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Optimal Transportation

Optimal Transportation

@ M manifold
® /iy, bt, Borel probability measures on M

@ c: M x M — R cost function

Optimal Transportation Problem (OT)

Minimize the total cost
| et o)
M

among all Borel maps ¢ : M — M which pushes ji, forward to fit,
(i.e. py (0 H(U)) = e, (U) for all Borel set U).
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Optimal Transportation

o L:R x TM — R Tonelli Lagrangian
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Optimal Transportation

o L:R x TM — R Tonelli Lagrangian
O Cio,ny (X, y) = infr [ L(t,7(2),3(t))dt (¥)
o I'={v:[to, 1] = Mly(to) = x,7(t1) = y}
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Optimal Transportation

@ L:R x TM — R Tonelli Lagrangian

® Cyp i (x,y) = infr [ L(£,7(2), 4(2))dt (¥)

o I'={v:[to, 1] = M|y(to) = x,7(t1) = y}

@ H:R x T*M — R corresponding Hamiltonian
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Optimal Transportation

L:R x TM — R Tonelli Lagrangian

Coyty () = infr [ L(£,7(2),4(2))dt (¥)

M= {y:[to, t1] = Mlr(to) = x,v(t1) = y}
H:R x T*M — R corresponding Hamiltonian

e © 6 ¢ ¢

Hamiltonian vector field x = Hp, p = —Hjx
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Optimal Transportation

L:R x TM — R Tonelli Lagrangian

Coyty () = infr [ L(£,7(2),4(2))dt (¥)

M= {y:[to, t1] = Mlr(to) = x,v(t1) = y}
H:R x T*M — R corresponding Hamiltonian

Hamiltonian vector field x = Hp, p = —Hjx

e ¢ © ¢ ¢ ¢

assume the Hamiltonian vector field is complete
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Optimal Transportation

L:R x TM — R Tonelli Lagrangian

G () = infr [t L(£,7(2),7(2))dt (*)

M= {v:[to, 1] = M|y(t0) = x,7(t1) = y}
H:R x T*M — R corresponding Hamiltonian
Hamiltonian vector field x = Hp, p = —Hjx

assume the Hamiltonian vector field is complete

e ¢ © 6 ¢ ¢ ¢

¢, + flow of Hamiltonian vector field (recall @, = id,
q)t,s o q)S,’T = d)t,r)
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Optimal Transportation

L:R x TM — R Tonelli Lagrangian

G () = infr [t L(£,7(2),7(2))dt (*)

M= {v:[to, 1] = M|y(t0) = x,7(t1) = y}
H:R x T*M — R corresponding Hamiltonian
Hamiltonian vector field x = Hp, p = —Hjx

assume the Hamiltonian vector field is complete

e ¢ © 6 ¢ ¢ ¢

¢, + flow of Hamiltonian vector field (recall @, = id,
q)t,s o q)S,’T = d)t,r)

Minimizers of (*) are projections of curves t — ®. 4 (x, p)

(]
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Optimal Transportation

Theorem: (Brenier 89', McCann 01', Bernard-Buffoni 07")

Assume 14, absolutely continuous with respect to Lebesgue class.
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Optimal Transportation

Theorem: (Brenier 89', McCann 01', Bernard-Buffoni 07")

Assume 14, absolutely continuous with respect to Lebesgue class.
Then there is a unique (p¢, almost everywhere) minimizer of (OT)
of the form

X = (Pfhto(x) = 7r(¢f1,fo(dfx))

for some semi-convex function f.
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Optimal Transportation

Theorem: (Brenier 89', McCann 01', Bernard-Buffoni 07")

Assume 14, absolutely continuous with respect to Lebesgue class.
Then there is a unique (p¢, almost everywhere) minimizer of (OT)
of the form

X = ‘Pthto(x) = 7r(¢f1,fo(dfx))
for some semi-convex function f. Moreover,

X = @t 1, (x) = T(Pr,1(df))

is a minimizer between /iy, and (¢, 1, )« fty, for the cost c; ¢, where
t € [to, t1]
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Optimal Transportation

Connections with Ricci curvature

Definition:
Displacement Interpolation t — fip == (@t 1 )<t
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Optimal Transportation

Connections with Ricci curvature

Definition:
Displacement Interpolation t — fip == (@t 1 )<t

Definition:

Wasserstein space W := the set of all Borel probability measures
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Optimal Transportation

Connections with Ricci curvature

Definition:
Displacement Interpolation t — fip == (@t 1 )<t

Definition:

Wasserstein space W := the set of all Borel probability measures

Definition:

Fix a family of measures m;.

-

Paul Lee Optimal Transportation and Curvature of Hamiltonian Systems



Optimal Transportation

Connections with Ricci curvature

Definition:

Displacement Interpolation t — fip == (@t 1 )<t

Definition:

Wasserstein space W := the set of all Borel probability measures

Definition:

Fix a family of measures m;.
Relative Entropy Functional E: R x W — R

E(t,p) = /M pt log prdmy,

where 1 = pym;.

-
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Optimal Transportation

@ g Riemannian metric
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Optimal Transportation

@ g Riemannian metric

o H= %Zingijpipj
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Optimal Transportation

@ g Riemannian metric
1 ..
o H=33,8"pipj
o my = e Fdvol, vol=Riemannian volume, F : M — R
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Optimal Transportation

@ g Riemannian metric
1 ..
o H=33,8"pipj
o my = e Fdvol, vol=Riemannian volume, F : M — R

° Ht = ((pt,to)*/j/to

Paul Lee Optimal Transportation and Curvature of Hamiltonian Systems



Optimal Transportation

@ g Riemannian metric
1 ..
o H=33,8"pipj
o my = e Fdvol, vol=Riemannian volume, F : M — R

@ [t = ((pt,to)*/j/to
@ Ric+ V2F Barky-Emery tensor
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Optimal Transportation

@ g Riemannian metric
1 ..
o H=33,8"pipj
o my = e Fdvol, vol=Riemannian volume, F : M — R

@ [t = ((pt,to)*/j/to
@ Ric+ V2F Barky-Emery tensor

Theorem: (Otto-Villani 00", Cordero Erausquin -McCann

-Schmuckenschlaeger 01', von Renesse-Sturm 04')

Ric + V2F > 0 if and only if 95 E(u,) > 0. (i.e. E is convex along
displacement interpolations).
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Optimal Transportation

@ g Riemannian metric
1 ..
o H=33,8"pipj
o my = e Fdvol, vol=Riemannian volume, F : M — R

@ [t = ((pt,to)*/j/to
@ Ric+ V2F Barky-Emery tensor

Theorem: (Otto-Villani 00", Cordero Erausquin -McCann

-Schmuckenschlaeger 01', von Renesse-Sturm 04')

Ric + V2F > 0 if and only if 95 E(u,) > 0. (i.e. E is convex along
displacement interpolations).

Theorem: (Ohta 08')

Finsler version of the above result.
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Optimal Transportation

Connections with Ricci Flow

@ Z = 2Ric backward Ricci flow,
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Optimal Transportation

Connections with Ricci Flow

@ Z = 2Ric backward Ricci flow,
o L(t,x,v)= % > Bij(t, x)vivj + \/TEI‘_?(t,X),
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Optimal Transportation

Connections with Ricci Flow

@ Z = 2Ric backward Ricci flow,
o L(t,x,v)= % > Bij(t, x)vivj + \/TEI‘_?(t,X),

@ R is the scalar curvature of g,

Paul Lee Optimal Transportation and Curvature of Hamiltonian Systems



Optimal Transportation

Connections with Ricci Flow

@ Z = 2Ric backward Ricci flow,

o L(t,x,v)= % > Bij(t, x)vivj + \/TEI‘_?(t,X),
@ R is the scalar curvature of g,

o H(t,x,p) =53 ;8"pipj — YER(t,x),
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Optimal Transportation

Connections with Ricci Flow

]
]
]
]

g = 2Ric backward Ricci flow,

L(t,x,v) = 4 32 Bt x)vivs + SER(2,%),
R is the scalar curvature of g,

H(t,x,p) = 352 501,87 pip; — %ER(t, %),
E(t,p) = [,(log p+ t7Y/2u)dpu + B log t,

(]
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Optimal Transportation

Connections with Ricci Flow

]
]
]
]

g = 2Ric backward Ricci flow,

L(t,x,v) = % > Bij(t, x)vivj + \/TEI‘_?(t,X),
R is the scalar curvature of g,

H(t,x,p) = 527 i &0 pips — SR, ),

E(t,p) = [,(log p+ t7Y/2u)dpu + B log t,
u = pvol, where vol is the Riemannian volume of g,

(]

(]
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Optimal Transportation

Connections with Ricci Flow

@ Z = 2Ric backward Ricci flow,

o L(t,x,v)= \/_ > Bij(t, x)vivj + ‘/_R(t x),

® R is the scalar curvature of g,

o H(t,x,p) =53 ;8"pipj — YER(t, x),

o E(t,u) = [,(logp+ t~Y2u)du + 2logt,

@ = pvol, where vol is the Riemannian volume of Z,
o my = et uyol,
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Optimal Transportation

Connections with Ricci Flow

@ gz = 2Ric backward Ricci flow,

o L(t,x,v) =%, &t x)viv; + LER(t, ),

@ R is the scalar curvature of g,

o H(t,x,p) = 32 Y1 ;87pip; — %R, x),

o E(t,u) = [,(logp+ t~Y2u)du + 2logt,

@ 1 = pvol, where vol is the Riemannian volume of g,
o my = et uyol,

® Oru+ H(t,x,duy) =0, u =f

t=0
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Optimal Transportation

Connections with Ricci Flow

]
]
]
]

g = 2Ric backward Ricci flow,

L(t,x,v) = % > Bij(t, x)vivj + \/TEI‘_?(t,X),
R is the scalar curvature of g,

H(t,x,p) = 527 i &0 pips — SR, ),

o E(t,u) = [,(logp+ t~Y2u)du + 2logt,
@ /1 = pvol, where vol is the Riemannian volume of g,
°

® Oru+ H(t,x,duy) =0, u ozf
t=

Theorem: (Perelman 02', Topping 09', Lott 09', Brendle 10')

2 —_—

dc - 3 d
- = - > 0.
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Optimal Transportation

o g = —2Ric Ricci flow,

ul Lee Optimal Transportation and Curvature of Hamiltonian Systems



Optimal Transportation

@ g = —2Ric Ricci flow,
o L(t,x,v) = %Y, Bt x)viv; + LER(t, %),
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Optimal Transportation

@ g = —2Ric Ricci flow,
o L(t,x,v) = %Y, Bt x)viv; + LER(t, %),
o H(t,x,p) = 527 52 &7 pip; — Y R(t, %),
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Optimal Transportation

@ g = —2Ric Ricci flow,
o L(t,x,v) = fz,,,gu(t x)viv + LER(t, %),

® H(t,x,p) = 2ﬁ Zi,j P:PJ - iR(t x),
o E(t,u) = [,(logp— t~Y2u)du + 2logt,
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Optimal Transportation

o g = —2Ric Ricci flow,
L(t,x,v) = %05, gt x)viv; + BSER(t, %),
H(t,x,p) = 5% 31 BVpipy — %ER(t,x),

E(t,p) = [,(log p — t7Y/2u)dpu + 2 log t,
u = pvol, where vol is the Riemannian volume of g,

(]

(]

(]
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Optimal Transportation

@ g = —2Ric Ricci flow,

L(t,x,v) = %05, gt x)viv; + BSER(t, %),
H(t,x,p) = 5% 52, 8T pip; — %ER(t,x),

E(t,p) = [),(logp— t=12u)dp + Zlogt,

1 = pvol, where vol is the Riemannian volume of g,

_-1)2
my =e ¢t "TUyol,

(]

(]

(]

(]
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Optimal Transportation

o g = —2Ric Ricci flow,

o L(t,x,v) =YY &t x)viv + LER(t, ),

o H(t,x,p) = 55 52 87pip; — %ER(t,x),

o E(t,u) = [,(logp— t~Y2u)du + 2logt,

@ /1 = pvol, where vol is the Riemannian volume of g,
o my = et Pyl

@ Oru+ H(t,x,duy) =0, u =f

t=0
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Optimal Transportation

@ g = —2Ric Ricci flow,

L(t,x,v) = %5 5, 8yt x)vivi + S R(E, ),
H(t, x,p) = 2_ﬁ2i,jg pip — LER(t,x),
E(t,p) = [),(logp— t=12u)dp + 5 log t,

(]

(]

@ /1 = pvol, where vol is the Riemannian volume of g,
_ ot 2y

om;=e vol,

@ Oru+ H(t,x,duy) =0, u =f

t=0

Theorem: (Feldman-limanen-Ni 05', Lott 09')

2

d
dt2 E(t,/_l/t) Z 0.

E(t Nt) 2t$
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Optimal Transportation

o g = —2Ric Ricci flow,
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Optimal Transportation

@ g = —2Ric Ricci flow,
° L(taXa V) = % Zi’jgij(t,X)V,'Vj + %l_?(t,x),
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Optimal Transportation

@ g = —2Ric Ricci flow,
° L(taXa V): %ZiJgU(t’X)Vi‘/j+%R(t’X)v
o H(t,x,p) =35>, 8"pipj — 3R(t,x),
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Optimal Transportation

gz = —2Ric Ricci flow,

L(t,x,v) = 2 Z,dgu(t x)vivi + 5R(t,x),
o H(t,x,p) = 3>, ,;8"pipj — 3R(t,x),

o E(t,p) = [y(log p — u)dp,
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Optimal Transportation

g = —2Ric Ricci flow,
L(t ) = 4 S B(e )y * 4R(),
H(t,x,p) = 3> ;87 pipj — 5R(t,x),
E(t,n) = [yy(logp— u)dp,
u = pvol, where vol is the Riemannian volume of g,

(]
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Optimal Transportation

gz = —2Ric Ricci flow,

L(t,x,v)=1 >, 8i(t, x)vivy + 1R(t, x),

H(t, x, p) = %Zi,jgijpipj - %l_?(t,x),

E(t, ) = [y, (logp— u)dp,

u = pvol, where vol is the Riemannian volume of g,

(]

m; = VO|,

(]
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Optimal Transportation

@ g = —2Ric Ricci flow,

° L(t X, v) =735 Z,’Jgu(t x)viv + LR(t,x),

o H(t,x,p) = 3>, ,;8"pipj — 3R(t,x),

o E(t,p) = [y,(logp— u)dp,

@ 1 = pvol, where vol is the Riemannian volume of g,
e m; = vol,

® Oru+ H(t,x,duy) =0, u =f

t=0
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Optimal Transportation

; = —2Ric Ricci flow,

°
° L(t X, v) =735 Z,’Jgu(t x)viv + LR(t,x),

o H(t,x,p) = 3>, ,;8"pipj — 3R(t,x),

o E(t,p) = [y,(logp— u)dp,

@ 1 = pvol, where vol is the Riemannian volume of g,
e m; = vol,

® Oru+ H(t,x,duy) =0, u =f

t=0

Theorem: (McCann-Topping 09', Lott 09')
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Curvature of Hamiltonian Systems

Curvature of Hamiltonian Systems

@ H:R x T*M — R fibrewise strictly convex Hamiltonian
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Curvature of Hamiltonian Systems

Curvature of Hamiltonian Systems

@ H:R x T*M — R fibrewise strictly convex Hamiltonian
@ complete Hamiltonian vector field > ;(Hp,0x, — Hx;0p;)
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Curvature of Hamiltonian Systems

Curvature of Hamiltonian Systems

@ H:R x T*M — R fibrewise strictly convex Hamiltonian
@ complete Hamiltonian vector field > ;(Hp,0x, — Hx;0p;)

o Flow ¢t,t0
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Curvature of Hamiltonian Systems

Curvature of Hamiltonian Systems

@ H:R x T*M — R fibrewise strictly convex Hamiltonian
@ complete Hamiltonian vector field > ;(Hp,0x, — Hx;0p;)
o Flow ¢t,t0

@ Vertical bundle V = kerdw, m: T*M — M projection
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Curvature of Hamiltonian Systems

Curvature of Hamiltonian Systems

]
]
*]
*]
*]

H:R x T*M — R fibrewise strictly convex Hamiltonian
complete Hamiltonian vector field ) ;(Hp,0x, — Hx;0p;)
Flow ® ¢,

Vertical bundle V = kerdr, w: T*M — M projection
) () = O, (Vo, o (x,0) € Txp) TM
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Curvature of Hamiltonian Systems

Curvature of Hamiltonian Systems

@ H:R x T*M — R fibrewise strictly convex Hamiltonian

@ complete Hamiltonian vector field > ;(Hp,0x, — Hx;0p;)

o Flow &, 4

@ Vertical bundle V = kerdn, w: T*M — M projection

® Joop)(t) = dOr s (Vor () € Top) T°M

o there is a frame E(t) = (ey(t), ..., e,(t))7 in J(t;:‘;) such that

&(t) € Jiop)
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Curvature of Hamiltonian Systems

Curvature of Hamiltonian Systems

H:R x T*M — R fibrewise strictly convex Hamiltonian
complete Hamiltonian vector field ) ;(Hp,0x, — Hx;0p;)

Flow ®; 4,

Vertical bundle V = kerdr, w: T*M — M projection
Joop)(8) = 4P (Vo, ) € Tiep) T™M

there is a frame E(t) = (e1(t), ..., e(t))7 in J(t;:‘;) such that
&(t) € Ji)

@ any other such E satisfies E(t)O = E(t) for some orthogonal
matrix O

e © ¢ ¢ ¢

Paul Lee Optimal Transportation and Curvature of Hamiltonian Systems



Curvature of Hamiltonian Systems

Curvature of Hamiltonian Systems

]
]
*]
*]
*]

H:R x T*M — R fibrewise strictly convex Hamiltonian
complete Hamiltonian vector field ) ;(Hp,0x, — Hx;0p;)

Flow ® ¢,

Vertical bundle V = kerdr, w: T*M — M projection
) () = O, (Vo, o (x,0) € Txp) TM

there is a frame E(t) = (e1(t), ..., e(t))7 in J(t;:‘;) such that
&(t) € J,°

(x:p)
@ any other such E satisfies E(t)O = E(t) for some orthogonal
matrix O

o E(t) = —R(t)E(t) for some symmetric matrix R(t).
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Curvature of Hamiltonian Systems

Definition:

t,to . yt,io t,to ; ; .
The operator R(X7p) : J(va) — Jx7p) with matrix representation

R(t) with respect to E(t) is the curvature of Ji ).
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Curvature of Hamiltonian Systems

The operator R()’f‘;) : J(t to) — J(txt‘;) with matrix representation

R(t) with respect to E(t) is the curvature of Ji ).

The operator R( 5= Rf‘)’(’i‘)’) : Vix,p) = V(x,p) is the curvature of

the Hamiltonian system.
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Curvature of Hamiltonian Systems

t,to . t,to t,to . . ;
The operator R(X7p) : J( 0 Jx7p) with matrix representation

R(t) with respect to E(t) is the curvature of J, ).

The operator R(0 o= Rf"’i‘)’) : Vix,p) = V(x,p) IS the curvature of
the Hamiltonian system.

Proposition:
t,t t,to
Rorop) = 90ROt
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Curvature of Hamiltonian Systems

SETES

o H(x,p) =3, &"pip;
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Curvature of Hamiltonian Systems

SETES

° H(x,p) =3, 8"pipj
° fop)(V) = Rm(p, V)p, Rm Riemann curvature tensor
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Curvature of Hamiltonian Systems

SETES

° H(x,p) =3, 8"pipj
° fop)(V) = Rm(p, V)p, Rm Riemann curvature tensor
(*] V(X7p) = T;M = TXM
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Curvature of Hamiltonian Systems

SETES

° H(x,p) =3, 8"pipj
° fop)(V) = Rm(p, V)p, Rm Riemann curvature tensor
(*] V(X7p) = T;M = TXM

° tr(R&p)) = Ric(p, p), Rm Riemann curvature tensor
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Curvature of Hamiltonian Systems

SETES

Example 1:

° H(x,p) =3, 8"pipj
° fop)(V) = Rm(p, V)p, Rm Riemann curvature tensor
(*] V(X7p) = T;M = TXM

° tr(Rpr)) = Ric(p, p), Rm Riemann curvature tensor

o

Example 2:

o H(x,p) =338 pipj+ U(t,x)

A\
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Curvature of Hamiltonian Systems

SETES

Example 1:

o H(x,p) =3, &"pip;

° fop)(V) = Rm(p, V)p, Rm Riemann curvature tensor

(*] V(X7p) = T;M = TXM
° tr(RfX p)) = Ric(p, p), Rm Riemann curvature tensor

o

Example 2:

o H(x,p) =338 pipj+ U(t,x)

° R, ,,(V) = Rm(p,V)p+V?U(p)

A\
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Curvature of Hamiltonian Systems

SETES

Example 1:
° H(x,p) =3, 8"pipj
° fo » (V) = Rm(p, V)p, Rm Riemann curvature tensor
(*] V(X7p) = T;M = TXM

° tr(Rpr)) = Ric(p, p), Rm Riemann curvature tensor

o

Example 2:

o H(x,p) =338 pipj+ U(t,x)

° R, ,,(V) = Rm(p,V)p+V?U(p)
° tr(R&p)) = Ric(p, p) + AU

A\
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Results

Theorem:

@ m; a fixed family of measures
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Results

Theorem: (L. 12")

@ m; a fixed family of measures

@ i a displacement interpolation
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Results

Theorem: (L. 12")

@ m; a fixed family of measures

@ i a displacement interpolation

o E(t,n) = [, logpdm;, p = pm;
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Results

Theorem: (L. 12")

@ m; a fixed family of measures

@ i a displacement interpolation
o E(t,n) = [, logpdm;, p = pm;
o V®(x,p) = (m*mys, ) (x,p)(é1(t0); .-, €n(t0)), v* = log V*
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Results

Theorem: (L. 12")

@ m; a fixed family of measures
@ i a displacement interpolation

o E(t,n) = [, logpdm;, p = pm;
o V(x,p)=
2

dt?

> [ (REE ) -
2
O (V(@e(x,dF) — b()

E(t, ue) + b(t) S E(t, 1)

nb(t)?
4

=

(W*mto)(x,p)(él(to), ey én

(to)), v' = log V*

(vV'(Pt0(x, dF))) ) iy (x)

-
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Results

H = g pipj, mi = e Fvol, b=0
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H= %gijp;pj, m; =e Fvol, b=

Corollary: (Otto-Villani 00', Cordero Erausquin -McCann

-Schmuckenschlaeger 01', von Renesse-Sturm 04')

Ric + V2F > 0 if and only if 5 E(u.) > 0.

Paul Lee Optimal Transportation and Curvature of Hamiltonian Systems



H = g pipj, mi = e Fvol, b=0

Corollary: (Otto-Villani 00', Cordero Erausquin -McCann

-Schmuckenschlaeger 01', von Renesse-Sturm 04')

Ric + V2F > 0 if and only if 25 E () > 0.

dt2

H(x, p) is homogeneous of degree 2, b =0
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H = g pipj, mi = e Fvol, b=0

Corollary: (Otto-Villani 00', Cordero Erausquin -McCann

-Schmuckenschlaeger 01', von Renesse-Sturm 04')

Ric + V2F > 0 if and only if 5 E(u.) > 0.

H(x, p) is homogeneous of degree 2, b =0
Corollary: (Ohta 08')

Finsler version
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Results

Time dependent Riemannian metric

® H(t,x,p) = %Zing"j(t,x)p,-pj + U(t,x)
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Results

Time dependent Riemannian metric

® H(t,x,p) = %Zing"j(t,x)p,-pj + U(t,x)
o g =cRic+ g
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Results

Time dependent Riemannian metric

® H(t,x,p) = %Zing"j(t,x)p,-pj + U(t,x)
o g =cRic+ g

@ Oru+ H(t,x,duy) =0, u 0= f
t—=
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Results

Time dependent Riemannian metric

® H(t,x,p) = %Zing"j(t,x)p,-pj + U(t,x)
o g =cRic+ g

® Oru+ H(t,x,duy) =0, u‘ 0= f
t—=

Corollary: (L. 12")

Let ik = -2, b= —f C = % — f m; = e kUvol, and
U= —68%/?. Then
d? d né ncZ  nb?
— E(t b(t)—E(t —~ 424" >0

Paul Lee Optimal Transportation and Curvature of Hamiltonian Systems



Results

Corollary: (L. 12")

Let k = Ct™, ¢ = —%, o = ’”TH m; = e~ <t"tyol, and
U=—%R. Then
d? m—1d m(1 — m)n
E(t ——F >
dt2 ( ,Mt) t dt ( uut) 2t2

Paul Lee Optimal Transportation and Curvature of Hamiltonian Systems



Results

Corollary: (L. 12")

Let k = Ct™, ¢ = —%, o = ’”TH m; = e~ <t"tyol, and
U=—%R. Then
d? m—1d m(1 — m)n
Bt ) — T LB ) > 2R
dt2 ( ,Mt) t dt ( uut) = 2t2

@ set 2 =2Ric, g =+tg, C=—-1, m=—1/2
@ recover the result of Perelman, Topping, Lott
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Results

Corollary: (L. 12")

Letk—Ct’" ——%, cz:’”TH,mt—e Ct"uyol, and
U= ——R Then
d? m—1d m(1 — m)n
LBt ) — T2 L (e, ) > TN
dt? (£ e) t dt (£ 1) 2 2t2

@ set 2 =2Ric, g =+tg, C=—-1, m=—1/2
@ recover the result of Perelman, Topping, Lott
@setz=2Ric,g=+tg, C=1 m=—-1/2
@ recover the result of Feldman-limanen-Ni, Lott
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Results

Corollary: (L. 12")

Letk—Ct’" ——%, cz:’”TH,mt—e Ct"uyol, and
U= ——R Then
d? m—1d m(1 — m)n
LBt ) — T2 L (e, ) > TN
dt? (£ e) t dt (£ 1) 2 2t2

set g =2Ric, g=Vtg, C=—-1, m=—1/2
recover the result of Perelman, Topping, Lott
set g = —2Ric, g =tg, C=1, m=—-1/2
recover the result of Feldman-limanen-Ni, Lott

setg=—2Ric,g=5,C=1,m=0

e ¢ ¢ ¢ ¢ ¢

recover the result of McCann-Topping, Lott
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Results

Theorem: (L. 12")

@ m; a fixed family of measures

@ i a displacement interpolation
o E(t,u) = [y, pldms, p = pm;
o V®(x,p) = (m*Mys, ) (x,p)(é1(t0); .-, €n(t0)), v* = log V*
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Results

Theorem: (L. 12")

@ m; a fixed family of measures
@ i a displacement interpolation
o E(t,u) = [y, pldms, p = pm;

o V®(x,p) = (m*Mys, ) (x,p)(é1(t0); .-, €n(t0)), v* = log V*
2

S SE( pe) + (@ba(t) + ba(t)) < E(t o)

d
> [ () [er(R2, o) - bz(f)d— (v (@l dF)))
M s t

2 A .
: (VE(Pe(x, df)))qbz(t) B bzit)]

- d?

d:uto (X)
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o H(t,X, p) = %Zldgu(tax)plpj + U(t7X)
o g =cRic+ g

® Oru+ H(t,x,duy) =0, u‘ 0= f
t—=
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o H(t,X, p) = %Zldgu(tvx)plpj + U(t7X)
o g =cRic+ g

® Oru+ H(t,x,duy) =0, u‘ 0= f
t—=

Corollary: (L. 12")

Let ctk = -2, by = —% o= % = f m; = e k“vol, and
U= —68%/?. Then
dzE(t )+ ( b(t)+b(t))dE(t )
dr2 ) Kot ab 2 dt » Lot
: 2 2 2
né nc;  qby  nbj
22 Ty T2 > 0.
+q<2 + 2 + 2 I 4> (t,ut) >0
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Results

Corollary: (L. 12)

Let k= Git™, by = Gt ™Y, @ = — 2w, @ = 3L,
me = e~Ct"uyol, and U = — S R. Then
d? gG—m+1d
—SE(t 2 T E(t
dt2 (Hut)+ t dt (uut)
2nm(m — 1) + qC2
+ gzt 4t2) ) et ) > 0
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Results

From Theorem to Corollary

Lemma:

Let H(t,x,p) = 5 Zug“(t x)pipj + U(t, x). Then

tr(RE)) = Rice(p,p) + AU(X) — (V(tr (£)). P}

o 1 .. 1.
+ div(g)x(p) — Str (&) + Z!g\i
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Results

From Theorem to Corollary

Lemma:

Let H(t7X7p) = %Zl,}gu(t7x)plpj + U(t,X). Then
tr (R, = Ricx(p,p) + AU(x) — (V(tr (§)). p)x
.. 1. 1.
+div(g)x(p) — Str (&) + 7183

. i

Let g = cgRic+ cg. Then

. 1
tr(RE)’:p)) = Ricx(p,p) + AU(x) — 51 (VR, p)
2 2 2 2 2
C]_ nC2 nC2 Cl .12 C].
- —=R-——=_--2411R LAR.
2 > ~ g TR+

v
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° tr(RE p)) = Ricx(p, p) + AU(x) — 31 (VR,p) — YR — &2 —

2
"G+ SIRic]? + LAR
C‘ljt ¢t tO(X le ( )( ‘vu‘it - U(t7@t)) + k(t)u(t7“lpt)
d2
dt2 ¢t to (X df)

k(¢ )(U( L) +2(VU,Vu), + e (t)Ricy, (Vu, Vu) +
Cz(t)IVUIit)) +2k(t) (3IVul2, — U(t,0r)) + k(t)u(t, o¢)
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° tr(RE fp)) = Ricx(p,p) + AU(x) — 3c1 (VR,p) — $R— "2 —
"G+ SIRic]? + LAR

° ;i %(xdf k(t) (BIVul2, — U(t, e) + k(t)u(t, ¢¢)

d2
dt2 ¢t to (X df)

K(t )(U( L0t) +2(VU,Vu),, + 3(ca(t)Ricy, (Vu, Vi) +

Cz(t)lvlllit)) +2k(t) (3IVulZ, — U(t,00)) + k(t)u(t, o)
o kill the term Ric,, (Vu, Vu) by setting cik = —2
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° tr(RE fp)) = Ricx(p,p) + AU(x) — 3c1 (VR,p) — $R— "2 —
"G+ SIRic]? + LAR

° ;i %(xdf k(t) (BIVul2, — U(t, e) + k(t)u(t, ¢¢)

d2
dt2 ¢t to (X df)

k(¢ )(U( L) +2(VU,Vu), + e (t)Ricy, (Vu, Vu) +
Cz(t)IVUIit)) +2k(t) (3IVul2, — U(t,0r)) + k(t)u(t, o¢)

o kill the term Ric,, (Vu, Vu) by setting cik = —2
@ kill the term (VR, Vu) by setting U = —ﬁR
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0 tr(REY,) — Sovs, an = —2 — "2 — k(t)u(t, o)) +
(calt)k(t) — 2k(t )) (31902, + 2 R(#:()))

d t —
Evcbt’to(X,df) -
k(t)u(t, pe(x)) + k(2) (31T, + s R(:()))
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* tr(sztp)) - 5:2 Ve i (x,df) — —2 - nTCg — k(t)u(t, e(x)) +
(cale)k(e) — 2k(t )) (3192, + st R(2e(x)) )
%th,to(x,df) =

k(t)u(t, 2e(x)) + k(1) (3IV, o + s R(2e(x)) )

o kill the term u(t, ;) by setting b = *f
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Rb! d? né,  nc: 7

° tr( (X p)) - dt2 ¢'tt (X df) T - T - (t)u(t? Spt(x)) +
(calt)k(t) — 2k(t )) (31902, + 2 R(#:()))

ivt —

dt Vooe o (x,df) —

k(t)u(t, pe(x)) + k(2) (31T, + s R(:()))

o kill the term u(t, ;) by setting b = _k

k
t,t d? d
*] tr(R(x P)) T q)tt (x,df) - b(t)qut)t tO(X df) =

(cz(t)k(t) —2k(t) + k(z)(lj)(ﬂ) ( Vul 0 + (1)2R(<pt(x)))_

. 2
ng _ nG

2 4
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Rb! d? né,  nc: 7

° tr( (X p)) dt2 ¢'t to (X df) T - T - (t)u(t? Spt(x)) +
(calt)k(t) — 2k(t )) (31902, + 2 R(#:()))

ivt —

dt Vooe o (x,df) —

k(t)u(t, pe(x)) + k(2) (31T, + s R(:()))

o kill the term u(t, ;) by setting b = _k

k
t,t d? d
o tr (R(X P)) a2 q>t t (x,df) - b(t)qut)t tO(X df) =

(cz(t)k(t) —2k(t) + k(z)(lj)(ﬂ) ( Vul 0 + (1)2R(<pt(x)))_

C ne2
n&g NG
2 7 "
o set op(t)k(t) — 2k(t) + kB)k(t) _ g

k(t)
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Rb! d? né,  nc: 7

° tr( (X p)) - dt2 ¢'tt (X df) T - T - (t)u(t? Spt(x)) +
(calt)k(t) — 2k(t )) (31902, + 2 R(#:()))

ivt —

dt Vooe o (x,df) —

k(t)u(t, pe(x)) + k(2) (31T, + s R(:()))

o kill the term u(t, ;) by setting b = _k

k
t,t d? d
*] tr(R(x P)) T q)tt (x,df) - b(t)qut)t tO(X df) =

(cz(t)k(t) —2k(t) + k(z)(lj)(ﬂ) ( Vul 0 + (1)2R(<pt(x)))_

& _ ng
2 4 )
o set op(t)k(t) — 2k(t) + % —0
t,t d? d e e
) (R(x p)) T dr? V¢‘t 1o (x,df) b(t)mvét,to(X,df) = 772 — T2
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Results

THE END
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