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Abstra
t

The interse
tion of the 
lass of deterministi
 weak and the 
lass of deterministi


marked Petri net languages is the 
lass of regular languages. We prove this result

using a lemma that 
hara
terizes regular deterministi
 Petri net languages.

Published as:

S. Gaubert, A. Giua, \Deterministi
 Weak-and-Marked Petri Net Languages Are Regu-

lar," IEEE Trans. on Automati
 Control, Vol. 41, No. 12, pp. 1802{1803, De
ember,1996.

1



1 Introdu
tion

The extension of the supervisory 
ontrol theory to Dis
rete Event Systems modeled by

Petri nets (PN) leads to non trivial de
ision problems for PN languages [2, 5℄. For instan
e,


he
king the 
ontrollability of a PN spe
i�
ation with respe
t to a PN behavior requires

more or less testing the in
lusion of PN languages, a well known unde
idable problem for

general PN languages. This naturally leads to the investigation of appropriate sub
lasses

of PN spe
i�
ations and behaviors in whi
h these basi
 problems be
ome de
idable. To

this end, the sub
lass L

d

of deterministi
 marked Petri net languages and the sub
lass

G

d

of deterministi
 weak Petri net (PN) languages were used in [2℄. It is known that the

set of regular languages R satis�es R � G

d

\ L

d

. Moreover, the 
lass L

d

is in
omparable

with G

d

. It was 
onje
tured in [2℄ that R = L

d

\ G

d

. We prove here that this is the 
ase.

Thus, L

d

and G

d

provide proper and distin
t extensions of regular languages.

Let us �rst re
all some notation (the reader is refered to [2℄ for more details). Let �

denote a �nite alphabet. A �-labeled PN is a 4-uple G = (N; `;M

0

; F ), where: N is a PN

(whose sets of transitions and pla
es are denoted respe
tively by T and P ); ` is a labeling

fun
tion T ! �; M

0

2 N

P

denotes the initial marking; F � N

P

is a �nite set of �nal

markings. The labelling fun
tion ` is extended to a morphism T

�

! �

�

in the 
anoni
al

way. The marked behavior L

m

(G) is the `-image of the set of �ring sequen
es leading to

a �nal marking, namely:

L

m

(G) = f`(�) j � 2 T

�

;M

0

[�iM; with M 2 Fg :

The weak behavior L

w

(G) is de�ned by taking as a

epting set the 
overing set C

F

, i.e.:

L

w

(G) = f`(�) j � 2 T

�

;M

0

[�iM; withM 2 C

F

g

where

C

F

def

= fM

0

2 N

P

j 9M

00

2 F;M

0

�M

00

g : (1)

In more general terms given a (possibly in�nite) set of a

epting markings F , we set

L(G;M;F) = f`(�) j � 2 T

�

;M [�iM

0

; with M

0

2 Fg. We note that L

m

(G) is obtained

from L(G;M

0

;F) by the spe
ialization F = F , while L

w

(G) is obtained from L(G;M

0

;F)

by the spe
ialization F = C

F

as de�ned by (1). The set of rea
hable markings starting

from a marking M will be denoted by R(N;M). We say that G is deterministi
 if the

marking rea
hed after �ring a sequen
e is uniquely de�ned from the sequen
e label, i.e.,

if M

0

[�iM , M

0

[�

0

iM

0

, and `(�) = `(�

0

) implies M = M

0

.

2 Chara
terization of regular Petri net languages

We begin with a lemma of general interest whi
h 
hara
terizes all 
lasses of regular de-

terministi
 PN languages. This extends a result of Ginzburg and Yoeli ([1℄, Theorem 1)
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for free-labeled 
losed PN languages. The regularity of Petri net languages has also been

dis
ussed by Valk and Vidal [6℄. This lemma should be seen as the trans
ription in terms

of rea
hable markings of the well known Myhill-Nerode 
hara
terization of a regular lan-

guage by the �niteness of its set of residuals [3℄. Given a language L and a string w 2 �

�

,

the residual of L with respe
t to w is the language w

�1

L = fz j wz 2 Lg. The lan-

guage L is regular i� the set of its residuals as w ranges over � is �nite, i.e., i� the set

fw

�1

L j w 2 �

�

g is �nite.

Lemma 1. Let F denote an arbitary set of a

epting markings. If fL(G;M;F) j M 2

R(N;M

0

)g is �nite, then L(G;M

0

;F) is regular. The 
onverse holds when G is deter-

ministi
.

Proof. The proof is based on the following obvious observation:

8w 2 �

�

; w

�1

L(G;M

0

;F) =

[

�2T

�

; `(�)=w; M

0

[�iM

L(G;M;F) : (2)

If there are only �nitely many L(G;M;F) forM 2 R(N;M

0

), we get readily from (2) that

there are �nitely many w

�1

L(G;M

0

;F) for all w 2 �

�

(sin
e (2) writes w

�1

L(G;M

0

;F)

as a �nite union of distin
t subsets). Thus L(G;M

0

;F) is regular. Conversely, let M 2

R(N;M

0

), with M

0

[�iM . Obviously,

L(G;M;F) � `(�)

�1

L(G;M

0

;F) (3)

We prove that the 
onverse in
lusion holds for deterministi
 nets. Indeed, let w 2

`(�)

�1

L(G;M

0

;F). Then, there exist �

0

; �

00

2 T

�

su
h that `(�

0

) = `(�), `(�

00

) = w

and M

0

[�

0

iM

0

[�

00

iM

00

2 F . Sin
e G is deterministi
, M =M

0

, hen
e M [�

00

iM

00

2 F , and

thus w = `(�

00

) 2 L(G;M;F). This shows the equality in (3), and implies that there are

�nitely many L(G;M;F) as M 2 R(N;M

0

).

We show how the 
onverse of the lemma depends on the determinism of G with an

example.

Example 1. Let G be the nondeterministi
 labeled net in Figure 1, with initial marking

M

0

= (0) and set of �nal markings F = f(0)g. The set of rea
hable markings of this

net is R(N;M

0

) = N . The language a

epted starting from M

i

= (i) is L(G;M

i

;F) =

fa

i+2j

j j � 0g. Hen
e the set fL(G;M;F) j M 2 R(N;M

0

)g is in�nite, while the

language L(G;M

0

;F) = (a

2

)

�

is regular.

3 Main result

We 
an then state the main result of this note.

Theorem 1. R = G

d

\ L

d

.
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Figure 1: Non deterministi
 labeled net in Example 1.

Proof. The other in
lusion being known [2℄, we prove that L

d

\G

d

� R, by 
ontradi
tion.

Let G

1

= (N

1

; `

1

;M

0;1

; F

1

) and G

2

= (N

2

; `

2

;M

0;2

; F

2

) be two deterministi
 labeled nets

su
h that L

w

(G

1

) = L

m

(G

2

) and assume that L

w

(G

1

) is not regular. By Lemma 1, there

must exist an in�nite set of markings M � R(N

1

;M

0;1

) su
h that for all M;M

0

2 M,

M 6= M

0

) L(G

1

;M;C

F

1

) 6= L(G

1

;M

0

; C

F

1

). From this in�nite set we 
an extra
t

a (stri
tly) in
reasing in�nite sequen
e M

1

;M

2

; : : : (see, e.g., [4, Theorem 2.5℄). Hen
e

L(G

1

;M

i

; C

F

1

) ( L(G

1

;M

i+1

; C

F

1

), for all i.

For ea
h markingM

i

, let �

i

be a �ring sequen
e su
h thatM

0;1

[�

i

iM

i

, and let � be a �ring

sequen
e su
h thatM

1

[�iM

f

2 C

F

1

. Now, let us 
onsider the net G

2

. There exists a �ring

sequen
e �

0

i

�rable fromM

0;2

and su
h that `

2

(�

0

i

) = `

1

(�

i

) for all i. LetM

0

i

2 R(N

2

;M

0;2

)

be su
h that M

0;2

[�

0

i

iM

0

i

. It follows from the equality in (3) for deterministi
 nets that

L(G

2

;M

0

i

; F

2

) = L(G

1

;M

i

; C

F

1

), hen
e M

0

i

6= M

0

j

for i 6= j. There must exist a �ring

sequen
e �

0

f;i

with `

2

(�

0

f;i

) = `

1

(�) su
h that M

0

i

[�

0

f;i

iM

0

f;i

and M

0

f;i

2 F

2

for all i. Sin
e `

2

is non erasing, the length of �

0

f;i

is �xed. Thus, there are �nitely many su
h �

0

f;i

, and M

0

f;i

di�ers from M

0

i

from a bounded quantity. Hen
e, being the set of all M

0

i

in�nite, the set

of all M

0

f;i

must be in�nite as well. This 
ontradi
ts the hypothesis that the set of �nal

markings F

2

of G

2

be �nite.
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