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Background and history

Jacobi’s problem

» Jacobi’s Geodesic problem-1835: Find a curve x(¢) on the
ellipsoid E = {x € R"*! : 3" | Lx? = 1 that connects two

given points of E whose length L = fol v or o (L2 dr s

minimal.
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Background and history

Jacobi’s problem

>

Jacobi’s Geodesic problem-1835: Find a curve x(¢) on the
ellipsoid E = {x € R"*! : 3" | Lx? = 1 that connects two

given points of E whose length L = fol v or o (L2 dr s

minimal.
Jacobi’s method of solution: Elliptical coordinates: ug, uy, u5.

2 2 x2
: ad| o) 3
Solutions of o tam Tas= 1
Ifa; <ay <az,thenug < a1 <u < ax < uy < as.
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uy, up are the coordinates on the ellipsoid Ei:l s
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Jacobi’s Geodesic problem-1835: Find a curve x(¢) on the
ellipsoid E = {x € R"*! : 3" | Lx? = 1 that connects two

given points of E whose length L = fol v or o (L2 dr s

minimal.
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uy, up are the coordinates on the ellipsoid Ef’zl afuo =1.
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Jacobi’s problem

>

Jacobi’s Geodesic problem-1835: Find a curve x(¢) on the
ellipsoid E = {x € R"*! : 3" | Lx? = 1 that connects two

given points of E whose length L = fol S ()2 dris
minimal.
Jacobi’s method of solution: Elliptical coordinates: ug, uy, u5.

2 2
Solutions of alx'_ + 22 5 =1

u a—u az—u
Ifa; <ay <asz, thenuy < a) <up <ax <u <as.

2
uy, up are the coordinates on the ellipsoid 21—1 - ﬁuo =1.
ds? = (1 — ) (S0} — M=t ?) f () =
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Associated Hamiltonian: H = —L— (L0252 f@) 2y
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minimal.
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>

Jacobi’s Geodesic problem-1835: Find a curve x(¢) on the
ellipsoid E = {x € R"*! : 3" | Lx? = 1 that connects two

given points of E whose length L = fol S ()2 dris
minimal.
Jacobi’s method of solution: Elliptical coordinates: ug, uy, u5.

2 2
Solutions of alx‘_ + 22 5 =1

u a—u az—u
Ifa; <ay <asz, thenuy < a) <up <ax <u <as.

2
u1, up are the coordinates on the ellipsoid 21—1 - ﬁuo =1L
ds? = (1 — ) (S0} — M=t ?) f () =
4(a; —u)(ap — u)(az — u)
Associated Hamiltonian: H = 5 lul (L];(Mzu)op2 ul(“‘u)()pl) =1.
uziul (L],;(ZZM)O 5%2 - I{I(TM)O g—liz) = 1 Jacobi’s equation-Separable

du; = 0, o constant.
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J. Moser and the problem of Jacobi:

» Integrability by the method of sparation of variables- Inverse
method ( See Mechanics by Landau and Lifschitz).
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J. Moser and the problem of Jacobi:

» Integrability by the method of sparation of variables- Inverse
method ( See Mechanics by Landau and Lifschitz).

» J. Moser, 1975: Jacobi’s problem in the coordinates xg, . . . , X, of
the ambient space R+

» Basic problem: How to write the Hamiltonian for optimal
problems in which tangents of curves ( i.e., controls) are
constrained by state constraints?

> On the ellipsoid E = {x € R"!: (x, A7lx) = 1}, &(z) = u(r),
(u(t),Ax(t)) = 0.
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J. Moser and the problem of Jacobi:

>

Integrability by the method of sparation of variables- Inverse
method ( See Mechanics by Landau and Lifschitz).

J. Moser, 1975: Jacobi’s problem in the coordinates xj, . . ., x, of
the ambient space R+

Basic problem: How to write the Hamiltonian for optimal
problems in which tangents of curves ( i.e., controls) are
constrained by state constraints?

On the ellipsoid E = {x € R"" : (x,A"!x) = 1}, () = u(r),
(u(t),Ax(t)) = 0.

Moser’s resolution: H = Hy + A\ Gy + MGy, Hj is the ambient
Hamiltonian } S P2, G = (x,A7 %) — 1,G, = (x,A"'p).
Choose A\, \; so that the cotangent bundle G; = G, =0
invariant under H, i.e., {H, G} = {H,G,} = 0 there.
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J. Moser and the problem of Jacobi:

>

Integrability by the method of sparation of variables- Inverse
method ( See Mechanics by Landau and Lifschitz).

J. Moser, 1975: Jacobi’s problem in the coordinates xj, . . ., x, of
the ambient space R+

Basic problem: How to write the Hamiltonian for optimal
problems in which tangents of curves ( i.e., controls) are
constrained by state constraints?

On the ellipsoid E = {x € R"" : (x,A"!x) = 1}, () = u(r),
(u(t),Ax(t)) = 0.

Moser’s resolution: H = Hy + A\ Gy + MGy, Hj is the ambient
Hamiltonian } S P2, G = (x,A7 %) — 1,G, = (x,A"'p).
Choose A\, \; so that the cotangent bundle G; = G, =0
invariant under H, i.e., {H, G} = {H,G,} = 0 there.

_ 1 _ (A7'p) _ _{HGi} _ (pA”'Y)
)‘l - {Gl,Gz}{HO’ GZ} — zﬁA—lxI|7|2a)\2 — —{G?,G;} - ||lj4—lx|)|cz~
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Integrals of motion

Al _
dx dp _ (ps ”)A Iy

_ OH _ OH —
> = W‘GI:GZ:O =D a = —W‘GI:GZ:O = TolA L
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Integrals of motion

dc _ oH _ dp _ _OH _ _(AT'p) 41
> dar W‘Glszzo =D, dar _E‘GIZGZZO - _2HA—1xH2A X

» Integrals of motion;
)2
Fy =p13+2}1:o#k %),k:(),...,n,

A = diag(ag, . .. ,ay).
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Integrals of motion

dc _ oH _ dp _ _OH _ _(AT'p) 41
> dar W‘Glszzo =D, dar _E‘GIZGZZO - _2HA—1xH2A X

Integrals of motion;
DL — 2
Fk=P%+Z}7:0#,(M),k:0,...,n,

(ax—aj)
A = diag(ag, . .. ,ay).
» There are n functionally independent integrals generated by
F(), N ,Fn (Z?:OFI' =H= 1), and {F,’,Fj} =0.
Jacobi’s problem is Liouville integrable.
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Integrals of motion

dc _ oH _ dp _ _OH _ _(AT'p) 41
> dar W‘Glszzo =D, dar _E‘GIZGZZO - _2HA—1xH2A X

Integrals of motion;
DL — 2
Fk=P%+Z}7:0#,(M),k:07...,n,

(ax—aj)
A = diag(ag, . .. ,ay).
» There are n functionally independent integrals generated by
F(), RN ,Fn (Z:-L:OF,' =H= 1), and {F,’,Fj} = 0.
Jacobi’s problem is Liouville integrable.
Arnold’s querry: What are the hidden symmetries that account

for the integrability of Jacobi’s problem?
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Integrals of motion

dc _ oH _ dp _ _OH _ _(AT'p) 41
> dar W‘Glszzo =D, dar _E‘GIZGZZO - _2HA—1xH2A X

» Integrals of motion;
DL — 2
Fk=P%+Z}7:0#,(M),k:07...,n,

(ax—aj)
A = diag(ag, . .. ,ay).

» There are n functionally independent integrals generated by
F(), RN ,Fn (Z:-L:OF,' =H= 1), and {F,’,Fj} = 0.

» Jacobi’s problem is Liouville integrable.
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for the integrability of Jacobi’s problem?

» My earlier work suggested that all” integrable systems (tops,
elastic problems, Toda lattices,etc.) are the projections of
left-invariant Hamiltonian systems on Lie groups with additional
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Integrals of motion

dc _ oH _ dp _ _OH _ _(AT'p) 41
dar W‘Glszzo =P, dar _E‘GIZGZZO — _2HA—1xH2A X

» Integrals of motion;
DL — 2
Fk=P%+Z}7:0#,(M),k:0,...,n,

(ax—aj)
A = diag(ag, . .. ,ay).

» There are n functionally independent integrals generated by
F(), RN ,Fn (Z?:OFI' =H= 1), and {F,’,Fj} = 0.

» Jacobi’s problem is Liouville integrable.

» Arnold’s querry: What are the hidden symmetries that account
for the integrability of Jacobi’s problem?

» My earlier work suggested that all” integrable systems (tops,
elastic problems, Toda lattices,etc.) are the projections of
left-invariant Hamiltonian systems on Lie groups with additional
symmetries.

» Question: Are "hidden” symmetries hidden in Lie algebras and
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Main point of the talk- Spectral representation and hidden
symmetries

» The elliptic geodesic problem on S" is equivalent to Jacobi’s
problem on E".
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Main point of the talk- Spectral representation and hidden
symmetries

>

The elliptic geodesic problem on S” is equivalent to Jacobi’s
problem on E".

» The cotangent bundle of the sphere S” is a coadjoint orbit.
» The Hamiltonian system of the geodesic problem on S” when

represented on the coadjoint orbit can be seen as the restricition
of a left invariant Hamiltonian system on the semidirect product
SOn—H(R) X Symn—l-l

This Hamiltonian system admits a spectral matrix representation
- the spectral invariants generate the integrals of motion for the
elliptic geodesic problem which correspond to the integrals
Fr,k=0,1,...,n on the ellipsoid.

This recognition identifies a large class of intergrable problems
in which Jacobi’s problem is only a particular case.
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Background and history

Elliptic Geodesic problem on the sphere
Representation on coadjoint orbits

Integrability

Left invariant optimal control problems on Lie groups
Geometric interpretations

Open questions
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»M=5"={xeR"" :|x]|=1}andAisan (n+ 1) x (n+ 1)
diagonal matrix with positive diagonal entries ay, . . ., a,.
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Elliptic geodesic problem on the sphere
»M=5"={xeR"" :|x]|=1}andAisan (n+ 1) x (n+ 1)
diagonal matrix with positive diagonal entries ay, . . ., a,.

» x(t) acurve in M, (‘éf,Adx) is called Elliptic metric.

» Length= fo (1), A% (1)) dt, (x(1), %) = 0.
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Elliptic geodesic problem on the sphere

»M=5"={xeR"" :|x]|=1}andAisan (n+ 1) x (n+ 1)
diagonal matrix with positive diagonal entries ay, . . ., a,.

» x(t) acurve in M, (Zf,Adx) is called Elliptic metric.

> Length= [; /(%(2),A% (1)) dr, (x(t), &) = 0.

> Correspondmg time optimal control problem: Minimize fot ds

over the trajectories (x(s), u(s)) in M of the control system

& = u(s),C1 = (u(s),x(s)) = 0,C2 = (u(s), Au(s)) = 1 =0,

x(0) = xg,x(1) = x;.
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»M=5"={xeR"" :|x]|=1}andAisan (n+ 1) x (n+ 1)
diagonal matrix with positive diagonal entries ay, . . ., a,.

» x(t) acurve in M, (Zf,Adx) is called Elliptic metric.

> Length= [; /(%(2),A% (1)) dr, (x(t), &) = 0.

> Correspondmg time optimal control problem: Minimize fot ds
over the trajectories (x(s), u(s)) in M of the control system
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»M=5"={xeR"" :|x]|=1}andAisan (n+ 1) x (n+ 1)
diagonal matrix with positive diagonal entries ay, . . ., a,.

» x(t) acurve in M, (Zf,Adx) is called Elliptic metric.

> Length= [; /(%(2),A% (1)) dr, (x(t), &) = 0.

> Correspondmg time optimal control problem: Minimize fot ds
over the trajectories (x(s), u(s)) in M of the control system
& — u(s), Cr = (u(s),x(s)) = 0,Ca = (u(s),Au(s)) — 1 =0,
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»M=5"={xeR"" :|x]|=1}andAisan (n+ 1) x (n+ 1)
diagonal matrix with positive diagonal entries ay, . . ., a,.

» x(t) acurve in M, (Zf,Adx) is called Elliptic metric.

> Length= [; /(%(2),A% (1)) dr, (x(t), &) = 0.

> Correspondmg time optimal control problem: Minimize fot ds
over the trajectories (x(s), u(s)) in M of the control system
& — u(s), Cr = (u(s),x(s)) = 0,Ca = (u(s),Au(s)) — 1 =0,
x(0) = xg,x(1) = x;.

» (PMP) with constraints: Let
T*s" = {()C,p) : HXH =Lx-p= 0}

» Ham. lift: h,(x,p) = =1+ (p,u) — \Cy — %)\2(52 subject to
Ci=0,C,=0.

» Maximality condition= A\Au = p — A\rx.
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Elliptic geodesic problem on the sphere

»M=5"={xeR"" :|x]|=1}andAisan (n+ 1) x (n+ 1)
diagonal matrix with positive diagonal entries ay, . . ., a,.

» x(t) acurve in M, (Zf,Adx) is called Elliptic metric.

> Length= [; /(%(2),A% (1)) dr, (x(t), &) = 0.

> Correspondmg time optimal control problem: Minimize fot ds
over the trajectories (x(s), u(s)) in M of the control system
& — u(s), Cr = (u(s),x(s)) = 0,Ca = (u(s),Au(s)) — 1 =0,
x(0) = xg,x(1) = x;.

» (PMP) with constraints: Let
T*s" = {()C,p) : HXH =Lx-p= 0}

» Ham. lift: h,(x,p) = =1+ (p,u) — \Cy — %)\2(52 subject to
Ci=0,C,=0.

» Maximality condition= A\Au = p — A\rx.

» Ci=0= )\ = M

A—lx.x

Velimir Jurdjevic University of Toronto

sic problem and Lie groups



Elliptic Geodesic problem on the sphere

Hamiltonian equations
» O=0=A""p-Ax,p—Aix) =N andh, =0= X = 1.
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Elliptic Geodesic problem on the sphere

Hamiltonian equations

» O=0=A""p-Ax,p—Aix) =N andh, =0= X = 1.

» This yields a Hamiltonian Hy = 3(A~!(p — A1x), (p — A\1x)) in
Rn+1 X RIH*I‘

» The ” right” Hamiltonian H is given by H = Hy + A3C3 + A4Cy,
Gy = |lx||* =1, Cs = (x,p).

> {H(),C3} = {H(),C4} =0= )\3 = %,)\4 =0.

> H=3(A""(p = A\x), (p — \ix) + 5 ([Ix|> = D).
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Elliptic Geodesic problem on the sphere

Hamiltonian equations

>

CG=0=A"p— X x,p—Ax)=XNandh, =0= ), = 1.

» This yields a Hamiltonian Hy = 3(A~!(p — A1x), (p — A\1x)) in

Rn+1 X RIH*I‘

The ” right” Hamiltonian H is given by H = Hy + A3C3 + A4Cy,
Cs = |]x|]P = 1, Ca = (x,p).

{H(),C3} = {H(), C4} =0= = %,)\4 =0.

> H =347 (p = M), (p = M) + 3 (|Ix[] = 1).

_ (A7'px)
T (A lxx)

- d i
%:%:A p—Aix), & = -9 = \; (A" (p — \ix) —x
subject to Hy = 1, ie., (A7 (p — A\ix), (p — Aix)) = 1

Geodesic equations on the sphere: A
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Elliptic Geodesic problem on the sphere

Hamiltonian equations

>

CG=0=A"p— X x,p—Ax)=XNandh, =0= ), = 1.

» This yields a Hamiltonian Hy = 3(A~!(p — A1x), (p — A\1x)) in

Rn+1 X RIH*I‘

The ” right” Hamiltonian H is given by H = Hy + A3C3 + A4Cy,
Cs = |]x|]P = 1, Ca = (x,p).

{H(),C3} = {H(), C4} =0= = %,)\4 =0.

> H =347 (p = M), (p = M) + 3 (|Ix[] = 1).

_ (A7)
T (A lxx)
_ d _
G =AM = = AU - d) -

subject to Hy = 1, ie., (A7 (p — A\ix), (p — Aix)) = 1
Passage to the ellipsoid y = A%x, q= Aru

Geodesic equations on the sphere: A
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Elliptic Geodesic problem on the sphere

Hamiltonian equations

>

CG=0=A"p— X x,p—Ax)=XNandh, =0= ), = 1.

» This yields a Hamiltonian Hy = 3(A~!(p — A1x), (p — A\1x)) in

Rn+1 X RIH*I‘

The ” right” Hamiltonian H is given by H = Hy + A3C3 + A4Cy,
Cs = |]x|]P = 1, Ca = (x,p).

{H(),C3} = {H(), C4} =0= = %,)\4 =0.

> H =347 (p = M), (p = M) + 3 (|Ix[] = 1).

Geodesic equations on the sphere: A\ = Eﬁ:ii jg ,
b= I — A (p— Aix), 8 = 9 — \{ (A~ (p — \x) — x

subject to Hy = 1, ie., (A7 (p — A\ix), (p — Aix)) = 1

» Passage to the ellipsoid y = A%x, q= Aru

v

y-A7ly=1landy-A='g=0.

. . cady dg _ gA g 4—1
Geodesics on the ellipsoid: 7 = g, 7+ = 7||A,1y||2A y
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Representation on coadjoint orbits

Semidirect product

» g=sl,1(R),p={Acg:AT = A}, £ =50,11(R).
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Semidirect product

» g=sl,1(R),p={Acg:AT = A}, £ =50,11(R).
» The Killing form (A, B) = —1Tr(AB).
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Representation on coadjoint orbits

Semidirect product

» g=sL,1(R),p={Acg:AT =A}, £t =50,1(R).
» The Killing form (A, B) = —1Tr(AB).
»g=pdtand[p,p] CE[p.t] Cp [ E CE.
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Representation on coadjoint orbits

Semidirect product

» g=sl,1(R),p={Acg:AT = A}, £ =50,11(R).
» The Killing form (A, B) = —1Tr(AB).
»g=p&tand[p,p] CE[p ] Cp[tt]CE

> g* the dual of g.
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Representation on coadjoint orbits

Semidirect product

» g=sl,1(R),p={Acg:AT = A}, £ =50,11(R).
The Killing form (A, B) = —1Tr(AB).
g=pdtand[p,p] Ct[p, g Cp, [t CE

g* the dual of g.

» € gt +— Legiff(X) = (L, X)VX €g.

v

v

v
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Representation on coadjoint orbits

Semidirect product

» g=sl,1(R),p={Acg:AT = A}, £ =50,11(R).
The Killing form (A, B) = —1Tr(AB).
g=potandpp] Ct[p,t] Cp [t CE
g* the dual of g.
»legt+— LegiffilX)=(L,X)VX € g.
Proposition. The coadjoint orbit of the semidirect product
2
G = p X §O,41(R) through a matrix Xy = xp ® x9 — %I is
equal to
2
{P+K):P=x@x— 5L K=xAp, |l =[xll,p-x=0}
and is isomorphic to the cotangent bundle of the sphere
[|x|]| = ||xo|| (T. Ratiu, 1980).

v

v

v

v
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Representation on coadjoint orbits

Semidirect product

» g=sl,1(R),p={Acg:AT = A}, £ =50,11(R).
The Killing form (A, B) = —1Tr(AB).
g=potandpp] Ct[p,t] Cp [t CE
g* the dual of g.
»legt+— LegiffilX)=(L,X)VX € g.
Proposition. The coadjoint orbit of the semidirect product
2
G = p X §O,41(R) through a matrix Xy = xp ® x9 — %I is
equal to
2
{P+K):P=x@x— 5L K=xAp, |l =[xll,p-x=0}
and is isomorphic to the cotangent bundle of the sphere
[|x|]| = ||xo|| (T. Ratiu, 1980).

> (x,p) €eT*'S"<= P+ Kepadt

v

v

v

v
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Integrability

Spectral representation
» Geodesic equations on the coadjoint orbit ( after the
reparametrization & = (x(z) - A~ x(z)) 7

% =[A"'KAT P = [AT'KAT K] + A7 P,
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Integrability

Spectral representation

» Geodesic equations on the coadjoint orbit ( after the
reparametrization & = (x(z) - A~ x(z)) 7
% =[A"'KAT P = [AT'KAT K]+ [AT P,

» Spectral representation:% = [Q), L] where
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Integrability

Spectral representation

» Geodesic equations on the coadjoint orbit ( after the
reparametrization B = (x(r) - A7 x(r)) 7
@ —AKAT P K = [AT'KAT K] + (A7, P,
» Spectral representation: [Il‘* = [Q), L] where

> Ly=P— MK — XA Q) =A""KA" -
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Integrability

Spectral representation

» Geodesic equations on the coadjoint orbit ( after the
{Z,)parametrization B = (x(r) - A7 x(r)) 7
4 — [A'KA7', P, % = [A"KAT K] + [A7L, P).

» Spectral representatlon [Il‘* = [Q), L] where

> Ly=P— MK — XA Q) =A""KA" -

> Proof: % = [A—IKA—l,P] ~MAT'TKATL K]+ [A7 P) =
[ATIKA™! — NAL P — AK] — N [A~1 K] = [Q, Ly
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Integrability

Spectral representation
» Geodesic equations on the coadjoint orbit ( after the
reparametrization B = (x(r) - A7 x(r)) 7
dP [A 1K14 P] dK_[ _lm_l,K]+[A_l,P].

ds ' ds
» Spectral representatlon [Il‘* = [Q), L] where
> Ly=P— MK — XA Q) =A""KA" -

> Proof: % = [A—IKA—l,P] ~MAT'TKATL K]+ [A7 P) =
[ATIKA™! — NAL P — AK] — N [A~1 K] = [Q, Ly

> F(2) = Rx(t) - x(1) (1 + Rop (1) - p(1)) — (Rx(t) - p(1))2,
R, = (zI — A)~!, is constant along the geodesic flow.(Newmann
problem, J. Moser, Chern Symposium(1979) ) (The spectral
invariants)
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Integrability

Spectral representation

» Geodesic equations on the coadjoint orbit ( after the
reparametrization B = (x(r) - A7 x(r)) 7
4 — [A'KA7', P, % = [A"KAT K] + [A7L, P).

» Spectral representatlon [Il‘* = [Q), L] where

> Ly=P— MK — XA Q) =A""KA" -

> Proof: % = [A—IKA—l,P] ~MAT'TKATL K]+ [A7 P) =
[ATIKA™! — NAL P — AK] — N [A~1 K] = [Q, Ly

> F(2) = Rx(t) - x(1) (1 + Rop (1) - p(1)) — (Rx(t) - p(1))2,
R, = (zI — A)~!, is constant along the geodesic flow.(Newmann
problem, J. Moser, Chern Symposium(1979) ) (The spectral
invariants)

» Constants of motion ,
Fi(x,p) = x3 +Z}1:]#km,k: 0,...,n,or

ax—aj
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Integrability

Spectral representation
» Geodesic equations on the coadjoint orbit ( after the
reparametrization B = (x(r) - A7 x(r)) 7
dP [A 1K14 P] dK_[ _lm_l,K]+[A_l,P].

ds ' ds
» Spectral representatlon [Il‘* = [Q), L] where
> Ly=P— MK — XA Q) =A""KA" -

> Proof: % = [A—IKA—l,P] ~MAT'TKATL K]+ [A7 P) =
[ATIKA™! — NAL P — AK] — N [A~1 K] = [Q, Ly

> F(2) = Rx(t) - x(1) (1 + Rop (1) - p(1)) — (Rx(t) - p(1))2,
R, = (zI — A)~!, is constant along the geodesic flow.(Newmann
problem, J. Moser, Chern Symposium(1979) ) (The spectral
invariants)

» Constants of motion ,
Fi(x,p) = x3 +Z}1:]#km,k: 0,...,n,or

ax—aj

O — )2
> Gk(yuq) :q%_}_z;l:]J;ék%uk:Oa"wn
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Groups with £, p decompositions

» G is a semisimple Lie group, g is its Lie algebra.
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Left invariant opti

Groups with £, p decompositions

» G is a semisimple Lie group, g is its Lie algebra.

> Assumption. g = p @ &, p is a vector space (Cartan space), £ is a
Lie subalgebra of g and [p,p] = &, [p, €] = p.
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Left invariant opti

Groups with £, p decompositions

» G is a semisimple Lie group, g is its Lie algebra.

> Assumption. g = p @ &, p is a vector space (Cartan space), £ is a
Lie subalgebra of g and [p,p] = &, [p, €] = p.

» B € pis said to be regular if {X € p : [X, B] = 0} is a maximal
Abelian algebra in p.
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Left invariant opti

Groups with £, p decompositions

» G is a semisimple Lie group, g is its Lie algebra.

> Assumption. g = p @ &, p is a vector space (Cartan space), £ is a
Lie subalgebra of g and [p,p] = &, [p, €] = p.

» B € pis said to be regular if {X € p : [X, B] = 0} is a maximal
Abelian algebra in p.

» Natural control problem: % = g(B+u(t)),u(t) € &, Bregular.
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Left invariant opti

Groups with £, p decompositions

» G is a semisimple Lie group, g is its Lie algebra.

> Assumption. g = p @ &, p is a vector space (Cartan space), £ is a
Lie subalgebra of g and [p,p] = &, [p, €] = p.

» B € pis said to be regular if {X € p : [X, B] = 0} is a maximal
Abelian algebra in p.

» Natural control problem: % = g(B+u(t)),u(t) € &, Bregular.

» Controllability: Given gg and g; both in G there exist T > 0 and
a control u(t) € £ such that the solution g(¢) with g(0) = go also
satisfies g(T) = g1.
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Left invariant opti

Groups with £, p decompositions

» G is a semisimple Lie group, g is its Lie algebra.

> Assumption. g = p @ &, p is a vector space (Cartan space), £ is a
Lie subalgebra of g and [p,p] = &, [p, €] = p.

» B € pis said to be regular if {X € p : [X, B] = 0} is a maximal
Abelian algebra in p.

» Natural control problem: % = g(B+u(t)),u(t) € &, Bregular.

» Controllability: Given gg and g; both in G there exist T > 0 and
a control u(t) € £ such that the solution g(¢) with g(0) = go also
satisfies g(T) = g1.

» Suppose now that Q is a positive definite quadratic form on &.
Then for any boundary conditions gy and g; there exists 7 > 0
such that the optimal control problem Min? fOT O(u(t),u(t))dt
has a solution.

Velimir Jurdjevic University of Toronto

sic problem and Lie groups



Left invariant opti

Left invariant Hamiltonians

» Special case (X,Y) = —Tr(ad(X) o ad(Y)) (Cartan-Killing
form).
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Left invariant opti

Left invariant Hamiltonians
» Special case (X,Y) = —Tr(ad(X) o ad(Y)) (Cartan-Killing
form).

> Suppose ¢ : £ — £ is a linear automorphism such that
(p(u),u) > 0, and (¢(u),v) = (u, ¢(v))Vu,v € £. Then
O(u,u) = (d(u), u).
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Left invariant opti

Left invariant Hamiltonians

» Special case (X,Y) = —Tr(ad(X) o ad(Y)) (Cartan-Killing
form).

> Suppose ¢ : £ — £ is a linear automorphism such that
(p(u),u) >0, and (p(u),v) = (u, P(v))Vu,v € £. Then
O(u,u) = (d(u), u).

» Background: 7*G = g* X G. ] € g* +— L € g via the Killing
form. L=P+K,Pep,Kct.
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Left invariant opti

Left invariant Hamiltonians

» Special case (X,Y) = —Tr(ad(X) o ad(Y)) (Cartan-Killing
form).

> Suppose ¢ : £ — £ is a linear automorphism such that
(p(u),u) >0, and (p(u),v) = (u, P(v))Vu,v € £. Then
O(u, u) = (p(u), u).

» Background: 7*G = g* X G. ] € g* +— L € g via the Killing
form. L=P+K,Pep,Kct.

» Normal extrema Max, (—1(¢(u), u) + (B, P) + (u, K) occurs
when u = ¢~!(K). Hence normal extrema are integral curves of
a single Hamiltonian H = (K, ¢~ (K)) + (B, P).
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Left invariant opti

Left invariant Hamiltonians

» Special case (X,Y) = —Tr(ad(X) o ad(Y)) (Cartan-Killing
form).

> Suppose ¢ : £ — £ is a linear automorphism such that
(p(u),u) >0, and (p(u),v) = (u, P(v))Vu,v € £. Then
O(u, u) = (p(u), u).

» Background: 7*G = g* X G. ] € g* +— L € g via the Killing
form. L=P+K,Pep,Kct.

» Normal extrema Max, (—1(¢(u), u) + (B, P) + (u, K) occurs
when u = ¢~!(K). Hence normal extrema are integral curves of
a single Hamiltonian H = (K, ¢~ (K)) + (B, P).

> g* is a double Poisson algebra: one induced by the semisimple
Lie bracket on g and the other by the semidirect product on p x €.
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Left invariant opti

Left invariant Hamiltonians

» Special case (X,Y) = —Tr(ad(X) o ad(Y)) (Cartan-Killing
form).

> Suppose ¢ : £ — £ is a linear automorphism such that
(p(u),u) >0, and (p(u),v) = (u, P(v))Vu,v € £. Then
O(u, u) = (p(u), u).

» Background: 7*G = g* X G. ] € g* +— L € g via the Killing
form. L=P+K,Pep,Kct.

» Normal extrema Max, (—1(¢(u), u) + (B, P) + (u, K) occurs
when u = ¢~!(K). Hence normal extrema are integral curves of
a single Hamiltonian H = (K, ¢~ (K)) + (B, P).

> g* is a double Poisson algebra: one induced by the semisimple
Lie bracket on g and the other by the semidirect product on p x €.

» 4K = [6=1(K),K]+ [B,P], 4 = [¢'(K),P] + €[B,K],e = 0, 1.
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» g =s5l,(R), € =s0,(R) and p = {X € sl,(R) : X" = X}
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Left invariant opti

G = SL,(R)

» g =s5l,(R), € =s0,(R) and p = {X € sl,(R) : X" = X}
> (X,Y) = —1Trace(XY)
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Left invariant opti

G = SL,(R)

» g =s5l,(R), € =s0,(R) and p = {X € sl,(R) : X" = X}
> (X,Y) = —1Trace(XY)
» If A is a positive diagonal matrix take ¢(K) = AKA,VK € ¢.
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Left invariant opti

G = SL,(R)

» g=sl,(R),t=50,(R)and p = {X € sl,(R) : X = X}
< Y) = —1Trace(XY)
» If A is a positive diagonal matrix take ¢(K) = AKA,VK € ¢.
» (AK1A,K,) = (AK»A, K1), (AKA,K) > 0
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Left invariant opti

G = SL,(R)

» g =s5l,(R), € =s0,(R) and p = {X € sl,(R) : X" = X}
(X,Y) = —1Trace(XY)
If A is a positive diagonal matrix take ¢(K) = AKA,VK € ¢.
(AK\A, K>) = (AK>A, K1), (AKA,K) > 0

_ p—1 _ Trace(A™))
B=A"! - L]

v

v

v

v
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Left invariant opti

G = SL,(R)

» g =s5l,(R), € =s0,(R) and p = {X € sl,(R) : X" = X}
(X,Y) = —1Trace(XY)
If A is a positive diagonal matrix take ¢(K) = AKA,VK € ¢.
(AK\A, K>) = (AK>A, K1), (AKA,K) > 0

_ p—1 _ Trace(A™))
B=A"! - L]

H= (A"'"KA~!'K) + (B, P).
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Left invariant opti

G = SL,(R)

» g =s5l,(R), € =s0,(R) and p = {X € sl,(R) : X" = X}
(X,Y) = —1Trace(XY)

If A is a positive diagonal matrix take ¢(K) = AKA,VK € ¢.
(AK\A, K>) = (AK>A, K1), (AKA,K) > 0

B—A-l_ Tracer(lA I)I.

H= (A"'"KA~!'K) + (B, P).

o —[AKAT K]+ (AT PL Y = [ATKAT P+ AT K.

v

v

v

v

v

v
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Left invariant opti

G = SL,(R)

» g=sl,(R),t=50,(R)and p = {X € sl,(R) : X = X}
(X,Y) = —1Trace(XY)
If A is a positive diagonal matrix take ¢(K) = AKA,VK € ¢.
<AK1A,K2> = <AK2A,K1>, <AKA,K> >0
_ p—1 _ Trace(A™))
B=A"1_ 2
H= (A"'"KA~!'K) + (B, P).
9 [AIKA K]+ [A71 P2 = (AT KA P) 4+ a1 K],
Spectral representation:
D =ATTKAT' - M7 Ly =P — MK — (\2 — ¢)A.
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v

v

v

v

v

v

Velimir Jurdjevic University of Toronto

sic problem and Lie groups



Left invariant opti

G = SL,(R)

» g=sl,(R),t=50,(R)and p = {X € sl,(R) : X = X}
(X,Y) = —1Trace(XY)
» If A is a positive diagonal matrix take ¢(K) = AKA,VK € ¢.
> (AK\A,K>) = (AK A, K1), (AKA,K) > 0
> B= Al Taceld)
» H=(A"'KA™' K) + (B, P).
» K ATTKATL K]+ AL P D = [ATTKATL P+ e[AT K.
» Spectral representation:
D =ATTKAT' - M7 Ly =P — MK — (\2 — ¢)A.

> % = [, Ly]

v
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Left invariant opti

G = SL,(R)

» g=sl,(R),t=50,(R)and p = {X € sl,(R) : X = X}
(X,Y) = —1Trace(XY)
» If A is a positive diagonal matrix take ¢(K) = AKA,VK € ¢.
» (AK1A,K,) = (AK»A, K1), (AKA,K) > 0
> B= Al Taceld)
» H=(A"'KA™' K) + (B, P).
» K ATTKATL K]+ AL P D = [ATTKATL P+ e[AT K.
» Spectral representation:
D =ATTKAT' - M7 Ly =P — MK — (\2 — ¢)A.
> =01
» The spectral invariants Poisson commute(A. Reyman)

v
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» Back to the general case H = 1 (K, ¢~ '(K)) + (B, P).
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» Back to the general case H = 1 (K, ¢~ '(K)) + (B, P).
» For which ¢ is the above Hamiltonian integrable?
» The simplest case: ¢ = I. Then,

» Ham. Eq: %€ = [K, K]+ [B,P] = [B,P],f = [K,P] + ¢[B,K].
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Back to the general case H = 1 (K, ¢~ '(K)) + (B, P).

For which ¢ is the above Hamiltonian integrable?

The simplest case: ¢ = I. Then,

Ham. Eq.: %€ = [K, K]+ [B,P] = [B,P],f = [K,P] + ¢[B,K].
Spectral representation:
Qy=P—eB,Ly=P—)K+(\?—¢)B: L2 = [Q,,L,].

vV vy vVvYyVvyy
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vV vy vVvYyVvyy

Back to the general case H = 1 (K, ¢~ '(K)) + (B, P).
For which ¢ is the above Hamiltonian integrable?
The simplest case: ¢ = I. Then,

Ham. Eq..% = [K,K] + [B,P] = [B, P], %
Spectral representation:
Qy=P—eB,Ly=P—)K+(\?—¢)B: L2 = [Q,,L,].
Extra integrals of motion: Let ¢y = {K € E [K B] = 0}.

, dz = [K, P| + €¢[B,K].
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Back to the general case H = 1 (K, ¢~ '(K)) + (B, P).

For which ¢ is the above Hamiltonian integrable?

The simplest case: ¢ = I. Then,

Ham. Eq.: %€ = [K, K]+ [B,P] = [B,P],f = [K,P] + ¢[B,K].
Spectral representation:
Qy=P—eB,Ly=P—)K+(\?—¢)B: L2 = [Q,,L,].

» Extra integrals of motion: Let &) = {K € E [K B] = 0}.

> £y is a Lie subalgebra of £. Let Eé be the orthogonal complement
relative to the Killing form.

vV vy vVvYyVvyy
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vV vy vVvYyVvyy

Back to the general case H = 1 (K, ¢~ '(K)) + (B, P).

For which ¢ is the above Hamiltonian integrable?

The simplest case: ¢ = I. Then,

Ham. Eq.: %€ = [K, K]+ [B,P] = [B,P],f = [K,P] + ¢[B,K].
Spectral representation:
Qy=P—eB,Ly=P—)K+(\?—¢)B: L2 = [Q,,L,].

» Extra integrals of motion: Let &) = {K € E [K B] = 0}.

€y is a Lie subalgebra of £. Let Eé be the orthogonal complement
relative to the Killing form.
Since (¢, [B, P]) = ([to, B],P) =0, [B, P] € €.
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vV vy vVvYyVvyy

Back to the general case H = 1 (K, ¢~ '(K)) + (B, P).
For which ¢ is the above Hamiltonian integrable?
The simplest case: ¢ = I. Then,

Ham. Eq..% = [K,K] + [B,P] = [B, P], %
Spectral representation:
Qy=P—eB,Ly=P—)K+(\?—¢)B: L2 = [Q,,L,].

, dz = [K, P| + €¢[B,K].

» Extra integrals of motion: Let &) = {K € E [K B] = 0}.

€y is a Lie subalgebra of £. Let Eé be the orthogonal complement
relative to the Killing form.

» Since (o, [B, P]) = ([, B],P) =0, [B,P] € ;.

So Ky(?) is constant. (A. Bolsinov and J. Zimmerman).
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Back to the general case H = 1 (K, ¢~ '(K)) + (B, P).
For which ¢ is the above Hamiltonian integrable?
The simplest case: ¢ = I. Then,

Ham. Eq..% = [K,K] + [B,P] = [B, P], %
Spectral representation:
Qy=P—eB,Ly=P—)K+(\?—¢)B: L2 = [Q,,L,].

, dz = [K, P| + €¢[B,K].

» Extra integrals of motion: Let &) = {K € E [K B] = 0}.

€y is a Lie subalgebra of £. Let Eé be the orthogonal complement
relative to the Killing form.

» Since (o, [B, P]) = ([, B],P) =0, [B,P] € ;.

So Ky(?) is constant. (A. Bolsinov and J. Zimmerman).

» Simply Connected Spaces of Constant Curvature:

§" = 8SO,41/S0,, H" = SO(1,1)/S0,,R" = SE,/SO,.

T
pe—{P_(l()) ‘E)p >7p€R"}7E_son(R).
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Integrable cases

» Let G. = SO,+1(R) when e = 1,S0(1,n) when e =
—1, and SE,, e = 0.
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» Let G. = SO,+1(R) when e = 1,S0(1,n) when e =
—1, and SE,, e = 0.

> Let M. = G/SO,(R)
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Integrable cases

» Let G. = SO,+1(R) when e = 1,S0(1,n) when e =
—1, and SE,, e = 0.

> Let M. = G./SO,(R)
» Write K = Ko + K1, Ky € o, K, € ¢+
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Integrable cases

» Let G. = SO,+1(R) when e = 1,S0(1,n) when e =
—1, and SE,, e = 0.

> Let M. = G./SO,(R)
» Write K = Ko + K1, Ky € o, K, € ¢+

> ||Ki(2)|] = k(t) where (1) is the first curvature of the projected
curve x(f) on M..
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Integrable cases

» Let G. = SO,+1(R) when e = 1,S0(1,n) when e =
—1, and SE,, e = 0.

> Let M. = G./SO,(R)
» Write K = Ko + K1, Ky € o, K, € ¢+

> ||Ki(2)|] = k(t) where (1) is the first curvature of the projected
curve x(f) on M..

> %foT ||K(0)]]* dr = %fOT k(t)? dt + const
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Integrable cases

» Let G. = SO,+1(R) when e = 1,S0(1,n) when e =
—1, and SE,, e = 0.

> Let M. = G./SO,(R)
» Write K = Ko + K1, Ky € o, K, € ¢+

> ||Ki(2)|] = k(t) where (1) is the first curvature of the projected
curve x(f) on M..

> % foT ||K(2)||* dr = % fOT r(1)? dt + const
» Elastica When K = 0 x(¢) is expressible in terms of elliptic

functions, 2(f)7(t) = constant and higher curvatures of x(¢) are
all zero. (P. Griffiths,1983, and V. Jurdjevic-F.M. Perez, 2002)
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Jacobi-Newmann- Moser case
» p={P sl 1(R): PT = P}, =s50,11(R)
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Jacobi-Newmann- Moser case

> p={P € shs1(R) : PT = P} €= s00.1(R)

» We are in p x s0,(R) with & = [k, P], € = [B, P].
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Jacobi-Newmann- Moser case
» p={Pecsl+1(R): PP =P}, t= son+1(R)
» We are in p x s0,(R) with & = [k, P], € = [B, P].
» On coadjoint orbit through rank one matrices

P(r) = q(t) @ q(r) — ;llq0)|*1. K(r) = q(t) A p(1), and

H = LK. Ky + (A, Py = 2 (IpPllal) + (Ag. )
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JacobL?Je“nnann—DAosercase
» p={Pecsl+1(R): PP =P}, t= son+1(R)
» We are in p x s0,(R) with & = [k, P], € = [B, P].
» On coadjoint orbit through rank one matrices
Hﬂzdﬁ®dﬂ—%M@Wﬂﬂ0=qup®&M

1
H=>(K,K)y+ (A, P)y = (WWMW+M%W
» The equations for ¢(¢) and p(t) are also Hamiltonian in

R x R+ with respect to H = (||p||> + (Bq - q).
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Jacobi-Newmann- Moser case

v

p={P € slys1(R) : P' = P} = s0,11(R)

» We are in p x s0,(R) with & = [k, P], € = [B, P].

On coadjoint orbit through rank one matrices
P(1) = q(1) ® q(t) — ;11q0)|*1, K (1) = q(t) A p(r). and
H = 3(K.K)y + (A, Py = 5 (IpPllall) + (Ag.9)
The equations for ¢(¢) and p(z) are also Hamiltonian in
Ii&”“ x R™1 with respect to H = 1(||p|* + (Bg - q).
H is the Hamiltonian for the mechanical problem of finding the

motion of a particle on the sphere under a quadratic potential
(Bq - q). (C. Newmann, 1859).
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Jacobi-Newmann- Moser case

v

p={P € slys1(R) : P' = Ph.t = s0,.1(R)

» We are in p x s0,(R) with & = [k, P], € = [B, P].

On coadjoint orbit through rank one matrices
P(1) = q(1) ® q(t) — ;11q0)|*1, K (1) = q(t) A p(r). and
1 1

H = (K, K)y + (4, Py = S (IlpPllall®) + (Ag.9)-
The equations for ¢(¢) and p(z) are also Hamiltonian in
Ii&”“ x R"™1 with respect to H = 1(||p||* + (Bq - q).
H is the Hamiltonian for the mechanical problem of finding the
motion of a particle on the sphere under a quadratic potential
(Bq - q). (C. Newmann, 1859).
A detailed analysis of spectral invariants of Ly = %P — K-+ )\B
recovers the formulas of J. Moser in proving complete
integrability of Newmann’s problem ( Chern Symposium 1979)

Velimir Jurdjevic University of Toronto

sic problem and Lie groups



Some natural questions

» What is the geometric significance behind the optimal control
problem of minimizing fOT(gb(u), u) dt over the trajectories of

% =8B+ ut)),u(r) € ?
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Some natural questions

» What is the geometric significance behind the optimal control
problem of minimizing f0T<¢(u), u) dt over the trajectories of

&= g(B+u(n),ur)ce?
> Are there other cases (corresponding to different ¢) that admit
representations with spectral parameter?
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problem of minimizing f0T<¢(u), u) dt over the trajectories of

&= g(B+u(n),ur)ce?
> Are there other cases (corresponding to different ¢) that admit
representations with spectral parameter?

> Integration on arbitrary orbits?
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Some natural questions

» What is the geometric significance behind the optimal control
problem of minimizing f0T<¢(u), u) dt over the trajectories of

&= g(B+u(n),ur)ce?
> Are there other cases (corresponding to different ¢) that admit
representations with spectral parameter?

> Integration on arbitrary orbits?

» Integration on the quotient spaces G/K where K is the Lie group
whose Lie algebra is €.
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Some natural questions

» What is the geometric significance behind the optimal control
problem of minimizing f0T<¢(u), u) dt over the trajectories of

&= g(B+u(n),ur)ce?
> Are there other cases (corresponding to different ¢) that admit
representations with spectral parameter?

> Integration on arbitrary orbits?

» Integration on the quotient spaces G/K where K is the Lie group
whose Lie algebra is €.

» THANK YOU.
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