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POLICY ITERATION FOR PERFECT INFORMATION
STOCHASTIC MEAN PAYOFF GAMES WITH BOUNDED FIRST
RETURN TIMES IS STRONGLY POLYNOMIAL

MARIANNE AKIAN AND STEPHANE GAUBERT

ABSTRACT. Recent results of Ye and Hansen, Miltersen and Zwick show that
policy iteration for one or two player (perfect information) zero-sum stochastic
games, restricted to instances with a fixed discount rate, is strongly polyno-
mial. We show that policy iteration for mean-payoff zero-sum stochastic games
is also strongly polynomial when restricted to instances with bounded first
mean return time to a given state. The proof is based on methods of nonlinear
Perron-Frobenius theory, allowing us to reduce the mean-payoff problem to
a discounted problem with state dependent discount rate. Our analysis also
shows that policy iteration remains strongly polynomial for discounted prob-
lems in which the discount rate can be state dependent (and even negative)
at certain states, provided that the spectral radii of the nonnegative matrices
associated to all strategies are bounded from above by a fixed constant strictly
less than 1.

1. INTRODUCTION

Motivation and earlier works. Policy iteration algorithm is a classical algorithm to
solve discounted Markov decision problems (one player games) with finite state
and actions spaces. A policy is a map from the set of states to the set of actions,
representing a Markovian decision rule. The algorithm constructs a sequence of
policies such that the associated sequence of values is strictly decreasing (assuming
that the player minimizes her cost function). Hence, its number of iteration is
bounded by the number of policies. The method carries over to discounted zero-
sum games with perfect information, still with finite state and action spaces. It now
makes external iterations in the space of policies of the first player, and at each step,
solves an auxiliary Markov decision problem, making then internal iterations in the
space of policies of the second player. Again, the first player never selects twice
the same policy, which entails that the algorithm does terminate in a time which is
bounded by the product of the numbers of policies of both players. This yields an
exponential bound on the execution time, as the number of policies of one player can
be exponential in the number of states. However, this general exponential bound
does not capture the experimental efficiency of the algorithm on most applications.

Some recent results shed light on the behavior of policy iteration as a function
of some particular parameters, such as the discount factor. Friedmann constructed
in [10] an infinite family of 2-player discounted deterministic games with a discount
factor tending to 1, showing that the number of policy iterations can indeed be ex-
ponential. Fearnley [§] and Andersson [3] extended his result to 1-player stochastic
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games. However, Ye showed in [I9] that policy iteration solves 1-player discounted
games with a fized discount factor A < 1 in strongly polynomial time (X is not part
of the input). Then, Hansen, Miltersen and Zwick extended this result in [I1] to
zero-sum 2-player discounted games with perfect information, and improved Ye’s
bound. They showed that the number of external iterations of the policy iteration
algorithm for 2-player games with a fixed discount factor A < 1 is bounded by:

log(n?/(1 — X)) m n

1) (m+ 1)1+ “EE ) = O los 7).
where 7 is the number of states, and m is the total number of actions of both players,
that is the number of triples (i, a, b) where i is a state, a is an action of first player,
and b is an action of second player.
Contribution. We show that policy iteration still has a strongly polynomial behavior
for a class of mean payoff games, as well as for a more general class of discounted
games.

As a preliminary step, we show that we can improve the bound (), in the

original situation considered in [II]. We replace this bound by the following one
(Theorem [):
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with m the total number of actions of the first player, that is the number of couples
state-action (i,a). The above new bound is obtained by adapting the technique of
Ye and Hansen, Miltersen and Zwick to nonlinear maps which allows us in particular
to replace m by mi. Note that the bound (@) is linear in the size of the input, for
a fixed .

Then, we consider games with state dependent discount factors, possibly greater
than 1 locally. We establish a strongly polynomial bound for the number of iter-
ations (Corollary [[0) which differs from () and (@) in that the discount factor A
is now replaced by the maximum of the spectral radii of all the transition matri-
ces associated to pairs of policies of both players. We introduce a natural scaling
transformation, which has the property of leaving invariant the combinatorial trace
of the policy iteration algorithm. This scaling is obtained using techniques of non-
linear Perron-Frobenius theory [16] 2]. An advantage of the present bound is that
it is invariant by scaling. For instance, with a state dependent discount factor < 1,
it leads to a tighter bound than the one which may be derived from () or (I).

Finally, we derive (Corollary [[H]) a strongly polynomial bound for the subclass
of mean payoff games such that there is a distinguished state to which the mean
return time is bounded by a constant K = 1/(1 — X), for every choice of policies.
This condition implies that each transition matrix associated to a pair of policies
of both players has a unique recurrence class, and that there is a state which is
common to each of these classes.

The paper is organized as follows. We present background materials on zero-sum
two-player stochastic games in Section 2] and on policy iterations in Section Bl We
state our results in Section [l Proofs or sketches of proofs, as well as some results
of Perron-Frobenius theory on which they are based, can be found in the following
sections.
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2. TWO PLAYER ZERO-SUM STOCHASTIC GAMES WITH DISCRETE TIME AND
MEAN PAYOFF

2.1. The game processes. Two player zero-sum stochastic games were intro-
duced by Shapley in the early fifties, see [18]. We recall in this section basic defini-
tions in the case of finite state space and discrete time (for more details see [I8,[9]).
When there is only one player (the set of actions of one of the two players is reduced
to a singleton), such a game is more commonly called a Markov Decision Process
(MDP), we refer to [I3] 6l [I7] for this topic.

We consider the finite state space [n] :== {1,...,n}. A stochastic process ({x),>0
on [n] gives the state of the game at each point time k, called stage. At each of these
stages, two players, called “MIN” and “MAX” (the minimizer and the maximizer)
have the possibility to influence the course of the game.

The stochastic game T'(ip) starting from ig € [n] is played in stages as follows.
The initial state &y is equal to g and known by the players. Player MIN plays first,
and chooses an action ag in a set of possible actions A¢,. Then the second player,
MAX, chooses an action By in a set of possible actions Bg,. The actions of both

players and the current state determine the payment T‘?DOB ° made by MIN to MAX

and the probability distribution j — Pg) ‘;ﬁ © of the new state &;. Then the game
continues from state &1, and so on.

At a stage k, each player chooses an action knowing the history defined by (x =
(€0, 0,80, »&k—1, Wk—1, Br—1, &) for MIN and ({x, o) for MAX. We call a strategy
for a player, a rule which tells him the action to choose in any situation. Assume
A; C A and B; C B for some sets A and B. We shall consider only pure Markovian
strategies for MIN (resp. MAX). The latter are sequences ¢ := (09,01, --) (resp.
§ := (60,01,---)) where oy is a map [n] — A such that o (i) € A; for all i € [n]
(resp. O is a map [n] x A — B such that 0x(i,a) € B; Vi € [n], a € A4;). They are
said to be stationary if they are independent of k. Then oy, is also denoted by o and
5r by 8. Also & and ¢ are identified with o and § respectively. A pure Markovian
stationary strategy is also called a feedback policy or simply a policy.

A strategy & = (0k)yso (resp. 0 = (0k),so) together with an initial state
determines stochastic processes (k) for the actions of MIN, (Br)>o for the
actions of MAX and (&), for the states of the game. For instance, for each pair
of feedback policies (o, §) of the two players, the state process (&), is a Markov

chain on [n] with transition probability
P(§r = |6 =) = P07 forije[n] |

]
and A = U(fk) and ﬂk = 5(§k,ak)

2.2. Non-uniformly discounted and mean payoff games. The payoff of the
game I'(7) starting from 4 is the expected sum of the rewards at all steps of the game
that MAX wants to maximize and MIN to minimize. In this paper we shall consider
games with an infinite horizon and a discount factor -y, which is not uniform in
that it depends both on the state and actions, v : [n] x A X B — [0, 00). We allow
v(i,a,b) to take values larger that 1 for some (¢,a,b). The reward at time k is
defined to be the payment made by MIN to MAX multiplied by all discount factors
from time 0 to time k& — 1. Thus, when the strategies & for MAX and & for MIN are
fixed, the infinite horizon discounted payoff of the game I'(i, &, d) starting from i is
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given by

J(i,5,8) = E7°

i (ﬁV(@,az,ﬂg))rg:ﬁk] ,

k=0 (=0

where E?’(; denotes the expectation for the probability law determined by the choice
of strategies. When v < 1, meaning that v(i,a,b) < 1 holds for all i € [n], a € A,
b € B, the above discounted game can be seen equivalently as a game which has,
at each stage, a stopping probability equal to 1 — (¢, a, b).

In all the paper, we shall assume, that

(A1) the action spaces A; and B;, i € [n], are finite sets.

We shall write v < 1 when the discount factor is such that «(¢,a,b) < 1 holds for
all i € [n], a € A, b € B. This is the case if and only if there exists a scalar A such
that:

(A2) v(i,a,b) < A\ foralli € [n],a € A, be B, with A € [0,1).

Then, one can transform the above discounted game into a game with an additional
state (a “cemetery” state) and a discount factor identically equal to A (independent
of state and actions). We can then apply to this situation earlier results concerning
constant discount factors.

We shall also consider mean payoff games, defined as follows. When the strategies
& for MIN and § for MAX are fixed, the (undiscounted) payoff in finite horizon T of
the game I'(i, &, 0) starting from i is

J7(i,5,8) = E7°

T—1
>
k=0
and its mean payoff is
.= . 1 .=
J(i,7,6) = limsup — J7(i,7,9).
T—00 T

The discounted infinite horizon game with a discount factor v < 1, the finite
horizon game and the mean payoff game, are all known to have a value, denoted
respectively by v}, v] and p;,

(3) v] = infsupJ?(i,5,8) = supinf J7(4,5,0),
(4) vl := infsup J"(4,5,6) = supinf J"(i,5,6),
(5) pi = infsup J(i,5,6),=supinf J(i,7,0),

for all initial states i € [n], where the infimum is taken among all strategies & for
MIN and the supremum is taken over all strategies § for MAX (we refer the reader
to [I8] for finite horizon or discounted infinite horizon games with constant discount
factor, and to [14] for mean payoff games).

Optimal strategies for both players (together with the value of the game I" for
every initial state) can be obtained by the dynamic programming approach [I§],
which we next recall.



MEAN PAYOFF GAMES WITH BOUNDED FIRST RETURN TIMES 5

2.3. Dynamic programming equations. When considering finite horizon or
mean-payoff games, we assume that the discount factor ~(i,a,b) at every state
and node is identically equal to 1, written v = 1. To handle in the same setting the
discounted and the mean payoff cases, it will be convenient to consider the following
unnormalized nonnegative cooefficients, rather than the transition probabilities:

ab __ . ab )
MY =~(i,a,b) P Vi, j € [n],a€ A;, b€ B; .
We wil also use the following notation, for all i € [n], a € 4;, b € B; and v € R™:

(6a) F(v;i,a,b) = Z M{ljbvj + rfb;
J€[n]

(6b) F(vi,a) = max Fuvi,a,b);

(6¢) F(v;i) = ;IenAnI F(v;i,a).

The dynamic programming or Shapley operator associated to all above games is
the self-map f of R™ given by:

(7) [f(0)]i :== F(v;4), Vi € [n], v e R™.

The value v™ = (v] );e[n) of the finite horizon game satisfies the dynamic pro-
gramming equation [18] associated to the operator f:

o = f(v7), T=0,1,...

with initial condition v° =0 (v) =0, i € [n]).
Similarly, the value v = (v] )ie[n) of the discounted infinite horizon game, with
a discount factor v < 1, is the unique solution v € R™ of the (stationary) dynamic

programming equation [18]:

(3) v = f(v).

Also, optimal strategies are obtained for both players by taking pure Markovian
stationary strategies o for MIN and § for MAX such that, for all ¢ € [n], and a € A;,
o (i) attains the minimum in the expression of F(v;4) in (6d), and §(i,a) attains
the maximum in the expression of F(v;i,a) in (GL).

The dynamic programming operator f is always order-preserving, i.e., v < w =
f() < f(w) where < denotes the partial ordering of R"™ (v < w if v; < w; for all
i € [n]). When v < 1, f is also additively subhomogeneous, meaning that it satisfies
fA+v) < A+ f(v) for all A € R nonnegative (A > 0) and v € R", where
A+ := (A4 v;i)ic[n). This implies that f is nonexpansive in the sup-norm. When
in addition Assumption holds, the map f is contracting in the sup-norm with
contraction factor A, that is:

1f () = fw)ll < AJv —w]|
where || - || denotes the sup-norm of R™ (||v|| = max{|v;| | ¢ € [n]}). Then, one can
solve the fixed point equation () of f by using the fixed point iterations, also called
value iterations in the optimal control or game context: vF¥! = f(vF). They will
converge geometrically towards the solution v with factor A: limy_,o ||0* —v||/F <
M. However the complexity of this algorithm is known to be only pseudo polynomial.
Indeed the number of necessary iterations will depend on the norm of the solution,

which depends itself on the modulus of the parameters.
When now v = 1, f is additively homogeneous, meaning that it commutes with
the addition of a constant vector, i.e., that f(A+v) = A+ f(v) for all A € R and
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v € R™. Then, the mean payoff of the game can be studied through the following
additive eigenproblem

(9) n+v = f(v) .

Here, the vector v € R” is called an additive eigenvector of f associated to the
additive eigenvalue n € R. If such an additive eigenpair exists, then, the value of
the mean payoff game represented by f is equal to n for all initial states. Opti-
mal strategies are obtained in the same way as for the discounted infinite horizon
problem.

3. POLICY ITERATION ALGORITHM: PRESENTATION AND PRELIMINARY
PROPERTIES

3.1. Assumptions and notations. Assume first that f is given by (7)), with F'
as in (@), ijb nonnegative scalars, and A; and B; finite sets (Assumption [(A1)]).
Then, the sets of feedback policies Ay := {0 : [n] = A | o(i) € A; Vi € [n]} and
Byi={6:[n] xA— B 6(i,a) € B;Vi € [n], a € A;} are finite. Now for every
pair of policies 0 € Ay and § € By of the first and second players, we define the
following matrices and vectors:
MO = (M7%)ijmr,ny and v = (17%)y

and respectively the affine and nonlinear maps f(°%) and f(°) from R” to itself
which coordinates are given, for all v € R", by:

(10a) FOW) = F(vi,00,6),

(10b) F0) = Flui, o).
Then, we can write, for all v € R"™,

(11a) FOw) = My 40

(11b) FO) = max f0(),

(11c) fo) = min fO),

where in these expressions, the maximum and the minimum mean the supremum
and infimum with respect to the partial order of R™. Note that it is attained
for an element of By and Ay respectively. Indeed, from (I0), the i-th entry of
% and f(°) depends only on the policy at state i. We shall say that a set of
vectors V' C R™ is rectangular if V.= 71(V) X -+ X m,(V), where m; : R" — R
denotes the projection on the ith coordinates. It follows that the set of vectors
{f©)(v) | ¢ € A} is rectangular, and that for each o, the set { (7 (v) | § € By}
is also rectangular.

The maps f(“® and f(°) satisfy the same properties as the ones stated in Sec-
tion 23] for f. They are all order preserving. When v < 1 (resp. v = 1), they are
additively subhomogeneous (resp. homogeneous), hence nonexpansive in the sup-
norm. When Assumption holds, these maps are contracting in the sup-norm
with contraction factor A.
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3.2. Policy iteration algorithm for discounted games. Here we are interested
in solving Equation (8) by using the policy iteration algorithm for discounted games,
introduced by Howard [I3] for 1-player games, and by Hoffman and Karp [12], and
Denardo [7] for 2-player games. It will be convenient to consider the following
general algorithm.

Algorithm 1 (General policy iteration algorithm).
Input: A set Ay, and maps f and f(7), from R” to itself, for o € Ay, satisfy-
ing (IId), for all v € R™.
Output: A fixed point v of f and a policy o € Ay such that f(v) = £ (v).
(1) Initialization: Set s = 0. Select an arbitrary strategy o € Ay.
(2) Compute the fixed point v° of £,
(3) Improve the policy: choose an optimal policy for v*, that is o*t1 € Ay
such that f(v®) = £ (v*), with 0°T1 = 6* as soon as this is possible.
(4) If 05*! = o°, then the algorithm stops and returns v* and o®. Otherwise,
increment s by one and go to Step

When Ay is as in Section Bl and f(?) satisfies also ([OD), Step Blis equivalent
to

o € argmin F(v®;i,a), 1€ [n],

a€A;

s+1
[

and we can also choose o°*! in a conservative way, that is such that, for all i € [n],
Uf“ = o7 as soon as this is possible. Algorithm [I] can also be applied to a map f
satisfying (IId) with the min operation replaced by the max operation.

When f is as in Section [B.1] the policy iteration algorithm for 2-player games

consists in two levels of nested instances of the previous algorithm.

Algorithm 2 (Policy iteration algorithm for 2-player games).
Input: A map f given as in Section Bl
Output: The value v of the game associated to f and an optimal policy o € Apy.

e Apply Algorithm [ (that is construct the sequences o® of policies and v* of
values, s > 0).

e The solution v® in Step [2is the value of the game with fixed policy o°. It
is computed as follows:

— Apply Algorithm [ to the set By instead of Ayr, the map f(°*) instead
of f and the maps f(°"% with § € By instead of the maps f(?) with
o € Ay. This constructs sequences of policies 8% and values v*!, with
1>0.

— When the latter algorithm stops, put v* = v*!. Then 6% is an optimal
policy of the second player of the game with fixed policy ¢® for the
first player.

e When the algorithm stops, return v*, o and §%! with s equal to the final
index of the external iteration of Algorithm [Il and [ the final index of the
internal iteration of Algorithm [

Note that in the nested application of Algorithm [l Step [ consists in solving a
linear system, which can be done either by a direct linear solver, or approximately,
by an iterative method. In the present paper, we require an exact solution.

The usual assumption for the validity of the above algorithms is Assumption
Under this assumption, one can show (see for instance [4] for one-player games
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and [7] for 2-player games) that the sequence of values (v*)s>o (resp. (v5!);>g for
some fixed s > 0) of Algorithm [2]is nonincreasing (resp. nondecreasing) and con-
verges towards the unique fixed point v of f (resp. v® of f ("S)), and deduce in
particular that Algorithm [ (resp. each nested application of Algorithm [dlin Algo-
rithm [2]) never visits twice the same policy of the first (resp. second) player (except
before stopping). Then, since the action spaces are finite, the algorithm (resp.
nested policy iterations) stops after a finite time.

These properties can indeed be obtained from the following result concerning
Algorithm [I1

Proposition 1. Let Ay, f and f%) be as in Algorithm [D. Assume that Ay is
finite, that the maps f'°) are order preserving and contracting in the sup-norm
with the same contraction factor A. We have:

(1) f is also order preserving and contracting in the sup-norm with contraction
factor X;

2) the iterations of Algorithm [l are well defined;

g

(3) the sequence v*® is nonincreasing and converges towards the unique fized
point v of f;

(4) more precisely: v < vt < f(v¥) <0

5) the sequence o® never visits twice the same policy (except when the stoppin

Y g

condition is satisfied);

(6) hence Algorithm [ stops after a finite time.

From Point d] we see that the sequence (v*)s>¢ of policy iteration algorithm
converges faster towards v than the value iteration algorithm starting from v°. One
can also deduce the following contraction property (see for instance [I1]).

Corollary 2. Under the assumptions of Proposition[, the sequence v* satisfies the
following contraction property in the sup-norm: ||[v5T1 —v| < Mjv® —v]|.

3.3. Policy iteration algorithm for mean-payoff games. Now, we assume
that v = 1, and are interested in solving the optimality equation of the mean
payoff problem, Equation (@), by policy iteration. The first algorithm doing so
was introduced by Hoffman and Karp [12], assuming all the matrices M (@9) to be
irreducible. This algorithm is very similar to the algorithm for discounted games,
so we only present here the differences.

Algorithm 3 (General policy iteration algorithm for the mean payoff additive

eigenproblem).
Same as Algorithm [l except that

f and f(°) are assumed to be additively homogeneous;

e the initialization includes the selection of an arbitrary state ¢ € [n];

e instead of a fixed point v of f, the algorithm is returning an additive eigen-
vector v and associated eigenvalue n of f (n+v = f(v)) such that v, = 0;

e the computation of a fixed point v* of f(°*) is replaced by the computation
of an additive eigenvector v* and associated eigenvalue n° of f(7°) (n° +v® =
) (v*)), such that v$ = 0.

Note that since the maps f and f(°) are additively homogeneous, changing ¢
into another state ¢ does not change the admissible sequences of policies, and only
modifies the additive eigenvectors by additive constants. Indeed, for any given
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input, ¢®, n° and v® are respectively admissible sequences of policies, additive
eigenvalues, and additive eigenvectors with c, if and only if 0%, n° and ?° = v® — v}
are respectively admissible sequences of policies, additive eigenvalues, and additive
eigenvectors with ¢.

Algorithm 4 (Hoffman and Karp policy iteration algorithm for 2-player mean—
payoff games).
Same as Algorithm 2 except that

e we assume that v = 1;

e instead of the value v of the game associated to f, the algorithm is returning
the value 17 and a bias v such that v, = 0;

e Algorithm [ is replaced by Algorithm B}

e the algorithm constructs the sequences of values 1° and bias v® of the game
with a fixed policy ¢*, with vJ = 0, and for each s > 0, it constructs the
sequences of values 7! and bias v®!, | > 0, of the game with fixed policies
o® and %! of the first and second player, with v$! = 0.

Some or all of the following properties can be found in [4] for one-player games
and [12] for 2-player games.

Proposition 3. Assume all the matrices M(79 | o € Ay, 6 € By, are irreducible.

Then, the sequence of values (°)s>0 (resp. (n°')1>0 for some fized s > 0) of Al-
gorithm[4 is nonincreasing (resp. nondecreasing) and converges towards the unique
cigenvalue 1 of f (resp. n° of f%)). Also the sequence of bias (v°)s>o (resp.
(v>1)1>0 for some fized s > 0) of Algorithm [{] converges towards the unique bias v
of f such that v. =0 (resp. v° of f(%°) such that vi =0).

Corollary 4. Assume all the matrices M%) o € Ay, § € By, are irreducible.
Then, Algorithm [J] (resp. each nested application of Algorithm [3 in Algorithm [J))
never visits twice the same policy of the first (resp. second) player (except when
the stopping condition is verified). Hence, the policy iterations (resp. nested policy
iterations) stop after a finite time.

Note that the above algorithms cannot be applied to multichain games (such
that some matrices M(?%) have at least two final classes), since then, the value of
the game is not any more given by a constant 7 independent of the initial state.
See [5] [] for a discussion of the multichain case.

4. BOUNDS ON THE NUMBER OF POLICY ITERATIONS

In the sequel, we shall state as far as possible our results in the framework of the
general policy iteration algorithms [I] and [B], the application of these results to the
zero-sum two-player game policy iteration algorithms 2] and [ being immediate.

4.1. Revisiting the bound of Ye and Hansen, Miltersen and Zwick with
non linear maps. The following improvement of [I1] is obtained by the same
arguments as in [11], except that we use the nonlinear maps f (@) directly instead
of the affine maps f(°®, and that we use only sup-norms, whereas ¢! norms were
used in some places in [I1].

Theorem 5. Let Ay, f, () and X be as in Proposition[d. Assume also that Ay
is as in Section 31, and that () satisfies (LQD).
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Then the policy iteration algorithm [ stops after at most smax iterations, where
Smax = (m1 —n)(1 + Llolig(;))‘”) and my is the cardinality of SA := {(i,a) | i €

[n], a € A;}.

4.2. Discounted games with state dependent discount factors. We denote
by r(M) the spectral radius of a nxn matrix M, that is the maximum of the moduli
of its eigenvalues. When ¢ € R” has strictly positive coordinates and v € R™, we set
1= (¢; Viern) € R™ and @v = (p;0;)icn) € R™ (these are the usual notations,
if we identify R™ to the set of functions from [n] to R). For all self-maps f of R,
we denote by S,(f) its scaling by ¢, which is the map S,(f) : v — ¢~ f(pv).
It is easy to see that if f is order preserving so is S,(f).a The following result
shows that these scalings leave invariant the sequences of policies generated by the
policy iteration algorithm. A sequence of policies and fixed points will be said to
be admissible for a given input if there is a valid run of the algorithm on this input
producing this sequence.

Proposition 6 (Scaling Invariance). Let Ay, f and f(°) be as in Algorithm [,
and let ¢ € R™ have strictly positive coordinates. Denote f = S,(f) and f(”) =
S,(f(9). Then, Ay, f and £ constitute a valid input of Algorithm[D. Moreover,
o® and ©° = p~1v* constitute an admissible sequence of policies and fized points
for this input, if and only if 0° and v® constitute an admissible sequence of policies

and fized points for the original input Ani, f and f(°).

For a set M of n x n matrices M C R"*", we shall define its rectangular hull,
denoted rec(M), as the set of matrices N such that, for all i € [n], the row i of N
coincides with the row i of some element M of M. When g is a polyhedral self-map
of R", so that R™ can be covered by finitely many polyhedra on which g is affine,
we shall denote by imD(g) the finite set of matrices representing the differential of
g in each of these polyhedra.

The proof of the following result is based on nonlinear Perron-Frobenius theory
and in particular on some results in [16] [2].

Theorem 7. Let An, f and f9) be as in Algorithm [l Assume that Ay is as in
Section [31), that f(7) satisfies (IOR), and that the maps f(7) are order preserving
and polyhedral. Let M(o) = rec(imD(f(7))) and M = Uyeay, M(0). Assume that
the spectral radii of all the matrices M in M are strictly less than 1, and denote by
w the mazimum of these spectral radii. Then for all A such that w < A < 1, there
exists ¢ € R™ with strictly positive coordinates such that the scaled maps f =38,(f)
and f(") =38, (f9) are contracting in the sup-norm with contraction factor .

Using Theorem [7] and Proposition [l we obtain:

Corollary 8. Under the assumptions of Theorem[7, the conclusion of Proposition [l
holds.

Applying Theorem[7] Proposition[6, and Theorem[Hlto all A such that w < A < 1,
we obtain:

Corollary 9. Under the assumptions of Theorem[7, the conclusion of Theorem [
holds with A = w.

Corollary 10. Let Ay, By and f be given as in Section [31l Assume that the
spectral radii of all the matrices M%) o € Ay, 6 € B, are strictly less than
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1, s0 that @ := max,cay seBy T(M 7)) < 1. Then the conclusion of Theorem [3
holds for the policy iteration algorithm for 2-player games, Algorithm[d (instead of
Algorithm ), with A = ©.

Corollary 11. Let A € [0,1) be fized. Then, the policy iteration algorithm solves in
strongly polynomial time the instances of zero-sum 2-player “discounted” stochastic
games with perfect information and state dependent discount factors (possibly lo-
cally greater than 1) that are such that the spectral radii of the transition matrices
associated to every pair of policies of the two players is bounded by A.

4.3. Mean-payoff games with a renewal state. For a Markov matrix M and
states 7, j, we shall denote:

Tij(M) = Elinf(k > 1| Xp = j} | Xo=1] ,

the expected first mean return time to state j of a Markov chain X}, with transition
matrix M and initial state 7. It is easy to see that Ti.(M) < 4oo for all i € X if
and only if M has a unique final (recurrent) class and that ¢ belongs to this class.
The state c is called a renewal state.

The following transformation will allow us to replace a self-map f of R™ by a
sup-norm contraction. This will play a similar role to the scaling transformation
used in the discounted case.

Let ¢ € R™ have positive coordinates and ¢ € [n]. Then, the map L, which
to a couple (n,v), with n € R and v € R™ such that v. = 0, associates the vector
w=1n+ ¢ tv € R" is an affine isomorphism, with inverse given by: 1 = w. and
v = p(w—w,). For all self-maps f of R", we shall denote by L, (f) the self-map of
R”, such that for all w,v € R® and n € R with v, = 0 and w = n + ¢~ v, we have

Lo(f)w) = ¢~ (e — 1) + f(v)).

Proposition 12. Let Ay, f, and £ be as in Algorithm [3, and let ¢ € R"
have strictly positive coordinates and ¢ € [n]. Denote f = Ly(f) and f(”) =
L,(f9)). Then, Aw, f and f©) are a valid input of Algorithm[d. Moreover o*
and ©° = n* + ¢~ t® constitute an admissible sequence of policies and fized points
for Algorithm [ on this input, if and only if o°, n° and v® constitute an admissible
sequence of policies, additive eigenvalues and additive eigenvectors for Algorithm [3

on the original input A, f, f(7), when ¢ is chosen.

Theorem 13. Let Ay, f, and f(7) be as in Algorithm[3. Assume that Ayr is as in
Section [31), that f(°) satisfies (IQR), and that the maps f7) are order preserving
and polyhedral. Let M(o) = rec(imD(f(?))) and M = Uyca,, M(c). Then, all
matrices M in M are Markov matrices. Assume that they all have a unique final
class, and there there is a state ¢ € [n] which is common to each of these classes,
so that

Tic := max Tie(M) < 400 Vi€ [n] .
MeM

Let ¢ € R™ be the vector with coordinates p; = Tic > 1, and K = maX;e,) Tic-
Then, the transformed maps f = Ly(f) and flo) = Ew(f(")) are order-preserving
and contracting in the sup-norm with contraction factor A = (K —1)/K.

Corollary 14. Under the assumptions of Theorem [I3, Assertions [2[3[H, and [d
of Proposition [l hold for Algorithm [3 instead of Algorithm [1, with v° replaced by

n® 4+ o 1v*, and v replaced by n + ¢~ tv.
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Applying Theorem [I3] Proposition T2 and Theorem [Bl we obtain:

Corollary 15. Under the assumptions of Theorem [13, the policy iteration algo-
rithm[3 stops after at most smax iterations, where smax := (m1—n)(1+ L%J) =

O((m1 —n)K log K), K = max;e[n) Tic, and my is the cardinality of SA.

Corollary 16. Let Ay and f be given as in Section [31], with v = 1. Assume that
every matriz M (79 o € Ay, § € By, has a unique final class, and there is a state
¢ € [n] which is common to each of these classes, so that
Tie = max  Tie(M) < 400 Vie|n] .
oc€AM,0EBM

Then, the conclusion of Corollary I3 holds for the Hoffman and Karp policy itera-
tion algorithm for 2-player mean-payoff games, Algorithm[]) (instead of Algorithm[3)
with K = maX;e () Tic-

Corollary 17. Let K € [1,400) be fixzed. Then, the Hoffman and Karp policy
iteration algorithm solves in strongly polynomial time the instances of zero-sum 2-
player stochastic mean-payoff games with perfect information having a distinguished
state to which the mean return time is bounded by K for all choices of policies of
both players.

5. PROOF OF THE PRELIMINARY RESULTS OF SECTION [3]

The following proof is similar to the proofs of the same properties for Algorithm[2]
that can be found for instance in [4].

Proof of Proposition[d Let Ay, f and £(°) be as in the proposition. From (IId),
f is order preserving and contracting in the sup-norm with contraction factor .

Hence the maps f(?) and f have a unique fixed point, which implies that Step
of Algorithm [ is well defined.

Let (v®)s>1 be the sequence of Algorithm [l We have v® = f(o7)(v®) > f(v®) =
f("sﬂ)(vs). In particular, v® > f(‘TSH)(US), which implies that the sequence
( f("sﬂ))k(vs) is nonincreasing. By the fixed point theorem for the contracting
map f (‘TSH), the former sequence converges towards the unique fixed point, which
by definition is v**1. This implies in particular that v* > £ ) (%) > vs+1 g0
that the sequence (v*)s>1 is nonincreasing.

Moreover, from the above equations, we deduce that v® > f(v®) > vl In
particular, the sequence f*(v*) is nonincreasing. Again, by the fixed point theorem
for the contracting map f, the former sequence converges towards the unique fixed
point v of f, hence v® > v for all s. Since the sequence (v°)s>1 is nonincreasing
and lower bounded by v, it converges towards some vector w > v. Then, from the
above equations, we also get that v® > f(v®) > vst! > v, for all s, passing to the
limit and using the continuity of f, we deduce that w = f(w), and since f has a
unique fixed point, we deduce that w = v.

Assume by contradiction that the sequence o® visits twice the same policy. This
means that ¢* = ¢* for some ' > s > 0. Since the map ) = £e°) has a unique
fixed point, we get that v® = v*’. Since we already proved that the sequence (v*)s>0
is nonincreasing, we obtain v® > pstl > v®. This implies that v® = v5T1 hence
v® = f(v®), so that, by definition, the algorithm necessarily stops at iteration s if it
did not stopped before, hence the iteration s’ does not occur, and o is computed
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only if s = s+ 1 and so the algorithm cannot visits twice the same policy, except
when the stopping condition is verified.
This implies that Algorithm [ stops after at most a number of iterations equal

to the cardinality of the set App. O
Proof of Corollary[3 From v* > f(v®) > v*Tt > v, we get that [[vsT1 — o <
| f(v®) — v|| and since f is contracting with factor A, we deduce that ||v3+! — || <
Av® = v]|. O

6. PROOF OF THEOREM

Let v denote the unique fixed point of f, and for all ¢ € Ay, denote by R(9) =
f@)(v) — v the residual induced by v on the fixed point equation of f(*). By (IId),
we have ming,eca,, R(®) =0, so R(?) >0 for all ¢ € Ay;. Moreover, o is an optimal
policy of the game if and only if R(®) = 0, or equivalently ||R(")|| = 0. Finally,
by (10D)), Rgg) = R} for all i € [n], where R} = F(v;i,a) — v; for all i € [n]
and a € A; plays the role of a new reward such that the value of the dynamic
programming equation is identically equal to zero.

Let v* and o* be the sequences of values and policies constructed in Algorithm/[I]
Since v* > v, v® = f@)(v*), and f(°7) is order preserving, we get that v® >
@) (v) > f(v) = v, hence 0 < R(°") < v® — v and taking the supremum over all
coordinates (or states), we get that ||[R(7)|| < ||v® —v||. Now, since v* is the unique
fixed point of the A-contracting map f(°"), we get that ||v° — f(7) (v)|| < Aljv* =]
Then, ||v° — || < |[v° = fC) ()] + [|RC|| < AJv* —v|| + [|[R)|. From all the
above inequalities, we get that

o s 1 o
IR < [jo* — | < mHR( |-

Combining these inequalities with the contraction of policy iterations shown in
Corollary B (||v**! — v|| < A|jv® — v||), we obtain that for all ¢ > s + p,

IRCO| < ul| RV, with p=——A" .

1-A
Moreover when p = 1 + |log(1 — A)/log(A)] (which is the least integer such that
p > log(1 — )/ log(X)), we have u < 1.

For all o € Ay, let us denote by G(o) the graph of o: G(o) = {(i,0:) | i € [n]}.
Since REU) = RY for all i € [n], we get that |R(?)|| = max(; ,)eg(o) R¢. Assume
o® is not optimal, then ||[R(°7)|| > 0 and let (i,a) realizes the maximum of R¢ on
G(o®). If t > s+ p, with p as before, and (i, a) € G(o'), we get that RS < ||R()|| <
pl|RC)|| = pR$ with u < 1 and R¢ > 0, which is impossible. This shows that
(i,a) & G(o'), hence G(c') C SA\ {(i,a)}, for all ¢ > s+ p. Let us construct a
sequence SA; of subsets of SA, equal to the empty set for all s < p, and such that
for all s > p, SAs is the union of SA;_; with the set of couples (i, a) realizing the
maximum of Ry on G(c%7P). We get that G(o!) C SA\ SA;, for all ¢ > 0 and that
for all s > p, there exist (i,a) € SAs\SAs_p, as long as Algorithm [l did not stop, so
that the cardinality of SA increases at least by one after each group of p iterations.
Hence, SA \ SA,(;n,—n) has at most n elements, and since, for all t > p(m; — n),
G(o') € SA\ SA,(m,—n) and G(o') has exactly n elements, we deduce that, if the
algorithm did not stop before iteration number ¢, there is only one choice for G(o*)
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with t > p(m1 — n), hence o = o'*1, and the algorithm stops at iteration number
t.

7. SPECTRAL RADIUS NOTIONS AND THE RESULTS OF SECTION

Let C be a closed convex cone of R", let C' denote its interior, and let h be a
nonlinear continuous positively homogeneous map from C to itself (h(Av) = Ah(v)
for all A > 0 and v € C). The following definitions are taken from [I5]:

e v is an eigenvector of h in C, and A is an eigenvalue associated to v, if

h(v) = lv.
e The cone eigenvalue spectral radius of h is the supremum of its eigenvalues
in C:

fo(h) :=sup{A > 0| Jv € C\{0} such that h(v) = \v} .
e The Collatz- Wielandt number of h is defined as:
cwe(h) :=inf{A>0| Jv e C such that h(v) < Av} .
e The Bonsall’s spectral radius of h is defined as:

ro(h) = inf [K¥|*, with |hlc= sup A,
k=1 z€C, ||z||=1

for any given norm || - || on R™.

The equality 7, (h) = cwg, (h) in the following result was established by Nuss-
baum [I6, Theorem 3.1]. The last equality is done in [2] in a more general infinite
dimensional context, together with the first one.

Theorem 18 ([16, Theorem 3.1], and [2]). For a continuous, positively homoge-
neous, order preserving selfmap h of C =R, all the above spectral radius notions
of h coincide:

fRJr(h) = CW]R+(h) = TRJr(h) .
We denote by r(h) this constant.

The following result can be deduced easily from Theorem It is also proved
in an infinite dimensional context in [2].

Proposition 19. Let II be a set, and h and h,, ® € 11, be continuous, positively
homogeneous, order preserving selfmaps of R’y . Assume that for allv € R, h(v) =
maxqer ha(v), meaning that h(v) > hr(v) for all m € 11, and that there exists w € 11
such that h(v) = hr(v). Then
r(h) = r;lgﬁ(r(h.,r) .

Proof of Theorem[7 Since f is order preserving, so is S,(f). If f is a polyhedral
map such that all the matrices M € imD(f) satisfy M¢ < Ap, then, all the
matrices M’ € imD(S,(f)) satisfy M'1 = ¢ 'My < X1, where 1 is the vector
with all coordinates equal to 1. Then, since M’ has also nonnegative coordinates,
because S, (f) is order preserving, we get that M’ is contracting in the sup-norm
with contraction factor A. Then, using the polyhedral and continuity properties of
f, it is easy to see that S,(f) is also contracting in the sup-norm with contraction
factor .
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Let us show the above property for all maps f(?). For this, consider the self-map
f of R” given by:
(12) F(v) = sup (Mv) ,

MeM
where M is as in the theorem. Since all the matrices involved in the previous
formula have nonnegative entries, the corresponding self-maps of R™ are order-
preserving. Since Ay is finite and the maps f(°) are polyhedral, the set M is
finite. Since in addition Ay is as in Section[3.]] the set M is the Cartesian product
of the sets of its rows, hence the supremum in (I2) is a maximum. Then, applying
Proposition [I9 we get that
r(f) = Ar{[neaj\)ilr(M) =w.

In particular the maximum is attained, hence < 1. Now, from Theorem [Ig] we get
that w = 7(f) = cwr, (f), hence for all A > w, there exists ¢ € R" with positive
coefficients such that f(¢) < Ap. This implies that all the matrices M € imD(f(?))
satisfy M < A, which by the above arguments implies that S,,(f7) is contracting
in the sup-norm with contraction factor A. O

Proof of Proposition[@ By definition of S,(f), we have v = f(v) if and only if
w =8, (f)(w) for w = ¢~ v. Moreover, the transformation of maps f, S,(f)(w) =
© 1 f(ow) preserves the order on the maps f. Hence if v® and o are respectively
sequences of fixed points, and policies of Algorithm [ for f and f(?), then w® =
o~ 1v® and o° are respectively sequences of fixed points and policies of Algorithm [II
for S, (f) and S, (). O

8. THE RESULTS OF SECTION (3]

Lemma 20. Let M be a n X n Markov matrix with a unique final class, and let
c € [n] belong to this final class. Denote by M the matriz obtained from M
by putting to zero all entries in the c-th column. Then, the vector ¢ € R™ with
coordinates @; = Tic(M) satisfies ¢ =1+ M.

Lemma 21. Let M be a n X n Markov matrix with a unique final class, and let
¢ € [n] belong to this final class. Consider a vector ¢ € R™ with positive coordinates
such that ¢ > 14 M)p, and let K be a bound on its coefficients, K > |
Construct the n x n matriv M. ) by replacing the c-th column of M with the
vector (1/¢c)(¢ —1 = Mgyp). Then, M. ,y has nonnegative entries and satisfies

(13) M(c,ap)(p =p—1<Ap,

with A\ = (K — 1)/K. Moreover, for alln € R and v € R™ such that v. = 0, we
have

(14) Mv+n(p = 1) = Mcp) (v +19) -

Corollary 22. Under the conditions of Lemma [Z1], the map f(v) = Mwv is such
that Lo(f)(w) = ¢ "M 4)(pw) = M'w, for some matriz M’ with non negative
entries and row sums less or equal to . Hence, L,(f) is order-preserving and
contracting with contraction factor .

Proof. Indeed, Ly(f)(w) = ¢ "M ,)(pw) follows from (I4). Since by (I3),
Moy < @, we deduce that M'1 < A1 where 1 denotes the the vector with
all coordinates equal to 1. O
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Proof of Theorem[I3. 1f f is a polyhedral map such that, all matrices M € imD(f)
satisfy the conditions of Lemma 2] (with the same fixed ¢ and c¢), then by Corol-
lary 22 all matrices M’ € imD(L,(f)) satisfy the conclusions of Corollary
This implies by the continuity of f and L, (f), that L,(f) is order-preserving and
contracting with contraction factor A.

Let us show the above property for all maps f(?). For this, consider the self-map
f of R” given by:
(15) fv) = max (M)v) -
Note that it coincides with map of ([I2)) on the set of vectors v such that v; = 0, but
we shall apply it to all vectors. Since all matrices involved in the previous formula
have a unique final class and that this class contains ¢, we get that they have all
a spectral radius strictly less than 1. By the same arguments as in the previous
section, the map f has a spectral radius strictly less than one, so is contracting
for the sup-norm after a scaling by some vector ¢ (or equivalently is contracting
the weighted sup-norm ||v||y = [lvyp~!||). In particular the equation ¢ = 1+ f(¢p)
has a unique solution ¢, and since the set of M is rectangular, this equation is
the dynamic programming equation of an infinite horizon discounted 1-player game
problem. The interpretation of ¢ as the value of this 1-player game problem gives
that ¢; = T for all i € [n]. Since p = 1+ f(p) > 1+ Mg for all M € M,
and a fortiori for all M € imD(f(®)) and ¢ € Ay, which implies that M satisfies
the conditions of Lemma 2T with ¢ and ¢, we get by the above arguments that the
maps L,(f7) are contracting in the sup-norm with contraction factor A. O

Proof of Proposition[I2 By definition of L, (f), we have n+ v = f(v) if and only
if w= Ly(f)(w) for w =n+ ¢ 'v. Moreover, the transformation of maps f,
Lo(f)(w) =¢ (e — 1)+ f(v)), is preserving the order on the maps f. Hence if
n°, v® and 0° are respectively the sequences of eigenvalues, eigenvectors, and policies
of Algorithm [ for f and £(), then w® = n® + ¢~ 'v° and o* are respectively the
sequence of fixed points and policies of Algorithm [ for £, (f) and L,(f(). O
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