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Motivations

Original motivations

Computation of Hausdorff measures

in Carnot-Carathéodory spaces



Motivations
Hausdorff measures

(M, d) metricspace - QCM - «>0 real number
HOQ) = lim mf{z (diam F)* : Q C U;F;, F; closed, diam F; < &}
SQ) = lim .nf{z (diam F))® : Q C U;F;, F; closed ball, diam F; < 6}
6—0 -
HY ()

HE(Q) < S¥(Q) < 20H(Q)

dimH (Q) «



Motivations
Carnot—Carathéodory spaces

Definition

A sub-Riemannian manifold is a triple (M, D, g) where
e M smooth (i.e., C*°) manifold
@ D C TM subbundle
@ g(-,-) Riemannian metric on D

horizontal path — ~:[a,b] = M
@ = absolutely continuous
e 4(t) € D(~(t)) a.e.

length — length() = [©/2(3 (), 3(1))dt

~ non-horizontal = length(y) = +o0



sub-Riemannian distance

d(p, g) = inf{length(v) : ~ horizontal joining p to q}

D is non-holonomic, i.e., for every p € M there exists r(p) € N s.t.

{0} € D(p) € D*(p) C --- C D'P)(p) = T, M.

Theorem (Chow-Rashevsky)

M connected, D non-holonomic = d(p,q) < oo and d is continuous.

The metric space (M, d) is called Carnot—Carathéodory space.



Motivations

An example: the Heisenberg group

M =TR3 D= ker (dz — 3(ydx — xdy)), g = dx* + dy? J

z

o

z(1) = area S enclosed

by the projection I'

_______________________________ y
/ — =
r

x

— Distance restricted to the z-axis:

d((0,0,Z), (0,0,2’)) =2ymy/|z - Z|.



Let C = interval [0, z] on the z-axis. Then
H?(C) =4nz  (or H?|c = 4nLh)
and the 2-density of C is

H2(C N B(q,r))

- =2.

lim
r—0+t r

This raises two questions:

e integral representations for H*(C)? Comparison with other
measures?

o relationships between a-density and rectifiability?



Motivations

Measures in SR manifolds : existing notions and results

@ top dimensional spherical Hausdorff measure

— [Agrachev - Barilari - Boscain - Gauthier]

For paths:

e 7! has an integral formulation (for absolutely continuous paths):

H1() = length() = [ VeG(D)3(0)de

@ 3 other notions of integral measures — [Falbel - J. 03]
but not related to Hausdorff measures up to now



@ approximation by finite sets: complexity o(+, ¢)

v : [a, b] = M continuous path, C = 7([a, b]), € >0

o(C,e)=min{N |3 g =~(a),...,qn =(b), d(qi,qi+1) <&}

There exists equivalents in integral form
[J., Gauthier - Zakalyukin '00s]



Motivations

Rectifiability theory: classical definition

Definition
(M, d) metric space - keN

S C M is (Hk, k)-rectifiable if there exists a countable family of
Lipschitz functions f; : Rk — M such that

HA(S\ U fi(R¥)) = 0.

[Federer 1947] in the Euclidean space, [Kirchheim 1994]

Properties in the Euclidean space:
@ Rademacher Theorem = Lipschitz can be replaced by C*

o Sis (HX, k)-rectifiable < S included in the union of a set of zero
H¥-measure and a countable family of C! manifold of dimension k

o C =1/([a,b]) is (H!,1)-rectifiable < C has finite length



Theorem (Federer, Kirchheim)

Assume S is H*-measurable and H*(S) < cc.
Then S is (HX, k)-rectifiable =

HK(S N B(x,r))

0 < lim - < oo, forHk-ae xeS
r—0 r
When (M, d) = Euclidean space, "=-" becomes "&" [Preiss 1987]

In a Carnot-Carathéodory space:
Lipschitz paths < horizontal paths J

= C=+([a, b]) is (H!, 1)-rectifiable iff ~ horizontal
=  smooth non-horizontal paths are not 1l-rectifiable ...

+ in Heisenberg: z-axis not 2-rectifiable but has a constant 2-density



Motivations

Questions and strategy

© How to compute Hausdorff measure of non-horizontal paths?

@ How to define 1-rectifiable sets in a such a way that smooth
non-horizontal paths are rectifiable?

— new class of curves (in any metric space)
o allows to compute measures on continuous curves

@ can be used to define rectifiable sets with suitable properties
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m-C¢, paths

m-Cl paths and infinitesimal measures

(M, d) metric space

Definition

v : [a, b] = M continuous path, o > 1 real number.

7 is continuously metric differentiable of degree o at t (= m-Cl) if
L dO(t +5),9(t)
im ————— 22
50 |s|1/04

exists and depends continuously on t.

The a-measure of v at t is

d(y(t +5),7(t))

lim |s|1/0‘

< ) if v € m-C},
a s—0
meas'(7) =

+00 otherwise.




m-C¢, paths

The classical case: a =1

@ lims_o w — metric derivative of v at t

e m-C{ = Lipschitz
e (M,d) CC space =

——— T = Vg (3(1),4(t) = meas; (4),
s—0 |5|

at each point t where « is differentiable



Integral measures: a-lengths

Definition
v : [a, b] = M continuous, C = 7([a, b]), & > 1 real number.

b
Length,,(C) = / meas () dt

(M, d) CC space and o =1 = length(y) = Length,(C).

Theorem (Ambrosio, Kirchheim '90s)

v injective, Lipschitz =- the metric derivative of y exists a.e. and

H(v([a, b)) / meas; () d [ = length(y), in a CC space].




m-Cg, paths
Examples in CC spaces

e v €Ct, v horizontal = v € m-C} and measl(y) # 0

o the z-axis in Heisenberg is m-C3 with meas? = 47

Definition

v :[a, b] = M, C =~([a, b])
o v is C-regular at t if dim D*(v(s)) is constant near t, for k € N.
@ v is equiregular if it is C-regular at any t € [a, b]

Proposition

v € CY, equiregular 1
i(t) € DH(3(2) = 7em

5(t) ¢ D*=1(y(t)) = meask(y) # 0.

e Remark: m-C! »# (!



In a Riemannian manifold, i.e., D = TM,

Proposition (Riemannian case)
v € mC}k
meas$(y) Z0

= a=1

— all non trivial m-Clcurves are Lipschitz



m ths

Properties of m-C} paths

e Hélder continuity: v € m-CL = ~ is Hélder of order 1/a.
If moreover meas®(-y) never vanishes,  is bi-Holder :

kals[V/* < d(y(t + 5),1(t)) < kals|*/.

Theorem

7 injective, m-CL, C = ~([a, b]) =

HY(C) = S%(C) = Length, (C) = Iimoeaa(C,a)7
E—
and i S CME(G, 7))

r—0+ r

=2 forH%-a.a. g€ C.

dH™ |_c
dv. Lt

(t) = meas (v)



Consequences in Carnot-Carathéodory spaces:

e Computations of H*(C) for smooth paths through o(C,¢)

@ Define:
mc = inf{k €N : 5(t) € D*(y(t)) for ae. t}
lc = {te€lab] : visnotC!oris C—singular at t}.
Theorem

If v injective and continuous, Ic closed and L(Ic) = H™(y(Ic)) = 0,
then

HY(C) = S%(C) = Length,(C) for any a > 1,

and dimy C = mc.
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Rectifiability

1-rectifiability: new definition

(M, d) metric space

Definition
Aset S C Mis (H®,1)-rectifiable if there exists a countable family of
m—Cé paths v; : [; = M, [; closed intervals, such that

HA S\ Jih) =o.

ieN

Remark
If (M, d) CC space, then:
k €N, ~ C* curve

v equiregular = 7([a, b]) is (H*, 1)-rectifiable
5(t) € D(~(t)) for every t




Rectifiability
A density result

Theorem

Let S C M be H™-measurable with H*(S) < +oc.
If S is (H*,1)-rectifiable then, for H*-almost every q € S,

2 < lmigg HEE 0B _ L HAS N B(g:)

r—0+ r r—0+ re

< 2%

@ no linear structure
@ measures computations and density property of m-C. paths

To be compared with:
Theorem (Preiss 1987)
Jc>1st, for SER" and k € N:  for Hk-a.e. g€ S

HK(SN B(q,r))

k
0<|imsupH(SO—kB(q’r))§climinf o ,

r—0+ r r—0t

if and only if S is (H¥, k)-rectifiable.
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Open problems and remarks

Open problems |

In the Theorem of Preiss, the constant c is close to 1. In our result, the
corresponding constant is 2%~

Conjecture
The a-density exists,

im SN B(@.1)

r—0+t re

=2 HY — ae.

Far more difficult problem: does a reciprocal of our Theorem exists?



Open problems and remarks

Open problems Il

In SR geometry, there exists a notion of metric differential of degree «
of v at t, denoted a-d~;. [J. - Falbel]

a-dv; exists Vt and is continuous = 7 is m-C},

Question J

vy m-C} = a-dy; exists for a.e. t 7

(Rademacher’s like theorem)



Open problems and remarks

Remark: v m-Cl + meas®(y) nontrivial = 7 bi-Hélder of degree 1/«

Is it possible to replace m-Cl curves with bi-Hélder ones in the preceding
constructions?
NO, because in general:

@ no density results holds for bi-Holder curves;

@ v bi-Holder of degree 1/ac % a-d~; exists for a.e. t

Consequence:
m-C} curves and (H*,1)-rectifiable sets are not preserved by bi-Lipschitz
equivalence

Conjecture

Bi-Lipschitz maps between CC-spaces do not preserve smooth
non-horizontal maps



Open problems and remarks
Open problems Il

(M, D, g) equiregular SR manifold
ke{l,...,r(p)} = there exists v m-C} with meask(vy) # 0.

Proposition
7 absolutely continuous and m-CL with meas®(y) Z0 = a € N. J
Question:  What if v is not absolutely continuous? )

To be compared with Marstrand's theorem in the Euclidean space:

Theorem (Marstrand 1964)
Let & > 0 s.t. there exists B C R" satisfying H*(B) > 0 and

0 < lim HY(B OaB(X, r))

r—0 r

< +o0, Vx€B.

Then o € N.
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