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Max-plus algebra has been discovered more or less independently by several schools, in relation
with various mathematical fields. This chapter is limited to finite dimensional linear algebra. For
more information, the reader may consult the books [CGT79l [Zim81l [CKR84, BCOQ92, [KM9I7,
GMO02]. The collections of articles [MS92) [Gun98| [LM05] give a good idea of current developments.

1 Preliminaries

Definitions

The max-plus semiring Ry, is the set RU{—o00}, equipped with the addition (a,b) — max(a,b)
and the multiplication (a,b) — a + b. The identity element for the addition, zero, is —oo, and
the identity element for the multiplication, unit, is 0. To illuminate the linear algebraic nature of
the results, the generic notations 4, ), x (or concatenation), 0 and 1 are used for the addition,
the sum, the multiplication, the zero and the unit of Ry, respectively, so that when a,b belong
t0 Rpax, @ 4 b will mean max(a,b), a x b or ab will mean the usual sum a 4+ b. We use blackboard
(double struck) fonts to denote the max-plus operations (compare “4” with “4”).

The min-plus semiring R,,;, is the set R U {+o00} equipped with the addition (a,b) — min(a,b)
and the multiplication (a,b) — a + b. The zero is +00, the unit 0. The name tropical is now also
used essentially as a synonym of min-plus. Properly speaking, it refers to the tropical semiring,
which is the subsemiring of Ry, consisting of the elements in N U {+oc0}.

The completed max-plus semiring R, is the set RU{+00} equipped with the addition (a, b) —
max(a, b) and the multiplication (a, b) — a+b, with the convention that —oo+(+00) = +00+(—00) =
—o0. The completed min-plus semiring, R,, is defined in a dual way.

Many classical algebraic definitions have max-plus analogues. For instance, R} . is the set of

max
n-dimensional vectors and R} XP is the set of n x p matrices with entries in Ryax. They are
equipped with the vector and matrix operations, defined, and denoted, in the usual way. The n x p
zero matrix, 0,, or 0, has all its entries equal to 0. The n x n identity matrix, I,, or I, has
diagonal entries equal 1, and non-diagonal entries equal to 0. Given a matrix A = (4;;) € RpX?,
we denote by A;. and A.; the i-th row and the j-th column of A. We also denote by A the linear
map RP =~ — R _ sending a vector x to Az. Semimodules and subsemimodules over the
semiring Ry,.x are defined as the analogues of modules and submodules over rings. A subset F' of
a semimodule M over R,.x spans M, or is a spanning family of M if every element x of M
can be expressed as a finite linear combination of the elements of F', meaning that x = ) ¢ p A¢.f,
where (Af)fer is a family of elements of Ry such that A = 0 for all but finitely many f € F. A

semimodule is finitely generated if it has a finite spanning family.

The sets Rpax and Runax are ordered by the usual order of R U {£o0}. Vectors and matrices over
Rnax are ordered with the product ordering. The supremum and the infimum operations are denoted



by V and A, respectively. Moreover, the sum of the elements of an arbitrary set X of scalars, vectors
or matrices with entries in Ry, .y is by definition the supremum of X.

= NnXn

IfAeR the Kleene star of A is the matrix A* = T4+ A4 A2 4---.

max ’

The digraph I'(A) associated to a n x n matrix A with entries in Ry,.x consists of the vertices
1,...,n, with an arc from vertex 4 to vertex j when A;; # 0. The weight of a walk W given by
(41,92)y -, (Tk—1,0k) 18 [W|a := Aijiy -+ Aiy_1in, and its length is |WW| := k — 1. The matrix A is
irreducible if T'(A) is strongly connected.

Facts

n

1. When A € RZ;X, the weight of a walk W = ((i1,42),. .., (ik—1,%%)) in I'(A) is given by the usual

sum |[W|a = Aji, + - + Aiy_y4,, and AF; gives the maximal weight [IW|4 of a walk from vertex i

to vertex j. One can also define the matrix A* when A € RZ::. Then, A7; is the minimal weight of

a walk from vertex i to vertex j. Computing A* is the same as the all pairs shortest path problem.

n

2. [CG79], [BCOQI2, Th. 3.20] If A € Ry,
then A = T4 A4 .4 An—1,

and the weights of the cycles of T'(A) do not exceed 1,

X

3. [BCOQ92, Th. 4.75 and Rk. 80] If A € @Z:;: and b € R, then the smallest x € R, such
that x = Ax 4 b coincides with the smallest x € R:Lnax such that x > Ax+4 b, and it is given by

A*Db.
4. BCOQ92, Th. 3.17] When A € RX? b € R ., and when all the cycles of I'(A) have a weight

strictly less than 1, then A*b is the unique solution x € R of x = Ax 4 b.

max

5 Let Ae R"*"™ and b € R?

max max*

Construct the sequence:
Xg=b, x;1 = Axg+ b, X9 = Ax; 4 b, ...

The sequence x;, is nondecreasing. If all the cycles of I'(A) have a weight less than or equal to 1,
then, x,_1 = x, = --- = A*b. Otherwise, x,,_1 # x,,. Computing the sequence xj to determine
A*Db is a special instance of label correcting shortest path algorithm [GP8S].

—NnXn

6. [BCOQ92, Lemma 4.101] For all a € R beR:P ceRY and d e RL.Y . we have

max ’ max?’ max’ max’

a 0" [a* 4 a*b(ca*b+ d)*ca*  a*b(ca*b+ d)*
c d| (ca*b+4 d)*ca* (ca*b4d)*

This fact and the next one are special instances of well known results of language theory [Eil74],
concerning unambiguous rational identities. Both are valid in more general semirings.

7. [MY60] Let A € @z;: Construct the sequence of matrices A(®) ... A such that A(®) = A and
k k—1 k=1) 4 (k=1)yx 4(k—=1
Az(’j) = Az(’j P AL Al Agcj )

)

fori,j=1,....,nand k=1,...,n. Then, A" = A4 A% 4 ...,

Example
1. Consider the matrix

e 4 3

|7 -
The digraph T'(A) is
3
=
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We have
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For instance, A%, = A;. A1 = [4 3][4 T)T = max(4 +4,3+7) = 10. This gives the maximal weight of
a walk of length 2 from vertex 1 to vertex 1, which is attained by the walk (1,2), (2,1). Since there
is one cycle with positive weight in T'(A) (for instance, the cycle (1,1) has weight 4), and since A is
irreducible, the matrix A* has all its entries equal to +00. To get a Kleene star with finite entries,
consider the matrix

2 -0

C=(-5)A= {‘1 ‘2}

The only cycles in T'(A) are (1,1) and (1,2),(2,1) (up to a cyclic conjugacy). They have weights —1
and 0. Applying Fact 2], we get:

x 10 =2
N

Applications

1. Dynamic programming. Consider a deterministic Markov decision process, with a set of states
{1,...,n}, in which one player can move from state i to state j, receiving a payoff of A;; € RU{—o0}.
To every state i, associate an initial payoff ¢; € RU {—oco} and a terminal payoff, b; € R U {—o0}.
The value in horizon k is by definition the maximum of the sums of the payoffs (including the
initial and terminal payoffs) corresponding to all the trajectories consisting exactly of k moves. It
is given by cA¥b, where the product and the power are understood in the max-plus sense. The
special case where the initial state is equal to some given m € {1,...,n} (and where there is no
initial payoff) can be modeled by taking c := e,,, the m-th max-plus basis vector (whose entries are
all equal to 0, except the m-th entry which is equal to 1). The case where the final state is fixed
can be represented in a dual way. Deterministic Markov decision problems (which are the same
as shortest path problems) are ubiquitous in Operations Research, Mathematical Economics and
Optimal Control.

2. [BCOQ92| Discrete event systems. Consider a system in which certain repetitive events, denoted
by 1,...,n, occur. To every event i is associated a dater function x; : Z — R, where x;(k) represents
the date of the k-th occurrence of event i. Precedence constraints between the repetitive events are
given by a set of arcs E C {1,...,n}?, equipped with two valuations v : E — N and 7 : E — R: if
(i,j) € E, the k-th execution of event ¢ cannot occur earlier than 7;; time units before the (k—wv;;)-th
execution of event j, so that x;(k) > max;. ; jyeg Tij + 2j(k — vi;). This can be rewritten, using the
max-plus notation, as
x(k) > Aox(k) 4+ 4+ Apx(k — D) ,

where 7 := max(; jjepVi; and x(k) € R}, is the vector with entries x;(k). Often, the dates
x;(k) are only defined for positive k, then, appropriate initial conditions must be incorporated in
the model. One is particularly interested in the earliest dynamics, which, by Fact [3] is given by
x(k) = AfA1x(k—1) 4 - - -+ A Asx(k—0). The class of systems following dynamics of these forms is
known in the Petri net literature as timed event graphs. It is used to model certain manufacturing
systems [CDQV85], or transportation or communication networks [BCOQ92].

3. N. Bacaér [Bac03] observed that max-plus algebra appears in a familiar problem, crop rotation.
Suppose n different crops can be cultivated every year. Assume for simplicity that the income of the
year is a deterministic function, (4,7) — A;;, depending only on the crop ¢ of the preceding year,
and of the crop j of the current year (a slightly more complex model in which the income of the year
depends on the crops of the two preceding years is needed to explain the historical variations of crop
rotations [Bac03]). The income of a sequence iy, . . ., i, of crops can be written as ¢;, Aiyi, - - Aiy_1ins
where c;, is the income of the first year. The maximal income in k years is given by cA*~'b, where
b = (1,...,1). We next show an example.
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Here, vertices 1, 2, and 3 represent fallow (no crop), wheat, and oat, respectively. (We put no arc
from 1 to 1, setting A1; = —o0, to disallow two successive years of fallow.) The numerical values
have no pretension to realism, however, the income of a year of wheat is 11 after a year of fallow, this
is greater than after a year of cereal (5 or 6, depending on whether wheat or oat was cultivated). An
initial vector coherent with these data may be ¢ = [—co 11 8], meaning that the income of the first
year is the same as the income after a year of fallow. We have cAb = 18, meaning that the optimal
income in two years is 18. This corresponds to the optimal walk (2,3), indicating that wheat and
oat should be successively cultivated during these two years.

2 The maximal cycle mean
Definitions

The maximal cycle mean, ppax(A4), of a matrix A € R2X" is the maximum of the weight-to-length
ratio over all cycles ¢ of I'(A), that is:

lefa Ajig + -+ Agyi
A — 112 k1 . 1
pmax(A) = | max ) o e max 2 (1)

Denote by Rixn the set of real n x n matrices with nonnegative entries. For A € Rixn and p > 0,
A®) is by definition the matrix such that (A®));; = (4;;)?, and

pp(A) = (p(AP))VP

where p denotes the (usual) spectral radius. We also define po(A) = limp_, o0 pp(A).

Facts

1. [CGT9], [Gau92, Ch. IV], [BSvdD95] Maz-plus Collatz-Wielandt formula, I. Let A € R.X? and

A € R. The following assertions are equivalent: (i) there exists u € R™ such that Au < Au; (ii)
Pmax(A) < A Tt follows that:

Pmax(A) = inf max (Au); /u;

uclk” 1<i<n

(the product Au and the division by u; should be understood in the max-plus sense). If ppax(A4) > 0,
then this infimum is attained by some u € R™. If in addition A is irreducible, then Assertion (i) is
equivalent to the following: (i’) there exists u € R” . \ {0} such that Au < Au.

2. [Gau92, Ch. IV], [BSvdD95] Maz-plus Collatz- Wielandt formula, II. Let A € Ryax. The following
assertions are equivalent: (i) there exists u € R .\ {0} such that Au > Au; (ii) pmax(4) > A It
follows that:

pmax(4) = ueRn {0} 1@1;%;(1411) i

3. [Eri86] For A € R}*", we have poo(A) = exp(pmax(l0g(A))), where log is interpreted entrywise.
4. [KO85| For all A € R*"™, and 1 < ¢ < p < 00, we have pp(A) < py(A).



5. For all A, B € R}*", we have

1 1
p(Ao B) < pp(A)pg(B) for all p,q € [1,00] such that —+ - =1 .
p g

This follows from the classical Kingman’s inequality [Kin61] which states that the map logop o exp
is convex (exp is interpreted entrywise). We have in particular p(A4 o B) < poo(A)p(B).

6. [ETi86] For all A € R, we have

Poc(A) < p(A) < poc(A)p(A) < poc(A)n
where A is the pattern matrix of A, that is, /lz-j =1if A;; # 0 and Aij =0if 4;; =0.
7. [Bap98| [EvdD99] For all A € R*", we have limy,_ oo (poo (4%)) 1/ = p(A).

nxn

8. [CGT9] Computing pmax(A) by linear programming. For A € R2X" pax(A) is the value of the
linear program
infAst. JueR",V(i,j) € E, A;jj +u; <A+

where E = {(i,7) | 1 <i,j <n, A;j # 0} is the set of arcs of I'(A).

9. Dual linear program to compute pmax(A). Let € denote the set of nonnegative vectors z =
(%ij)(i,5)er such that

V1<i<mn, Z Tri = Z Z;5, and Z zij =1 .

1<k<n, (ki)€E 1<j<n,(i,))€E (i.1)EE

To every cycle ¢ of T'(A) corresponds bijectively the extreme point of the polytope € which is given by
x5 = 1/|c| if (4, j) belongs to ¢, and x;; = 0 otherwise. Moreover, pmax(A) = sup{}_; ;yep 4ijTij |
x € C}.

10. [Kar78] Karp’s formula. If A € R%X" is irreducible, then, for all 1 <14 < n,

max

ny. . _ n—=ky. .
(A )1] k(A )1] . (2)

A) = max min
Pmax(A) 1<j<n 1<k<n
AT 0

To evaluate the right hand side expression, compute the sequence u’ = e;, u! = u’4, u”» = u"'4,
so that uF = Ai—“_ for all 0 < k < n. This takes a time O(nm), where m is the number of arcs

of T'(A). One can avoid storing the vectors u’,...,u", at the price of recomputing the sequence

u’ ..., u""! once u” is known. The time and space complexity of Karp’s algorithm are O(nm) and
O(n), respectively. The policy iteration algorithm of [CTCG™98| seems experimentally more efficient
than Karp’s algorithm. Other algorithms are given in particular in [CGL96], [BO93], [EvdD99]. A
comparison of maximal cycle mean algorithms appears in [DGI98]. When the entries of A take only
two finite values, the maximal cycle mean of A can be computed in linear time [CGB95|]. The Karp
and policy iteration algorithms, as well as the general max-plus operations (full and sparse matrix
products, matrix residuation, etc.) are implemented in the Maxplus toolbox of Scilab, freely

available in the contributed section of the web site www.scilab.org,.

Example

1. For the matrix A in Application [3| of Section [l we have pmax(A) = max(5,4, (2 4+ 11)/2,(2 +
8)/2,(7+6)/2,(11+7+2)/3,(8+6+2)/3) = 20/3, which gives the maximal reward per year. This
is attained by the cycle (1,2), (2, 3), (3,1), corresponding to the rotation of crops: fallow, wheat, oat.


http://www.scilab.org

3 The max-plus eigenproblem

The results of this section and of the next one constitute max-plus spectral theory. Early and
fundamental contributions are due to Cuninghame-Green (see [CGT9]), Vorobyev [Vor67], Ro-
manovskil [Rom67], Gondran and Minoux [GM77], and Cohen, Dubois, Quadrat, and Viot [CDQVS83].
General presentations are included in [CG79, BCOQ92, [(GMO02]. The infinite dimensional max-plus
spectral theory (which is not covered here) has been developed particularly after Maslov, in relation
with Hamilton-Jacobi partial differential equations, see [MS92, [KM97]. See also [MPN02, [AGW05),
Fat05] for recent developments.

In this section and in the two next ones, A denotes a matrix in R7X™

max *
Definitions

An eigenvector of A is a vector u € R\ {0} such that Au = Au, for some scalar A € Ryax,
which is called the (geometric) eigenvalue corresponding to u. With the notation of classical

algebra, the equation Au = Au can be rewritten as

max Aij—&—uj:/\—kui, Vlgzgn .
1<j<n

n
max

If A is an eigenvalue of A, the set of vectors u € R such that Au = Au is the eigenspace of A

for the eigenvalue .

n

The saturation digraph with respect to u € R} . Sat(A,u), is the digraph with vertices 1,...,n
and an arc from vertex ¢ to vertex j when A;;u; = (Au);.

A cycle ¢ = ((i1,12),- .., (ik,41)) that attains the maximum in is called critical. The critical
digraph is the union of the critical cycles. The critical vertices are the vertices of the critical
digraph.

The normalized matrix is A = ppax(A)"'A (When puax(A) # 0).

For a digraph T', vertex ¢ has access to a vertex j, if there is a walk from ¢ to j in I'. The (access
equivalent) classes of T" are the equivalence classes of the set of its vertices for the relation “i has
access to j and j has access to i”. A class C has access to a class C’ if some vertex of C' has access
to some vertex of C’. A class is final if it has access only to itself.

The classes of a matrix A are the classes of I'(A), and the critical classes of A are the classes of
the critical digraph of A. A class C of A is basic if pmax(A[C, C]) = pmax(A).

Facts The proof of most of the following facts can be found in particular in [CG79] or [BCOQ92,
Section 3.7], we give specific references when needed.

1. For any matrix A, pmax(A) is an eigenvalue of A, and any eigenvalue of A is less than or equal to
pmaX(A)'

2. An eigenvalue of A associated with an eigenvector in R™ must be equal to ppax(A).

3. [EST5] Maz-plus diagonal scaling. Assume that u € R™ is an eigenvector of A. Then the matrix
B such that B;; = u;lAijuj has all its entries less than or equal to pmax(A4), and the maximum of
every of its rows is equal to pmax(4).

4. If A is irreducible, then ppax(A) > 0 and it is the only eigenvalue of A.
From now on, we assume that T'(A) has at least one cycle, so that pmax(A) > 0.

5. For all critical vertices i of A, the column A% is an eigenvector of A for the eigenvalue ppax(A).

Moreover, if i and j belong to the same critical class of A, then fl,*i = fl*]fl;l



6. Eigenspace for the eigenvalue pmax(A). Let C1, ..., Cs denote the critical classes of A, and let us
choose arbitrarily one vertex i; € Cy, for every t = 1,...,s. Then, the columns Ai”, t=1,...,sspan
the eigenspace of A for the eigenvalue piyax(A). Moreover, any spanning family of this eigenspace

contains some scalar multiple of every column A, ,t=1,...,s.
;

7. Let C denote the set of critical vertices, and let T = {1,...,n}\ C. The following facts are proved
in a more general setting in [AG03, Th. 3.4], with the exception of which follows from Fact 4| of
Section [

(i) The restriction v — v[C] is an isomorphism from the eigenspace of A for the eigenvalue pyax(A4)
to the eigenspace of A[C, C] for the same eigenvalue.

(ii) An eigenvector u for the eigenvalue ppyax(A) is determined from its restriction u[C] by u[T] =
(A[T, T))* AT, Clu[C].

(iii) Moreover, pmax(A) is the only eigenvalue of A[C,C] and the eigenspace of A[C, (] is stable by
infimum and by convex combination in the usual sense.

8. Complementary slackness. If u € R is such that Au < ppax(A)u, then (Au); = pmax(A)uy,
for all critical vertices i.

9. Critical digraph vs saturation digraph. Let u € R™ be such that Au < ppax(A)u. Then, the union
of the cycles of Sat(A,u) is equal to the critical digraph of A.

10. [CQDI0], [Gau92, Ch. IV], [BSvdD95|] Spectrum of reducible matrices. A scalar A # 0 is an
eigenvalue of A if and only if there is at least one class C' of A such that pmax(A[C,C]) = A and
Pmax(A[C, C]) > pmax(A[C’, C"]) for all classes C’ that have access to C.

11. [CQDI0], [BSvdD95] The matrix A has an eigenvector in R™ if and only if all its final classes
are basic.

12. [Gau92, Ch. IV] Eigenspace for an eigenvalue X. Let C',... C™ denote all the classes C' of
A such that pmax(A[C,C]) = A and pmax(A[C’,C’]) < A for all classes C’ that have access to C.
For every 1 < k < m, let CFf,..., ka denote the critical classes of the matrix A[C*, C*]. For all
1<k <mand 1l <t < sy, let us choose arbitrarily an element ji in CF. Then, the family of
columns (A_lA):jk,t’ indexed by all these k and ¢, spans the eigenspace of A for the eigenvalue ),

and any spanning family of this eigenspace contains a scalar multiple of every (A~1A)*

Jk,t”

13. Computing the eigenvectors. Observe first that any vertex j which attains the maximum in
Karp’s formula is critical. To compute one eigenvector for the eigenvalue ppax(A4), it suffices to
compute fl*j for some critical vertex j. This is equivalent to a single source shortest path problem,
which can be solved in O(nm) time and O(n) space. Alternatively, one may use the policy iteration
algorithm of |[CTCG™98|] or the improvement in [EvdD99] of the power algorithm [BO93]. Once a
particular eigenvector is known, the critical digraph can be computed from Fact |§|in O(m) additional
time.

Examples

1. For the matrix A in Application 3| of Section |1} the only critical cycle is (1,2),(2,3),(3,1) (up
to a circular permutation of vertices). The critical digraph consists of the vertices and arcs of this
cycle. By Fact @ any eigenvector u of A is proportional to A% = [0 —13/3 —14/3]" (or equivalently,
to A% or A%). Observe that an eigenvector yields a relative price information between the different
states.

2. Consider the matrix and its associated digraph:



] ®%M

(We use - to represent the element —co.) The classes of A are C1 = {1}, C? = {2,3,4}, C® = {5,6,7}
and C* = {8}. We have pmax(A) = pmax(A[C?, C?]) = 2, pmax(A[CY, C]) = 0, pmax(A[C3,C3]) = 1,
and ppax(A[C*, C%)) = —3. The critical digraph is reduced to the critical cycle (2,3)(3,2). By
Fact |6, any eigenvector for the eigenvalue ppax(A) is proportional to A% = [-3 0 —1 0 —co —o0
—o00 —oa]T. By Fact the other eigenvalues of A are 0 and 1. By Fact any eigenvector for the
eigenvalue 0 is proportional to A% = e;. Observe that the critical classes of A[C?, C3] are C3 = {5}
and C3 = {6,7}. Therefore, by Fact any eigenvector for the eigenvalue 1 is a max-plus linear
combination of (171A)% = [6 —00 —00 —00 0 =3 —2 —oc]T and (171A)% =[5 —00 —00 —c0 =10 1
—oo]”. The eigenvalues of AT are 2,1 and —3. So A and A” have only two eigenvalues in common.

4 Asymptotics of matrix powers

Definitions

A sequence sy, s1, .. . of elements of R,,.x is recognizable if there exists a positive integer p, vectors
b € REX! and ¢ € RIX2, and a matrix M € REXP such that s;, = cM*b, for all nonnegative integers
k.

A sequence sg, S1, ... of elements of R, is ultimately geometric with rate A € Ry .y if spy11 =

sy for k large enough.

The merge of ¢ sequences s',...,s? is the sequence s such that Skqti-1 = s}c, for all Kk > 0 and
1<1<g.

Facts

1. [Gun94, [CTGGI9] If every row of the matrix A has at least one entry different from 0, then, for
all 1 <i <n and u € R", the limit

xi(A) = lim (AFu)/*

k—o0

exists and is independent of the choice of u. The vector x(A4) = (xi(4))1<i<n € R™ is called the
cycle-time of A. It is given by

Xi(A) = max{pmax(A[C,C]) | C is a class of A to which ¢ has access} .
In particular, if A is irreducible, then y;(A) = pmax(A) for alli=1,... n.

2. The following constitutes the cyclicity theorem, due to Cohen, Dubois, Quadrat, and Viot [CDQV83].
See [BCOQ92] and [AGWO05] for more accessible accounts.

(i) If A is irreducible, there exists a positive integer v such that A¥*7 = p,.. (A)Y A* for k large
enough. The minimal value of ~ is called the cyclicity of A.

(ii) Assume again that A is irreducible. Let C1,. .., C; be the critical classes of A and fori =1,...,s,
let 7; denote the g.c.d. of the lengths of the critical cycles of A belonging to C;. Then, the cyclicity
v of A is the L.e.m. of v1,...,7s.



(iii) Assume that ppax(A) # 0. The spectral projector of A is the matrix P := limy_, oo Ak A* =
limy, oo AP 4 AR+ ... Tt is given by P = Yice A* A%, where C denotes the set of critical vertices
of A. When A is irreducible, the limit is attained in finite time. If in addition A has cyclicity one,
then A% = ppax(A)FP for k large enough.

3. Assume that A is irreducible, and let m denote the number of arcs of its critical digraph. Then,
the cyclicity of A can be computed in O(m) time from the critical digraph of A, using the algorithm
of Denardo [Den77].

4. The smallest integer k such that A**7 = p.,..(A)7 A is called the coupling time. It is estimated
in [HA99, BGOTl, [AGW05| (assuming again that A is irreducible).

5. [AGWO05|, Th. 7.5] Turnpike theorem. Define a walk of I'(A4) to be optimal if it has a maximal
weight amongst all walks with the same ends and length. If A is irreducible, then the number
of non-critical vertices of an optimal walk (counted with multiplicities) is bounded by a constant
depending only on A.

6. [Mol88| [Gau94l [KB94, [DS00] A sequence of elements of Ry,.x is recognizable if and only if it is a
merge of ultimately geometric sequences. In particular, for all 1 < 4, j < n, the sequence (Ak),-j isa
merge of ultimately geometric sequences.

7. [Sim78| Has90, [Sim94 [Gau96] One can decide whether a finitely generated semigroup S of ma-
trices with effective entries in R, is finite. One can also decide whether the set of entries in a
given position of the matrices of S is finite (limitedness problem). However [Kro94], whether this set
contains a given entry is undecidable (even when the entries of the matrices belong to Z U {—o0}).

Examples

1. For the matrix A in Application [3] of Section [T} the cyclicity is 3, and the spectral projector is

o 0 . 0 13/3 14/3
P=A4NA} = |-13/3| [0 13/3 14/3]" = [-13/3 0 1/3
—14/3 -14/3 —1/3 0

2. For the matrix A in Example [2] of Section [3] the cycle-time is x(4) = 2222111 -3)7.
The cyclicity of A[C?,C?] is 2, because there is only one critical cycle, which has length 2. Let
B := A[C3,C%]. The critical digraph of B has two strongly connected components, consisting
respectively of the cycles (5,5) and (6,7),(7,6). So B has cyclicity lem(1,2) = 2. The sequence
S 1= (Ak)lg is such that sgi1o = si + 4, for k > 24, with sey = so5 = 51. Hence, s is the merge
of two ultimately geometric sequences, both with rate 4. To get an example where different rates
appear, replace the entries A;; and Agg of A, by —oco. Then, the same sequence s is such that
Sk12 = Sk + 4, for all even k > 24, and sx10 = s + 2, for all odd k > 5, with s5 = 31 and sg4 = 51.

5 The max-plus permanent

Definitions

The (max-plus) permanent of A is per A =3 g Ai51) - Apo(n), or with the usual notation of
classical algebra, per A = max,es, A1o(1)+- -+ Ans(n), which is the value of the optimal assignment
problem with weights A;;.

A max-plus polynomial function P is a map Ryax — Rpax of the form P(z) = X?ZO pixt with
Pi € Ruyax, 1 =0,...,n. If p, # 0, P is of degree n.

The roots of a non-zero max-plus polynomial function P are the points of non-differentiability of
P, together with the point O when the derivative of P near —oo is positive. The multiplicity of a
root a of P is defined as the variation of the derivative of P at the point o, P'(a™) — P’(a™), when
a # 0, and as its derivative near —co, P’(0"), when o = 0.



The (max-plus) characteristic polynomial function of A is the polynomial function P4 given by
Pa(z) = per(A+ ) for © € Ryax. The algebraic eigenvalues of A are the roots of Py.

Facts

1. [CGMS&0] Any non-zero max-plus polynomial function P can be factored uniquely as P(xz) =
a(x4 1) (x4 ay), where a € R, n is the degree of P and the «; are the roots of P, counted
with multiplicities.

2. [CG83], [ABGO04, Th. 4.6 and 4.7]. The greatest algebraic eigenvalue of A is equal to pmax(A4).
Its multiplicity is less than or equal to the number of critical vertices of A, with equality if and only
if the critical vertices can be covered by disjoint critical cycles.

3. Any geometric eigenvalue of A is an algebraic eigenvalue of A (this can be deduced from Fact
of this section, and Fact [10| of Section .

4. [Yoe61] If A > I and per A = 1, then Aj; = per A(j, 1), for all 1 <4, j <n.

5. [But00] Assume that all the entries of A are different from 0. The following are equivalent: (i)
there is a vector b € R™ that has a unique preimage by A; (ii) there is only one permutation o such
that |o|4 := A15(1) - - - Ano(n) = Per A. Further characterizations can be found in [But00, IDSS05].

6. [Bap95] Alexandroff inequality over Ryax. Construct the matrix B with columns A.1, A1, As,...,
A, and the matrix C' with columns A.5, A5, A3,..., A,,. Then (per A)? > (per B)(per C), or with
the notation of classical algebra, 2 x per A > per B + per C.

7. [BB03] The max-plus characteristic polynomial function of A can be computed by solving O(n)
optimal assignment problems.

Example

1. For the matrix A in Example [2] of Section [3] the characteristic polynomial of A is the prod-
uct of the characteristic polynomials of the matrices A[C*, C?], for i = 1,...,4. Thus, Pa(z) =
(x4 0)(z 4+ 2)?z(z + 1)3(z 4(-3)), and so, the algebraic eigenvalues of A are —oo,—3,0,1 and 2,
with respective multiplicities 1, 1, 1, 3 and 2.

6 Linear inequalities and projections

Definitions

n

IfAce @Zf;f:, the range of A, denoted range A4, is {Ax | x € R, .} ¢ R..,.. The kernel of A,
denoted ker A, is the set of equivalence classes modulo A, which are the classes for the equivalence

relation “x ~y if Ax = Ay”.
The support of a vector b € R, is suppb := {i € {1,...,n} | b; # 0}.

The orthogonal congruence of a subset U of R, is U+ := {(x,y) € Ro, xR | u-x =
u-y Vu € U}, where “” denotes the max-plus scalar product. The orthogonal space of a subset

CofR., xR isCT:={ueR,, |u-x=u-yVxy)eCh

Facts

1. For all a, b € Ry,ax, the maximal ¢ € Ry, such that ac < b, denoted by a\ b (or b/ a), is given
by a\b=0b—aif (a,b) & {(—00,—0), (+00,4+00)}, and a\\ b = 400 otherwise.
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2. [BCOQ92, Eqn 482 1f A e R." and B € R...Y. then the inequation AX < B has a maximal
solution X € Rmax given by the matrix A\ B defined by (A\ B);; = /\1<k<n Api \ By;. Similarly,
for A € Rmax and C € Rmax, the maximal solution C' J A € RTX" of XA < C exists and is given by

(C [ A)ij = Nask<p Cir | Aji-
3. The equation AX = B has a solution if and only if A(A\ B) = B.

4. For A € R
—AT.

max P the map A?: y € @Zin — A\y e @ﬁlin is linear. It is represented by the matrix

5. [BCOQ92, Table 4.1] For matrices A, B, C with entries in R,,,, and with appropriate dimensions,
we have:

A(A\(AB)) = AB,  A\(A(A\ B)) = A\ B,
(A+B)\C = (A\NC)AN(B\C),  A\(BAC)=(A\B)A(A\C),
(AB)\C = B\(A\C),  A\(B/C)=(A\B)/C.

The first five identities have dual versions, with / instead of \. Due to the last identity, we shall
write A\ B/ C instead of A\(B /C).

6. [CCGQI7 Let A e R..Y BeR..!and C € R,.". We have range A C rangeB <= A =
B(B\ A),and ker A CkerC <= C=(CJAA

7. [CGQ%] Let A € Rmax The map T4 := Ao A% is a projector on the range of A, meaning that
(IT4)%? = M4 and rangell4 = range A. Moreover, I14(x) is the greatest element of the range of A
which is less than or equal to x. Similarly, the map II* := Af o A is a projector on the range of Af,
and I14(z) is the smallest element of the range of A* which is greater than or equal to z. Finally,
every equivalence class modulo A meets the range of A" at a unique point.

8. [CGQO04,DS04] For any A € Rmax, the map z +— A(—=) is a bijection from range(A”) to range(A),
with inverse map z +— AT (—z).

—gxXn

9. [CGQY6L CGQ97| Projection onto a range parallel to a kernel. Let B € Rmax and C € ]Rmax
For all z € Rmax? there is a greatest & on the range of B such that C¢ < Cz. It is given by 11§ (=),
where II§ := I o I®. We have (II§)? = IT1§. Assume now that every equivalence class modulo
C meets the range of B at a unique point. This is the case if, and only if, range(C'B) = range C
and ker(CB) = ker B. Then I1§(x) is the unique element of the range of B which is equivalent to x
modulo C, the map H% is a linear projector on the range of B, and it is represented by the matrix

(B J(CB))C which is equal to B((CB)\ C).

10. [CGQ97] Regular matrices. Let A € Rmax The following assertions are equivalent: (i) there is a
linear projector from R, to range A; (ii) A = AX A for some X € RO (iii) A= A(A\AJ A)A

max’

11. [Vor67], [Zim76l, Ch. 3] (see also [But94, AGKO05]). Vorobyev-Zimmermann covering theorem.
Assume that A € R"*P and b € R . Forje{l,...;p}, let

Sj :{ZG {17,7L} | Aij #O and A”\\bl = (A\\b)j} .

The equation Ax = b has a solution if and only if U1 <<, S; D supp b or equivalently Ujcqupp(a\ b)S; O
supp b. It has a unique solution if, and only if, Ujcqupp(a\ b)S; O suppb and UjesS; 2 suppb for
all strict subsets J of supp(4\ b).

2. [Zim77, [SS92| [CGQ04, [CGQS05, DSO4J Separation theorem. Let A € Rmax and b € R ... If
b &’ range A, then there exists ¢, d € R, such that the halfspace H := {x e R.,, | c-x >d -x}
contains range A but not b. We can take ¢ = —b and d = —II4(b). Moreover, when A and b have
entries in Ry.x, ¢,d can be chosen with entries in Ry,y.
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13. [GP97] For any A € Rt we have ((range A)*)T = range A.

14. [LMSO0T, [CGQ04] A linear form defined on a finitely generated subsemimodule of R, can be

extended to R, ... This is a special case of a max-plus analogue of the Riesz representation theorem.

15. [BHS84,IGPIT] Let A, B € R.-P. The set of solutions x € Rb,,, of Ax = Bx is a finitely generated
subsemimodule of RL, .

n =rXn

16. [GP97, [Gauds] Let X, Y be finitely generated subsemimodules of R, A € Ronr and B € Ror.
Then XNY, X4V :={x4y|xeX, yeY}, and X —Y :={zeR,  |IxeXyeY, x=
y 4z} are finitely generated subsemimodules of R . Also, A=1(X), B(X), and X1 are finitely
generated subsemimodules of R, R and R, xR respectively. Similarly, if Z is a finitely
generated subsemimodule of R, xR, . . then Z' is a finitely generated subsemimodule of R, .

ax’ > max’ max max?

max’

17. Facts still hold if Ryay is replaced by Rpyax-
18. When A, B € RXP, algorithms to find one solution of Ax = Bx are given in or [CGB03].

max?
One can also use the general algorithm of [GG9§| to compute a finite fixed point of a min-max

function, together with the observation that x satisfies Ax = Bx if and only if x = f(x), where

f(x) =x A (AN(Bx)) A (B\(Ax)).

Examples

1. In order to illustrate Fact consider

0 0 0 —oo 0.5 3
A=|1 -2 0 0 15, b=]0] . (3)
0 3 2 0 3 0.5

Let x := A\ b. We have X; = min(—0+ 3,—-1+0,—0+ 0.5) = —1, and so, S; = {2}, because
the minimum is attained only by the second term. Similarly, X3 = —2.5, S = {3}, x5 = —1.5,
S3 = {3}, X4 = 0, S4 = {2}, X5 = *2.5, S5 = {3} Since U1§j§5Sj = {2,3} ﬁ suppb = {1,2,3},
Fact shows that the equation Ax = b has no solution. This also follows from the fact that
a(b) = A(A\b) =[-100.5]T < b.

2. The range of the previous matrix A is represented on the following picture (left).

€3 €3

€1 €2 €1 €2

max 15 represented by the point that is the barycenter with weights
(exp(Bx;))1<i<s of the vertices of the simplex, where 5 > 0 is a fixed scaling parameter. Every
vertex of the simplex represents one basis vector e;. Proportional vectors are represented by the
same point. The i-th column of A, A.;, is represented by the point p; on the figure. Observe that the
broken segment from p; to p2, which represents the semimodule generated by A.; and A.o, contains
Ps5. Indeed, A.5 = 0.5A4.1 4 A.5. The range of A is represented by the closed region in dark grey and
by the bold segments joining the points p1, p2, ps4 to it.

A non-zero vector x € R3

12



We next compute a half-space separating the point b defined in from range A. Recall that

a(b) = [-1 0 0.5]7. So, by Fact a half-space containing range A and not b is H := {x €
R | (=3)%1 4 X2 4+(—0.5)x5 > 1x; 4%z +(—0.5)x3}. We also have H NR3 = {x € R3__ |

x2 4(—0.5)x3 > 1x;1}. The set of non-zero points of H NR3 _ are represented by the light gray
region on the picture, at right.

7 Max-plus linear independence and rank
Definitions

If M is a subsemimodule of R?, .. u € M is an extremal generator of M, or Rycu:={Au| A€
Ruax} is an extreme ray of M, if u # 0 and if u = v+ w with v,w € M imply that u = v or

u=Ww.

A family uy,...,u, of vectors of R} . is linearly independent in the Gondran-Minoux sense

if for all disjoints subsets I and J of {1,...,7}, and all A\; € Ryax, @ € TUJ, we have ), ; Aj.u; #
D jesAjuy, unless \; =0 foralli € TUJ.

For A € R?"X"™ we define

max ’

det™ A := X Alo(l) T And(n)7 det™ A := }Z Ala(l) T Ana(n) )

cest cES,

where S and S;, are respectively the sets of even and odd permutations of {1,...,n}. The bide-
terminant [GM84] of A is (det™ A, det™ A).

For A € RI'XP\ {0}, we define

max

- the row rank (resp. the column rank) of A, denoted rk,ow(A) (resp. rkeo(A4)), as the number of
extreme rays of range AT (resp. range A);

- the Schein rank of A as rkgen(A) := min{r > 1| A = BC, with B € RlX" C € R %P

max? maxJ*
- the strong rank of A, denoted rky(A), as the maximal r > 1 such that there exists a r x r
submatrix B of A for which there is only one permutation o such that |o|p = per B;

- the row (resp. column) Gondran-Minoux rank of A, denoted rkgam,(A) (resp. rkgme), as the
maximal r > 1 such that A has r linearly independent rows (resp. columns) in the Gondran-Minoux
sense;

- the symmetrized rank of A, denoted rkgym(A4), as the maximal » > 1 such that A has a r x r
submatrix B such that det™ B # det™ B.

(A new rank notion, Kapranov rank, which is not discussed here, has been recently studied [DSS05].
We also note that the Schein rank is called in this reference Barvinok rank.)

Facts

1. [Hel88, [Mol88| [Wag91] [Ganu98, [DS04, [CGQO5] Let M be a finitely generated subsemimodule of

R} .- A subset of vectors of M spans M if, and only if, it contains at least one non-zero element of

every extreme ray of M.

2. [GMO02] The columns of A € RIX" are linearly independent in the Gondran-Minoux sense if and
only if det™ A # det™ A.

3. [PIu90], BCOQ92, Th. 3.78]. Max-plus Cramer’s formula. Let A € R2X" let b, bt € R?, ..
Define the i-th positive Cramer’s determinant by

Dz+ = d€t+(A.1 . A‘7i_1b+A.7i+1 N An) 4+ det_(A.1 cee A.,i_lbiA.ﬂ'_;'_l .a An) s
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and the i-th negative Cramer’s determinant, D; , by exchanging b* and b~ in the definition of D;.
Assume that xT,x~ € R”__ have disjoint supports. Then, AxT 4+ b~ = Ax~ 4 b™ implies that

(det® A)x; 4-(det™ A)x; + D; = (det™ A)x; 4(det™ A)x; + D; V1<i<n . (4)

The converse implication holds, and the vectors xT and x~ are uniquely determined by , if
det™ A # det™ A, and if D} # D; or Df = D; =0, for all 1 <4 < n. This result is formulated in a
simpler way in [Plu90, [BCOQ92] using the symmetrization of the max-plus semiring, which leads to
more general results. We note that the converse implication relies on the following semiring analogue
of the classical adjugate identity: Aadj” A4det™ AI = Aadj” A4det™ AI, where adj™ 4 =
(det® A(j, i))1<sj<n- This identity, as well as analogues of many other determinantal identities, can
be obtained using the general method of [RS84]. See for instance [GBCGIS], where the derivation
of the Binet-Cauchy identity is detailed.

4. For A € R?*P we have

max?

kst (A) < rkeym(A) < { iigiﬁzgi; } < rkgen(A) < { iizzv((f))

The second inequality follows from Fact [2] the third one follows from Facts [2] and The other
inequalities are immediate. Moreover, all these inequalities become equalities if A is regular [CGQO5].

Example

1. The matrix A in Example [T] of Section [f] has column rank 4: the extremal rays of range A are
generated by the first four columns of A. All the other ranks of A are equal to 3.
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