}.
PrROPOSITION 1.6. Let T, S be matrices in P, and « =Max(| T|, ||S||). Then for all
Pec?,

a
T+P,S+P)=——
8( , S+ P) a+;35(T’S)
where B = Inf {(Px, x); ||x| =1}.

Proof. The mean value theorem yields that, when 0<a, b=m and r> 0, then

atr_ m L . a
= og' —
b+r m+r & b

(15) Log

(where Log™ x = Max(Log x, 0)). It is known and not difficult to prove (see Gantmacher
[14, Ch. 10, § 7]) that the eigenvalues of TS~ ' are real, positive, and that they have
the following Min-Max representation. Let

)\1(7: S)=A(T, S)=-- '§Ad(T, S)
be the eigenvalues of TS~ ' written in ascending order. Then

M(T, S) = Min{Max {M, xe V}; Ve I‘(k)},
(Sx, x)

where I'(k) is the set of k-dimensional linear subspaces of R. We prove that

(16) |Log A, (T+ P, S+ P)|=

a
Log A((T, S
a+B|0g I\(7 )la

for any 1=k =d. We first suppose that A,(T+ P, S+ P)> 1. Relation (15) entails that

(Tx,x>+(Px,x)< a +{Tx, x)
Og(Sx,x)+(Px,x)=a+B o8 (Sx, x)"
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Thus,
|Log A (T+ P, S+ P)|=Log A,(T+P,S+P)

(T+P)x, x)

= Log Min {Max{<(S+P)x, )

xe V}; Ve F(k)}

o (Tx, x)+(Px, x) )
= Min {Max {LOg—<Sx, O+ (Prx) xXe V}, VeF(k)}
T
éaiﬁ Min{Max{Log*%;xe v}; Vel“(k)}
4 +
=a+BLog A(T,S).

Since the left-hand term is positive, this first gives that Log"™ A, (T, S) =|Log A«(T, S)|,
and then that (16) holds. When A (T+P, S+P)=1, (16) is obvious. When
A(T+ P, S+ P)<1,weusetherelation A, (T+P,S+P)=1/Ay_ ., (S+ P, T+ P), and
we apply (16) to Ay, (S+P, T+ P). Finally, (16) implies immediately the
proposition. 0
THEOREM 1.7. The following properties hold:
(i) Forany Min ¥, and T, S in P,

Dy (T), P\ (S))=8(T,S).
(ii) For any M in 3, or in #,, and T, S in P,
(DM (T), Dy (S))<8(T,S).
(iii) For any M in ¥, there exists p(M), 0< p(M) <1, such that, forall T, S in P,
8(Pwm(T), 2w(S))=p(M)S(T, S).
Proof. Let M =({ j) be a matrix in % The matrices P=A 'B and Q=CA™'

are in ? and
I 0\/A 0 1 P
M= .
(Q 1)(0 A*")(o 1)

We consider the transformations 7p(T)= T+ P, 7o(T)= T+ Q, ya(T)= ATA* and
o(T)=T" defined on P,. By making use of (13) we obtain

(17) ¢M(T)=(U°TQ°0'°')’A°TP)(T)-

We have already noticed that y, and o are isometries of the metric space (2,, 8). It
follows from Proposition 1.6 that 7» and 7, are contractions. This and (17) prove (i).
If M is in 3,, then Q is invertible. Hence, 7, is a strict contraction by Proposition
1.6. Similarly, when M is in #,, P is invertible and 7, is a strict contraction. Thus,
(ii) follows from (17). Let us prove (iii). We consider an M in 9. Then both P and
Q areinvertible. Moreover, forany T in ,,, 75(T) = P (inthe sense that 7,(T) — P € ),
which implies that (y,°7p)(T)= APA*, and thus,

(ooyacTp)(T)= (APA*)_I~
Let { = ||[(APA*)™'|| and & = Inf {(Qx, x); ||x| = 1}. It follows from Proposition 1.6 that
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forall T, and T in P,
5(7'0[(0"’ yae e )(T))], To[(f” Yaemp)(T2)])

éa—g_g 8((goyactp)(Th), (0o yao7p)(T3))

éi 5(T,, T>).
{+e
Since o is an isometry, this relation and (16) yield that (iii) holds with
p(M)={/({+e). D
As an application, let us outline a short proof of a classical result of Kalman. We
suppose that the linear system with constant coefficients

X, =AX,_,+ Fe,, Y,=CX,+n,,

is controllable and observable. Let M be the Hamiltonian matrix (here independent
of n) defined by (7). It follows from Proposition 1.3 that there is an integer p > 0 such
that M” is in #,. Therefore, by Theorem 1.7, ®,, has a power that is a uniform
contraction. This implies by the fixed point theorem that there exists a matrix P in &,
such that all the solutions P, of (5) converge to P when n - +00, as soon as P, is in 2.

2. Filtering with random parameters. We now study the asymptotic behavior of
linear filtering in a random environment. We consider the case where the parameters
A,, F,, C, of the linear equation (1) are stochastic. More precisely, we suppose that
the following hypothesis holds.

Hpypothesis H. For all n = 1, the quantities A,,, F,, C,, ¢,, n, are random variables
defined on a probability space (Q}, %, P) and {(A,, F,, C,), n= 1} is a strictly stationary
ergodic process. There is a o-algebra %, contained in % such that, if %, =
(%, Yy,..., Y,) is the o-algebra generated by %, and by Y,, Y,,..., Y,, then for
all n=1,

(i) A,, F,, and C, are %,_, measurable.

(ii) The random vector (&,, 1) has a Gaussian law with mean zero and covariance

matrix equal to the identity matrix. It is independent of X, _, and %,_,.

(iii) Conditionally on %,, the random vector X, has a Gaussian law with mean

)20 and covariance matrix P,.

. This set-up is called conditionally Gaussian. The conditional expectations
X, =IE(XX,/9",,) gnd the conditional error covariance matrices P,=
E((X, — X,)(X,— X,)*/ %,) are given by the recursions (5) and (6) (see, e.g., Whittle
[29, p. 260]). Work on such systems with stochastic parameters goes back to Kalman
[17], [18]. A recent reference is De Koning [12] (see also Nahi [21]). An important
example is the following: suppose that {(e,, n,,), n=1} is a sequence of independent
normalized Gaussian random vectors, independent of a stationary ergodic process
(A,, F,, C,), n=1. Then, if ¥,=0c{(A,, F,, C,), n=1}, the hypothesis (H) holds.

In § 2.1, we present some examples of real situations that can be modeled by these
equations. In § 2.2, we describe the asymptotic behavior of P, as n > +0c0, The exponen-
tial stability of the filter is proved in § 2.3. We will always suppose that the matrices
A, are nonsingular. Without loss of generality, we can and will suppose that the
stationary process (A,, F,, C,) is defined on (Q, &%, P) for all neZ.

2.1. Examples.
2.1.1. Filter with periodic parameters. We suppose that there exist functions A, B,
C on Q,=27Z/pZ such that, for all w € Q,,

(A,(w), B,(w), Ci(w)) = (A(w +n), B(w +n), C(w+n)),
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where o +n is the sum modulo p. Let %, be the set of all the subsets of (,, and let
P, be the uniform measure on {),. We also consider a sequence of noises (&,, 7,),
nz=1, defined on some ({),, %,,P,). Then these coefficients define a linear system on
the probability space Q=0Q,xQ,, F=%%,, P=P,®P,, for which (H) holds.
These systems with periodic parameters have been studied recently, for instance, by
De Souza and Goodwin [13], and Bittanti, Colaneri, and Di Nicolao [6].

2.1.2. Random sampling. In several situations, a linear system can be observed
only at random times T, < T, <---. This so-called stochastic sampling phenomenon
can occur because of technical imperfections in the instrumentation. It may also be
applied intentionally, for instance, when a digital computer is time shared in a stochastic
manner as suggested by Kalman [17]. In Snyder and Fishman [25], the tracking of
fireflies, which can be observed only by their flashes, is studied (we can easily imagine
some more realistic examples); see also Chang [11]. These systems are used in modeling
of ARMA processes with missing data.

The basic model is the usual time-invariant system

(18) Xn=AXn71+F8na )/H=CXn+nn'

We suppose that the state is observed only at random times T,, n =0, independent of
this system, and that {T, ,— T,, n=0} is a stationary ergodic process with values in
N*. If we let Z, = X, and W, = Y7, then
T,-T, ,~1
Z,=A""Tz, + Y AFer 4, W,=CZ,+nr,.
k=0
For each n=1, let A, =A" "1 and let F, be a symmetric matrix such that
T,~T, 1
Fi= Y  A'FF*A*.
k=0
Using if necessary a generalized inverse of F,, it is easy to see that there exists a
sequence of independent Gaussian random variables «, € R”, B, € RY, with mean 0 and
covariance matrix equal to the identity, independent of the sequence {(A,, F,), n=1},
such that
T —T

Pkt

Z AkFgT,,—k = Eian, nr, = Bn-

k=0
We obtain that
(19) ZnZAnZn—l+Fnan, W1=CZn+Bn~

This is a system with stochastic parameters for which (H) holds. In this setting, the
asymptotic properties of the filter have been studied by Viano [28] under the additional
assumption that the matrix A is stable and that C*C is invertible. We are able to treat
the case where the system (18) is only controllable and observable. We remark that
no uniform controllability property of (19) can be expected when the T,’s are not
bounded. When the random variables T,,,— T, are independent and identically dis-
tributed, the error covariance P,, n€N, is a Markov chain on ?,. But this process is
singular (it does not satisfy the Harris irreducibility condition). Even in that case, it
does not seem easy to study its asymptotic behavior without recourse to contractions
properties.

2.1.3. Fault-tolerant filtering. Consider a failure-prone linear system. It can be,
for instance, a manufacturing plant or a space-station under the bombardment of
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meteorites. We can assume that the plant state has two equations: at time n, either
X, = MX, _,+ ¢, if the system is operational, or X, = NX,,_,+ ¢, if the system is in a
state of failure and undergoing repair. The failure/repair process may be modeled by
a stationary sequence A,, n=1, of random matrices such that A,e€{M, N}. Such
systems are considered, for instance, in Akella and Kumar [1] and in Mariton [20]
(see also Willems and Willems [30]). If Y, = CX,, + 7, the associated filtering system
will satisfy (H).

We may also consider a filtering system with a failure-prone observation process.
This can be due to the instrumentation or to the fact that at some unexpected times,
the state cannot be determined. For instance, we can think of the tracking of a plane,
which is sometimes hidden by clouds. A model for this situation can be

X,=AX,_,+ Fe,, Yn=Can+77na

where C, is equal to some matrix C when the observation process is operational and
some other matrix D, otherwise. Notice that it is natural to assume that under failure,
i.e., when C, = D, the system is not observable.

It follows from the results of the next section that the filter has very good asymptotic
properties. This shows that in some sense, Kalman’s filtering is fault tolerant. Of course,
users are already aware of this fact.

2.1.4. Estimation of AR processes with AR parameters. Suppose that we observe
an univariate autoregressive (AR) process Z, = p,Z,_,+7n,, where the parameters p,
satisfy p, = ap,,_, + €,. Here, {(¢,, n,), n = 1} is a sequence of independent normalized
Gaussian random variables. These models occur, for instance, in stochastic adaptative
control (see, e.g., Caines and Meyn [10]). If we want to estimate the parameter a, it
is useful to compute the conditional law of p,, once Z,,..., Z, are observed. Let
X, =pn, Y,=2Z,, A,=a, F,=1,and C,=Z, . This system can be written as (1). If
ae(—1,1), then the parameter sequence is stationary and Hypothesis (H) holds.

2.2. Asymptotic properties of the error covariance matrix. We consider a linear
system (1) with random parameters for which (H) holds. In particular, the process
(A,, F,, C,) is stationary and ergodic. In the sequel, § is the distance on %, introduced
in Definition 1.4. We recall that R, =C*C, and S, = F,F*. For any n=1, let

Q,={weQ;Det (AfRA,+ ATA¥R,AA\+- - -+ AF ... AR, A, ... A)#0},
and
=, ={weQ;Det(S,+A,S,_|AF+---+A,... A,S,A¥ ... A5 #0}.

DerFINITION 2.1. The system (1) is called weakly observable if for some n>0,
P(Q,)>0; it is called weakly controllable if for some n>0, P(E,)>0.

When the parameters are deterministic, we recover the usual observability and
controllability conditions. But these notions are much weaker than the one commonly
used in the study of time-dependent systems (see, e.g., Jazwinski [16], Anderson and
Moore [2]). In some of the examples given in § 2.1, only these weak conditions were
natural. We will need the following lemmas.

LeEMMA 2.2. Let M, neN, be the sequence of Hamiltonian matrices associated with
a linear system (1) satisfying (H). If the system is weakly observable (respectively, weakly
controllable), then, almost surely, M, ... M, is in ¥, (respectively, 3,) for alln N large
enough.
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Proof. If the system is weakly observable, then P({2,) > 0 for some k= 1. Proposi-
tion 1.3 yields that M, (w)M,_(w) ... M (w)isin &, when w € Q. Thus,P(M,.... M, €
#,)> 0. It follows from the ergodic theorem that for almost all w € () there exists an
integer p, depending on w, such that M, (w) ... M, (w)e ,. Since &, is an ideal
in 3 (cf. Proposition 1.1) this shows that, almost surely, for n large enough, M,,... M,
,. When the system is weakly controllable, the proof is similar. 0

LeMMA 2.3. For any Qe P,

(20) Max (Log’ | Qf, Log® [Q'[)) = 8(Q, I)* = d Max (Log’ | Ql|, Log® [|Q""|}).

Proof. If A\ =- - - =\, are the eigenvalues of Q, then A, =1/||Q"'|| and A, =| Q|
Since 8(Q, I)? =Z:.l:l Log’ A;, the conclusion of the lemma is clear. d0
Our main result is the following theorem. It implies that:

(i) The filtering process is successful, since the conditional error covariance matrix
P, does not explode. This error is asymptotically stationary. For instance, it converges
in law (see Corollary 3.3).

(ii) Even for a fixed w € Q (outside an exceptional subset of measure 0), there is
no optimal choice of the initial condition P,, since all the sequences P, have the same
asymptotic behavior. An analogous result for the usual distance on 2 is shown in
Proposition 2.5.

THEOREM 2.4. We consider a linear system (1) with stochastic parameters for which

(a) Condition (H) holds.

(b) The system is weakly observable and weakly controllable.

(c) The random variables LogLog" ||A,|, LogLog® | A7'|l, LogLog" ||C||, Log-

Log" | F\|| are integrable.
Then, there exists an ergodic stationary Py-valued process {P,, n € Z}, that is solution of
(5). Furthermore, there is a negative real number a <0 such that, almost surely, for any
solution P, of (5) for which Pye P,

Tim L Log 8(P,, P,)=a <O0.
n->+0 N
Proof. We are going to apply Theorem 3.1, proved in the Appendix, to the sequence

{®,, neZ} of random contractions of the metric space (%,, 6) defined by (4). We first
check the condition (C1) of this theorem, namely that for some P in %,
E[Log 86(®,(P), P)] is finite. Actually, we choose P equal to the identity matrix I. Let
T=AAf+S,. Weget®,(I)=T(I+R,T)'=(T'"+R,)"". Since T— (T '+R,)"is
a nonnegative matrix, we have

12 (DI=I(T'+R) M= TI= A AT+ IS = 1A+ F P
and v
(D = IT+RI=ITH IR = IAAD I+ IR D= AT PP +ICP
By Lemma 2.3,
(21) 8(®,(I), I)*=d Max (Log” | ®,(D)|, Log® [|®,(D)~"]).

Using these inequalities and hypothesis (c¢) from Theorem 2.4, we see that
E[Log 8(®,(I), I)] is finite. Now we check that Condition (C2) holds. By Theorem
1.7, ®, is a contraction. Thus, it suffices to show that the coefficient of contraction
p(®,o---od,) is smaller than 1 for some p >0, with positive probability. Let M,
n eN, be the Hamiltonian matrices associated to (1). It follows from Lemma 2.2 that,
almost surely, for all peN large enough, M, ... M, is both in #, and in #,. Since
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Ho= 3\, N, this yields that for some p, P(M, ... M, € #,) #0. By (12), ®,0- - o P, =
®,..m,, and therefore, P(p(®, 0 - - - °«®,) <1) # 0 by Theorem 1.7 (iii). Thus, Condition
(C2) of Theorem 3.1 holds. This theorem implies the result. 0

ProrosITION 2.5. We suppose that the hypotheses of Theorem 2.4 hold and that
Log" ||A,|l, Log* ||A7"|l, Log" ||C\|l, and Log™ | F,| are integrable. Then, almost surely,
Jor any solution P, of (5) for which Pye P,

—1 _
(22) lim —Log || P, — P,|| = a <0.
n->+co n
Proof. Since P, and P, are symmetric positive matrices, we can find matrices K,
and D, such that P,=K}K,, P,=K}D,K,, and such thabt D, is a diagonal matrix
with positive entries A{", ..., Ay"”. We have 8(P,, P,) ={X,_, Log> A{""}'/?. It follows
from Theorem 2.4 that

: 1 (n)| <
,.liToo " Log|Log A{"|= e,
for i=1,...,d This implies that

— 1
(23) lim —Log|1-A{"|=a.
n->+oc N

As in the p_{oof above, we see that E[8(®,(I), I)] is finite by (21). Moreover, by Lemma
2.3, Log || P,|| = 8(1, P,). Thus, it follows from Proposition 3.4 that, almost surely,

1 _
(24) Jim — Log | P,||=0.

For each xeRY, | K,x||>=(K¥K,x, x)=||P,x||, so that |K,||*=||P,|. This yields that
1B~ P S IKHD, = DK, S K, PID, ~ 112 12,7 ma, [1-A")

It is clear that (22) is a consequence of (23), (24), and of this inequality. 0

Remark. 1t is not difficult to see that the conclusion of the theorem also holds
when P, is only in 2. (The main point is to note that since the system is weakly
controllable, there is almost surely an integer k such that M, ... M, is in #,, by Lemma
2.2, which implies that P, = @, (Py) is in P,, by Proposition 1.5 (ii).)

2.3. Stability of the filter. We show that the linear equation (6) of the filter is
exponentially stable. We make use of the classical method of Lyapunov, as in Anderson
and Moore [2], for instance.

THEOREM 2.6. We consider a system (1) with stochastic parameters for which:

(i) Hypothesis (H) holds.
(ii) The system is weakly observable and weakly controllable.

(iii) The random variables Log* ||A,|, Log* ||AT'[l, Log™ | C\ll, Log" |F\|| are
integrable. Then the equation (6) of the filter is exponentially stable: namely, there is a
real number y > 0 such that, almost surely,

-1
lirP " Log |[(A,— P,R,A,)...(A,— P,RA))|=-y<0,

for any solution {P,, n eN} of (5) such that Pye P,.
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We need the following classical lemma. It is an immediate consequence of the relation
Xn _Xn = (An - PanAn)(jznfl _Xn—l)+ Pncﬁnn +(Pan - I)F,,En,

which itself results from (1) and (6).

LEmMMA 2.7. Let B,=A,—P,R,A, and T,=P,R,P,+(I-P,R,)S,(I—P,R,)*.
Then, P,= B,P,_,B*+T,.

LemMmA 28. Let G,=T,+B,T,_ B¥+---+B,...B,T,B¥...B¥. Under the
hypotheses of Theorem 2.6, there exists n €N such that P(Det (G,) # 0) > 0.

Proof. We follow an argument in Anderson and Moore [2], where a similar result
is proved. For each integer i=1, let K; = P,C¥ and H,;=(I — P,R;). We consider the
two d X (p+q)n matrices

Wn = (Kn’ Fn’ AnKnAI, AnF‘n~la cey AnAn~1 e AZKI, AnAn—l e AZFI)
Vn = (Kna HnFna BnKn—l s Ban—-IFn—l, ceey Ban——l e BZKH Ban—l s B2H|F1)'

It is easy to see by straightforward manipulations that there existsa (p+q)nx(p+q)n
upper triangular matrix U,, with all diagonal terms equal to 1, such that V,= W, U,.
We remark that

W, WE=S +A,S, | A¥+.--+A,... A8, AT .. A%

Since the system is weakly controllable, there exists a positive integer n such that the
subset E,, where the right-hand side is invertible, is of positive measure. On E,, the
rank of W, is d. The same property holds for V, since V, = W, U, and since U, is
invertible. Then the lemma results from the fact that G, =V, V*. O

Proof of Theorem 2.6. For notational simplicity we suppose that P(Det (G,) # 0) >
0. The general case is treated in the same way (by looking at the sequence P,., keN,
where n is given by Lemma 2.8). For any neN, let A, = | T,'| ™", o, =||P.|, @ = | P35I,
with the convention that A, =0, if T,, is not invertible. Let p be a positive integer. For
a fixed x, € RY we define a finite sequence x,, X, ..., x,, by the backward recursion
X, = B¥ 1 x,.,. Let V,=x*P,x,. We have

An
Vori— Vo= xi‘:+1 T Xp = /\n+|“xn+|“2§ - Vs
n+1
so that, if 7,=(1-A,/0,), then V,=17,,,V,.,. Therefore,
Ixol>=IPo I Vo= 1P 71 ... 7, Vo = 1P N7 7 [P [ I, |

Since x,= BY ... B¥x,, this implies that

|B,...B/|’=Sar, ... 10,

and
1Log||B B||2<1L0g +1Log 41 f: Log
— ... =— a+— o,+— ;.
p T T p "
As in the proof of (24) we can apply Proposition 3.4 to see that, almost surely,

—1
lim —Log o, =0.
p>+oo p
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Therefore, it follows from Birkhoff’s ergodic theorem (see the proof of Corollary 3.2)
that, almost surely,

—1
lim ~—Log||B,... B,||’=E(Log 7).
p=+oo p

Since we have supposed that P(Det (G,) # 0) >0, we know that E(Log 7;) <O0. 0

Remark 1. The exponential rate y can be chosen to be equal to the smallest
positive Lyapunov exponent of the associated Hamiltonian matrices. This is shown in
Bougerol [7]. 2. It is not difficult to see that the theorem also holds if we only suppose
that P,e 2.

3. Appendix. Iteration of stationary Lipschitz functions. In this appendix, we estab-
lish some general properties of the processes that are obtained by iteration of random
Lipschitz functions. At least in particular cases, similar results are already known. But
we think that our set-up and formulation can be useful in several situations; we applied
them in § 2.

Let (E, 5) be a complete separable metric space. A Lipschitz map ¢:E—>E is a
map for which

p(¢)=Sup {M; x,yeEn#y}
3(x, y)
is finite. If ¢ and ¢ are such Lipschitz maps, then
(25) p(de@)=p(d)p(e).

When p(¢)=1, the map ¢ is called a contraction. 1t is called a uniform contraction
when p(¢)<1. We consider a stationary ergodic process {¢,, n€Z} defined on a
probability space (Q, o, P), where each ¢,: E - E is a random Lipschitz map (we
suppose that the maps (w, x) e QX E > ¢,/ (x) € E are measurable when E is equipped
with its Borel o-algebra; for notational convenience, we do not write w explicitly).
We consider the processes X, n €N, on E for which the following difference equation
holds:

(26) Xn =¢n(Xn~l)'
The following theorem is more or less known. It generalizes results of Sunyach [26],
Brandt [9], and Barnsley and Elton [4]. We recall that Log* x = Max (Log x, 0). If E’

is a countable dense subset of E, then p(¢,) is the supremum of the countable set
{8(¢:1(x), 1(¥))/8(x,y); x, ye E’, x # y}; thus, p(¢,) is measurable.
THEOREM 3.1. Let {¢,, n€Z} be a stationary ergodic sequence of Lipschitz maps
from E into E. We suppose that the following conditions hold:
(C1) For some x in E, E[Log" 8($,(x), x)] is finite.
(C2) The random variable Log* p(¢,) is integrable, and for some integer p >0, the
real number

1
a =;lE[Log p(bpodppro- - o))l

is strictly negative.
Then there exists an ergodic stationary process {X,, n € Z} with values in E, solution of
(26), such that, almost surely,

[ | o~
lim o Log 6(X,, X,)=a <0

n—>+o0o

for any process {X,, n =0}, such that X,, = ¢,(X,,—,) for all n>0.
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Proof. Let us first show that, almost surely,
—1
(27) klerwZ Log p(poodp_1°o- - odp )=

By (25),

——1 N—
lim —Logp(dood_1o-*-°d ()= lim —Log p(p_1o- o _y),
k-«>+o(\k I\«>+Dok

thus, the left-hand side of (27) is a subinvariant function. By ergodicity, it is constant,
almost surely. Let B be this constant. We know that for any nonnegative integrable
random variable Z, Z,f‘:o P(Z > k) is finite. Therefore, the integrability condition in
(C2) entails that, for any £>0, ¥5_,P(Log" p(¢;)>ke) <+oco. Since all the ¢,’s
have the same law, this entails that ZZ:’O P(Log® p(¢_i)> ke) <+, so that by the
Borel-Cantelli lemma, almost surely,

1

k Log p(¢_4) =0.

lim
k—+o0

By making use of this inequality, and of the fact that if k = mp + r, where r is an integer
in [0, p),

m-—1
Log p(¢poeop_yo - - - °¢~k)§{ Z‘.O Log p(¢d_ypopipro- - °¢»(i+1)p+1)}

+ Log p((b—mpo T od)*k)’
we see that

- 1 m—1
Béklj)rllm‘"?; ;0 Log P(¢—ip°¢-ip—n o °¢—(i+np+|)-

It follows from Birkhoff’s ergodic theorem that the expectation of the right-hand side
is equal to «, proving (27). On the other hand, it follows as above from the integrability
condition (C1) and from the Borel-Cantelli lemma that for some fixed x in E, almost
surely,

— 1
(28) k'ii“oo;L"g 8(¢p_i(x),x)=0.

Now
8((oodp_ro - o1 )(x), (oo - oo ds1)(x))
=p(doedro:-0d 1)8(x, ¢ 1(x)),
thus, (27) and (28) imply that, almost surely,

—1
kl_i)I_POOE Log 8((doo 1o - o1 )(x), (oo p_1o " e rod_y_1)(X)) = a.

Since a <0, this shows that {(¢oop_ o+ -od_,)(x), keN} is a Cauchy sequence for
almost all w € ). We suppose that E is complete, thus, this sequence converges. In
the same way, we see that (¢,°¢,_,°- -+ o, _,)(x) converges, almost surely, for each
fixed ne Z, when k- +c0. Let

(29) X, = lim_ ($,o o100 i) (x).
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Since {¢., keZ} is a stationary ergodic process, and since we can write X, =
F(¢y, k=n) for some measurable function F independent of n € Z, we see that X, is
itself a stationary ergodic process. It is clear that it is a solution of (26). Finally, let
{X,, n= 0} be any process satisfying (26). Since .
8(X,, X)) =68((dpopp_1° 2 )(Xo), (?n°¢’n—|° s g )(Xo))
=p(buodaio- - 2¢)8(X,, Xo),

we see that, almost surely,

—1 ~ 1
Jim —Log 8(X., X,,)é;lE(Log p(dped, 1o o)) =a

This concludes the proof of the theorem. 0

Remark. Suppose that Log* p(¢,) is integrable, then if E {Log 6(¢,(x,), xo)} is

finite for some x, in E, then it is finite for all x € E since
3(1(x), x) = 8(di(x), ¢1(x0)) +8(b1(x0), X0) + 8(x, x)
= 8(b1(x0), x0) +(p(b)) + 1)3(360, x).

COROLLARY 3.2. Let 7 be the common law of the X,’s. Under the hypotheses above,
almost surely, for any sequence X, satisfying (26), and for any bounded continuous
Sfunction f: E >R,

lim 1 Y f(Xi)=dew.
n—->+o0o N i=1

Proof. The hypotheses on E imply that there exists a countable set D of bounded
continuous functions on E such that any sequence of probability measures u, on E
converges weakly to a probability measure w if and only if { fdu, - [ fdu for any f
in D (see e.g., Parthasarathy [23, Thm. IL6. 6]). Let O(f) be the subset of ), where
1/n Z, 1f(X) converges to | fd. Since (X ) is stationary and ergodic, P(Q(f)) =1
by Birkhofl’s ergodic theorem. Let ), be the intersection of the set, where §(X,,, X,,)
converges to 0 and of all the sets Q(f), fe D. It follows from Theorem 3.1 that
P(Qy)=1. We fix an o in ,. Let m, be the empirical measure of the sequence
{X,(w), n=1}, defined by [ fdm,=1/n Z:':lf()?,«(w)), when f: E >R is bounded and
continuous. The sequence {m,,n=1} converges weakly to =. Moreover, since
8(X,(w), X, ()0,

(30) tim 3 n=tim 25 r%wn= | ran

when f is uniformly continuous. This, in turn, yields that the empirical measure of the
sequence {X,(w), n =1} converges weakly to m, i.e., that (30) holds for any function
f that is bounded and continuous (see Parthasarathy [23, Thm. 11.6.1]). 0

COROLLARY 3.3. Under the hypotheses of the previous theorem, all the solutions X,
of (26) converge in law to the same limit .

This corollary is an immediate consequence of the theorem. The following technical
proposition has been used in § 2.

PrOPOSITION 3.4. Suppose that the random maps ¢, are contractions, that

E[8(¢ (x), x)] is finite for some x in E, and that for some p > 0,E[Log (p(¢,° " - -2 ¢,))]<
0. Then, almost surely,

lirP %S(x, X,)=0
for any sequence {X,, n=0} for which (26) holds.
Proof. For any n=1,
a(xa (¢n°¢n—l° e °¢l)(x))—s— a(x, (¢n° e °¢2)(x))

+8((dno - 0 2)(x), (dno - - -2 1)(x))
=8(x, (dno - 0h2)(x))+p(duo -2 1)8(x, b1(x)).
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So that, by induction,

G 3 (B B)NZ T p(de o) 4,(2))

Since the ¢,’s are contractions, this implies in particular, using (25), that

(X, (Ppodn_ro o) (x))=6(x, ¢n(x))+n§_: p(biv1)d(x, ¢i(x)).

Thus, by Birkhoff’s ergodic theorem, almost surely,

T 505 (00 <SS T+ T (60,0605 (x)) SELo ()55 ()]

Similarly, for any fixed k in N, we obtain from (31) that, when n >k,

n

8(x, (dpo- - ed)(x))= % lp(d).ﬂ o din)o(x, ¢i(x))

i=n—k+

n—k
+ .‘_/;.l p(dirko - ohi)d(x, ¢i(x))

and by the ergodic theorem,
— 1 - 1
lim = 8(x, (¢no- - o)(x))= lim — 3 p(divico -2 hin)(x, ¢i(x))
n-—+oo n—+o¢ i=1

SE[p(Pro- - 20)8(x, do(x))].

Now, p(¢ro---o¢,)8(x, ¢po(x)) converges, almost surely, to 0 as k—->+c and is
dominated by the integrable function 8(x, ¢,(x)). Thus, its expectation goes to 0 by
Lebesgue’s theorem; from (32) we obtain

(32)

— 1
Tm —8(x, (0,127 21)(x)) =0

almost surely. Finally, since X, = (¢, - o¢,)(X,), we see that

8(x, X, ) =8(x, (¢po- - 21)(x))+8((Pno -+ 2di)(x), (o -2 hi)(Xy))
=8(x, (bpo - od1)(x))+8(x, Xo),
so that
8(x, X,,)/n->0 as n - +0o, 0

Remark. When the random maps ¢, are independent and identically distributed,
then E(8(X,, x)) is finite under the hypothesis of this proposition. In that case, its
conclusion follows directly from the Borel-Cantelli lemma.
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