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» In classical electromagnetism, Maxwell’s equations in R*
take the form

a—BJrcurlE = 0, divB=0,
0s

E .
Cr)——curlB = —J, divE=p,
0s

where
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take the form

a—BJrcurlE = 0, divB=0,
0s

E .
Cr)——curlB = —J, divE=p,
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where

» we denote by E the electric field, by B the magnetic
induction,

> by p and J the charge and current densities, respectively,
and by s € R the time
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» In classical electromagnetism, Maxwell’s equations in R*
take the form

a—BJrcurlE = 0, divB=0,
0s

E .
Cr)——curlB = —J, divE=p,
0s

where

» we denote by E the electric field, by B the magnetic
induction,

> by p and J the charge and current densities, respectively,
and by s € R the time

» for a while, for sake of simplicity, we have set all “physical”
constants to be 1.

B. Franchi Maxwell’s equations in Carnot groups



Maxwell’s equations can be rephrased in terms of differential
forms.

» Denote by (2%, d) the de Rham’s complex of differential
forms in R3 associated with the exterior differential d.

B. Franchi Maxwell’s equations in Carnot groups



Maxwell’s equations can be rephrased in terms of differential
forms.

» Denote by (2%, d) the de Rham’s complex of differential
forms in R3 associated with the exterior differential d.

» Let E € Q! and B € Q2 be such that

E=E' , B=(«B)"
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Maxwell’s equations can be rephrased in terms of differential
forms.

» Denote by (2%, d) the de Rham’s complex of differential
forms in R3 associated with the exterior differential d.

» Let E € Q! and B € Q2 be such that
E=E' , B=(«B)"

» Then
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in special relativity, Maxwell’s equations of electromagnetism in
the 4-dimensional free space-time R? x Ry take the form

dFF =0 and d(xyF)=J, (1)

where
» F=dsAE+ B is a 2-form (Faraday’s form) in R? x Ry;
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» F=dsAE+ B is a 2-form (Faraday’s form) in R? x Ry;

» x)s denotes the Hodge duality with respect to usual
Minkowskian scalar product;
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in special relativity, Maxwell’s equations of electromagnetism in
the 4-dimensional free space-time R? x Ry take the form

dFF =0 and d(xyF)=J, (1)

where
» F=dsAE+ B is a 2-form (Faraday’s form) in R? x Ry;
» x)s denotes the Hodge duality with respect to usual
Minkowskian scalar product;
» J =xJ Ads—pis a closed 3-form (source form) in
R x Ry, where p(-,s) = po(+,s)dV is a volume form on R?
for any fixed s € R and J is a 1-form (the current density).
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Introducing a vector potential A related F, that is

F=dA with A=Ay + ¢ds
where Ay, = Ayxy1(z, s) dxy + As2(z, s) dzg + Ax 3(x, ) dzs is a
1-form in R and ¢ = ¢(x, s) is a scalar function, then

Maxwell’s equations are equivalent to the following system for
the vector potential (0 = 92 — A,):

DAy = J
Up = p

provided A satisfies the Lorenz gauge condition

*Md*MAZO.
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We want to develop a similar geometric theory in Carnot
groups leading (hopefully) to a “natural” (intrinsic) wave
equation in Carnot groups.
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To fix our notations:

A Carnot group G of step k is a simply connected Lie group
whose Lie algebra g of the left invariant vector fields admits a
step Kk stratification, i.e. there exist linear subspaces Vi, ..., Vy
such that

g=Vi®..aV,, [W,Vi]=Viy, V.#{0}, Vi={0}ifi >k,

where [V7, V] is the subspace of g generated by the
commutators [X, W] with X € V; and W € V.
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From now on, we fix a basis {X1,..., X, } of g adapted to the
stratification, as well as a scalar product (-,-) making the basis

orthonormal.
Adapted means that {X1,..., X, } is a basis of Vi,
{Xmi+1s---, Xmy} is a basis of Vo, and so on.

The scalar product defines naturally a scalar product on the
spaces Apg of k-vectors, and on the spaces AFg of k-covectors.
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M. Rumin (CRAS 1999) defines a suitable sub—complex (Ef, d.)
of de Rham complex (Q*,d), in which essentially the forms are
sections of a suitable fiber bundle generated by left translations:

{0} = C=(G) = E}(G) % E}(G) % .- 5 E3(G) — {0},

where
> (Ej,d.) is exact;
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M. Rumin (CRAS 1999) defines a suitable sub—complex (Ef, d.)
of de Rham complex (Q*,d), in which essentially the forms are
sections of a suitable fiber bundle generated by left translations:

{0} = C%(6) = BJ(G) ™ E3(G) = - ™ E(G) — {0},
where

> (Ej,d.) is exact;

» E} = {horizontal 1-forms};

» d.f is the horizontal differential of f for f € EJ(G);
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M. Rumin (CRAS 1999) defines a suitable sub—complex (Ef, d.)
of de Rham complex (Q*,d), in which essentially the forms are
sections of a suitable fiber bundle generated by left translations:

{0} = C*(G) = EY(C) = E}(G) - % E{(G) + {0},
where

> (Ej,d.) is exact;

» E} = {horizontal 1-forms};

» d.f is the horizontal differential of f for f € EJ(G);

» (Fy,d.) is Hodge-self-dual, in the sense that *Ef = EJ "
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In general, the differential d. is defined through a suitable
subcomplex (E*,d) of the De Rham complex (0¥, d) (we refer
to (E*,d) as to the complex of “lifted forms”). Il IIg denotes a
suitable projection on E* and Ilg, is the orthogonal projection
on Ej, then

d. =Ilg,dllg.

B. Franchi Maxwell’s equations in Carnot groups



» The following diagram gives a synopsis of the construction

de de dc

h h+1
EO EO —_—

HEl THEO

d d d
Eh Eh+1 _* ...

d d
s Qb Oh+1 G

d
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Roughly speaking, the projection IIg is meant to remove the
obstructions to the exactness of the complex, whereas the
projection Ilg, to minimize the number of the closeness
conditions
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A crucial property of the complex (E§,d.) is that in general, d.
is an operator of higher order in the horizontal derivatives. In
addition, it may fail to be homogeneous.
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Theorem (F., Tesi, 2010)

Let G be a free group of step k. Then all forms in E& have
weight 1 and all forms in E3 have weight k + 1.
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» Obviously, the naif Laplacian associated with d., i.e.
dcde + dcc,

where 6. = d, in general is not homogeneous.
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» Obviously, the naif Laplacian associated with d., i.e.
dcde + dcc,

where 6. = d, in general is not homogeneous.

» Even if d. is homogeneous, as in H" case, the associated
natural Laplacian could be not homogeneous. For instance,
on 1-forms in H', 6.d, is a 4th order operator, while d.d, is
a 2nd order one. This is due to the fact that the order of d.
depends on the order of the forms on which it acts on.
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on 1-forms in H', 6.d, is a 4th order operator, while d.d, is
a 2nd order one. This is due to the fact that the order of d.
depends on the order of the forms on which it acts on.

» Indeed, d. on 1-forms in H' is a 2nd order operator, as well
as its adjoint d. (which acts on 2—form), while . on
1-forms is a first order operator, since it is the adjoint of d.
on O—forms, which is a first order operator.
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» Obviously, the naif Laplacian associated with d., i.e.
dcde + dcc,

where 6. = d, in general is not homogeneous.

» Even if d. is homogeneous, as in H" case, the associated
natural Laplacian could be not homogeneous. For instance,
on 1-forms in H', 6.d, is a 4th order operator, while d.d, is
a 2nd order one. This is due to the fact that the order of d.
depends on the order of the forms on which it acts on.

» Indeed, d. on 1-forms in H' is a 2nd order operator, as well
as its adjoint d. (which acts on 2—form), while . on
1-forms is a first order operator, since it is the adjoint of d.
on O—forms, which is a first order operator.

» Things become more complicated in general Carnot groups.
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In H', Rumin proved that the naif Laplacian d.d. + d.0. on
intrinsic 1-forms can be profitably replaced by the 4th-order
differential operator in the horizontal derivatives

A]HI,l = dcde + (dc(sc)Qa

while on 0-forms d.d. + ded. := Agp = —Ag := —(X? + Y?).
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Theorem (Rumin, 1994)

The operator Am,1 s maximal hypoelliptic, i.e, if Q@ C H! is a
bounded open set, then the L?(Q)-norm of all 4th order

horizontal derivatives of an intrinsic 1-form o supported in )
are controlled by

[Am 10l r2(0) + [lollr2(9)-
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Notice that, unlike the Euclidean Laplacian on forms, the
operator Ap ; fails to be diagonal.
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Analogously, if G is a free group of step x we set
A(G,l = Ocde + (dcéc)ﬁa

and we have

Theorem (F., Tesi, 2009)

Let G be a free group of step k. The operator Ag 1 is maximal
hypoelliptic, i.e, if Q@ C G is a bounded open set, then the
L?()-norm of all horizontal derivatives of order 2k of an
intrinsic 1-form a supported in ) are controlled by

[AG 1|2 (0) + el z2()-
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Back to Maxwell’s equations:
Notice if G is a Carnot group, then R x G is a Carnot group.
The Lie algebra g of of R x G admits the stratification

g=VioKho- oV,

where V; = span {S,V1}, where S = %.

Since the adapted basis { X1, ..., X, } has been already fixed
once and for all, the associated fixed basis for R x G will be
{Sa X17 e Xn}
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If G is a Carnot group, we can formulate Maxwell’s equations in
R x G as follows

d.F=0 and d.(xpF)=J, (2)

where
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» F=EAds+ B¢ E3g  is an intrinsic 2-form in R x G;
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» F=EAds+ B¢ E3g  is an intrinsic 2-form in R x G;

» 3, denotes the Hodge duality with respect to the
Minkowskian scalar product

(BNds—+7, 8 Nds+~")ar == (7,7") — (8, 8');
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» F=EAds+ B¢ E3g  is an intrinsic 2-form in R x G;

» 3, denotes the Hodge duality with respect to the
Minkowskian scalar product

(BNds—+7, 8 Nds+~")ar == (7,7") — (8, 8');

» 7 =xJ ANds— pisaclosed 3-form in R x G, , where
p(-,8) = po(-,s)dV is a volume form on G for any fixed
seRand J € Eé,RxG is an (intrinsic) 1-form.
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Maxwell’s equations in G x R are invariant under contact
Lorentz transformations.

Invariance is due to the fact that the pull-back induced by a
contact Lorentz matrix L commutes with both d. and the
Hodge operator *;;.
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A homogeneous homomorphism L : G — G induces a contact
linear map L : g — g, i.e. a map L such that

LV;)CV;,, i=1,...,k.
We say that L is a contact Lorentz transformation if
'LGL =G,

where
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-1 0 0 0
0 1 0 0
0 0
0 0 1 0
0 O 1
G = 1 0
0 0
0 1
0 0

Given a group G, we refer to HOg as to the contact Lorentzian
group of G.
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Example

Take G = H!. A matrix L belongs to HO(G) if and only if it
has the form

+1 0 0 0
_ 0 a1 a2 0
L= 0 a1 ax O ’
0 0 0 detA

B. Franchi Maxwell’s equations in Carnot groups



Looking for solutions of Maxwell’s equations
d.F=0 and d.(xyF)=J,

since the complex (Ea‘nyG, d.) is exact, we are lead to look for a
vector potential (i.e. an intrinsic 1-form on G x R such that
F =d.A) of the form

A= As + ¢ds,

satisfying a suitable gauge condition.

We are therefore interested in formulating and studying a
“natural” (intrinsic) wave equation for the vector potential, in
analogy with the Euclidean setting.
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In the simplest case of the first Heisenberg group we have

Theorem (intrinsic wave equation)

Suppose F € Eg mixr Satisfies Mazwell’s equations. Then

F=d.A with A = Aidx + Axdy + ¢ ds —Ag+d)ds€EOHlxR
In addition, A satisfies

92A

aTQE — —A]}]LlAE + J (3)
0%¢ ) 1
952 —Apo + TGAH'OO’ (4)

where Ay = X2+ Y?%(= —Ag) is the usual subelliptic
Laplacian in H', provided the following gauge condition holds:

99

did.diA
s+ 5 D5

—0. (5)
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Notice the gauge condition (5) can be always satisfied replacing
the potential A by the potential A + d.¢, with 1 satisfying

82w _ 2 * * 8(]5
S5 = —Ahy — (didediAs + 52). (6)
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An analogous result holds in free groups G of step k. The new
“wave equation” becomes

0?A

8T22 - —AGJAE + J
82¢ K K—
52 = ~(Ac)"¢—(-Ag) ' po,

where Ag := Z;ﬂ’:l X? is the usual subelliptic Laplacian in G.
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We stress that, in our wave equation, in the homogeneous
Laplacian Ag 1, the “natural part” d.d. is generated by
Maxwell equation, whereas the “artificial part” (d.d.)" is
generated by the gauge condition, that is arbitrary chosen
according our convenience.
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If the source form satisfies suitable conditions at the infinity,
then the solutions of our wave equation generate solutions of
Maxwell equations
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The existence of solutions of equations (3), (4) and (5) can be
obtained by means of abstract arguments of “infinitesimal
generators of cosine functions”.
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Theorem

Let I C R be a bounded interval such that O € I. Let

ap € WHH(G, EY), a1 € L*(G, E}) and J € L*(I, L*(G, E})).
Then there exists a unique strong solution

a € CUI, WG (G, Ey)) n CH(I, L*(G, Ey))
of the linear equation

{ 8304—1—&[;,104 =J, fors>0

a's:O = Qp, OéS‘s:O = o

If in addition J € C°(I, W(;T’Q(G,Eé)), then
ae C*I, W5 (G, Ep)).
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The propagators are explicitly given by

C(s):/ cos(s|\|Y2) dE(N)

and

S(s) = / T2 sin(s A7) (),

—0o0

where dE(\) is the spectral measure associated with —Ag ;.
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Again in H', it is interesting to notice that, if we look for
solutions u = u(t; z,y) that do not depend on the variables of
higher layer, we fall in the equation of the classical elasticity

ou
0s?

the so-called Germain-Lagrange equation for the vibration of
plates.

= —A%y, (8)
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We want to show that our group equations can be seen as “limit
equations” for strongly anisotropic media.
For sake of simplicity, let us restrict ourselves to H'.
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Let us go back to classical Maxwell’s equations in R x R? in the
matter”.

The physical properties of the matter are described by two

3 x 3 matrices [¢], [u] that are called dielectric permittivity and
magnetic permeability, respectively.
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In the language of differential forms they can be written as

>

E
*dCE:uaa—H *ch:—saa—, 9)
s s
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In the language of differential forms they can be written as

| 4
oH OF
*ch—HE *ch——é‘g, (9)
| 4
5.B =0 5.D = 0. (10)
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In the language of differential forms they can be written as

| 4
OH OFE
deE = p— d-H = —¢ —,
: K os . © 0s ©)
| 4
5.B =0 5.D = 0. (10)

» together with the constitutive relations
« B=pH x D =cF, (11)

where € and p are the operators induced by [¢], [u] on
1-forms, respectively.
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» For sake of simplicity, suppose both [u], [¢] are real
symmetric invertible matrices.
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» For sake of simplicity, suppose both [u], [¢] are real
symmetric invertible matrices.

» Assume also that the forms E, D, B, H are time-harmonic,
i.e., with an obvious meaning of the notations,

E=¢“E, D=¢“*D, and soon.
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» For sake of simplicity, suppose both [u], [¢] are real
symmetric invertible matrices.

» Assume also that the forms E, D, B, H are time-harmonic,
i.e., with an obvious meaning of the notations,

E=¢“E, D=¢“*D, and soon.

» Then the 1-form a = *D € Q(U) satisfies the differential
equation
SMdNa —w?a =0, da=0 (12)

B. Franchi Maxwell’s equations in Carnot groups



» For sake of simplicity, suppose both [u], [¢] are real
symmetric invertible matrices.

» Assume also that the forms E, D, B, H are time-harmonic,
i.e., with an obvious meaning of the notations,

E=¢“E, D=¢“*D, and soon.

» Then the 1-form a = *D € Q(U) satisfies the differential
equation
SMdNa —w?a =0, da=0 (12)

» where (det[u]) - M is the operator induced by [u] on
2-forms, and N is the operator induced by [¢]~! on 1-forms.
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A standard approach to the Dirichlet problem with relative
boundary conditions in a bounded open set U for system (12)
relies on a variational argument for the functional

Jh(a) = / (MdNa, dN) e dV + o / (Gaf2 dv
u U
(13)
+C/<Na7a>EquV
u

Here, o > 0 is a positive parameter, and C > 0 is a large
constant.
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Mimicking the Euclidean approach, in H' we have to consider
the functional

J(a) :—/ |dca|2dV+a/ \5ca]2dV+C’/ la|? v,
u u u

which still hides all the peculiarities of the structure of our
intrinsic Maxwell’s equations.

B. Franchi Maxwell’s equations in Carnot groups



To prove that Maxwell’s equations in the groups are limits of
Maxwell’s equations in very anisotropic media, we show that
the functional J is the I-limit of functionals J#¢ for suitable
choices of [u], [e].
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Definition
Let X be a metric space, and let

Ipy J 1 X — [—00, +00]

with 7 > 0 be functionals on X. Then {J,},~¢ I'-converges to J
on X as r goes to zero if and only if the following two
conditions hold:

» for every u € X and for every sequence {u,, }reny with
rr, — 0 as k — oo, which converges to u in X, there holds

liminf J,, (uy,) > J(u); (14)

k—o0
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Definition
Let X be a metric space, and let

Ipy J 1 X — [—00, +00]

with 7 > 0 be functionals on X. Then {J,},~¢ I'-converges to J
on X as r goes to zero if and only if the following two
conditions hold:

» for every u € X and for every sequence {u,, }reny with
rr, — 0 as k — oo, which converges to u in X, there holds

liminf J,, (uy,) > J(u); (14)
k—o0
» for every u € X and for every sequence {ry}ren with
r, — 0 as k — oo there exists a subsequence (still denoted
by {7k }ren) such that {u,, }ren converges to u in X and

lim sup Jy, (ur,) < J(u) (15)

k—o0
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If r > 0, consider now the functional
J = JHe,

where the magnetic permeability [u,] and dielettric permittivity
[er] have the forms

] =[e,) = | —fay 14+%52° —Lz
3Y 5T
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Definition
If a € QY (U), we write

o= o1 + (9,

with a; € QY (U), i = 1,2. If m > 2, we say that
—~ 1
ac WU, \'g) it a; e W2, N g) 1,2.

The space Wg 2(U, \' g) is endowed with its natural norm.
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Theorem (Baldi, Franchi 2011)

Let Q be a bounded open set in H' with smooth boundary. The
restriction to Wfﬂf(ﬂ, /\1 g) of the functional J, T'-converges,
rwith respect to the topology induced by W&’f(@, Al g), to the
restriction to Wfﬂ’f(ﬁ, Al a) of the functional

/\dca|2dv+/ |6Ca|2dV+C’/ laf? dV
R3 R3 R3

1
J(a) = se a € Wﬁ{z(]ﬂll, /\ 9)

+ suitable boundary conditions,

+ 00 otherwise.

B. Franchi Maxwell’s equations in Carnot groups



