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SUMMARY

We present a nite-element discretization scheme for the compressible and incompressible elasticity
problems that possesses the following properties: i) The discretization scheme is dened on a
triangulation of the domain; ii) the discretization scheme is de ned|and is identical|in all spatial
dimensions; iii) the displacement eld converges optimall y with mesh re nement; iv) the inf -sup
condition is automatically satis ed. The discretization s cheme is motivated both by considerations
of topology and analysis, and it consists of the combination of a certain mesh pattern and a
choice of interpolation that guarantee optimal convergenc e of displacements and pressures. Rigorous
proofs of the satisfaction of the inf-sup condition are presented for the problem of linearized
incompressible elasticity. We additionally show that the d iscretization schemes can be given a
compelling interpretation in terms of discrete di erentia | operators. In particular, we develop a discrete
analog of the classical tensor dierential complex in terms of which the discrete and continuous
boundary-value problems are formally identical. We also pr esent numerical tests that demonstrate the
dimension-independent scope of the scheme and its good pedrmance in problems of nite elasticity.
Copyright ¢ 2000 John Wiley & Sons, Ltd.
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1. Introduction

In this paper, we present a nite-element discretization sthheme for the compressible and
incompressible elasticity problems that possesses the folving properties: i) The discretization
scheme is de ned on a triangulation of the domain (triangular meshes in two dimensions;
and tetrahedral meshes in three dimensions); ii) the discrézation scheme is de ned|and
is identicallin all spatial dimensions; iii) the displacem ent eld converges optimally with
mesh re nement; iv) the inf-sup condition (Ladyzhenskaya [Lad69], Babiska [Bab73] ad
Brezzi [Bre74]) is automatically satis ed and, consequenty, the pressure eld is free of
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2 P. HAURET, E. KUHL, M. ORTIZ

checkerboard modes. The design of the discretization scheamacknowledges from the outset
that two main factors determine performance, including corvergence, in the incompressible or
near-incompressible limit: i) the topology of the mesh; ii) and the choice of displacement and
pressure interpolation. Consideration of both factors in the design of a discretization scheme is
essential and, in isolation, neither su ces to guarantee the optimal performance of the scheme.

This observation notwithstanding, the literature on nite -elements for incompressible elasticity
has emphasized either the choice of interpolation space othe choice of mesh topology but
rarely both simultaneously.

The rst line of inquiry has led to seminal contributions inc luding: the concept of local
bubble enrichment for the displacements rst introduced by Crouzeix and Raviart [CR73]
and analyzed by Bercovier, Pironneau and Verfarth [BP79, Ver84], Arnold, Brezzi and Fortin
[ABF84], and others; Hughes's assumed-strain method [Hudd, consisting of using di erent
interpolations for the volumetric and deviatoric componerts of deformation; Simo and Rifai
[SR90] reformulation of Hughes' assumed-strain method basl on the Hu-Washizu variational
principle (cf [BCRO04,LRWO04] for recent related work); and others. Assumed strains have their
niche between constant strain simplicial elements, to whib they fail to apply, and second or
higher-order displacement interpolation, such as the Taybr-Hood Qx/ Qx 1 elements or the
P/ P« 1 elements,k 2, which, as shown by Stenberg [Ste90a], require no enrichme(see
also [BP79] and [GR86, page 176] for the cade = 2). Methods based on bubble enrichment
for the displacements, such as theP;-bubble/P; approach (cf, e. g., [EG04, BF91]), are also
popular due to their simplicity and good performance.

The second line of inquiry strives to identify special meshs whose particular topology
results in convergent displacements or in the satisfactionof the inf-sup condition. Notable
among these is the crossed triangle approach of Nagtegaalafks and Rice [NPR74], further
discussed and analyzed by Mercier [Mer79] and Kikuchi [Kik8]. Crossed triangle meshes are
constructed by quadrisecting square meshes, and have comgence properties similar to the
Q1=Qo element. Another seminal contribution was made by Le TalledTal81], who discovered a
special arrangement of quadrilaterals in two dimensions wh the property that Q;=Qq elements
placed in that arrangement satisfy the inf-sup condition. This work was among the rst to
establish a clear connection between the insup condition and the topology of the mesh.
In subsequent years, that connection was sharpened and madwecise by the macroelement
analysis of Boland-Nicolaides [BN83,BN85] and Stenberg [E84, Ste90a, Ste90b].

The discretization scheme developed here is motivated bothy considerations of topology and
analysis. The key objective is to identify a combination of amesh or 'tiling' pattern and a
choice of interpolation that guarantee optimal convergene of displacements and pressures.
In particular, that scheme should satisfy the inf-sup condition in the incompressible limit,
and it should be exible enough to allow general unstructured discretizations of the domain.
A scheme that meets these requirements can be constructed dellows. We start from an
arbitrary triangulation of the domain, or primal mesh, and append to its node set a collection
of dual nodeslocated at the barycenters of theprimal elements We then proceed to subdivide
every primal element into d+ 1 sub-elementswhered is the dimension of space, obtained by
connecting the primal and the dual nodes. Finally, we pair the sub-elements resulting from
subdivision along all the primal faces to de ne diamond elements These elements thus consist
of pairs of sub-elements sharing a primal face and contaid primal nodes and 2 dual nodes, or
a total of d+ 2 nodes. This completes the topological reworking of the pimal mesh. We then
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DIAMOND ELEMENTS 3

proceed to de ne interpolation spaces for displacements ash pressure based on the diamond
mesh. For de niteness, we choose piecewise-linear displment interpolation on sub-elements
and constant pressure interpolation on diamond elements. Te interpolation spaces are chosen
with a view to satisfying the inf -sup condition.

We additionally explore the alternative point of view of discrete mechanics and show that the
diamond approximation scheme can be given a compelling andliminating interpretation as
a discrete mechanics scheme. Discrete mechanics may be redgd as a self-contained theory of
deformable solids in which space{and possibly time{is disete ab initio. The central goal is to
de ne a discrete di erential complex on a discretization of the domain such that the discrete
boundary-value problem, when expressed in terms of discretdi erential operators, is identical
to the continuum, or classical boundary-value problem.

However, whereas the di erential complex that underlies pdential theory, electromagnetism
and other vector eld theories in R, namely the classical de Rham complex with its familiar
di erential operators grad, curl and div, is well-known, th e di erential complex underlying
tensor eld theories such as linear elasticity seems to have remaied cloaked in relative
obscurity. The three-dimensional tensor di erential complex was fully developed in connection
with linear-elastic dislocation theory by Kmner [K®59 ] and its dierential operators are:
the deformation operator Def; the incompatibility operator Inc; and the tensor-divergence
operator Div. In keeping with the relative obscurity of this tensor complex, whereas the
formulation of discrete dierential complexes has received considerable attentio in the
context of vector eld theories (cf, e. g., [Bos93, Bos98, Hi02, Hir03, Leo03], and reference
therein), the formulation of discrete tensor dierential complexes as a discretization tool
has received much less attention. A notable exception is theecent work of Arnold et al.
[AW02, Arn02, AFWO05b, AFWO05a], which has led to the formulation of discrete di erential
complexes and mixed stress-displacement interpolation $emes well-suited to applications in
compressible elasticity.

We formulate a completediscrete tensor di erential complex, whose properties mirror closely
those of the classical tensor di erential complex, such thathe corresponding discrete boundary
value problem is identical to that which is obtained by meansof the diamond approximation
scheme. This correspondence shows that the diamond appraration scheme, which is de ned
in terms of interpolation and Galerkin reduction, is, in e e ct, a discrete mechanics scheme.
We show that the discrete tensor di erential operators Def, Inc, Div have adjointness and
exact-sequence properties identical to the classical opators. In particular, we show that
they give rise to a Helmholtz-Hodge decomposition of symmeic tensor elds and de ne a
tensor cohomology and tensor-harmonic functions. A key ste in connecting the diamond
approximation scheme and discrete mechanics is the de nitn of a suitable metric. This
metric entails a certain averaging of volumetric deformatons that is ultimately responsible
for the satisfaction of the inf-sup condition. The introduction of a metric in turn permits
the de nition of a discrete isotropic dierential complex that is key to the formulation of
the discrete boundary-value problem of incompressible linar elasticity. The discrete isotropic
di erential complex carries a cohomology of its own, and we bow that the inf-sup condition is
equivalent to the requirement that a certain cohomology graip be trivial. This establishes a far-
reaching connection between discrete topology and analysjand con rms the intuition among
practitioners that the topology{or layout{of a mesh, as well as the choice of interpolation, have
a direct and equally important bearing on the convergence chracteristics of an approximation
scheme. From this point of view, the diamond scheme may be regded as a particular choice
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4 P. HAURET, E. KUHL, M. ORTIZ

of mesh{or tiling {pattern which ensures that the topology of the mesh is 'right'.

Despite the appeal of discrete mechanics, it bears emphasthat considerations of discrete
geometry alone do not guarantee that a discretization schem is convergent. In particular,

counterexamples [HKO] show that there are approximation shemes that are expressible in
terms of well-de ned discrete di erential complexes but which fail to converge in general. These
counterexamples demonstrate that considerations of analis, such as the inf-sup condition, as
well as considerations of discrete geometry should play a te in the design of approximation

schemes.

The paper is organized as follows. We prove in Section 2 thathe inf-sup condition is
automatically satis ed by the diamond scheme, which in turn ensures checkerboard-free
convergence of the pressure eld. In Section 3, we develop ¢hdiscrete tensor dierential
complex, including a suitable metric, establish its main properties and show how it relates
to the diamond scheme and to the inf-sup condition. The resuk of the analysis are born
out by the numerical tests presented in Section 4.1. These s additionally demonstrate
the dimension-independent scope of the scheme, which can ermulated with equal ease in
two, three or any arbitrary spatial dimension; and its good performance in problems of nite
elasticity.

2. Problem setting and analysis

Of key concern as regards analysis is the behavior of appraxiation schemes in the presence
of internal constraints such as incompressibility. The andysis tools required for elucidating
such behavior are best developed for linear problems. In caequence, we begin by describing
diamond elements and analyzing their behavior in the linearregime. Speci cally, we choose
linear elasticity as a convenient model problem in that regme. Extensions of the approach to
nonlinear problems are presented in Section 4.1.

2.1. Linearized elasticity

We begin by collecting relevant results from analysis for sbhsequent reference and with a view
to establishing our notation. We consider an elastic solid acupying a domain RY, which
is assumed to bepolygonal for the sake of simplicity. The solid deforms under the actim
of tractions t 2 L?( y)? distributed over the Neumann boundary @, and of body
forcesf 2 L?() 9. For simplicity, we assume that the displacements vanish orthe Dirichlet
boundary p = @ n \.We additionally con ne attention to uniform linear isotro pic materials
characterized by nite Lane constants > 0 and > 0. The bulk modulus of the material is
= +2=3
We shall be particularly interested in the behavior of solutons u under the scaling =
I 0, corresponding to the incompressible limit. In variational form, the problem is to nd
the displacement eld u 2 H'() such that

Z
au;v)+ 1 divu divv=1(v); 8v2H) ; (1)
In this statement, H() := fv 2 HY() 9 v = 0on pg is the space of admissible
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DIAMOND ELEMENTS 5

displacement elds and we have introduced the bilinear and inear forms

z
auv)= 2" (u):"(v); (2a)
z z
I(v) = f v+ t v; (2b)
N
which are independent of . Here and subsequently, : = j j denotes the inner

product between two matrices; andu v denotes the inner product of vectors. In addition,
"(u) = (r u+(r u))=2 is the strain operator and, for simplicity of notation, we have chosen
units such that =1.

We recall (cf, e. g., [LM72]) that Korn's inequality ensuresthe coercivity of a, i. e., there exists
a constant > 0 such that

a(v;v) kvki. ; 8v2H?() ; (3)

and the existence and uniqueness of solutions of problem (Ipllows from the Lax-Milgram
lemma. In addition, the solution depends continuously on tre data, i. e.,

ku ki, C (kf ko, + ktko; ); 4)

where the constantC > 0 is independent of the loading and the Lane constants. In the above
statements we have introduced the standard.? and H* norms

Z 1=2
kvkg, = jvj? ; (5a)
kvky, = kvkd +kr kg (5b)
Denoting by p the pressure
p= 1Ydivu; (6)
(1) can be restated as the problem of ndingu 2 H() and p 2 L?() such that
(
a(u ;v)+ b(v;p)=I(v); 8v2HY) ; @)
bu;d= (p;q ; 8g2L3() ;
where we have introduced the additional bilingar forms
b(v;q) = gdivv; (8a)
z
(P9 = pa: (8b)

We recall that, for Dirichlet boundary conditions, p = @, a standard application of the De
Rham theorem [GR86, EG04] results in the infsup inequality
R
qdivv

inf sup _— > 0; 9
a2L3() nfogyani() dnfog KVK1; Kako;

R
where we write H}() == v2H!() ;v=0on @ andL3():= q2L?%); q=0.
More generally, in the case of mixed boundary conditions wih p 6 @, using a lifting
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6 P. HAURET, E. KUHL, M. ORTIZ

argument (cf, e. g., [EG04, lemma 4.9, page 181]) and assungrthat p is polyhedral, the
following inf -sup inequality holds:

R
. g divv
inf Su _— > 0: 10
g2L2() nfOQVZHl()pnng ka]_; kao; ( )

The following theorem establishes the existence and uniqueess of solutions and their behavior
in the incompressible limit (cf, e. g., [EG04, theorem 4.3, p 178; proposition 4.44, p. 211]).

Theorem 1. For every 0 1 , problem (7) admits a unique solution (u ;p) 2
H() L?() such that

ku ki +kpko  C(kfko + ktko. ): (11)
uniformly in . Moreover,

ku ulky; +kp pPko;  C (kfko + ktko. ,): (12)
In particular, (u;p)! (u%p® in HY() L?%) as ! O.

2.2. General issues of discretization

In this section, we brie y review relevant results of analyss pertaining to the discretization of
problem (7); (cf, e. g., [GR86,EG04, BF91] for a complete acmunt). We begin by specifying
two sequences of nite-dimensional spacesy, H?()and P, L?(), equipped with the
subspace topology. The discretization of (7) is then e ectel by restricting displacements to
Vi H?Y() and pressures to P,  L2(), along with their variations. In the displacement
nite element method, consisting of the constrained minimization of the potential energy over
Vh, the space of discrete pressure elds is, by default,

Ph = fdivvy; Vi 2 Vho: (13)

With 0 < < +1 , the discrete linearized elasticity problem consists of rding u, 2 V, and
P, 2 Pr such that

a(Up;Vvn) + B(Vh;Py) = 1(vn);  8vh 2 Vi ;

(14)
B(Un;th) = (Phith); 8qh 2 Pp:

SinceV}, is a closed subspace df 1(), problem (14) retains coercivity, which in turn ensures
existence and uniqueness of discrete solutions. The staltjl estimate

kupky  C(kfko + ktko: ) (15)

additionally holds, with constant C > 0 independent of . It follows from this estimate that,
for xed h, the sequenceuy, is uniformly bounded in and, hence, there exists a subsequence
that converges inVy. A standard exercise shows that the limit of that subsequene is indeed
a solution of the incompressible discrete problem

a(ul;vn) + b(vh;p2) = I(vh); 8vh 2 Vh;

16
b(uf; oh) = O; 80h 2 Ph: (19
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DIAMOND ELEMENTS 7

Unfortunately, for an arbitrary choice of Py, the only solution to this problem may be uj =0,
a phenomenon known asvolumetric locking. In particular, the default choice (13) is often
a icted by this pathology.

Problem (16) can be reformulated as

a(ul;vn) = [(vh); 8vh 2 Vp; (17)

where
Vip=1fvy2 Ve, bvh;an)=0; 8t 2 Pho: (18)

Evidently, Vi, = Ker By with B : vy 2 Vi | P2 3 b(v; ), where P? is the dual of Py,. In view
of (16), we have thata(u?; ) 1() 2 (Ker Bp)” = Im (Bﬁ). Therefore, there exists a discrete
pressure eld p? 2 Py such that

a(ul;vp) + b(vh;pd) = 1(vn); 8vh 2 Vi : (19)
However, p? is uniquely determined only if
b(Vh;h) =0 8vh2Vh) 0 =0; (20)

i. e, if Ker(Bﬁ) = f0g, which in turn implies that Im By = V;. It is equivalent to the discrete
inf-sup condition:

: bV ; )

inf su T > 0: 21

th 2 Py 1f Og vhzvhlr?f og KthKo; KkvhKi; " @D

If this condition is not satis ed with , uniformly bounded below by a positive constant
independent of h, then the sequencep, is not uniformly bounded as ! 0 in general. In
practice, the component ofp,, in Ker(B,ﬁ) nf0g may blow up as ! 0, and this divergence
manifests itself in the form of spurious "checkerboard" modks that corrupt the solution. By
way of sharp contrast, the behavior of the uniform solution when the discrete inf-sup condition
holds is characterized by the following theorem (cf, e. g.,EG04]).

Theorem 2. Suppose that there exits a constant> 0 independent ofh such that theinf-sup
(21) is satis ed with |, for all h> 0. Then, for all h> 0and 0 +1 , problem (14)
admits a unique solution(u,,;p,) 2 Vn  Ph such that

kupki. + kp,Ko: C (kf ko: + ktko: ): (22)

uniformly in h; . Moreover,

ku, uﬂkl; + kpy, pﬂko; C (kfko: + ktko: ): (23)
In addition, if (u;p)2 H?Y() L?() is solution of (7) with 0 +1 , then
ku, uki. +Kkp, pKko: C inf kvp uky + inf kg, pko (24)
Vh 2 Vh Oh 2 Ph

All the constants in the preceding estimates are independérf the loading, the elastic constants
and h.
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2.3. Diamond meshes

Next, we introduce a special class of conforming meshes thatre derived from conventional
triangulations of the domain and that form the basis for subequent developments.

Suppose that we are given a triangulation of the polygonal domain RY (d = 2;3) of
interest, to be termed the primal triangulation. Let Ny, be the nodal or vertex set andT,, be
the collection of d-simplices, or elements, in the primal triangulation. By a face of an element
T 2Ty we shall specically mean a @ 1)-face ofT, i. e., a triangle for d = 3 and a segment
for d = 2. We additionally denote by F the set of faces ofT,,, and by @ Tthe collection of
faces of elementT .

(a) (b)

Figure 1. a) Simplicial mesh T, of a pentagonal domain (white circles) and dual node set T,, (grey
circles). b) Associated diamond mesh.

The diamond meshgenerated by T, is constructed as follows. For every elemeni 2 T, we
choose a pointT , to be termed the dual node of T, in its interior. For instance, T may
conveniently be chosen as the barycenter of the simpleX. The dual nodal set is then the
collection of all dual nodes, namely,T,, = fT ; T 2 Thg. In addition, for every face F 2 Fy,,
we de ne its dual edgeF to be the set of dual nodes adjacent toF. If F is an interior face,
then F consists of two dual nodes and may be regarded as a segmentHfis a boundary face
then F contains one single dual node and may be regarded as a ray. Tlilial edge set is then
the collection of all dual edges, namelyF, = fF ; F 2 Fng. The diamond elementK (F) of
a faceF 2 Fy, is the convex hull of fF;F g, i. e., the polytope de ned by F and its adjacent
dual nodes. Thus, ifF is an interior face, K (F) is a bi-triangle for d = 2 and a bi-tetrahedron
for d = 3. If F is a boundary face,K (F) coincides with the unique d-simplex incident to F.
We now de ne the diamond meshgenerated by Ty as the mesh of nodal seN, = N [T,
and element setT,, = fK (F); F 2 Fg. The geometry of a two-dimensional diamond mesh is
illustrated in Fig. 1.

It follows from the preceding construction that the nodal se of a diamond mesh consists
of the union of the primal and dual nodes; and that its elementset is the collection of the
diamond elements corresponding to all the primal faces. Hoewer, it should be carefully noted
that diamond meshes contain neither the primal nor the dual nesh. Instead, theyinterpolate

between the primal and dual nodal sets.
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DIAMOND ELEMENTS 9

2.4. Approximation spaces and analysis

Diamond meshes can be taken as a basis for constructing nitecslement approximations
enjoying optimal convergence and stability properties. We take linearized elasticity as a
convenient model problem (cf Sec. 2.1), with particular foeis on the behavior of the solutions
in the incompressible limit.

We begin by introducing the displacement approximation spae

Vh= V2HY) :vik 2RK)%; 8K 2 Ty ; (25)

where
RK(F)= v2HYK); ViEn) 2 Pi(F;N]); N2 F (26)

Here, P1(T) is the space of polynomials of order 1 over the simplexT; and [F; N ] denotes the
simplex de ned by a faceF and a nodeN. Thus, R(K (F)) consists of all linear polynomials
on each of the constituent simplicesf[F;N]; N 2 F g of K (F). With a view to analyzing the
incompressible limit, we additionally introduce the presaire space

Ph= p2L%() ; pik 2 Po(K); 8K 2T ; (27)

where Po(K ) is the space of constant functions over the diamond elemeriK . We also consider
the subspaces
VR = V2HE() ; vik 2R(K)Y; 8K 2Ty ; (28)

and d
Ph= p2L%); p=0;pik 2Po(K); 8K 2Ty (29)
We note in passing that when p = @, the pressure eld is determined up to an additive

constant, and the solution (u; p) must be restricted to H3()  L3(), orto V2 P2 in the
discrete case, in order to recover uniqueness of the pressureld.

‘ F

K(F)

Figure 2. Detail of a 2D-macroelement (in thick lines) gener ated by the simplex T 2 Ty (in dashed
lines).

Next, we exploit the special topology of diamond meshes in after to prove that the inf-
sup condition is satis ed for the pair of spacesfV{;P?g. The method of proof relies on
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10 P. HAURET, E. KUHL, M. ORTIZ

f

Figure 3. Partial representation of a 3D-macroelement based on a 4-node tetrahedron (white vertices
and thick lines); only one of the four diamonds, based on the additional grey vertices is represented.

Figure 4. The four types of two-dimensional macroelements. The triangle that generates the
macroelement is shown in dashed lines.

the macroelement technique of Boland-Nicolaides [BN83, BR5] and Stenberg [Ste84, Ste90a,
Ste90b]. Thus, for every primal elementT 2 Ty, we de ne the macroelement

M(T) = K(F)= [ [ [F;N]: (30)
F2@T F2@TN2F

Typical two and three-dimensional macroelements are showin Figs. 2 and 3, respectively. In
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DIAMOND ELEMENTS 11

dimensiond, there ared+2 types of macroelements, depending as to whethef 2 T has 0, 1,
.1, dord+1 faces on the boundary of . By way of illustration, Fig. 4 de picts the four possible
types of macroelements in two dimensions. We also identifytte unit regular d-simplex T as a
reference simplex, and introduce the corresponding macréementsM de ned by re ecting the
dual node T, which we take to coincide with the barycenter of T, with respect to the faces
of T (cf Fig. 4). We shall denote by M the set ofd + 2 reference macroelements thus de ned.
The spaces

n (0]
QM) = vh 2 HE(M)Y wnje 2 R(K)Y; 8K 2 M (31)

and

n 0
Pa(M) = & 2 L2M); chig 2 Po(K); 8K 2 M (32)

play a central role in subsequent developments.

R (F)

Figure 5. Detail of the notation used in the proof for a typica | reference macroelementM 2 M in 2D.

Lemma 1. Let M 2 M be a macroelement andy, 2 ﬁ’h(l\ﬂ). Suppose that
z
oh divvy, =0; 8vy 2 VO(M): (33)
M

Then ¢, = constant.

Proof : We begin by noting that OE(M) consists of functions of the form:v, = with
2 R% and the piecewise linear continuous function that takes the valies 1 at the center

dual node T and 0 at all the remaining nodes ofM . Let ¢, 2 P, (M). Then,

z X Z X z
Gh div v, = Chi (@ ro= Chig e r
Y Foat ) R (P) F2af © RENT
X . . . . 1 X . N (34)
= hig ) KW Ti 1 jeens = g Chig ey Fi Ne
k2@t F2af
Copyright ¢ 2000 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2000; 00:1{6
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12 P. HAURET, E. KUHL, M. ORTIZ

where, here and subsequentlyj j denotes the measure of a set, and. is the outward unit
normal to F. Suppose that (33) holds. Then, by (34),
X

Chig ) JFine =0 (35)
F2af
Consider the linear mappingA 2 L (f’h(l\ﬁ); RY) de ned by
X
AG) = g iFing: 8 2 Pr(M): (36)
F2af

Then, condition (35) is equivalent to requiring that ¢, 2 ker(A), where ker(A) is the kernel of
A. But ker(A) =im( AY)? , where im(A!) is the range of adjoint mapping At and im(A!)? its
orthogonal complement. Since anyd of the vectors jF | ne are linearly independent, it follows
that dimim( At) = d and, hence, dim ker@) = 1. Since

X
jFing =0;
F2af
it follows that functions ¢, = constant belong to ker(A) and, thus, ker(A) equals the constant
members offy, (M). 2

Proposition 1. For d = 2, 3, there exists a constant o > O independent of the mesh size
h > 0 such that R g

. Oh div vy

inf su —_—— : 37
thPﬁ nf Og Vh zvg E)f 0Og kq'1 k(); th kl; 0 ( )

Proof : With reference to Fig. 1, we note the following properties ofmacroelements:

i) Every diamond elementD 2 Ty belongs to at least one macroelement, and at most two.
i) A face of a diamond is contained in the interior of one and mly one macroelement.
iii) For every primal element T 2 Ty, there exists a reference macroelemert 2 M and a
continuous one-to-one mappingg : M | M (T) with the following properties:

ii.a) gis a simplicial map, i. e., it maps the simplices ofM to the simplices ofM (T),
iii.b) gis piecewise linear, i. e.gjje.q; 2 Po([F;N]), forall F2 @ andN 2 F .

The proposition then follows from lemma 1 and a theorem of Steberg [Ste90a, theorem 2.1]2

For completeness, we reproduce from [Ste90a, theorem 2.1je theorem from which the above
Proposition is deduced. Two macroelements are said to be paof an equivalence clas<s if

they are in correspondence through a mappingy such as de ned in iii) above. A reference
macroelement is simply a particular representative in sucha class.

Theorem 3 (Stenberg)  Suppose that there is a xed set of equivalence classés, i =

1;2;::; g, of macroelements, a positive integerL, and a macroelement partitioning M , such
that:

Copyright ¢ 2000 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2000; 00:1{6
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ForeachM 2 E;, i =1;2;:;q,

Z

h2Ph(M); chdivv,=0 8vy2 V(M) =) ¢ =constant in M: (38)
M

EachM 2 M 4 belongs to one of the classes, i =1;:::;0.

Each K 2 Ty, is contained in at least one and not more thanL macroelements ofM y,.

Each faceF of an element ofTy, is contained in the interior of at least one and not more than
L macroelements ofM ,.

Then, the inf-sup condition (37) holds uniformly in h.

Having proven the satisfaction of the inf-sup condition for the couple V2 P{ corresponding
to the case p = @, we proceed to prove the general result for the coupleV, Py. Our
proof is adapted from [EG04, p. 181], corresponding to the aainuous case. The additional
di culty in the present setting is to ensure the independence of the inf-sup constant from the
mesh size. We sh@l restrict our attention to polyhedral domains and to Dirichlet boundaries
of the form: p = ., i, wheref ;;i=1;:::;lgare faces of .

We begin by recalling the following results from the mathemaical theory of mortar methods
(see [BMP93,Bel99, Woh01] or [Hau04, assumption 4.2, pagel 1] for details). Let ' 2 C} ( )
denote positive smooth functions compactly supported on ;. Assume that the meshTy has
at least a node inside each ;. Then, there exist functions 'h 2 Vhj , (more precisely, 'h are
scalar components of functions inVy, restricted to ;) such that

é] =0 onz@i ; (39a)
| = i (39h)
K hkiooi  Ck 'Kioi; (39c)

where k k%;oo;i denotes the norm ofHégz( i) (cf, e.g., [LM72]). Consider the displacements
eld ‘hni over i, i =1;:::;1, wheren; is the constant outward unit normal vector on ;.
Denote by R}, ( |ni) 2 Vh a cIassmaI lifting onto  satisfying

—_ tni on
RI i n — I I
n(hm) 0 on@ n i;
and o _
KRL( hnidky,  C K K0 (40)
We introduce the displacements eld
x
Wh = RLCRM); (41)
i=1
and consequently, from (40) and (39c),
X [
kwh K1 C k k%;oo;i: (42)
i=1
Copyright ¢ 2000 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2000; 00:1{6
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14 P. HAURET, E. KUHL, M. ORTIZ

We shall also denote byPy, : L;() I Py che L2 orthogonal projection onto Py, de ned by
Gh Php= Ghp; 8th 2 Ph; (43)

forall p2 L?().

Propo%'tion 2. Let be a polyhedron and assume that the Dirichlet boundary is ohé form
D = !:1 i wheref ;i =1;:::;1g are faces of . Let T,, be a triangulation of and
suppose that the interior of every boundary face ; contains at least a node ofTy,. Then, there
exists a constant > 0 independent of the mesIQ size such that
Gh div vh

inf su _— 44
ClthhnfOQVhZVthOQ KthKo; kvnki; (44)

Proof : Let q2 P, be an arbitrary eld of pressure. Let , 2 R such that
wzZ 'z
h = (45)
i=1
Dene o2 P, as
=0 nPn(divw): (46)
Since constant pressures belong t®,, an application of (43), the de nition (41) of w, and
the integral relation (39b) gives
z z ¥ Z
®= g b =0; (47)
i=L
where the last equality follows from (45). Therefore, we hae ¢ 2 P?, and lemma 1 ensures
the existence ofvy 2 VP such that (cf, e. gz, [EG04, Lemma A.42, p.471])

bvo; )= @®; 8 2Pp; (48)

and 1
kvoka; —kapko; : (49)
0

R
Note that equality (48) also holds for any constant pressure because @ =0 and vo =0
on @. Introducing
V= Vot hWh; (50)

(48) and (43) give 7
blvi )= q; 8 2Py (51)

Finally, from the de nition of v, the stability estimate (49), the de nition of @y, and the
estimate (42), we get

kvks; K voki; + ] njkwhky;
1 L 1 L.
—Okopko; + ] nhikwhky; —quko: +2 njkwhki;

1 o
— Ko, + C nl; (52)

Copyright ¢ 2000 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2000; 00:1{6
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where the constant C is independent of the discretization. From (45), Cauchy-Sbwarz
inequality gives

j nj Ckako; : (53)

Hence, it follows from (52) that
kvky.  Ckako; : (54)
The existence ofv 2 V, satisfying (51) and (54) is equivalent to the satisfaction d the inf-sup
condition for the pair of spacesV,, Py, as advertised. 2

2.5. Discussion

2.5.1. Crossed triangles One of the rst schemes to exploit a special mesh topology ishe
crossed triangle element of Nagtegaal, Parks and Rice [NPRH, further discussed and analyzed
by Mercier [Mer79] and Kikuchi [Kik83]. The modi ed approach by Ruas [Rua85] falls within
the same category. Specially designed for two-dimensionglroblems, the scheme consists of
splitting quadrilateral elements into four triangles, as shown in Fig. 6a. A standard P;=Pq
approximation for displacements and pressures is then useoh the resulting triangulation. The
aim of the crossed-triangles scheme is to achieve lockingek optimal low-order approximation
for square meshes. Indeed, numerical tests show that the seme performs similarly to the
standard non-locking Q1=Pg interpolation. Nevertheless, both the crossed-trianglesand the
Q1=Py schemes fail to satisfy the infsup condition.

+1

+1

(@) (b)

Figure 6. a) Crossed triangles obtained by splitting a quadr angle. b) Checkerboard mode in crossed
triangles.

In particular, pressure elds obtained by means of crossedriangles exhibit the spurious
checkerboard mode shown in Fig. 6b, and the pressure eld fails to convergein the
incompressible limit ! 0. However, if the pressure eld is constrained to be constainover each
quadrilateral element, the inf-sup condition is readily shown to be satis ed, e. g., by themacro-
element analysis of Boland-Nicolaides [BN83,BN85] and Stenberg [884, Ste90a, Ste90b], as
in the proof of Prop. 1. A common implementation of these idea is to average the pressure
eld over each quadrilateral element a posteriori. However, it should be carefully noted that
a posteriori averaging does not eliminate the large local pressure oslations that arise within
each crossed-triangular element. These oscillations evirally cause numerical di culties due
to ill-conditioning.

Copyright ¢ 2000 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2000; 00:1{6
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16 P. HAURET, E. KUHL, M. ORTIZ

Crossed-triangles supply a familiar example of a scheme thhaowing to its failure to satisfy
the inf-sup condition, yields divergent pressure elds in the inconpressible limit. Additional
drawbacks of the approach are: the lack of a natural extensio to higher-dimensions; and its
reliance on quadrilateral meshes, which are often more di ailt to generate than triangulations.

2.5.2. Bubble enrichment A common strategy for alleviating locking is to add bubble

functions to the nite-element interpolation. A classical example is the MINI P;-bubble/ P,

element rst introduced by Crouzeix and Raviart [CR73] and subsequently analyzed by
Arnold, Brezzi and Fortin [ABF84]. The present scheme may beregarded as consisting of the
introduction of piecewise-a ne bubble functions, together with an optimal choice of pressure
space. It should be carefully noted that pressure interpoléion in the MINI P;-bubble/P;

scheme is conforming, which renders the incompressibilitconstraint nonlocal and requires
the use of global pressure degrees of freedom. By contrastjiochoice of pressure interpolation
is piecewise constant, and the pressure constraint is enfoed locally at the element level.

2.5.3. Other special meshes The topology of two-dimensional diamond meshes bears
resemblance to that of special meshes investigated by Le Talc [Tal81] in connection with
the inf-sup condition. However, unlike those meshes studied by Le Teec diamond meshes
derive from simplicial meshes, which are easier to generatthan hexahedral meshes, and are
de ned in any spatial dimension.

2.5.4. Variations on the diamond theme Finally, we note that a number of essentially
equivalent variations of the diamond concept are possibleA careful inspection of the proof of
Proposition 1 reveals that, provided that no additional nodes are added, the precise form of
the displacement interpolation within the diamond cells is immaterial as regards convergence.
In consequence, variations of the diamond approximation deeme consisting of replacing the
bi-simplicial displacement interpolation described in the foregoing by a di erent displacement
interpolation scheme do not alter the approach in any esserigl way. For instance, each diamond
cell could be partitioned into d d-simplices by introducing an edge between the two apices ohe
cell. Alternatively, a smooth displacement interpolation could be de ned in each diamond cell.
In either case, the proof of Proposition 1 remains essentibl unchanged. Thus, the essence of the
diamond scheme is largely of a topological nature: diamondedls must be in correspondence
with the faces of the initial simplicial mesh; and each diammd cell must carry a constant
pressure.

3. Discrete mechanics re-interpretation

Whereas the di erential complex that underlies potential t heory, electromagnetism and other
vector eld theories in R%, namely the classical de Rham complex with its familiar di erential
operators grad, curl and div, is well-known, the corresponéhg di erential complex underlying
tensor eld theories such as linear elasticity appears to be known ® a comparatively lesser
degree. The three-dimensional tensor di erential complexwas fully developed in connection
with linear-elastic dislocation theory by Kmner [Km59 ] and its dierential operators are
summarized in table I. In this table, (V) denotes the graded algebra ofC! forms over
an open subset ofR® taking values in a vector spaceV. The operator Def, or symmetric

Copyright ¢ 2000 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2000; 00:1{6
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Domain and range 'nabla’ expression | Coordinate expression

Def: °(R%)! 3(symRS® %) rS o (r +rYH=2| (Defu)j =(uy + uj)=2

Inc: 3(symR3 31 3(symR®3) [ r (r ) | (INC)j = wmn €mi n
Div: 3(symR3 3)! O(R?®) r (Div )i = i

Table I. The tensor Kmner complex in R®. The rst column collects the designation, domain and
range of the operators; the second column collects their de nition in operator notation; and the third
column collects their expression in orthonormal cartesian coordinates.

gradient, applied to a displacement eld returns the corregponding strain eld. Thus, the

equation = Defu represents the classical strain-displacement relationsfdinear elasticity.

The incompatibility operator Inc applied to a symmetric tensor eld returns a measure of its
incompatibility, i. e., its failure to be a compatible strai n eld. In particular, if is a strain
eld, then it follows that Inc = 0, which are the classical compatibility equations of linear
elasticity. In general, elds of the form Inc represent a linearization of the curvature tensor
associated with the linearized metric , and will be referred to as discrete curvature elds.
Given a symmetric tensor eld , Div represents the net out-of-balance internal force eld.
In particular, if  derives from a three-dimensional Airy stress potentialA, i. e., if = IncA,
then it follows that  is in equilibrium, i. e., Div =0. Thus we have the relations

Inc Def=0; (55a)
Div Inc=0: (55b)

In addition, under suitable technical conditions, the seqience of vector spaces and operators

Def Inc Div
0 ! O(R%)=RM ! S(symR® 3) | S(symR3 3) | O(R%=RM !
(56)
de nes an exact short sequencei. e. the range of each mapcoincides with the kernel of the
following map [BT82]. RM denotes the nite-dimensional space of rigid displacemerg. In
terms of tensor di erential operators, the boundary-value problem of linear elasticity may be
expressed in the form

Div(C Defu) = f + t; in [ n (57a)
u=0; on p; (57b)
and the the boundary-value problem of incompressible isowpic linear elasticity takes the form
Div 2 Defu+ pg =f +t in [ N (58a)
g :Defu=0; in (58b)
u=0;: on p; (58¢c)

where is, e. g., an open, simply connected and bounded subsef R with Lipshitz boundary,
C denotes the tensor of elastic modulig! is the contravariant metric tensor, respectively, and
g : is the trace of a symmetric tensor . Without loss of generality, we restrict attention
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Prepared using nmeauth.cls

0



18 P. HAURET, E. KUHL, M. ORTIZ

to homogeneous displacement boundary conditions. In addibn, for reasons that will become
apparent in the sequel, we have combined the traction$ with the body forcesf by regarding
both as signed Radon measures with supports ony and , respectively, and interpreting
(57a) an (58a) in the sense of measures.

In this section we show that: the discrete boundary-value poblem of incompressible linear
elasticity that results from the diamond approximation scheme can be expressed in terms of a
discrete counterpart of the tensor di erential complex just described; and that, when expressed
in terms of discrete di erential operators, the discrete boundary-value problem is formally
identical to the classical boundary-value problem (58a-58). The discrete tensor di erential
complex and its discrete di erential operators have propeties that are, for the most part,
identical to those of the classical tensor di erential compex enumerated above. In de ning the
discrete tensor di erential complex, both the topology of diamond meshes, regarded as algebraic
complexes (e. g., [Mun84]) and their geometry, regarded asraembedding of the algebraic
complex in R3, play a crucial role. This re-interpretation provides compelling new insights into
the diamond approximation scheme in terms of geometric and derential structures.

In order to de ne the discrete operators we need to adopt a sorwhat more expanded view of
diamond meshes than required previously for the strict purpses of analysis. In particular, we
need a proper accounting of cells of all dimensions, e. g., M&es, edges, faces and volume cells,
in the mesh. A natural accounting device for that purpose is b regard meshes as (regular) cell
complexes overRY (cf, e. g., [Mun84] for relevant de nitions and background). The complexes
required for the de nition of the diamond discrete di erent ial complex are as follows. With
reference to section 2.3, we start by re-interpreting the iitial triangulation T, of the domain
as a simplicial complex. Next, we introduce a ner simpliciad complex S, obtained by inserting
an additional vertex at the barycenter of each d-simplex of T;, and then subdividing the d-
simplices accordingly. Finally, we de ne the diamond complex Dy as the cell complex whose
d-cells are obtained by grouping pairs ofd-simplices ofSy incident on a common d 1)-simplex
of Th.

We shall denote by EP(C) be the set ofp-cells of complexC, and by P(C,V) = f! :EP(O)!

V g the space of functions, or discrete forms, de ned orE P(C) taking values in the vector space
V. We shall use the expressions T and T  F to denote that F is a face of a cellT;
N FandF N to denote that N is a vertex of the faceF; and the symbol|jTj to denote
the p-dimensional Hausdor measure of ap-cell T in RY. We shall also use the symboh to
denote the outward unit normalto a (d 1)-cell F. In the remainder of this section, we restrict
our attention throughout to the three-dimensional case,d = 3. Given 2 R® 2 andn2 R3 we
shall additionally denote by n2 R® 3 the matrix whose rows are the cross-products of the
rows of and n; and by n 2 R® 3 the matrix whose columns are the cross-products oh
with the columns of . Finally, we denote by symR? 2 the set of symmetric matrices inR® 2.

3.1. The simplicial tensor di erential complex

Throughout this section Sy denotes a general simplicial complex.

De nition 1 (Discrete deformation operator) The discrete deformation operator Def :
0(Sh;R3) I 3(S,;symR® 3) assigns to every discrete displacement eldi 2 °(Sy;R®)
Copyright ¢ 2000 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2000; 00:1{6
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the discrete strain eld

X
(Def W)(T) = Tln jFj(ui n+n hui); 8T2E3S) (59)
F T

In this expression, hui denotes the average of the displacements of the vertices betfaceF .

Remark 1. Let I,u be the piecewise-a ne interpolation of the discrete displacementsu 2
9(Sh: R3) over the tetrahedra T 2 E3(Sy). Then, it follows from de nition (59) that

(Defu)(T) = i "(Ihu) = "(Ihu)jr; 8T 2 E3(Sh): (60)
iTj

Thus, the discrete deformation operator yields discrete stain elds that are identical to those
computed by direct di erentiation of the displacement inte rpolation.

De nition 2 (Discrete incompatibility operator) The discrete incompatibility operator
Inc : 3(Sh;symR3 3) 1 3(Sh;symR?® 2) assigns to every discrete strain eld 2
3(Sh;symR?® 2) the discrete curvature eld
X
(Inc )(T) = = (" [D n 8T2E%S); (61)
Je 1Fse

where[ ] denotes the jump of acrossF.

Remark 2. A simple computation shows that (Inc )(T) is indeed symmetric for all T 2
E3(Sh).

We proceed to show that, as is the case for the classical incgmatibility operator, the discrete
incompatibility operator is self-adjoint.

Lemma 2. The Inc operator is symmetric, i. e., for every ; 2 3(Sy;symR® 9),
X X
iTilne( ): = iTilne( ): : (62)
T2E3(Sh) T2E3(Sh)

Proof : The claim easily follows from the identities: [n B) n]:A=B:[n (A n),
Nn2R3, A;B2R3 3 andn (A n)=(n A) n,n2R3A2symRS 3 2

Next we proceed to de ne the discrete di erential complex.

De nition 3 (Discrete divergence operator) The discrete divergence operator Div
3(Sh;symR® 3) 1 9(S,;R3) assigns to every stress eld 2 3(S,;symR2 3) the force
eld
: 1 X
(Oiv )(N)=3 JFIl 1 n 8N 2 E°(Sh): (63)
F N

The following lemma shows that the adjointness relations baveen the classicalDef and Div
operators carry over to the discrete setting.

Lemma 3. Foreveryu2 O9(S,;R3%®, 2 3(Sh;symR3® 3), we have

X ) X o
(Div ) u= jTj (Defu): : (64)
N2EO9(Sh) T2E3(Sh)
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20 P. HAURET, E. KUHL, M. ORTIZ

where [ ] denotes the jump of acrossF if F is an interior face; and (MifF Tisa
boundary face.

Proof : From the de nitions of the Def and Div operators, denoting by  the piecewise
constant function over suchthat ( ) = (T), forall T2 E3(Sp)and 2 3(symR3 3),
and using the notatio)rg Un = lhu from Remar)l(< 1, we verify that

(Div ) u= jTj (Defu):
NQfO(Sh) 7 T2E3(Sh) X b
= "(Un): h = up div p+ ([ o1 n) un
F2E2(Sh) ©
. 1 X -
= IFp@Y m =2 JFJ(@ 1 n) u(N)
F2E2(Sh)0 F2E2(ShiN F
X 1 X .
= @2 JFil 1 A u(N);
N2E°(Sp) F2E2(Sh); N2F
as required. 2
Next, we show the sequencédef ! Inc ! Div of discrete dierential operators de nes a

di erential complex analogous to the classical de Rham comfex in R".

Lemma 4. Inc Def=0 and Div Inc=0.

Proof : i) We recall that, for every T 2 E3(Sy), (Def u(T))ij = 5 ((r un)j +(r un)ji )jT,
whereu, = Ihu is the interpolation of u over Sy. Hence, by the rank-one compatibility of the
eld r u, we have that [r un] = a non every faceF 2 Sy, whence it follows that

(n [Defu]) n=(n [ru,) n=0;

and Inc Def=0.
ii) From th)e( symmetry of Inc forall 2 sy)r? R® 2 we have, for everyu2 3(R®),

jTj (Defu) : (Inc ) jTj(r up):(Inc)

T2E3(Sh) T2§(3(Sh) X
= rup: (m [D n
T2E3(S)2) F T,F6@

= [runl:((n LD n

F2E2(Sh));(F6@
= (Irunl m:(n [I)=0;
F2E,(Sh); F6 @
and the identity Div Inc= 0 follows from Lemma 3. 2

For ease of reference, we collect the de nitions of the disate tensor di erential operators in
Table Il. The discrete tensor di erential operators de ne t he sequence

Def Inc Div
0 ! 0(Sh;R3%)=RM ! 3(Sh;symR3 3) 1 3(Sh;symR3 3) 1 O(Sh;R%)=RM ! O
(65)
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Domain and range De nition
Def: O(SyiR®)!  (SysymR® ) | (Defu(T)= ;& ¢ ¢iFj(hi n+n hui)
Inc: 3(Sh;symR® 31 3(S,;symR3 3) (Inc X(T) = J% F 1 ree (N LD n
Div: 3(Sp;symR3 3)!  9(S,;R?) (Div )(N)= 2 . (iFil 1 n

Table I1l. The discrete tensor di erential complex in  R%. The rst column displays the designation,
domain and range of the operators; and the second column colects their de nitions. In these
de nitions, N 2 E%(Sh), F 2 E2(Sh) and T 2 E3(Sh).

From Lemma 4, it follows that each operator has a range inclueéd in the kernel of the following
operator in the sequence. The conditions under which the segnce would be exact are discussed
in Section 3.3.

3.2. The discrete linear elastic boundary-value problem

Without additional structure, the discrete tensor dieren tial complex provides a means of
expressing the discrete linear elastic boundary-value pitglem in a manner that is formally

identical to its classical counterpart (57a-57b). Here, bythe discrete linear elastic boundary-
value problem, we specically mean the Galerkin nite-element boundary-value problem
for a linear-elastic body discretized by means of a simplieil complex and piecewise-a ne
displacement interpolation.

We begin by de ning the discrete body and surface forcesf 2 °(Sy;R3) andt2 9(Sy;R®),

respectively, as 2

f= N 8N 2 EOSy); (66a)

(R t; N 2E%Sh))\ ;
t= w NE N (66b)
0; elsewhere inE%(Sy);

where  denotes the simplicial shape function overS, corresponding to nodeN 2 E%(S;).
The collectionf ;N 2 E%(Sy)g of all such shape functions de nes a basis 0¥y,. In analogy
to the space H() de ned in the foregoing, we also introduce the space °(S,;R3) =
fu2 9Sy;R%;u = 0on pg of discrete displacement elds that satisfy homogeneous
displacement boundary conditions identically.

Proposition 3 (Discrete linear-elastic BVP) Let S, be a simplicial complex andV;, the
corresponding space of piecewise a ne interpolants overS,,. Then, the corresponding Galerkin
boundary-value problem admits the representation

Div(C Defu) = f + t; in E°(Sy)n p; (67a)
u=0; on E%(Sh)\ b: (67b)
where Def and Div are the discrete deformation and divergence operators oves,.
Proof : From)l(_emma 3 and Remark 1 it f(g!lows that
(Div (C Defu)) v= jTj (C Defu) : (Defv) = a(un; vn); (68)
N2EO(Sh) T2E3(Sh)
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22 P. HAURET, E. KUHL, M. ORTIZ

for everyv2 0(Sy;R®), where
z
a(u;v) = (C Defu) : (Defv) (69)

is the Dirichlet bilinear form of anisotropic linear elasticity. In addition, from the de nitions
(66a) and (66b) we have

(f+1t) v=1I(w); (70)
N2EO(Sh)

wherel(v) is the external work linear form (2b). The claim then follows from the isomorphism
between the spaces °(S,;R®) and V. 2

Lemma 3 also implies that the discrete boundary-value probém (67a-67b) has a variational
structure, be it in the variational equality form

au;v) = I(v); 8v2 9(Sy:R%) (71)
or as the minimum problem
' Olpsfh;m) F(u); (72)
where
X
a(u;v) = jTj (C Defu) : (Defv); (73a)
T2E3(Sh)
X
I(u) = (f+1) u (73b)
N 2EO(Sh)
A = Zalu) i) (730)

are the discrete Dirichlet bilinear form, the discrete external work linear form, and the discrete
potential energy, respectively. The proof of Proposition 3also shows that these variational
principles are identical to those obtained by a straight Gakrkin reduction of the potential
energy.

3.3. The discrete tensor Helmholtz-Hodge decomposition

An example of application of the classical tensor di erential complex is the introduction of Airy
stress potentials. We proceed to show that the discrete terw di erential complex supplies
similar representational tools in the discrete setting. To this end, we begin by establishing
the following discrete version of the classical HelmholtzHodge decomposition of symmetric
tensor elds. This decomposition additionally supplies a powerful connection between tensor-
harmonic functions and cohomology analogous to the celebtad de Rahm theorem.

De nition 4. [Tensor-harmonic functions] We say that a symmetric tensor eld 2
3(Sh;symR? 2) is tensor-harmonicif Div. =0 andInc =0. We shall denote by( Sy) the
vector space of tensor-harmonic functions overS; .
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De nition 5. [Tensor-cohomology groups] The groups:
H1(Sh) = ker( Def) (74a)
H2(Sh) = ker( Inc)=im(Def) (74b)
H3(Sh) = ker( Div)=im(Inc) (74c)

are the rst, second and third tensor-cohomology groups oy, respectively. In these de nitions,
the discrete operatorDef has the domain of de nition indicated on the sequence (65).
We introduce the weighted *? inner product over 3(Sp;symR?® 2)
X
h; i= iTj o (75)
T2E3(Sh)

We additionally denote by ker(T) and im(T) the null space and range of a linear operatofT,
respectively.

Lemma 5 (Discrete tensor Helmholtz-Hodge Decomposition) Let 2 3(Sh;symR® 3)
be a symmetric tensor eld overS;,. Then

i) There exit elds v2 9(Sh;R3%), A2 3(Sy;symR3 3) satisfying the gage condition
DivA = 0; (76)

and 2 ( Sp) such that
= Defv+ IncA+ : (77)

ii) All the terms of the decomposition are “?-orthogonal in the sense of the inner product (75).
i)y The space ( Sy) of tensor-harmonic functions is isomorphic to the cohomolgy groupH 3(S) =
ker(Div)=im(Inc).

Proof : The proof parallels closely the proof of the classical Helmbltz-Hodge decomposition
(cf, e. g., [AMT83]). Begin by introducing the bilinear form over 3(S,;symR?® 3)

(; )= Hiv; Div i+ Hhnc; Inc i: (78)

( ;) is clearly symmetric and strictly positive de nite when re stricted to the quotient space
3(Sh;symR?® 3)=( S;,). Note that for every 2  3(S,;symR? 2) we have the orthogonal

decomposition
= + 5 (79)

with 2 (Sp)and h; 9 =0. Since (; ) is an inner product on 3(Sy;symR® 3)=( S),
it follows from the Riesz representation theorem that there exists a unique 2
3(Sh;symR?® 3)=('S;) such that

(; )=h%i; 8 2 3(Sy;symR3® 3): (80)
From De nition 3 and Lemma 2 it follows that
jTj (Def Div ) + X iTinc Inc ) =h; 9; (81)
T2E3(Sp) T2E3(Sh)
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forevery 2 3(Sh;symR® 3). Settingv= Div and A= Inc we have
DivA=Div Inc =0 (82a)
= Defv+ IncA+ : (82b)
The orthogonality of the decomposition follows directly from De nition 3, Lemma 4, and the
de nition of ( Sy). Finally, we prove (iii) by showing the canonical projection : ( Sy) !
H3(Sp) = ker( Div)=im(Inc) is one-to-one. Let 2 ( S,) be such that = Q, namely, the
equivalence class o0 in H3(S;). It follows that there exists A2 3(Sy;symR? 3) such that
= IncA. Because 2 ( S), we also havelnc = 0 and, therefore,

O=Hnc; Ai = h; IncAl = h; i: (83)
Hence = 0 and the injectivity of  follows. To prove surjectivity, let _ 2 H3(Sy). Applying

the Helmholtz-Hodge decomposition to a representative of _, it follows that there exist
v2 O9Sh;R%), A2 3(Sp;symR® 3)and 2 ( Sp), such that

= Defv+ IncA+ : (84)
SinceDiv = 0, it follows that Div Defv= 0, hence 0 =hv;Div Defvi = hDefv, Defvi and
Defv= 0. Consequently, there exists a 2 ( Syp) such that 2 . 2

If the vector space (Sp) of tensor-harmonic functions overS;, is reduced tofQOg, it follows
from Lemmata 5 and 4 that the sequence of discrete tensor di eential operators

Def Inc Div
0 ! 0(Sh:R3%=RM ! 3(Sh;symR3 3) 1 3(Sh;symR3 3) 1 0(Sh; R%)=RM
(85)
is an exact short sequence. The analogy between the discretgperators and their classical
counterparts displayed in Table | is both striking and compdling.

The displacement-strain relations = Defu may be regarded as a special case of the tensor
Helmholtz-Hodge decomposition in which the displacement eld plays the role of vector
potential. Another common application is the representation of a general self-equilibrated
stress eld in terms of a three-dimensional discrete Airy potential A. Thus, assume that the
discrete cohomology groupH 3(Sy) is trivial, i. e., ker( Div) = im( Inc). Then, any equilibrated
discrete stress eld is in im(Inc) and, therefore, it can be expressed as

= IncA (86)

Clearly, A is determined up to a discrete deformation, i. e., ifA is a potential for , then so is
A+ Defu, forany u2 °(Sy;R®). In order to resolve this indeterminacy we may append the
gage condition

DivA=0: (87)

Then, A is determined up to a tensor-harmonic function and, therefee, is uniquely determined
if H3(Sy) is trivial. The compatibility condition

Ino(C *)=0 (88)

supplies a discrete analog of the classical Beltrami-Mitchll compatibility equations (cf, e. g.,
[Sok46]). The combination of the preceding equations gives

Ino(C *IncA)=0; (89)

Copyright ¢ 2000 John Wiley & Sons, Ltd.
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which, in conjunction with the gage condition (87), supplies a discrete tensor bi-laplacian
equation for the Airy potential. As in the classical case, the discrete tensor Helmholtz-
Hodge lemma 5 also establishes a powerful connection betwetensor-cohomology and tensor-
harmonic functions.

3.4. The discrete metric

The role played by the metric in de ning the linear elasticit y boundary value problem is clearly
evident in egs. (58a) and (58b). In this section we proceed tale ne a discrete metric that, as
we shall see, plays an analogous role in the formulation of th discrete problem. Whereas the
discrete tensor di erential complex introduced in the preceding section can be de ned on an
arbitrary simplicial complex, the de nition of the metric m akes use of the diamond complex as
well. The need for this additional complex is not evident fran a purely geometrical and formal
point of view, but instead is evidenced by the analysis of covergence in the incompressible
limit. In particular, the metric is designed to ensure the satisfaction of the inf-sup condition.

De nition 6 (Discrete metric) Let g be the contravariant metric in R3. Then, the discrete
contravariant metric is the constant symmetric eld ¢ 2 3(Dp;symR? 2) such thatg! (D) =
g for every D 2 E3(Dy).

De nition 7 (Trace) Let 2 3(Sh;symR® 3) be a discrete symmetric tensor eld. Then
we deneitstraceg : 2 3(Dp;R) as
] ! X iTi g 3
(g : )D)= D] jTig" :; 8D 2E*(Dn): (90)

T2E3(Sy); T D

The precise manner in which the contravariant metric g determines the trace of a symmetric
tensor eld on the subdivision complex should be carefully mted. Thus, a key part of the
computation of the trace consists ofaveragingthe eld over each 3-cell in the diamond complex.
The result is a scalar eld de ned on the diamond complex. As $iown earlier, the averaging
over diamond cells has the far-reaching consequence of emigig the satisfaction of the inf-sup
condition.

De nition 8 (Isotropic tensors) Let p 2 3(Dp;R) be a scalar eld. The corresponding
isotropic tensor eld pg 2 3(Sh;symR® 3) is
(pd)(T)=p(D)g; T D: (91)

For instance, if p is a pressure eld over the diamond complex, thenpd is the corresponding
hydrostatic stress eld. The following reciprocity relati on follows directly from the preceding
de nitions.

Lemma 6. For every 2 3(S,;symR® 3) and everyp2 3(Dy;R),

X o > S
iDip(d: )= iTi(pd): : (92)
D2E3(Dy) T2E3(Sh)
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Remark 3. Let u, = Ihu be the piecewise-a ne interpolation of the discrete displacements
u2 9(Sh;R®) over the tetrahedra T 2 E3(S;). Then, it follows from de nition (6) that
Z

g : (Defu)(D) = j%j divun; 8D 2 E3(Dp): (93)
D

Thus, the trace of the deformation eld equals the average dvergence of the displacement eld
on every diamond cell.

3.5. The isotropic discrete di erential complex

We recall the classical identities

gradp=div( pd) (94a)
divu= g :"(u) (94b)
that re-interpret the restriction of the tensor-divergence operator to isotropic elds as a vector-

gradient operator; and the trace of the deformation operatas as a vector-divergence operator.
These operators de ne the sequence

div 0 grad

O(R3) | 3(R) | 3(R) | O(R3) - (95)

The null operator 0 :  9(R) ! 9(R) simply re ects the fact that any scalar eld in
3(R) can be expressed as a divergence and, hence, is not subject &any compatibility
conditions. We shall refer to this complex as theisotropic di erential complex in order to
emphasize that it is not a vector-di erential complex but ra ther the restriction of the tensor
di erential complex to isotropic tensor elds. The corresp onding isotropic cohomology groups
are: H2 = 3(R)=im(div) = f0g; H3 = ker(grad) =im(0) = ker(grad) = R. In particular, we
note that H® = R, i. e., if a scalar eld has a vanishing gradient then it must necessarily be a
constant.
The corresponding discrete di erential operators are

gradp= Div(pd); (96a)
divu= ¢ : Defu (96b)
We note the following adjointness relation betweengrad and div.
Lemma 7. Foreveryu2 °(S,;R®,p2 3(Dp;R), we have
X (gradp u= X jiDj p(divu): (97)
N2E°(Sh) D2E3(Dy)
Proof : From Lemma 6 we have X X
iTi(pd): Defu= iDjp(d : Defu) = iDjpdivuy  (98)

T2E3(Sh) D2E3(Dy) D2E3(Dp)
and from Lemma 3 it follows that X X
iTi(pd): Defu= Div(pg) u= (gradp vu; (99)
T2E3(Sh) N2EO(Sp) N2EO(Sh)
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whence (97) follows as required. 2

These operators de ne the sequence

div 0 grad

°(Dp;R3) ! 3(Dp;R) ! 3(Dp;R) ! O(Dn; R3); (100)
where, as before, °(Dy; R®) denotes the subset of functions in °(Dy; R®) vanishing on p;
3(Dp;R) stands for the quotient group 3(Dn;R)=S, whereS= Rif p = @ S= f0Og
otherwise. By the last arrow in the sequence (100) we specialy mean that only the values
of the gradient outside p are considered.
We can also de ne discrete isotropic cohomology classes aslibws.

De nition 9 (Discrete isotropic cohomology groups) The groups:
H2(Dn) = 3(Dp;R)=im(div) (101a)
H3(Dy) = ker( grad) (101b)

are the second and third isotropic cohomology groups dy, respectively. In this de nition, the
discrete operatorsdiv and grad have the domains of de nition indicated in the sequence (100
In addition, by the last arrow in the sequence (100) we spectally mean that only the values
of the gradient outside p are considered.

Naturally, we would like H?(Dy) = f0g, and H3(Dy) = f0g. Remarkably, this condition is
equivalent to the inf-sup condition for incompressible linear elasticity. This connection con rms
the intuition that the inf-sup condition is largely topolog ical in nature.

Proposition 4.  The following statements are equivalent:

i) H?(Dp) = fO0g,
i) H3(Dn) = f0g,
iii) the inf-sup condition (21) is satis ed.

Proof : Begin by recalling the de nition: By :vh 2 Vn ! PP 3 b(v; ), where P? is the dual of
P. The condition (21) is cIassicaIIy equivalent to ker(Bﬁ) = f0g. By the isomorphism between
the spaces °(Sy;R®) and Vi, 3(Dn;R) and Py, and the de nition of grad, this is exactly
equivalent to ker(grad) = f0Og Wh|ch meansH 3(Dy,) = f0g. On the other hand, ker(grad) = ng
is equivalent to im(div) = f0g’ 3(Dp;R).

Since we have previously shown that the inf-sup condition issatis ed by the diamond
approximation scheme, it follows that the sequence (100) isndeed exact.

3.6. The discrete incompressible linear elastic boundaryalue problem

The de nition of a discrete diamond metric nally provides s u cient structure to de ne a
discrete form of boundary-value problem for incompressit# linear elasticity.

Proposition 5 (Discrete incompressible linear-elastic BV P) Let T, be a simplicial
complex, Sy its diamond subdivision complexDy, its diamond complex. Then, the corresponding
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Galerkin boundary-value problem admits the representatio

Div 2 Defu+ pd =f+t; in E%(Sp)n p (102a)
g : Defu=0; in E3(Dp) (102b)
u=0; on E%(Sh)\ b: (102¢)

where Def and Div are the discrete deformation and divergence operators ove3, and ¢ is the
discrete contravariant metric over Dy,.
Proof : Frgg'n Lemma 3 and Remark 1 ig(follows that
(Div (2 Defu) v= iTj 2 (Defu) : (Defv) = a(un;Vvn); (103)
N2EO°(Sp) T2E3(Sh)
for every v 2 9(Sy;R®), where a(u;v) is the isotropic Dirichlet bilinear form (2a).
Additionz);t(lly, from Lemmas 3 and 6 and Remarks 1 and 3 we have

(Div pg ) v= iTi(pd): Defv= iDjp(d : Defv)

!}ZEO(Sh) T2E3(Sh) D2E3(Dy) (104)

Ch div Vh = B(Vh; th);

where the bilinear form b( ; ) is de ned in (8a). The claim then follows from (70) and the
isomorphism between °(Sy;R®) and the spaceV, of piecewise a ne interpolants over Sy,
and between 3(Dp;R) and the spacePy, of piecewise constant interpolants oveDy,. 2

As in the case of unconstrained linear elasticity, Lemmas 31ad 6 additionally imply that the
discrete boundary-value problem (102a - 102b) has the vart#onal structure

a(u;v) + b(v; p) = I(v); 8v2 °(Sy;R%) (105a)
b(u;q) =0; 8q2 3(Dn;R); (105b)
where X
a(u;v) = jTj2 (Defu) : (Defv); (106a)
T2E><3(Sh)
b(u; p) = iDjp (¢ : Defu (106b)
D2E3(Dy)

are the discrete Dirichlet bilinear form and the bilinear form corresponding to the
incompressibility constraint, respectively. The proof of Proposition 5 also shows that the
discrete variational problem is identical to the diamond discrete boundary-value problem
obtained by mixed interpolation of displacement and pressues. Proposition 4 then provides
a purely topological means of verifying the inf-sup conditon through the computation of the
discrete isotropic cohomology groupH 3(Dy,).

4. Numerical examples

4.1. Nonlinear elasticity

In this section, we proceed to formally extend the diamond aproach to nite-deformation
elasticity and assess its performance in selected benchmaproblems. Whereas, as shown in
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the foregoing, the case of linearized elasticity is amenablto analysis, comparable analysis
tools for nite deformation problems are lacking at present. Therefore, the present discussion
is limited to issues of implementation and to demonstratingscope and performance by way of
numerical experiment.

For de niteness, we consider an incompressible elastic matial with a free energy of Neo-
Hookean type, namely:

W = waev(gdevy L wvel(g ): (107)
Conveniently, this energy density can be additively decompsed into a deviatoric part:
Wdev - %‘ [F dev ‘F dev d], (108)
and a volumetric part:
wvwlgy=1 [0 1P (109)
In these expressions, the deviatoric part of the deformatia gradient is de ned as
Fdev=j =9, (110)
where
J =det(F) (111)

is the Jacobian of the deformation andd denotes the spatial dimension. The notational
convention of denoting the volumetric deformation by J is designed to emphasize that the
volumetric deformation is not necessarily evaluated at thesame location as the deformation
gradient F . The total free energy of the quasi-incompressible elastimaterial is, therefore,

=13 ZIYF:F dl+3} [J 1P (112)
and the rst Piola Kirchho stress P =dg W follows in the form
P=J ZIF LI[F:FIF '1+J3 [ 1]F & (113)
In particular, the hydrostatic pressure p=tr( J PF T)=dis computed to be
p= [J 1] (114)

and, hence, we can interpret as a penalty parameter that enforces the incompressibility
constraint )
J 1=0: (115)

The linearization of the rst Piola Kirchho stress P with respect to the deformation gradient
F vyields the tangent moduli

A = & J TFFIF ' F '] + 33 FFFIF '_F 1
% J ZIF F '+ F ' F] + J (116)
+ J [J iqF ©* F* F ' F 3+J3 [F' @J1;
which are of fundamental importance for the numerical soluton procedure. The non-standard

dyadic products introduced in (116) are de ned via the identities: [A"B] C = A C B! and
[A_B] C=A C' Bt interms of the second order tensor#\, B and C.
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4.2. Element types

In two-dimensions we evaluate the performance of ve di erent lower-order elements. By way
of baseline we consider the standard linear triangld?1 and the standard linear quadrilateral
Q1 The third element is denoted as4P1P(Q also referred to as4CSTelement in the specialized
literature. It is composed of four crossed constant-strairtriangles and was originally proposed
by Nagtegaal et al. [NPR74]. In order to eliminate local presure oscillations, we plot the
averaged pressure on each four-triangle patch as suggestesl g., by Kikuchi [Kik83]. Finally,

P1 4P1PO0O 2P1PO Q1PO

S

Figure 7. Elements for two-diensional square mesh.

we consider the2P1POF -bar element of de Souza Netet al. [NPOO5], consisting of a patch of
two triangles with and constant pressure which can be under®od as a geometrically nonlinear
generalization of the element introduced by Ruas [Rua85]; iad the F -bar quadrilateral Q1P f
Moran et al. [MOS90]. These ve elements are depicted in Fig. 7, with whie circles denoting
displacement nodes and the dark circles denoting pressureodes. For each type of element, we
analyze two di erent mesh geometries. The rst geometry corsists of regular square meshes
built from the elements just enumerated and shown in Fig. 7. The second series is of matching

4P1P0O 2P1PO Q1PO

g O

Figure 8. Elements for two-dimensional diamond mesh. The optimal diamond element is 2P1P0

geometry but is built from the variants of diamond elements siown in Fig. 8. In this gure,
white circles denote primal nodes and the grey circles denet dual nodes. The particular
element advocated in the present study is the2P1P0diamond element, i. e., the fourth element
in Fig. 8.

The 4P1PQ2P1PCand Q1P®lements are expected to exhibit comparable convergence hhavior
since they are all based on patchwise averaging. Note, howes; that there is a fundamental
di erence between ana posteriori pressure averaging, as typically applied to the standard
4P1P0or 4CSTcrossed triangle element, anda priori averaging as applied to the 2P1P0
and the Q1POelement. The latter two are more stable in calculations becase high local
pressure oscillations are precludedab initio. Indeed, in calculations the a priori averaging
of the Jacobian of the 2P1P0and Q1P0element and thea posteriori averaging of the pressure
of the 4P1P0Oelement yield markedly di erent results.

Fig. 9 illustrates the generation of a three-dimensional damond from the simplicial mesh
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two 3-simplices shared 2-simplex subdivision diamond elem ent
@

Figure 9. Construction of three-dimensional diamond elements.

de ned by the white primal nodes. We begin by introducing the grey dual nodes and performing
a subdivision of each tetrahedron into four sub-tetrahedra Each resulting three-dimensional
diamond element (cf Fig. 9, right) consists of three white pimal nodes and two grey dual
nodes whence the deformation eld is interpolated. The genmtion of diamond elements in
two dimensions can be e ected likewise: by introducing dualnodes in every primal triangle:
subdividing every primal triangle into three sub-triangles; and joining pairs of sub-triangles
sharing a common primal edge. The volumetric deformation ad pressure are taken to be
uniform over every diamond element. The termination of the damond mesh at the boundary
is accomplished by means of individual sub-elements, i. esub-triangles in two dimensions
and sub-tetrahedra in three dimensions. In consequence, thboundary of the diamond mesh
consists entirely of primal faces.

Intuitively, one could conclude that the introduction of th e additional dual nodes increases the
complexity of the problem. However, the convergence studie presented in the following show
that the extra cost of the additional dual nodes is largely canpensated for by an improvement
of the interpolation and thus by faster convergence.

4.3. Two{dimensional Cook's membrane problem

Our rst example concerns the classical benchmark problem HCook's membrane (cf, e. g.,
Simo & Rifai [SR90], or more recently by de Souza Neteet al. [NPOO5]). The geometry and
loading are shown in Fig. 10. The left boundary is fully clamped while the right boundary
is subjected to a distributed shearing loadF =6.25 per unit length, corresponding to a total
vertical resultant force of 100. This load is applied in ve increments. Plane strain conditions
are assumed. The membrane is assumed to be neo-Hookean, etflZ), with elastic constants

=80:1938 and =400942 resulting in near-incompressible behavior.

elements dofs P1 Q1 4P1PO 2P1P0O Q1PO
2x2 18 3.009043 | 2.113486 | 2.176959 | 4.014569 | 5.509942
4x4 50 3.350305 | 2.163442 | 2.747254 | 5.717503 | 6.119252
8x8 162 3.592410 | 2.219074 | 5.021598 | 6.492511 | 6.657711
16x16 578 3.868856 | 2.380762 | 6.422618 | 6.768694 | 6.829012
32x32 2178 4.381689 | 2.857057 | 6.769598 | 6.867301 | 6.889818

Table Ill. Cook's membrane { Convergence of top displacement for square meshes
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44

Vo«

2 4
T 1

Figure 10. Cook's membrane { Geometry and loading condition s

elements dofs P1 Q1 4P1PO 2P1P0O Q1PO

1.5x1.5 38 3.040019 | 2.003008 | 2.419200 | 4.794911 | 5.164163
3x3 66 3.459085 | 2.036571 | 3.938455 | 5.457014 | 6.088334
6X6 202 3.631829 | 2.136891 | 6.072108 | 6.339779 | 6.667719
12x12 690 3.719908 | 2.434158 | 6.711965 | 6.703881 | 6.831358
24x24 2530 3.877005 | 3.105796 | 6.862243 | 6.841875 | 6.890742

Table IV. Cook's membrane { Convergence of top displacement for diamond meshes

As a basis for comparison, we speci cally monitor the verti@l displacement of the upper right
corner P and its variation upon mesh re nement. The results for regular square meshes and for
the special diamond meshes are summarized in tables Il andV,, respectively. The resulting
pressure distributions on the deformed con gurations are @&picted in Figs. 11 and 12, with the
former corresponding to regular square meshes and the lattdo the special diamond meshes.
As expected, the response of the standar®1and Qlelement is overly sti for the constrained
problem under consideration. Indeed, the standard elemerst exhibit typical locking behavior
in both the regular and the diamond con gurations. In additi on, the P1 element su ers from
severe checkerboarding, which is also visible but less pronnced int the standard Qlelement.
As expected from analysis, the performance of the patchwisaveraging elements, i. e., the
4P1P0element, the 2P1P0element and the Q1POelement, is quite similar. In particular, the
vertical displacements of point P are nearly identical in all three cases and converge upon
mesh re nement.

This displacement convergence notwithstanding, on the sqare meshes the4P1PQ 2P1P0Oand
Q1POelements exhibit a marked tendency towards checkerboardig. Moreover, the spurious
checkerboard modes do not vanish upon mesh re nement. The mgelting strong pressure
oscillations between patches are clearly visible in the thid, fourth and fth columns in Fig. 11.
By way of contrast, the diamond meshes are free of checkerboding instabilities. Indeed, in
the diamond con guration the 4P1PQ 2P1P0and Q1POelements, depicted in columns three,
four and ve of Fig. 12, result in smooth pressure distributions. These tests thus suggest that
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4x4 P1 4x4 Q1 4x4 4P1PO 4x4 2P1P0 4x4 Q1PO

8x8 Q1 8x8 2P1P0 8x8 Q1PO
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Figure 11. Cook's membrane { Hydrostatic pressure for square meshes

diamond elements are indeed free of checkerboard modes evierthe nite-deformation range.

4.4. Two{dimensional rigid at punch

Our second example concerns the benchmark problem of a rigidt punch (cf Kikuchi [Kik83],
or more recently de Souza Neto et al. [NPOO5]). The geometry fothe problem and the
loading conditions are shown in Fig. 13. In a plane strain andysis, we study the deformation
of a rectangular rubber block in response to frictionless identation. The block is nearly-
incompressible elastic with = 80:1938 and = 400942. The vertical displacement of the
indenter is increased incrementally up to a 12.5% compressi.

Tables V and VI summarize the convergence behavior of the redtant force under mesh
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Figure 12. Cook's membrane { Hydrostatic pressure for diamo nd meshes

elements dofs P1 Q1 4P1PO 2P1PO Q1PO
2x 8 54 30238.2325 | 37434.9309 415.3908 378.6230 314.8409
4x16 170 5506.5734 | 12814.9798 351.3208 325.4552 297.4452
6x24 350 2928.0829 6384.5861 324.3814 309.0326 291.1465
8x32 594 2090.2477 3879.1036 309.2214 300.6662 287.4644
12x48 1274 1347.6298 1980.0245 289.3809 291.6279 282.8515
16x64 2210 1060.4881 1285.6713 282.1153 286.4848 280.0719

Table V. Rigid at punch { Convergence of forces for square me shes
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Figure 13. Rigid at punch { Geometry and loading conditions

35

elements dofs P1 Q1 4P1PO 2P1P0O Q1PO
2x12 120 11387.8033 | 44405.9041 | 503.0786 | 319.2090 | 573.6443
4x24 382 6046.6683 6933.9893 | 307.1889 | 311.2500 | 291.9958
6Xx36 788 2366.3477 | 4615.6062 | 346.2629 | 296.9387 | 334.0307
8x48 1338 2034.5728 2195.1990 285.8353 | 289.8386 | 279.0617

12x72 2870 1219.8163 1222.6799 279.6504 | 283.0907 | 275.1793

Table VI. Rigid at punch { Convergence of forces for diamond meshes

re nement for meshes in square and diamond con gurations, espectively. As before, in both
cases theP1 and the Q1lelement exhibit severe locking behavior and the predicted eésponse
is overly sti. Consistent with analysis, the 4P1PQ 2P1P0and Q1POelements display nearly
identical resultant-force convergence behavior.

By way of contrast, the pressure elds computed in the squareand diamond con gurations
di er markedly, Fig. 14. Thus, whereas the averaged pressug elements, i. e., thedP1PQ 2P1P0
and Q1P0Oelements, exhibit strong checkerboarding in the square-mgh con guration, in the
diamond con guration the 4P1PQ 2P1P0and Q1POelements are entirely free from spurious
checkerboarding. In particular, the 2P1POelement may be regarded as an optimal choice in as
much as it is simultaneously free of locking and checkerboaling .

4.5. Three{dimensional compression of a square block

One of the appealing features of diamond elements is that thecan be de ned in any dimension.
We proceed to demonstrate this feature by means of the examplof a three-dimensional elastic
block indented by a frictionless and rigid square punch (cfe. g., Reese & Wriggers [RWO00]). We
assume near-incompressible elastic behavior with = 80:1938 and = 400942. The boundary
conditions and the applied forces are shown in Fig. 15.

We analyze four di erent meshes containing 661, 2047, 4649a 8851 primal nodes and 3072,
10368, 24576 and 48000 dual nodes, respectively. The four sfees considered consist of 5670,
19872, 47616 and 93600 diamond elements inside the domaincai@68, 1728, 3072 and 4800
tetrahedra on the boundary. The resulting number of degree®f freedom is 11199, 37245, 87675

Copyright ¢ 2000 John Wiley & Sons, Ltd.
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Figure 14. Rigid at punch { Deformed con gurations and hydr ostatic pressure

and 170553, respectively.

The deformed con gurations corresponding to a compressionf 12.5 % are depicted in Fig. 16.
The left column of the gure shows the boundary tetrahedra, while the right column shows
the corresponding diamond elements. The pressure eld is gfwn in grey scale. Convergence
upon mesh re nement is assessed in terms of the resultant foe corresponding to a punch
travel of 0.125. As expected, the applied force resultant dereases with mesh re nement.
Thus, the force resultant is computed to be45.0470 for the coarsest mesh42.8267 for the
second mesh;41.7038 for the third mesh; and 41.1025 for the nest mesh. For all four
discretizations, the diamond meshes result in smooth osddtion-free pressure distributions.
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Figure 15. Three{dimensional compression { Geometry and lo ading conditions

The three-dimensional analysis is thus consistent with theprevious two-dimensional analyses
and suggests that the convergence properties of diamond efeents are identical in all spatial

dimensions. In particular, as in the two-dimensional case e 2P1P0Oelements are optimal in

the sense of simultaneously being locking-free and free oheckerboard modes.

5. Summary and Conclusion

We have presented a nite-element discretization scheme fo the compressible and
incompressible elasticity problems based on consideratits of topology and analysis. The
scheme combines a special mesh or 'tiling' pattern intodiamond elementsand a choice of
interpolation that guarantee optimal convergence of disphcements and pressures. In particular,
we have shown that the scheme satis es the infsup condition in the context of linearized
kinematics. The attendant checkerboard-free convergencef the pressure eld has also been
demonstrated in the nite-deformation range by way of numerical testing. Additional desirable
features of the diamond discretization scheme include its @ nition for arbitrary unstructured
triangulations of the domain and in general spatial dimenson.

We close by pointing out a number of open questions and dire@ns for further study. In
the present work, we have exhibitedone special mesh topology that, in conjunction with
appropriate interpolation space, guarantees the satisfaion of the inf -sup condition. A much
stronger result, which would bring closure to the subject, wuld consist of the complete
enumeration of all such special topologies.

More generally, we remark that there is an extensive literatire on algebraic topology which
bears in obvious ways on questions of computational mechacs but which has made limited
inroads into the eld. Discrete mechanics is an unfolding curent attempt at strengthening the
connection between algebraic topology, exterior calculuand mechanics. Discretization schemes
inspired in discrete calculus have been successful irector problems such as electromagnetism.
By way of contrast, they have been less successful in the costt of tensor problems such
as elasticity. Indeed, locking and checkerboard phenomendo not arise in scalar problems
but are quintessential features of vector problems in the pesence of internal constraints.
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Counterexamples (cf, e. g., [HKO]) show that the mere abiliy to express an approximation
scheme in terms of discrete di erential operators does not esure that the scheme is locking
and checkerboard-free and optimally convergent. This caubnary note notwithstanding, there
is a close connection between the classical inf-sup condith and the cohomology of the
discrete tensor di erential complex (cf Proposition 4), which shows that the topology of the
discretization plays an important role in determining convergence. We thus may conclude
that both considerations of topology and analysis are esseial in the design of discretization
schemes and that neither su ces to guarantee the optimal peformance of the scheme.
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11199 dofs
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5760 diamonds

37245 dofs
1728 tetrahedra
19872 diamonds

87675 dofs
3072 tetrahedra
47616 diamonds

170553 dofs
4800 tetrahedra
93600 diamonds

Figure 16. Three dimensional compression { Hydrostatic pre ssure for diamond meshes
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