Example of endowed Lie algebras and their prolongations
in the classification of (2,5) distributions
(the problem in E. Cartan’s “5 Variables” paper)

Theorem. Let £ = (A, P, (b)) be a 6-dim Lie algebra endowed with a gener-
ating 2-plane and 1-dimensional isotropy subalgebra (b). If £ is not a prolonga-
tion of the graded nilpotent 5-dim Lie algebra then the linear operator ad b|p
has zero trace. If it is non-singular then the endowed algebra is isomorphic
(over C) to the endowed Lie algebra

la1,a2) = a3, [a1,a3] = a4, [a2,a3] = a5, [a1,b] = a2, |a2,b] = —a;
la1, a4] = [az, as] = A1az + Aq2b, [a1,as5] = [ag,a4] =0

(the other brackets are defined by Jacobi identity), endowed with the plane
a1, as) and 1sotropy subalgebra (b). At least one of A1, Ay 1S non-zero, an
di balgebra (b). At 1 f A, Ao i d

)‘:)‘%/)\2

is a complete invariant with respect to isomorphisms of endowed algebras. As
a non-endowed algebra it is so(3) @ so(3) provided Ay # 0 and A # 4. For such
A, the endowed algebra £ has the following properties:

e it is a prolongation of the 5-dimensional Lie algebra

(X1, Xo] = X3, [Xo, Xa] = X3, [X3, X1] =Xy, [YV1,Yo] =Y, [X;,Y)]=0
endowed with generating 2-plane spanned by a; =Y, + 60Xy, as =Ys + Xs
e it describes the problem of rolling balls of radii Ry, Rs.

The relation between A, 6 , and Ry, R, is as follows:

1-02\%  [1+u2\? R
)x——( 7 ) —< P >,where ,LL—R—Q.
Theorem. The endowed Lie algebra £ is prolongable if and only if

A=100/9 & 0=+43i & pu=Ri/Rye{3, 1/3}

and in this case the prolongation is gs.

Remark. The fact that in the problem of rolling balls the symmetries form go, on
top of “visible” so(3) @ so(3), if and only if the ratio of the radii is 1 : 3 is R.Bryant’s
theorem (lecture notes, 1998). He proved it by computing Cartan tensor, following
Cartan’s constructions. First published proof is due to I. Zelenko (2006); it is also
computation of Cartan tensor, but with a different construction based on his joint
approach with A. Agrachev. Another published proof, based on a work with Lie
algebras, is due to G. Bor and R. Montgomery (2009). A nice math related to
rolling balls (split-octonions) is contained in one of A. Agrachev’s works (2007).
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Homogeneous bracket generating affine distribution A + (B) of R? and R*

Theorem. The symmetry algebra of a homogeneous affine distribution germ
D= A+ (B) onR" n =34, is one of the following:

(a) n=3,4: any n-dimensional Lie algebra admitting a generating 2-plane

(b) n=4:

[b,a] = ¢ la,c] = 0b
Ap: b,c] =d la,d] =0
hef{1,0 [bd=0  [ed=0

one of the 5-dimensional solvable Lie algebras

[w,b] =b
[w,c] =c¢

[w,a] =0
[w,d] = 2d

(c) n=3,4: Lie algebra of vector fields germs on R?
of the form c% + f(yl,yg)%, c € R.

(d) n=3,4: Lie algebra of vector field germs on R

In each of these cases except case (d) for n = 4 the affine distribution D
can be described by an 4-dimensional Lie algebra endowed with an affine line.

Theorem. The symmetry algebra is oo-dimensional (one of the cases cases

(c), (d)) if and only if

[B,[B, A]] € (B, [B, Al]) .

In each of the cases (c) and (d) all affine distributions are diffeomorphic.

These cases hold if and only if

R3 R*
(B, (B, A]] € (B, [B, A]]) [B,[B, A]] € (B, [B, A]])
C [A,[B, A]] € (B,[B, 4]]) [A,[A,[B, A]] € (B, [B, A]], [A, [B, A]])
ase (c) Normal form: Normal form:
B = B ==
A=%+$1% A—%—i—ljaixgﬁ-xg%
[B,[B, A]] € (B, [B, A]])

(B, [B, A]] € (B, [B, A]])
1[\114, [B,lAi]] # (B, (B, 4]])

_ 0
B =55

A= (1 +x1x2)% —i—l'l%

Case (d)

Normal form:

_ 0
B =55

A= (1 +1‘2x3)% +$1aizg +$38%4

Remark. The conditions in the table imply that D = A+ (B) is homogeneous
for R? and case (c) for R*. In the case (d) for R* the affine distribution is
homogeneous if and only if it satisfies the given conditions and the condition

(B, [A,[A,[B, Al] € (B, [B, A}, [A, [B, A]])




3-dim Lie algebras A admitting a generating line a + (b)
and distinguishing prolongable endowed algebras

# moduli
3-dim Lie algebra in classif. endowed algebra Proloneation
A admitting a of A is prolongable (if prol i ble)
generating a + (b) and classif. if and only if profongable
of endowed A
s0(3) 0; 1 never prolongable
sl(2) 0; 1 dim(b, [b, A]) =2 Aso1
(3> 27 O) 2.
dimA? = 2 1; Z i jQ: ; be A2 Ao 2
(42" =0 |
(3,1,0)
non-nilp. '
dimA? — 1 0; 1 always prolongable Ao 2
[A, A?] #0
(3,1,0)
nilp.
(Heisenberg) 0; 0 always prolongable Ao 2
dimA* =1
[A, A% =0
Ao 1: Lie algebra of vector field germs on R
Aso2: Lie algebra of vector fields of the form c% + f(y1, yg)a%?, ceR.



Classification of homogeneous affine distributions A + (B) on R3
= classification of non-prolongable 3-dim Lie algebras
endowed with generating affine line a + (b)

3-dim Lie algebra normal form for ¢
A= (a,b,c) A endowed with a + (b) parameters
s0(3) b,a]=c [a,cJ=1tb [c,b]=a t>0
[b,al =c [a,c]=tb [e,b] =a t>0
sl(2)
b,al]=c |a,c] =1tb c, bl = —a t#£0
[
(3,2,0) :
dimA? = 2 b,al]=c [b,cJ=+a+ A [a,c]=0 | . A0, £
( A2)2 _0 invariants of A

Normal forms:

s0(3): take any vector fields X, X5, X3 on R3, independent at 0, such that
(X1, Xo] = X5, [Xo, X5] = Xy, [X5,X1] = Xo. A normal form for affine
distribution is A 4 (B), B = X1, A = VtXs.

sl(2): similar

(4,2,0): take any vector fields A, B,C on R3, independent at 0, such that

[B,A] =C, [B,C]=+A+\C, [A,C]=0. A normal form is A + (B), for
example A = 8%2, B = 8%1 :FI38;22 + (22 + Ax;;)%, 0 >0.



Prolongable 3-dim Lie algebras
endowed with generating affine line a + (b)

Normal form for
prolongable 3-dim . .
type of A Lie algebra A = (a, b, ) dim(Aut) | prolongation
endowed with a + (b)
[b,a] = ¢
Sl(2) [ba C] =b 0 Aoo,l
[a,c] = —a
(3,2,0) [a,b] = —c  [b,c] =0
dimA2 — 9 [a,c] = t1b + tac 5 A
2\2 _ ’
('A) =0 tl,tQER,tl#O
oy, | ==
dimA2 i).l [b,c] =0 and [b,c]=c 2 Ao 2
[A,.A2] £ 0 [CL,C} =tc [a>c]:0
(3,1,0)
nilp. [b,a] = ¢
(Heisenberg) [b,c] =0 2 Ao 2
dimA? =1 [a,c] =0
[A, A% =0
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Homogeneous bracket generating affine distributions A + (B) on R*
with 5-dimensional symmetry algebra

Theorem. If the symmetry algebra of a homogeneous bracket generating
affine distribution germ D = A + (B) on R* is 5-dimensional then, as an
endowed Lie algebra it is isomorphic to the Lie algebra

[b,al = ¢ la,c] = 0b [w,b] =b  |w,a] =0
As [b,c] =d la,d] =0 [w,e] =c  |w,d] =2d
[b,d] =0 [e,d] =0

endowed with a line a+ (b) and isotropy subalgebra (w). The parameter § € R
is an invariant of the endowed algebra.

Corollary. The distribution D can be described by the 4-dimensional subal-
gebra (a, b, c,d) of Ay endowed with the line a + (b). The parameter 6 is an
invariant of D with respect to diffeomorphisms.

Corollary. The distribution D is diffeomorphic to

0 0 0 1
B=-"2 A= 422 4= (22— 022)) =
3x1’ 81’2 +x18x3 + 2 (xl 9x3))



4-dim Lie algebras 4 admitting a generating line a + (b)

and distinguishing prolongable endowed algebras

# moduli
4-dim Lie algebra in classif. endowed algebra Proloneatio
A admitting a of A is prolongable (if ' Olrcl)g :;bie)
generating a + (b) and classif. if and only if 1t profong
of endowed A
so(3) @R 0; 2 never prolongable

sl(2) &R 0; 2 dim(b, [b, A]) =2 Aol

(4,3,1,0)
dimA? = 3 1; 2 be A As 9

dim (A?)" =1
(4,3,0)

dimA? =3 2; 2 be A? Aoo,1

(42) =0

one of the following:
for the operator ad b| 42
non-degen.: o )
0: 2 and its eigenvalues Ap, Aa:
4,2 ’
sznjAZ’O:) 9 degen.: ad b| 42 is scalar Acor
2\2 _ )
(4%)" =0 L1 A1 = A2 =0, As
see () ad bl 42 # 0 5
Al do=1:2

1 2 .A579

(*) a (4,2,0) Lie algebra A is degenerate if there exists x ¢ A2 such that ad z| 42 = 0.
In this case the condition in the last column is a condition on A.




Classification of homogeneous affine distributions A + (B) on R?
= classification of non-prolongable 4-dim Lie algebras
endowed with generating affine line a + (b)

4-dim Lie algebra

normal form for

parameters

A= (a,b,c,d) A endowed with a + (b)
[b,al =c la,c] =d
[b,c] = —a+t1d [c,d] = taa t1 >0
[b, d] = —t1tac [d, a] = taocC ta >0
s0(3) O R @, 5] = —fie . =d
[a,c] = t1b [c,d] =D t1 >0
[a,d] =0 [d,b] =c
[b,al = ¢ la,c] =d
[b,c] = —a+tid [c,d] =t2a t1 >0,
[b, d] = —t1tac [d, a] = 1ocC to <0
[a,b] = —tic [b,c] =d
sl2)®oR [a,c] = t1b [c,d] = —b t1 >0
[a,d] =0 [d,b] =¢
[b,al = ¢ [a,d] = ¢
[b,c] =d [a,c] = —d
[bv d] =0 [d, C] = —a
bal =c¢ la,c] = A>0, £
4.3.1.0 [ ’ ) ’

(. o ’_) [b,c] = ta + Ac + t1d invariants of A

dimA° =3 la,d] = 0
. N2 a, =
dim (A%)” =1 [b,d] = \d lc,d] =0 heR
bal =c¢ [a,c] =0
4,3,0 b, !
difn’AQ’ ) 5 b, ¢ = d, la,d] =0 A, s € R:
A2\ _ 0 [b,d] = a+ Aic+ lod invariants of A
(A%)" = le,d] = 0
byal = ¢ la,c] = tic t1 R
b, C] = d, [a,d] = tld to 75 —%
: yd] = tac+ c,

(4,2,0): b,d d d )
dimA2 = 2 see (%)
(AQ)QZO byal =c la,c] = tic

b,c] =d, [a,d] = t1d
b,d] = +c [c,d] =0 +: invariant of A

(*) For (4,2,0) Lie algebras: if ¢; # 0 the classification of A is discrete:
there are exactly three cases corresponding to t; < —%, t = i, t1 > —i;
If 5 = 0 then t; is as invariant of A.




Prolongable 4-dim Lie algebras
endowed with generating affine line a + (b)

Normal form for
prolongable 4-dim

Lie algebra A — (a,b, c, d) type of A dim(Aut) | prolongation
endowed with a + (b)
[b,a] = ¢ la,c] =d
b,c]=0b a,d] =tic
{b’ d]] ~ [[C’ d} e sl(2) &R 0 Ao
t1 €R
[b,al|=c [a,c]=4d
[b, C] =0 [a,d} =110+ tac+ tsd t1 #0: (4,3,0) 9 A
[b,d] =0 [c,d =0 t1 =0: (4,2,0) ool
t1,t2,t3 € R
[b,a] = ¢ la,c] =d
[b,c] =c¢ la,d] = tic+tad
bd=d  [ed=0 (4,2,0) 0 Aol
ti,to €R
[b,a] = ¢ [a,c] = tic+ tab A
[b,c] =d [a,d] = t,d t1 #0: (4,3,1,0) ) 59
[b,d] =0 c,d =0 t=0: (4,2,0) »
tl,tQER 9:t2_1t1
[b,al =c [a,c] = tic
[b,c] =d [a,d] = t.d (4.2,0) 0 As.g
[b,d] = —2c+d [c,d]=0 T 0— _1p2
= -1l




