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We consider reactive mixtures of dilute polyatomic gases in full vibrational non-equilibrium. The governing
equations are derived from the kinetic theory and possesses an entropy. We recast this system of
conservation laws into a symmetric conservative form by using entropic variables. Following a formalism
developed by the authors in a previous paper, the system is then rewritten into a normal form, that is, in the
form of a quasilinear symmetric hyperbolic—parabolic system. Using a result of Vol’pert and Hudjaev, we
prove local existence and uniqueness of a bounded smooth solution to the Cauchy problem. © 1998 B. G.
Teubner Stuttgart—John Wiley & Sons, Ltd.

1. Introduction

In this paper, we investigate the system of equations modelling multicomponent
reactive gases in which polyatomic molecules are in full vibrational non-equilibrium.
We prove the well-posedness of the Cauchy problem locally in time with smooth
initial conditions.

We first present the set of governing equations for multicomponent reactive
gaseous flows in full vibrational non-equilibrium. We express the conservation equa-
tions, the transport fluxes and the thermodynamic properties. In this model, there is
a translational-rotational temperature and the species vibrational quantum state
densities are independent unknowns. We also summarize the derivation of these
relations from the kinetic theory. An important consequence of the kinetic framework
is that the transport fluxes have their natural symmetry properties [8, 3, 2, 4].

We then apply the formalism developed by the authors in Reference 4 concerning
symmetrizability. We exhibit a mathematical entropy function for this system of
multicomponent reactive flows in full vibrational non-equilibrium. It is taken to be
the opposite of the physical mixture entropy density per unit volume. The related
entropic variables lead to a symmetric conservative system. Here we make a crucial
use of the naturally symmetric form of the transport fluxes provided by the kinetic
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1416 V. Giovangigli and M. Massot

theory. For symmetrization problems arising when the natural symmetry of transport
fluxes has been artificially destroyed [5, 1] we refer to [2—4].

We prove that the nullspace naturally associated with dissipation matrices of the
symmetrized system satisfy an invariance property. This allows us to recast the system
into a normal form [4]. This normal form is a symmetric hyperbolic—parabolic
composite system which decouples the hyperbolic components from the parabolic
components. This form is not unique as shown in [4] where all normal forms have
been characterized for such systems.

For the resulting system of conservation laws in normal form, we next prove the
existence of a unique solution to the Cauchy problem, locally in time, in a space of
bounded smooth functions. More precisely, solutions are considered in the functional
spaces V;(R?) constituted by the (classes of ) functions of L*(R“) having derivatives of
orders 1 to [ in L*(R?), for values of [ such that [ > d/2 + 3 where d is the space
dimension. Our method of proof relies on the results of Vol'pert and Hudjaev
concerning the Cauchy problem for symmetric quasilinear hyperbolic—parabolic
composite systems of partial differential equations [7].

The governing equations for multicomponent reactive flows in full vibrational
non-equilibrium are presented in section 2. Symmetrization and normal forms are
investigated in Section 3. Finally, the Cauchy problem is investigated in section 4.

2. Governing equations

2.1. Conservation equations

The system of conservation laws modelling multicomponent reactive flows in full
vibrational non-equilibrium express the conservation of vibrationally excited species
mass, momentum and energy. These equations are provided by the kinetic theory of
gases following a formalism generalized from [8] and [2] which will be sketched in
section 2.5. They can be written in the form

oU+ Y 0F +)> 0,7, =Q, (2.1)
ieC ieC
where O, is the time derivative operator, U the conservative variables, 0; the space
derivative operator in the ith direction, C = {1, 2, 3} the set of direction indices, F; the
advective flux in the ith direction, %; the dissipative flux in the ith direction and Q the
source term.
The variables U and the advective fluxes F;, i€ %, are given by

P1,1 P1,10;
Pr. 1, Png,1, Vi
U=| pvy |, Fi=|pvivi+3dip |, (22)
pU2 pU2V; + 0izp
pU3 pU3V; + Oi3p
pe' pev; + pu;
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Local Cauchy Problem for Multicomponent Reactive Flows 1417

where p; g 1s the density of the kth species in the Kth vibrational quantum state, ng the
number of species, S = [1, ng] the set of species indices, I, the number of vibrational
quantum states of the kth species, .%, = [1, I;] the corresponding set of vibrational
state indices, p = ) s kes, Pr.x the total density, v; the mass averaged flow velocity in
the ith direction, J;; the Kronecker symbol, e the total energy per unit mass of the
mixture, and p the thermodynamical pressure. The couple of indices (k, K) vary in the
set S = [ J s k x A which cardinal is ny =) jc5 I

For convenience, the dissipative flux %; is splitted between the mass and heat
diffusion flux #** and the viscous flux Z" so that

Fy = FP* + Fn, (2.3)

The fluxes #”* and # ", and the source term Q, are given by

0 P1.1(7 1.1 mymy 1
0 Pug, 1., (%15,1,,5 )i My Wng, 1,
FiN = IT;; , TP = 0 , Q= PY1 ) (2.4)
IT;, 0 PY2
;3 0 P93
> T, qi pg-v
jeC

where IT = (I1;;); jcc is the viscous stress tensor, 7 x = (¥4, k)1, (7 k)2, (7% k)3)' the
diffusion velocity of the kth species in the Kth vibrational quantum state,
q =(q1, 92, 9q3)" the heat flux vector, m; the molar mass of the kth species, w, x the
molar production rate of the kth species in the Kth vibrational quantum state,
g = (91, g2, g3)' the external force per unit mass acting on the species, v = (v, v, v3)
the velocity vector and t the transposition symbol.

These equations have to be completed by the relations expressing the transport
fluxes I1, 5.k, k€S, Ke %, and g, the thermodynamic properties p and €', the
chemical/vibrational source terms w, g, k€S, K € .4, and the specific force g.

2.2. Transport fluxes

The expressions for the transport fluxes derived from the kinetic theory of dilute
polyatomic gas mixture can be written

Vg = — Z Di‘,)tK,l,Ldl.L - lec(,)[l(ax logT, (k, K)ESVib, (2.5)
(1, L)es™
I = — (K = 370y )] — ™00 + (0,0)), (2.6)
q=2\"0,T —p Z Okde,x + Z Pr, ke k k. k5 (2.7)
(k, K)eS"™ (k, K)es"®
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1418 V. Giovangigli and M. Massot

where D = (Di%k.1. ). x). 1. Lyes is the diffusion matrix, d g the diffusion driving force
of the kth species in the Kth vibrational quantum state, (0;°k ). ks € R"" the thermal
diffusion vector, 0, = (0;,0,, 03)' the usual differential operator, T the transla-
tional-rotational absolute temperature, k™' the volume viscosity, #™' the shear viscos-
ity, A’ the partial thermal conductivity and h,_g the enthalpy per unit mass of the kth
species in the Kth vibrational quantum state. The vectors d; g, (k, K)€ S*'®, take into
account the effects of various state variable gradients and are given by

Oy
dix = 0x Xix + Xy k pp, (2.8)

where X, x denotes the mole fraction of the kth species in the Kth vibrational
quantum state. Alternate expressions for the diffusion velocities and the heat flux
vector are

Vg = — Z D;c?tK,l,L(dl,L + X{?iaxlog T), (k K)GSVibs (2.9)
(1, L)es"®
q=— 0T +p Z 0L L+ Z prLhi LY 1L (2.10)
(I, L)eS" (I, LyeS"

where (1i%% ) xes € R" is the thermal diffusion ratio vector and 4™ the thermal
conductivity. Both expressions (2.5) and (2.9) for the diffusion velocities and (2.7) and
(2.10) for the heat flux vector will be used in the following.

Note that we have used the superscript rot since the transport coefficients only
involve translational and rotational energy exchanges. In addition, the diffusion
matrix D™ associated with these fluxes is symmetric as specified in Section 2.6 where
the properties of the various transport coefficients are expressed.

2.3. Thermodynamic properties
From the kinetic theory, the state law expressing the pressure p is
p=prT, (2.11)
where

pr=R, Y PLK (2.12)

(k, K)es® my

In these expressions, p = Z(k’ xesPi.k 18 the total mass density, r the specific gas
constant of the mixture, and R, the universal gas constant. The specific total energy

e and the specific internal energy e of the mixture are given by
et=e+ 300, (2.13)
where
pe = Z Pr, K€, K- (2.14)
(k, K)eS*®
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Local Cauchy Problem for Multicomponent Reactive Flows 1419

The quantity e, g is the internal energy per unit mass of the kth species in the
vibrational quantum state K and can be written

T

ek’K(T) = e,?’K + J’ C{;ok,lK(T/)dT/, (215)

To

where e ¢ is the energy of formulation of the kth species in the Kth vibrational
quantum state at the positive reference temperature T, and ci%« is the rotational
specific heat at constant volume of the kth species in the Kth vibrational quantum
state. The mixture rotational specific heat at constant volume ¢ is also defined by

P = Y k. (2.16)

(k, K)eS"®

Similarly, the specific total enthalpy h'* and specific enthalpy h are written

W'=h+3v0, ph= Y peghk (2.17)

(k, K)eS"™®

where Iy g, the enthalpy per unit mass of the kth species in the Kth vibrational
quantum state, reads

h x(T) = e x(T) + 1T, (2.18)

and where r, = R,/my is the specific gas constant of the kth species. It is also
convenient to denote by e the total energy per unit mass and by % the total
enthalpy per unit mass of the kth species in the Kth vibrational quantum state

tot 1 tot 1
ek =€k + 3200, ok =h.x +300. (2.19)

The kinetic theory also yields the specific (physical) entropy of the kth species in the
Kth vibrational quantum state

T (T
sex(prks T)=spk + J

G2 D7 — rklog< Pr.x ) (2.20)
, T

where sp% is the standard formation entropy at the positive reference temperature
T, and positive reference pressure yo R, To where 7, is a reference molar concentration.
Finally, we will also need the expression of the chemical/vibrational potential 1 g of
the kth species in the Kth vibrational quantum state

M k(piks T) = e g + 1T — s kT (2.21)

2.4. Source terms

The detailed description of chemical/vibrational source terms wy g, (k, K)e S*'™, is
beyond the scope of this paper. It would only be needed for investigating global
existence results in the neighbourhood of constant equilibrium states and the
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1420 V. Giovangigli and M. Massot

asymptotic stability of these states. In the following sections, we only require that the
chemical/vibrational source terms w, g, (k, K)eS"®, are functions of the natural
variables Y = (py.1, ..., Pug1, 5 V15 V2,03, T )

o g = o x(Y), (2.22)
with a similar assumption for the specific force term ¢

g=9(Y). (2.23)

Remark 2.1. In this paper, for sake of simplicity, we only consider a species indepen-
dent specific force, as gravity for instance. For the structure of transport fluxes arising
when the specific forces are species dependent we refer to [6] and [4].

2.5. Derivation from the kinetic theory

In this section we briefly discuss the derivation of the preceding equations from the
semi-classical kinetic theory of reactive polyatomic gas mixtures [8, 2]. This deriva-
tion requires that the chemical and vibrational characteristic times are larger than the
translational and rotational characteristic times of the mixtures [2].

More specifically, the Boltzmann equations describing reactive mixtures take the
form

1
Div(fi) = " TN Srs oo So) +ETVV(S1s s fu)s kES, (2.24)

where f, is the distribution function of the kth species, D, the transport differential
operator of the kth species, T is the fast collision operator and I;°™ the slow
collision operator. In addition, ¢ is the formal expansion parameter associated with
the Enskog procedure and o depends on the regime under consideration. Accordingly,
the species distribution functions are expanded in the form

fe=fR( + ey + O(e?)), keS,

where 1} is the local Maxwellian distribution related to the fast collision operators.

For polyatomic molecules, the energy can be divided into several contributions
coming from translational, rotational and vibrational modes. The electronical energy
transfers are neglected in a very wide range of temperature, efficient collisions being
very seldom because of the gap of energy between two electronic levels. In the previous
study of Ern and Giovangigli [ 2], the internal modes were at equilibrium such that we
had

T Sroees o) = 2 (S o),

leS
Zilow(flj ’fng) = 6k(fl’ ’ﬁlg))
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Local Cauchy Problem for Multicomponent Reactive Flows 1421
where €771 {5 the non-reactive collision operator for the species pair (k, I) involv-
ing translational, rotational and vibrational energy exchanges and &, the reactive
collision operator for the kth species. These reactive and non-reactive collision
operators have complex expressions and we refer to [2] for more details.

In this paper, we assume that the characteristic times associated with the exchange
of vibrational energy are of the same order of magnitude as the chemical times but are
longer than the characteristic times associated with translational and rotational
energy exchanges. In this situation, the polyatomic molecules of the mixture are in full
vibrational non-equilibrium, and we have

T (i fo) = 2 G (fro fo)s

leS

Trs s o) = 2 €0 i) + Sl frsou ),

leS

tr,rot :

where €77 is the non-reactive collision operator for the species pair (k, [) involving
translational and rotational energy exchanges, €}i® is the non-reactive collision
operator for the species pair (k,[) translational-vibrational, rotational-vibrational
and vibrational-vibrational energy exchanges.

It is then possible to distinguish a number of different regimes for the mixture,
depending on the relative order of magnitude of the fast and slow collision terms. The
‘slow regime’ corresponds to o =1 and produces expressions (2.5)—(2.10) for the
transport fluxes. In this situation, the chemical source terms are evaluated from the
Maxwellian collisional terms. On the other hand, the ‘tempered regime’ corresponds
to o = 0. In this situation, the pressure tensor and the Maxwellian source terms are
perturbed, because of the reactive part of the distribution functions ¢,. Such perturba-
tions only occur at these two places and are known to be small, so that we recover the
set of equations described above by neglecting them [2].

Finally, the macroscopic quantities are obtained in terms of the distribution
functions by integrating over the velocity space and summing over the rotational
quantum numbers. Similarly, the macroscopic governing equations are obtained by
multiplying the Boltzmann equations by the fast collisional invariants, integrating
with respect to the particle velocity and summing with respect to the rotational
quantum states of the particles.

Remark 2.2. In the model investigated in this paper, the vibrational non-equilibrium
is a global non-equilibrium such that each molecule in a given vibrational state can be
considered as an independent species. The modelling of vibrational transfers and of
chemical reactions is then contained in the source term. As a consequence, the
structure that we obtain for our system is formally equivalent to the one obtained with
vibrational equilibrium.

2.6. Mathematical assumptions

We introduce here the mathematical assumptions concerning the transport coeffi-
cients, the thermodynamic properties, the chemical/vibrational source terms and the
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1422 V. Giovangigli and M. Massot
specific force term. We assume that the natural variables
Y=(p1,15-» Png, 1,5 V15 V2, U3, Ty,
takes its values in the open convex set Oy
Oy = (0, 00)" x R3 x (T, o0), (2.25)

where T, is positive and we assume the following dependence and regularity
properties.

(H;) The transport coefficients (Di’k.i.r)w. ). pes (Ork)w mese as well as
rot rot q/rot 1rot
2

(%) k. kes the scalars k™, 75 A and A" are C® functions of

(pl, IERERS pns,l,,sa T)E(O, oo)n" X (TOs OO)

(H,) The specific heats ¢ , (k, K) e S¥°, are C* functions of T € [Ty, o). Moreover
there exists a positive constant .o/ with 0 < .o/ < ¢2%(¢), for ¢ = T, and
(k, K)e S¥i®,

(H3) The force term ¢ is a C* function of Y € Oy.

(H,) The chemical/vibrational production rate vector w = (@, 1,..., @, 1, ) 1S
a C” function of Y € Oy. )

(Hs) The shear viscosity #™', the thermal conductivity A™', and the partial thermal
conductivity 2™ are positive and the volume viscosity x™' is non-negative.

(H¢) The matrix D™ = (Di°k 1. L) k). 1. Lyesw 1S symmetric and positive semidefinite
and its nullspace is spanned by ¢ = (p;.1, ..., Pu,s, ). We have in particular
the mass constraints )

Z pk,KDll;(,)lK,l,L:O: IES3L6%°

keS, Ke s,

(H,) The thermal diffusion vector 6'e R"" satisfies the mass constraint

Z Pk,Koi(,nK =0.

keS, Ke.#,

(Hg) The thermal diffusion ratio vector y*'eR" satisfies the relations

Y Dkl =00% (kKes™ Y k=0

(I, L)es™ (., Kyes

The partial thermal conductivity A" is given by

rot __ j/rot p rot grot
At =t — — Z X1,LYLL-

(1, L)es*™

(Ho) The chemical/vibrational production rate vector w = (wy, 1, ..., @, ) satis-
fies the mass conservation relation

Z mk(l)k’K = 0

(k, K)eS"™®
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Local Cauchy Problem for Multicomponent Reactive Flows 1423

We point out that all these assumptions are suggested by the semi-classical kinetic
theory of dilute polyatomic reactive gas mixtures. As previously mentioned, the
diffusion coefficients considered here are symmetric and, therefore, are consistent
with Onsager reciprocal relations. The mass constraints of the diffusion matrix
and the thermal diffusion vector also imply the mass conservation relation
Y xesPr.x Vi x = 0. In addition, the positivity properties of the transport coeffi-
cients are associated with the positivity of the entropy production quadratic form as it
was shown in the case of vibrational equilibrium [3, 2].

Further note that the gas species specific heats—and therefore the energies and
enthalpies—obtained from the kinetic theory, could also be extended—from a math-
ematical point of view—up to zero temperature, but not the gas entropy which
explodes like log T. However, since the basic assumptions of the kinetic theory of
dilute gas mixtures are not valid at low temperatures, where the gases are ultimately
transformed into liquids and then into solids, we have chosen to restrict the temper-
ature domain to [T,, o0), where T is positive, for modelling gas mixtures.

2.7. The quasilinear form

By expressing the natural variables Y in terms of the conservative variables U, we
now rewrite the system of conservation equations (2.1) in a quasilinear form. For this
purpose, we first investigate the map Y — U and its range.

Proposition 2.3. The map Y +— U is a C* diffeomorphism from the open set Oy =
(0, 0)" x R3 x (T, o0) onto an open set Oy. The open set Oy is convex and given by

Oy ={zeR" %z, ¢ > 0, (k, K)eS*™,

Zn,-+4 - ¢(Zl,1> ey ZnS,I"sa Zn,-+1> Zn,-+23 va,-+3) > 0}5 (226)
where
2 2 2
1 Znp+1 + Zny+2 + Zn+3
()b(zl,l; e Zns,l,,g) an+17 ZnT+29 ZnT+3) = 5
Z (k, K)eS™ Zk, K

0
+ Z Zk, Kek’ K-
(k, K)eS"®

The proof is almost straightforward using hypothesis (H, ), expression (2.2) and the
triangular structure of 0yU on Oy.

From (2.5) to (2.8) and Proposition 2.3, the dissipation fluxes can then be written as
linear combinations of the conservative variables gradients

F:=— ) G;(U)9;U, (2.27)

jeC

where the proportionality coefficients are the dissipation matrices, G;;(U), i, je C,
which are functions of the conservative variable U. These matrices are square matrices
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1424 V. Giovangigli and M. Massot

of dimension ny + 4, and, from (2.3), they admit the following decomposition:
G, =Gy + G, (2.28)

where 7/ = —3 . GH(U)o;U and 7P = —3 . GH*(U)0;U. We may further
introduce the Jacobian matrices A4;, i€ C, of the advection fluxes F;, ie C,

A; =0y F, (2.29)
and finally rewrite the system into the quasi-linear form

oU + ) 40U = ) 8(G;0;U) +Q(U), (2.30)

ieC i, jeC

where the matrix coefficients are defined on the open convex set (. The detailed form
of the coefficient matrices 4;, ie C, and G;;(U), i, je C, will only be needed for some
explicit calculations that are not described in the following, and, therefore, will not be
given. We refer to [6] for more details in the case of vibrational equilibrium.

3. Symmetrization and normal forms

In this section, the results of Giovangigli and Massot [4] about symmetrizability
are restated and applied to the multicomponent flows in full vibrational non-equilib-
rium governing equations. A conservative symmetric form of the system is given.

We show that the symmetrized equations are such that the nullspace naturally
associated with dissipation matrices is a fixed subspace. We then know that this
symmetrized system admits a set of normal form characterized by Theorem 3.8 of [4].
These normal forms are symmetric hyperbolic—parabolic composite systems. We here
choose to present the one that decouples as much as possible the parabolic compo-
nents even if it also perturbs the structure of the chemical/vibrational source term.
Any normal form could be used for the local existence theorem obtained in the last
part of the paper.

3.1. A conservative symmetric form for multicomponent flows

We now consider the system (2.30) and apply the general results obtained in a
previous paper [4]. We first note that the smoothness of the matrix coefficients is
a direct consequence of assumptions (H; ) and (H,). We next define the mathematical
entropy function # as the opposite of the physical mixture entropy density per unit
volume

H = — Z Pr, K Sk, K- (3.1

(k, K)eS"™®

We then consider the associated entropic variables
V =@y H), (3:2)
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Local Cauchy Problem for Multicomponent Reactive Flows 1425

for which a straightforward calculation yields

1
vV =?(,ul,1 —%vw,...,uns,,&_ —3v-0,0q, 0,5, 05, — 1), (3.3)

where p, g is the chemical/vibrational potential of the kth species in the Kth vibra-
tional quantum state [4, 6].

Proposition 2.3, expressions (2.15), (2.20), (2.21), the smoothness assumption (H,),
the triangular structure of OyV over Oy and finally the fact that — s, g is an increasing
function of p, g at fixed T lead to the following proposition.

Proposition 3.1. The change of variable U +— V from the open convex set Oy onto the
open set Oy = R"*3 x(— 1/T,,0) is a C* diffeomorphism.

Before enouncing Theorem 3.2 where we investigate the conservative symmetric
form, let us introduce the explicit form of the matrix coefficients we are going to work
with. For the sake of clarity, we here adopt a compact notation. In the following, @ and
b denote the couples (k, K) and (I, L) varying in the set S¥®.

The matrix A, is defined by

<pa 5ab > Sym
Iq a, beS'®

= b
Ao = <,0_ Ui> (Zpvivj + pTij)i jec ’ (3.4)

b
(p_ e},"‘) » (Zevj + pTvj)jec r,
b beS"i®
where
ro =1, for a=(k, K)

and
Pa pk,K

oy by P

aes'® T'a keS, Ke.g, Fi
Similarly,

Yy = Pr.K tot Y, = Pr.k 2 T(v- rotT
e= Y &% Y.= Y —=eg+pTov+cT).
(k, K)eS"® Iy (k, K)es® Iy

Since this matrix is symmetric, we only give its block lower triangular part and write
‘Sym’ in the upper triangular part. On the other hand, denoting by & = (¢4, &,, &3)'an
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1426 V. Giovangigli and M. Massot

arbitrary vector of R3, the matrices A;, ie C, are defined by

Y A

ieC
( Oup Pe v- é) Sym
I'p a,beS"®
= <Pb TE + % UiUf) (Zpv00- & 4+ pT &5 + ;& + v-E0i))i jec
b ieC, beS*®
<h§,°‘ % v'é) Ewvjo- &+ pTojv- &+ pTh''E))jec Ywo- &
b besti®
(3.5)
where
_ Pr.K 1ot o Pr.K ;2 rot
Zh_ Z — M.k, Yh— Z —hk’K+pT(U'U+(CU +r)T).
k, Kyes Tk k. Kyes® Tk

Furthermore, concerning the dissipation matrices, we have the usual decomposition

The viscous matrices G;-‘j", i, je C, are defined by
~ On X n On X 4
G;cr’ — T T ~T R 3.7
! <04an A ij > C7

so that we only need the expressions of #;, i, je C. For sake of brevity, we only define
K1y and A,

(Krot 4 %nrot) 0 0 (Krot 4 %nrot)vl
- 0 171‘0[ 0 171‘0[1]2
,%/‘11 = T s
0 0 ’,II'OI ’,ITOIU3
(Krot 4 %nrot)ul ’,’rotu2 ;,’mtu3 (Krot 4 %nrot)v% 4 ”rotv )
0 (Krot _ %nrot) 0 (Krot _ %rlrol)vz
rot rot
~ n 0 0 /T
%12 =T s
0 0 0 0
1,Irotv2 (Krot _ %nrot)vl 0 (Kmt + %1,Irm)vlv2

the other matrices being obtained by circular permutation and using the relations

7 gt 7 At gy gt
Hiy=H51, Hiz3=H31, Hrz=A3,.
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Local Cauchy Problem for Multicomponent Reactive Flows 1427

On the other hand, the heat and mass diffusion matrices (73", i, je C, satisfy
Gll)f = G?é = G??{ = GDA’ GIL;)' = 0’ i ?é],
where GP* is defined by

G’Dl
(911;?%)& beSYi® Sym

- 03><n1 03><3

< Z @;?lbha + pbgzmT> 01 x3 i,msz + 2 Z paezmhaT + Z @trl?lbhahb
hESvib

aeSYiv aeSviv a, beS"i®

(3.8)

and the symmetric matrix & has been defined from the multicomponent diffusion
matrix D by

%L = Pk PLLDC K LITP- (3.9
Finally, the source term Q is defined by

d=0. (3.10)

Theorem 3.2. The system associated with the entropic variables V € 0y can then be
written

ieC i, jeC
and is of the symmetric form in the sense that Properties (S;)—(S4) are satisfied [4]:

(S1) The matrix Ay(V) is symmetric and positive definite for V e Oy.

(S,) The matrices A;(V'), i€ C, are symmetric for Ve Oy.

(S3) We have Gj(V ) = G;(V) for i, jeC and V € Oy.

(S4) The matrix B(V, w) = Zi,jeC Gij(V)w,-wj is symmetric and positive semi-definite,
for VeOy and we S?, where &2 is the unit sphere in 3 dimensions.

The function A is an entropy for system (2.30), that is, A satisfies Properties
(E1)—(E4) [4]:

(E{) The function A is a strictly convex function on Oy in the sense that the Hessian
matrix is positive definite on Oy.
(E») There exists real-valued smooth functions o; = 0;(U) such that

(aUW)A, = aUUi, iEC, UG@U. (312)
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(E3) We have the property
@7 (U))""(Gy) = Gz A (U))~", i,jeC, UeUly. (3.13)

(E4) The matrix B(V,w) =Zi’jecGij(U)(65}f(U))*l w;W; is symmetric positive
semi-definite for Ue Oy and we 2.

Proof. The calculation of the matrices A, A;, ie C, and Gij, i, je C, is lengthy but
straightforward and, therefore, is omitted. This calculation is easily conducted by
using the natural variable Y as an intermediate variable. The symmetry properties of
Ay, A;,i€C, and Gy, i, je C, required in (S;)—(S,), are then obtained. We also have
the identity Q = Q, since (3.11) is derived by a change of variable.

Consider then a vector xeR™*%, with components (Xi 1,..., Xu. 1 » Xu,+1»---»
X,,+4). After a little algebra, we obtain that )

7 2 2 2
X' Aox = pT((Xp,+1 + 01X, 44)" + Xnps2 + 01X, +4)" + (X453 + V1 X0, 44)
Pa tot 2
+ Y (X Ui Xt 1+ Vs X ha F U3X 43 + €6 X0 4a)
aesvlb a
totrm 2.2
+ pc T "Xp, 44,

so that from (H,) and the positivity of p,, ae S, and T, we deduce that 4, is positive
definite.
On the other hand, by using (Hg)—(Hg), one can establish that

- pXrol
X'GPix =Y 9;‘3‘,3<xa + <ha + £ >x,,,,,+4>

a, beS"® a

. rot
X <xb + <hb + p%)x,wz;) + A'T2XE 44, (3.14)
b
which shows that GP* is positive semi-definite, thanks to (Hg).
Furthermore, a straightforward calculation leads to the following expression for the
quadratic form associated with B(V, w):

X B(V, w)x = T(k™ 4+ 3™ (01w, + 03w, + 03w3)?

+ Ty (0} + 03 + 03) + x'GP*x, (3.15)
where 0; = X,,,+; + UiX,, +4,i = 1, 2, 3, and where wi + w3 + w3 = 1. We thus obtain
that the matrix B is symmetric, because it is the sum of symmetric matrices, and is
positive semi-definite for V e ¢, and w € #°2, thanks to the positivity assumptions (Hs)
and (Hg). Finally, »# also satisfies (E;)—(E4) of [4] as is easily checked and is strictly

convex since A, is positive definite over the open convex set (p. O
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3.2. Normal forms for multicomponent flows

In this section we first establish that the symmetric system (3.11) satisfies an
invariance property. More precisely, we show that the nullspace naturally associated
with the dissipation matrices stays in a fixed subspace. This property allows us to take
a first step to decouple the hyperbolic part of the system from the parabolic one. We
make use of the auxiliary variables introduced in [4] which lead to a new symmetric
conservative form of the system. At this point, following the authors in [4], we know
the whole set of normal forms, that is, of symmetric hyperbolic—parabolic composite
forms of the system. We finally chose to present the one which decouples the parabolic
variables as much as possible.

Proposition 3.3. The nullspace of the matrix B associated with system (3.11) is one
dimensional and is given by

N(B) = span(l, ..., 1,0,0,0, 0)". (3.16)

Proof. According to equations (3.14) and (3.15), the matrix B is positive semi-definite,
so that its nullspace is constituted by the vectors x of R"**# such that x'Bx = 0. On the
other hand, we have

BV, w)x = (£ + 5n™) T (01wy + 0,w5 + 03w3)?

rot
T2+ 0 +03) + Y 92‘,’2<xa + <ha + px">xn,+4>

a, beS"® a

pyrol
X <Xb + <hb + J,>Xn,+4> + AT 2X7 s,

P

where 0, =X, +; + U;iX,,+4,1=1,2,3. As a consequence, x'Bx =0 implies that
X, +4 = 0 and that x,, ;= 0,i=1,2,3, thanks to (Hs). Therefore, x is in the nul-
Ispace of B(V, w) if and only if we have

Dk X kXL = 0. (3.17)

(k,K), (1, L)eS"™®

Using (Hg) and (3.9) we then obtain that the nullspace of B(V, w) is one-dimensional
and spanned by the vector (1, ..., 1,0, 0, 0, 0)" and is thus independent of V € @, and
we 2. O

Since the system of equations governing multicomponent reacting flows satisfies the
previous invariance property, we can now obtain from Lemma 3.7 of [4] the auxiliary
variables U” and V'’ which lead to a new symmetric conservative form equivalent to
the first one obtained, but where the dissipation matrices only act on the parabolic
part of the new entropic variables V. From Lemma 3.7 of [4] and Proposition 3.3 we
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introduce the matrix P

10 000 0O
1 R
R
: L0
p=f1 0 - 0 1 0 0 0 O (3.18)
0 01000
0 0 01 0O
0 00010
0 0 00 01
in such a way that the new conservative variables U’ are given by
U’ =P'U,
and read
Ul = (pa 91,27 pns,lnsa pUl: pUZa PU3, petot)t. (319)

The associated entropic variables are then V' = P~V where V is given by (3.3), and
the corresponding symmetric system is easily obtained from (3.11) in the following
proposition.

Proposition 3.4. The system in the new dependent variables V',

1

V= ?(M,l — 0V o = f g s Mg, 1, — H1,15 V15 U2, U3 — ', (3.20)

can be written
4,0,V + Z A0,V = Z ai(G;,.ajV’) + &, (3.21)
ieC i, jeC

where V'e Oy = R"*"3x(—1/T,,0), Ay =P'A,P, A;=P'AP, i=1223, Gj=
P‘GijP, i,j=1,2,3, and where & = P{(Q) = (0, Q;;)".

In particular, properties (S1)—(S4) which express the fact that the system is symmetric,
are satisfied and the dissipation matrices are given by

~ 0 01 x (1, +3)
G;; = ~ry , 3.22
! <0(n7+ 3)x1 G{jl’“ ( )

where Gii*™is the lower right block of size ny + 3 of G.

© 1998 B. G. Teubner Stuttgart—John Wiley & Sons, Ltd. Math. Meth. Appl. Sci., 21, 1415-1439 (1998)



Local Cauchy Problem for Multicomponent Reactive Flows 1431

We now investigate normal forms for the system (3.11), or, equivalently, for the
system (3.21). We have a comprehensive description of this set of normal forms as was
shown in [4]. We use the possibility of mixing parabolic components—the V';; com-
ponents—established in Theorem 3.8 of [4], in order to simplify, as much as possible,
the analytic expression of the normal variables, and, consequently, of the matrix
coeflicients appearing in the normal form. More specifically, we consider the variables

W = (p7 log(p'il,Z/prll,l)z LR IOg(p:lf,I,,S/pT, l)a Uy, U2, U3, T)ty

easily obtained by combining the V'}; components, and derive the corresponding
normal form of the governing equations. We could also obtain the normal form
associated with the ‘natural’ normal variables W = (U}, V;;)' which guarantees
a conservative form for the dissipative terms of the system, leaves invariant the source
term Q;;, but has a more complex expression.

Let us first define the matrix coefficients of the normal form for the variable W,
before we enounce Theorem 3.5. The matrix A, is defined by

1
= 0
z:l’
_ x
AO = >
Ly
T pcrol
0 sz

where Z is a square matrix of dimension ny — 1 given by

1 .
Trxar = O 0x Lok _ PRKPLL (4 k) (I, L)e Sy®, (3.23)

Iy ryl Zp

where Sy° = §¥*\ {1, 1}. Denoting by & = (¢, &,, &3)' an arbitrary vector of R?, the
matrices A;, i = 1,2, 3, are defined by

v-¢
— S
s, ym
Z _ O, —1)x 1 Av-¢
Aiuéi: 5
: P P
ieC - ff AT I
E,,é E® TU 95 [
pr..  pc’
0 01x(nT—1) FCI T? v-&

where Z is a vector of dimension ny — 1 given by

PvP
e,

P

Zy=pp — bES:ib-
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For the heat and mass diffusion matrices, C_},-l}l, i,j=1,2,3, we have

G = G2 = G = G

0 Sym
Owy—1yx1 (Dab)abesy
031 03 %y -1 0353
0 %(ug“’ @z‘j‘},ra + pbegﬂl)[)eszh 01 x5 :T/_mzl +2 a;ﬁ Pasf,‘:ra " ”,%mb QZZ%ZH;A,)

whereas the non-diagonal terms vanish G)* = 0, i # j. The dissipation matrices due to
the viscous effects G/, i, j = 1, 2, 3, still have the structure (3.7) and the corresponding
matrices 4 ;j, i, j = 1, 2, 3, are defined by

Krot + %r]mt 0 0 0
_ 1 0 ;,’rot 0 0
%11 =T " s
T 0 0 u° 0
0 0 0 O
0 Kot — %nrot 0 0
_ 1] 0™ 0 00
VA I 5
YT o 0 00
0 0 0 0

with the other ones deduced by circular permutation and from the relations
v%_/lz:jtzbfm:j/%lw%_/n:fﬂno
Finally, we have H = (0, H,;)', where H;; is defined by

Hy=— Z ai(aW,,VI/I)tGl{jl’“(aW,,V}I)ajWIIs

i, jeC

whereas the corresponding source term Q reads Q = (0, V) Q = (0, Q;;)', where Q; is
defined by

_ 1 t
Q= (mlwlyz,..,,mnsw,,s,,ns,o, 0, 0, — 72 Z e, kMwy g |-
(k, K)es*®
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Note that the exponents for the matrix coefficients and the indices for the variables are
related to the bloc decomposition associated with the partitioning of the variable
W =W, WII)t'

Theorem 3.5. The system in the variables W = (W, Wy;)', on the open convex set
Ow = (0, 0)xR" 1 x R3x(T,, o), with hyperbolic variable W; = (p) and parabolic
variables Wiy = (log(p¥,2/p%,1)s -, log(phs s, /Y, 1) v1, V2, vs, T, can be written

AG'oW + ZZ{JaiWI + > AP Wy =0, (3.24)
ieC ieC
I‘T{)I’H@zWu + ZZiH’IaiWI + ZI‘HI’H@iWU
ieC ieC
= Z ai(GinI’Haj W)+ Hp + Qup, (3.25)
i, jeC

and is of the normal form.

Proof. The calculations are lengthy but straightforward and make use of Theorem 3.2,
Proposition 3.4 and assumptions (H;)—(Hy). O

Remark 3.6. Note that when the source term Q remains in a fixed subspace of
R"r x Oy, the source term Q is no longer in a fixed subspace of R"*# of the same
dimension because of the coefficients e, x/T * in the term ). ; xogn€e My x/T >
which introduce an explicit dependence on the state variables.

4. The Cauchy problem

In this section we first restate an existence theorem of Vol'pert and Hudjaev
concerning symmetric hyperbolic—parabolic composite systems. We only present
a simplified quasilinear version of their existence result [7]. We then apply this
existence result to the equations governing multicomponent reactive flows in full
vibrational non-equilibrium, using the normal form obtained in the previous section.

4.1. The mathematical framework

We consider the Cauchy problem for an abstract system of partial differential
equations in the form

AW = — ¥ AWy + TT,

ieC*
_ _ _ — 4.1
Ao wh = - Y Aows+ Y oGt wa T D
ieC* i, jeC*
where I={1,...,no} and II ={no+1,...,n} form a partition of {1,...,n},

W* = (W¥, W) is the corresponding decomposition of the unknown vector W *,
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and where C* = {1,...,d} is the indexing set of spatial coordinates. Note that the
superscript * is used in order to distinguish between the abstract second order system
(4.1) of size n and R? and the particular multicomponent reactive flows system (3.24),
(3.25) of size ny + 4 in R3. These equations are considered in the strip Qg where © is
positive and Q, = (0, t) x R? for t > 0. The matrix and vector coefficients are assumed
to be in the form

A = AW E W),

AR = AW E W, 0W ), ieC*,

A = AW W, 0 W), ieC*, (4.2)

GHIM = GEIMI(WE W), 1,jeCH,

F* = F;k(W;ks W;kla axW?‘I)s

Tl =THWE, Wi, 0. WH).
We assume that the matrices A" (z), A" (z), and G¥'""(z), i, je C*, are smooth
functions of z € Oy, where Oy« is a convex open set of R". Similarly, we assume that
the matrices A¥"!(z, {), ie C*, the matrices A¥"1(z, (), ie C*, and the vectors IT';(z, {)

and T';;(z, {) are smooth functions of ze Oy, and { e R *® 1),
We will use the classical functional spaces L?(R?) with norm

1/p
@llo,, = Idlo,, = <L@ |¢(x)lpdx> 0 =1,

the Sobolev spaces W(RY), 1 < p < oo, with norm

Dl = [Plp [Plp= 2 [107¢llo,p

ke[0,1] [Bl=k

and the functional spaces V;(R?) with norm [7]

ol =1lo, + X Il

ke[1.1]

We extend these definition to vector functions by using the Euclidian norm of R
According to the Sobolev inequalities, there is an imbedding of W(R?) into W* (R?)
for I > d/2 + k, and an imbedding of W (R?) into V,(R?) for [ > d/2. In the following,
% denotes an arbitrary fixed positive continuous convex function, on the open convex
set Oy, which grows without bound as any finite point of the boundary of Oy is
approached.

4.2. An existence theorem in V,(R%)

We consider the Cauchy problem for the system (4.1), (4.2), with smooth initial
conditions

W*(0, x) = W *9(x). (4.3)
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The following theorem of Vol’pert and Hudjaev shows that, in a certain strip, there
exists a solution which preserves the smoothness of the initial condition [7].

Theorem 4.1. Suppose that the system (4.1)—(4.3) satisfies the following assumptions
where | denotes an integer such that | > d/2 + 3.

(Exy) The initial condition W*° satisfies supyeps L (W*°(x)) < + oo and W * isin the
space V,(RY).

(Ex,) The matrix coefficients A§"'(z), A§"""(z), and G (z), i, je C*, have continu-
ous derivative of order | > d/2 + 3 with respect to z € Oy

(Bx3) The matrix coefficients A¥"1(z, {) and AF"1(z, (), ie C*, and the vectors T ¥(z, {)
and T#(z, {), have continuous derivative of order | > d/2 + 3 with respect to
z€Ows and (R ™),

(Ex4) The matrix coefficients Ag"" and AF™™" are symmetric and positive definite for
z2€ Oy

(Bxs) The matrix coefficients A¥'1(z,{), ie C* are symmetric for zeOw. and
Ce Rdx(n—no).

(Exg) The matrices A"" and A" and the vectors T¥(z,0) and T¥(z,0) have
continuous derivatives to order | + 3 in z.

(Ex;) For any compact subset K of Oy, there exists o = o(K) such that for any smooth
function z from R? to R" with values in K we have

jw Z ©ipm) G?‘j”’ H(Z (x))(©;¢rr) dx

i, jeC*

= Z (©idr) (0:p1r) dx, (4.4)

RY ieC*

where ¢y is any function in W 5(R%) with n — n, components.

Then there exists tog, 0 <ty < O, such that the Cauchy problem (4.1), (4.2), admits
a unique solution W* = (W §, W §;)! defined on [0, to] x RY, which is continuous with its
derivatives of first order in t and second order in x, and for which the following
quantities are finite:

sup [W*(@) ], sup Z(W*), (4.5)
0<t<t, a2,

to
sup [[0W T (@)lli-1, J (oW @ 171 + WD) |74 1) dr. (4.6)
0<t<t, 0

Moreover, either ty = O, or there exists ty such that the theorem is true for any t, < t,
and such that for to — ty , at least one of the quantities

W51, + I Wito) 2,0, sup L(W*), 4.7)
Q'o

grows without bound, that is to say, the solution can be extended as long as quantities
(4.7) remain finite.
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Remark 4.2. Theorem 4.1 is a simplified quasilinear version of the results obtained by
Vol'pert and Hudjaev [7]. The dependence on (t, x) of the various coefficients can also
be included as detailed in [7] and [6]. In this situation, the assumptions (Ex,), (Ex3)
and (Exg) become

(Ex,) The matrix coefficients A§"'(z, x,z), A§""(t,x,z), and GF"'(1, x, 2),
i, je C*, have continuous and bounded derivatives until order [ > d/2 + 3
with respect to (t, x)€ Qg and z € Oy-.

(Ex3) The matrix coefficients A}"(t, x, z, {) and A" (t, x, z, {),ie C*, and the
vectors T'§(t, x, z, {) and T #(t, x, z, {), have continuous and bounded deriva-
tives until order [>d/2 +3 with respect to (t,x)€Qg,z€ Oy~ and
ge Rdx(nfno).

(Exs) The matrices A5 (¢, x, z) and AE" (¢, x, z) and the vectors T ¥(t, x, z, 0) and
I'}(t, x, z, 0), have continuous and bounded derivatives to order [ + 3 in
(t, x, z).

In addition, the following equi-integrability assumption is also needed and was
overlooked in [7]:

(Exg) For any compact set K of Oy, the functions (@%L(A%~'))(t, -, z(t, ), 0) and
©@T*)(t, -, z(t, *), 0), where z is any smooth function on Qg taking its values

in K, are uniformly bounded in L2 for 1 < |v| <[+ 2.

Note that this property is automatically satisfied with the assumptions of Theorem
4.1 since these functional are independent of (¢, x).

Remark 4.3. We have kept the second-order terms in divergence form for convenience.

4.3. Application to multicomponent flows

We now apply Theorem 4.1 to the system modelling multicomponent reactive flows
in R? with de {1, 2, 3}.

Theorem 4.4. Consider the Cauchy problem for the system (3.24), (3.25) in R* with
de{l,2,3}

ieC i, jeC
with initial conditions

W (0, x) = W°(x), 4.9)
where

WOe Vy(RY), infp°(x)>0, infT°(x)> To. (4.10)
Rd Rd
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Then there exists ty,0 <tqg< oo such that (4.8), (4.9) admit a unique solution
W = (W, W) with W (t, x) € Oy in the strip Q,, = [0, to] x R%, continuous in Q, with
its derivatives of first order in t and second order in x, and for which the following
inequalities hold,

sup <|p(t)|z+ Y. Nog(pkx/pt )l + X vl + IT()|1>< + 0,

0<t<t, (k,K)eSg" ieC

inf p(t, x) >0, inf T(t, x) > Ty,

0, 0,
sup [[Op(@)i-1 < + o0,
0<t<t,
1o
f < Z (Olog(pi x/pt.1)() P-4 + Z 18,00 I7-1 + 18, T (¥)|I7-
0 \ (k,K)eSy" ieC

+ Y log(pik/pr. )@ 1 + Y 0@ 171 + IT(T)Ifﬂ)df < + .
(k, K)eS. ieC

Moreover, either to, = + o0, or there exists ty such that the theorem is true for any

to <ty and such that for ty — ty , either the following quantity,

It e + X [log(px/pT. )t 2,0 + X [0ilto) 2,00 + 1 T(t0)ll2, oo

(k, K)ES. ieC

(4.11)

grows without bound or ian,D T - T,.

Proof. Assume first that k™" is a positive function and rewrite the system (3.24), (3.25)
of Theorem 3.5 in the form (4.1), (4.2) with

[;=-) A""3;wy,
jeC
Ti=Hy+ Q=Y A7"0;Wy.
jeC
We can then apply Theorem 4.1 to the resulting system with n =n; + 1 +d and
no = 1, where de {1, 2, 3} is the particular dimension of interest.

Indeed, Properties (Ex;)—(Ex¢) are easily checked from Theorem 3.5, the assump-
tions, and Properties (H;)—(Hy). On the other hand, in order to establish (Ex,), we
consider separately the contributions of the matrices G5, i, je C, and G}/, i, je C.
From Theorem 3.5, we have G** = G7, ie C, whereas GP* = 0 for i # j. After a little
algebra, we obtain for &;; = (& 5, ..., é,,s,lng, Enpttsens f,‘rﬂ)‘e[RR”*"O that

G = ¥ (e (2 2 e, )

a,beS"®
px irot
<«:b <T T;’p >€n,+4>+ 7l
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where we have extended &;; into & = (0, &;;)". This identity shows that the matrix
GPHILIT s positive definite on the subspace &; ; = &, 41 = &, 42 = &,,+3 = 0 for any
W € Oy . As a consequence, for any function ¢;; in W 3(R?) with n — n, components,
denoted by d)II = (4)1,29 AR qsns,l,,s’ d)n»,-+1» ] ¢n,-+4)3 we have

0ip G (W) 0ipyy = @i+ - + ai(l’)ri-,l,,s + ai¢r%,-+4—)s (4.12)

for i e C, uniformly for W in a given compact of @(W). On the other hand, after a little
algebra, we also obtain from Theorem 3.5 that

_ rot 2 2
Z aiqstIIG;(j"lII,II(W)aj(bII = ’/’? Z <a,~0j + ajDi — 3( Z ak0k>5ij>

i, jeC i, jeC keC
Kmt 2
+ <Z ak0k> , (413)
T keC
where o; = ¢, 1;, i€ C. Since 4™ and k" are positive, we have
Y 0 G (W0 ¢ = o0 Y, (9i0; + 0;0,)%, (4.14)
i,jeC i, jeC

where o is a positive constant, uniformly for W in a compact of @y,. Combining the
estimates (4.12) and (4.14) with the identity

1 1 2
Z (aiDj + ajoi)zdx :J Z (aioj)z dx +J <Z ai0i> dx,
R’ i, jeC 2 g i, jeC 2 Jw\iet

valid for o;e W 1(R?), ie C, we obtain (Ex-). Finally, we note that from the conserva-
tion of p

p(t, x) = infpo(x)exp<— J 105 v(9)llo, o0 ds>,
R? 0

and thus infp p(t, x) > 0 as long as (4.11) remains finite, so that only T may reach the
boundary of Oy .

On the other hand, when k™' is only a non-negative function, we rewrite equation
(3.25) in a different form. We first note that

Gyt —o (T AL
Y 0i(GH O;Wir) =0, @0 + (@.0)) + ool ).
i, jeC T T

and we have the identity [7]

nml Kot — %rlrol nrot
o (T @+ @)+ s ur)=Ya( L o,
x < T ( XU+ ( xv) ) + T x"U lezé i T iV

K:l'Ot + %nrot '/’l‘ot ]/Il‘()t
o, <fax ot )+ Saf T Jow - @eon 77 )
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We can thus rewrite equation (3.25) in the form

Z{)“I@tWH= — Z J?_/{I’IaiWI + z ai(g?{jlsnajwn) + 1:11,

ieC i, jeC
with new coefficients .«7{"',ie C, and {°"", i, je C, such that
. nml Krol + %nml
Z ai(gijnu’najWH) = Z 61<T ai”) + ax' <# ax'vl B
i, jeC ieC
and with the lower order factors ), -0;(n™/T)0,v;and — (3, v)0,(y™/T ) dispatched
in the terms .&Z/110,W,,ie C, and T'},.
More  specifically, we define @}/ =GP L gL e C,  where
GPHLIL = GPMLIT i je C, whereas 95" i, je C, are given by
g?l_{nll,[[z G;_c_nII,II lEC
and
g?j’l[l,l[ — <0"l><nl . On,,.><4, >
O, (K7 + 30") (O, +) ny+ ) Oy + Dy + ) st 1,41
fori,jeC,i#].
Furthermore, we define «Z/"!,ie C, and I';; by

rot
FI = AT+ @, 03, <”—>

T
and
_ nrot ]/’l'Ul _ _
I'y= Z 0; <>axvi - (ax'v) <6W,,<>>6xWH + Hp +Qp
ieC T T
— ) APt Wy,
jeC
and the end of the proof is similar to that of the preceding case. O
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