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Abstract

First, the present paper is concerned with the extension toihearized elastodynam-

ics of the optimal results known in statics for the mortar method. It also analyzes

and tests a new couple of displacements/Lagrange multiplies for the method, as

proposed independently by F. Ben Belgacem [6] and the authar[21]. Finally, ques-

tions of practical implementation in the presence of curvedinterfaces are addressed
and validated from the numerical point of view.
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1 Introduction

Challenging industrial or biomechanical applications cobine many substruc-
tures of di erent types and scales : surface rugosities, als, metallic grains,
membranes, local reinforcements, soft inclusions, and so. d&ach substruc-
ture has its own model, and discretization requirements. A cient strat-

egy for such applications is therefore to build independemtpproximations on
each substructure and to implement coupling strategies hdhing displacement
elds which are kinematically incompatible at the substrutures interfaces.
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In order to allow for such independent approximations by sugtructures, and to
circumvent the drawbacks of pointwise matching among whica non-optimal
convergence in \ h", C. Bernardi, Y. Maday and A. Patera have introduced
the mortar method [8,9]. The approach resorts to the imposdn of the con-
tinuity constraint at the interfaces under weak form. In [5] F. Ben Belgacem
relaxes for the rst time the constraint of strong continuity originally im-
posed on the boundary of interfaces, crucially improving #h portability of
the method to general 3D cases. This seminal achievement wihstanding,
the strategy retains two practical drawbacks of the originamethod. First, its
exibility remains limited by the compulsory modi cation o f Lagrange mul-
tipliers on the boundary of interfaces where more than two dhoains meet.
These cross points or cross lines may lead to noticeable cdicgtions in gen-
uine three dimensional industrial applications, as obsezd in [7]. A possible
solution was proposed in [31] when dealing with second ordegoproximation
of the displacements at least. Indeed, Seshayier [31] ha®wh that provided
an approximation of orderq 2 for the displacements is employed, Lagrange
multipliers of order @ 1 su ce to preserve optimal convergence and do not
require any modi cation in the vicinity of cross lines.

The second drawback of the original choice of Lagrange muylliers is a non
local coupling along interfaces. More precisely, for a ldbasupported function
on the "master” side, the matching function on the slave sideatisfying the
weak continuity constraint will be possibly supported on tle whole interface
(see [36]). In other words, nding a matching function on theslave side of an
interface requires the inversion of a fully coupled interfae problem. To alle-
viate this restriction, Wohlmuth [36] and Kim and al. [23] have proposed the
use of dual bases for Lagrange multipliers, which leads to anple diagonal
coupling enabling the e cient elimination of the weak contnuity constraint.
This philosophy has been sucessfully extended to higher erdapproximations
[25], curved interfaces [18,19] and adapted to the formulah of contact prob-
lems [22]. Still, the compulsory modi cation of Lagrange mitipliers at cross
points remains an issue.

In order to preserve the advantages of locality of the dual gpoach and the
computational exibility of Seshaiyer's approach in 3D indistrial problems,
we develop and justify herein discontinuous stabilized miar formulations.

They were independently proposed by Ben Belgacem for the &3 problem
[6] and by Hauret, Le Tallec in [21] for elasticity and higheorder approxima-
tions. They use discontinuous Lagrange multipliers of optial order for the
representation of interface uxes, without modi cation at cross points. The
price to pay for such a exibility is to enrich the nite element space of admis-
sible displacements by suitable interface bubble functishfollowing the ideas
developed by Brezzi and Marini in the so-called three- eld @proach [15].

When confronted with industrial practice, there is still arother practical prob-
lem to solve concerning the calculation of interface integls and the treatment



of curved interfaces. Indeed, the meshes of the subdomairre aften gener-
ated separately and the initial interfaces of the decompdiin are not exactly
retained in the discrete model. More precisely, the geomgtof the interface
viewed by one subdomain will not be identical to the interfae viewed by the
facing subdomain. In such situations, the mortar method dtilacks of a com-
plete theoretical background beyond the 2D analysis perfmed by Flemisch
and al. [17] and the adaption of dual Lagrange multipliers to this cse [18,19].
A naive option consists in assembling the weak continuity ostraint on the
faceted non-mortar interface by simple projection of mortadisplacements
onto the non-mortar side element by element, but such a prajgon is not
injective. Here, in order to preserve the theoretical conuwgence properties of
the method and the smoothness of the interface, we propose ‘&@xact" in-
tegration technique based on a smoothing interface procaguextended from
Puso [28], continuing the works of Puso and Laursen [30,29].

In more details and using standard notation, the present pag will consider
elastic problems in which one looks at each timefor the displacement eld
u(t) 2 H() 3 solution of the variational problem
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) vea (ut);v) = Itv); 8v2 HY()
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z u=uon p:
Above, the spaceH*():= fv2 HY() ; vj, =0gis the space of kinemat-
ically admissible displacement elds where p @ stands for the part of
the boundary where displacements are prescribed. The stard elastic and
potential (bi)linear forms are de ned by

8 4
2a (U;V%: Eiern "(Wmn " (V)i ;
(V)= f v+ g v

The elastic coe cients Ejn, satisfy the classical ellipticity and continuity
constraints

Eijmn (X) mn 5 Ce i iis Eijmn X) mn i C i ij (2)

for almost everyx 2 and every symmetric matrices ; 2 R® 2. The param-
eter ¢ is proportional to the smallest Young modulus of the materigoresent
in .

The present paper is organized as follows. Section 2 reviethe fundamen-
tal assumptions and convergence results arising when apply the mortar
method to elasticity. Section 3 proposes a practical disctimuous stabilized
formulation well adapted to genuine 3D industrial problemsand proves the
inf-sup stability of the method. Section 4 is devoted to the practidaadaption



of the mortar constraint to the curved interface case, expiting the Hermite
regularization from Puso [28]. Finally, numerical exampgaim at validating
the proposed techniques on realistic 3D static and dynamicrgblems. The
exact integration of the mortar constraint is also discussefrom the numerical
point of view.

2 Fundamental assumptions and convergence results
2.1 General setting

For simplicity, let us assume here that R3 is a domain whose ()1 «k «
constitutes a partition into K subdomains. Each subdomain,, 1 k K
corresponds to a particular substructure and is endowed iita family of
nite element meshes Ti.n, )n>0, Nk denoting the maximum diameter of the
elements of the local mesf., . The corresponding nite element spaces of
orderq 1 over | are denoted by

Xin = fV2 HY( )% Vik 2 Ry(K)®% 8K 2T d B  (3)

where R,(K') denotes the space of real-valued polynomials of degreeslésan

or equal tog. The degree is a total degree when dealing with tetrahedrallee
ments, i.e.Ry(K) = P4(K') with standard notation, and a partial degree when
using isoparametric hexaedral elements , i.e. Ry(K) = Qu(K') with standard

notation. Additionally, we have introduced a possible enchment By, that

will be specied in the sequel. The resulting non-conformgn approximation

spaces in which looking for the displacement elds are therf the form

n [0}
Xp= v2L%) 3% Vvj,2Xh: 1 k K ; (4)

with h=maX1 k K hk.

Obviously, one has to enforce some matching conditions fdret displacements
at the interfaces between adjacent subdomains. Considegirthat pointwise

matching has been proved in [8] to be suboptimal, followincghe early works
from Bernardi, Maday, Patera [8,9], and Ben Belgacem [5], vimpose the con-
tinuity constraint at the interface under weak form and de ne the displacement
space over by

z
Vh = Vv2 Xp; [v] =0; 2Mp. s 1 m M
The sequence ()1 m m IS an enumeration of the interface® \ @ ; when
the domains  and | are adjacent, 1 k<I| K. Notation [v] denotes the



jump of v2 X;, accross the skeletol = [1 m m mandMy,. . L% n)%a
space of Lagrange multipliers to be de ned below.

The elastic problems of interest will therefore be solved g discrete dis-
placement elds belonging toVy,. Nevertheless, as/, 6 HY() 3 the elastic
bilinear forma :H?() ® H?() ! R has to be extended to the product
spaceX by

X ¥ 1 3
alviw) = a (u;v); 8uiv2X = HY( ™
k=1 k=1

In order to obtain convergence results independent of thezsi of the di erent
subdomains,X shall be endowed with the scaled broken Sobolev norm

N 1 I'1=2

— 2 2 . .
kvky = . WKVKLZ( 93+ KrovKEz s . 8v2X:

The elastic problem therefore consists in nding at each disetization time
th+1 a displacement elduf** 2 V4, such that
z

n+

no Vata(upt sve) = I(tas VR); 8V 2 Vi (5)

Hereul* = uf+ (up*' ul)is atime interpolated value of the displacement

eld at time t,. . The above general setting (5) can handle various construc-
tions of the acceleration eld [* as a function of the velocity eld at time t,
and of the displacement eld at timest, and t,. . For example, a rst order
time implicit discretization will use =1 and de nes [*' by

8 1
e N
1 n (6)
ot W)=
A standard trapezoidal rule uses = 1=2 and de nes ﬂ”:z by

8 i 1

R (AT -
1o v Lo

PR )= ST+ )

Static problems are simply obtained by setting ,, = 0.

The mixed formulation of the above elastic problem (5) corstis in nding
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untt 2 Xpand ™2 M = TN My, . such that
87
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8
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Above, we have introduced the bilinear fornb: X L?(S)®! R de ned by

W Z
Hv; )= vV 5 8(v; )2X L*S)% 9)

m=1 m

whose kernel corresponds to the spatg of discrete kinematically admissible
displacement elds.

2.2 Fundamental assumptions

In the sequel, for each interface,,, = @ ¢\ @ | we introduce the non-mortar
or slave sidek(m) := k or | chosen once for all and de ning the interface space
discretization. The mortar or master side is consequentk(m) := fk;lgnk(m).
The following trace spaces are then introduced

Wm; m = fVJ m; V2 Xk(m);hk(m)g; Wo'

m;

= Wi\ HY(C m)™

Those are the traces of nite element spaces built on the namortar side.
In order to deal with the three dimensional case without sewve restriction
of conformity of the meshes on the boundary of the interfacesve will use
for analysis purpose the framework of mesh-dependent normméroduced by
Agouzal and Thomas [1]. Following their de nition, we denc

0 1=
1
kvKy.1. = @ ———_kvk? A
Mg FoF ., diam(F) Hm)?
0 11
X
K Kn; 1, =@ diam(F)kvkiz oA
F2Fm: m

in which the dierent F are the faces of the interface meshk,,. , inherited
from the meshTyx(my.n,,, Of the non-mortar subdomain ym) facing m. In
other words

Fm; m = fK\ ms K 2 Tk(m);hk(m)g: (10)
Consequently, the spac® of Lagrange multipliers shall be endowed with the
following mesh-dependent norm

N I1=2
= k k2. 1. , 8 2M;

E: m
m=1



and the space of traces with

kwk .

1
)

X 2
= kam;%; m

m=1 m=1

In order to obtain optimal stability and accuracy of the aboe discrete prob-
lems (8), several assumptions are required which we brie yeview below
(see for instance [37]). First, the aforementioned mixed rfoulations require
[4,14,24] thath( ; ) satis es the inf-sup condition and that & be coercive over
the null-space ofk( ; ), i.e. V,,. In order to get convergence results indepen-
dent of the chosen decomposition of , and of the relative coguration of the
adjacent meshes on interfaces, these conditions are assdne be satis ed
interface by interface and for conforming meshes. Indeedhe situation of con-
forming meshes is the most defavorable from the point of vieof the inf-sup
condition, as the space of jumps on each interface is alwaysher than the
traces of displacements on any side of the interface. The asgtions relative
to the well-posedness of associated mixed problems are thika following.

Assumption 1 (inf-sup condition) For everyl m M, there exists a
constant ., > O independent of the mesh, such that
z
w
inf su I : 11
2Mm§mW2Wr?];rE)nf09 kam;%;mk km; L m (11)

Remark 1 As proved in [37] for instance, assumption 1 implies the elgce
of a constant > 0 such that

inf  sup ov; )

kvky k k1 12
2M v2 X nfOg ka)(k k; % ( )

Assumption 2 (coercivity) Foreveryl m M, there exists a minimal
Lagrange multiplier spaceM , so thatM ,, My,. . for all meshes. Moreover,
M, is such that every pair of local rigid body motions,, and vy, on m)
and ¢, respectively which satisfy the compatiblity condition

4
(Vm Vm) =0; 8 2Mp;

m

is strongly continuous on the interface v, = v, on .

Remark 2 Under assumption 2, using a contradiction argument as in [8]



one can prove that there exists an ellipticity constant> 0 such that
a(v;v) ~kvki; 8v2V; (13)

whereV stands for the constrained space of displacements assaaiatvith the
minimal Lagrange multipliers space¢M 1)1 m wm, I.€.

z
V= v2X; [v] =0; 2Mp; 1 m M

m

Consequently, a3/, V, it follows that uniformly with respect toh > O,
&(Vh;Vh)  ~kvpk%; 8vh 2 Vi

Nevertheless, the argument gives no information of) and in particular, on its
dependence on the number of subdomains, on their sizes, andheir shapes.
This information though, remains crucial for domain decomgsition methods
asK is expected to become large. In the footsteps of Gopalaknish [20] in the
scalar case, Brenner has proved that the constart- 0 does not depend on
the number, sizes and shapes of the subdomains [12,13]. Tieefponly holds
for plane interfaces with further conditions on the Lagrargmultipliers spaces
(Mm)1 m m. Under additional technical assumptions on the aspect ratiof
the subdomains and the boundedness of curvatures, Haured &g Tallec have
extended this result to curved interfaces [21, Section 44.,122].

Finally, when the continuous displacementsl are su ciently regular, namely
each row of the stress tensor is I%cally ifl (div; ) for all the subdomains

w1l ko K ie (E:"(u) 2 K, H(div; )3 a simple application of
Green's formula shows that Lagrange multipliers represetihe normal forces
at the interfaces:

Z 4 4

a(u;v) I(v)= Eijmn  (Wmn (1 V)j f v gv
=1 Kk

%

=~

= WE :"(u) ;[vli ; 8v2X; (14)
=1

m

where stands for the normal unit vector on the skeletor in the direction
where the jump [] is counted positively;h; i denotes the duality product
betweenH¥™?( ,)® and its dual. Consequently, discrete spaces of Lagrange
multipliers must be rich enough to represent this ux accurgely, which leads
to

Assumption 3 (Accuracy) Let g be the order of interpolation of the dis-
placements as de ned in (3). Foreveri m M, discrete Lagrange multi-



pliers must be such that

inf k k.

2Mm: m

q :
im o Chgm K K 3 m)3’

for a constantC > 0 independent of the mesh-sizes.

To counterbalance the practical advantage of mesh-depemienorms previ-
ously introduced, it is necessary to complement the aboverdte assumptions
by quasi-uniformity requirements on the local meshes :

Assumption 4 (Quasi-uniformity) Foreveryl m M, the family of
interface mesheqF,. ) ..>o0 obtained from the non-mortar side and de ned
by (10) is quasi-uniform. Moreover, denote bf . - the mesh of , obtained
by replacing the non-mortar side by the mortar S|de in (10). &assume there
exists a constantC 0 independent of the mesh-sizes such that for every
1 m M, we have

diam(F) Cdiam(F); 8F 2F.,.; 8F2F -

m; m-

2.3 Analysis

The analysis to be reviewed below is in fact restricted to sitions with plane
interfaces.

2.3.1 Static case

Under assumptions 1 and 2, problem (8) is well-posed. Addimally, if we
suppose assumptions 3 and 4 to be satis ed, we obtain standasrror estimates
for the static problem (see [37,21]). Th&? error estimate (17) will follow by a
standard use of the Aubin-Nitsche argument [2]. Details cabe found in [21,
lemma 4.12, p.151]. In the sequel, we make use of the space

HE* ()= fv2HT () % E:"(v)2HY) ® g
endowed with the following semi-norm

Hay — 2 i . 2 .

jqu+1’E’ - kUqu+1() 3 + cl%kE . (U)qu() 3 3,

de ned for any u 2 HE”(). Moreover, in view of justifying the use of the

Aubin-Nitsche argument in the following theorem, we assuntbat is regular



enough so that for any loading 2 [H*() 3], there exists a displacement eld
2 H2() such that

aw;, )= hwi; 8w2 HY() :

Altogether, one can prove

Theorem 1 Under assumptions 1, 2, 3 and 4, let 2 QEﬂ H( )3 be the
solution of the static problemQ(l) written with = 0 and let (u,; ) be the
solution of (8). If (E:"(u)) 2 K., H )® 3, q 1, we have

X . 1

ku unki C et Gejujfen s+ —KE :"(WKie o s (15)
k=1

|

k hk;% C 1+£ ku upkg; (16)
2 2 x 2q:..:2
ku upkizys Ch G M uiger e (17)
k=1

The energy normk K, is de ned by kvk, = a(v;v)¥ for all v 2 X, G

is the constantC, as de ned in (2) over the subdomain . The constant
C > 0O is independent of the numbeK , the size of the subdomains, and of the
discretization; is the inf-sup constant introduced in (12).

From the convergence analysis of the static problem, one cderive the con-
vergence properties of the projection operatd?, de ned from H() onto V,
by

a(Phv;wh) =4a(v;Vh); 8vh 2 Vy; PV 2 Vg
In particular, the above theorem gives upper bound on the dencekv Ppvkq
for smooth elds v.

2.3.2 Dynamic case

We generalize herein the static analysis to the dynamic prtm (8) written
with an arbitrary density > 0. For the sake of clarity, we treat the rst-order
case (6) and refer to [21] for the technical details enablirtpe treatment of
the second-order variant (7).

Propositon 1 Letl r ¢, and

u2CYO; T;H¥™ () \CZ(O;T;% HEY ( )%\ C3(0; T;L%() 3)
k=1

be solution of (1). If (up; up)n2n is the fully discrete solution of (8), then the
following error estimate holds:

10



jun™  u(tneg)i®+ kuptt o u(tee )KG
(z
C j(id  Pn)u(0)j®+ k(id  Pn)u(0)kZ

+ tﬁ+1 t2k k|_1 0 klu'k%O(o;T;LZ() 3)
!

+ 2 h?k k X h2r jel(t)j?
n+1 L () Ck Kk Sup JU( )Jr+1;E; K

)

1 X o o
+ 2 GhEt2, sup ()i, e Uit e ) (18)
k=1 t2[0;T]

A similar convergence result was established by Azaiet al. [3]. We mainly
follow here the energetic approach from Le Tallec, Mani [35]

Proof : The proof is done in the case wherep has a positive measure, but
can be easily extended to a more general situation (cf.[21]) is decomposed
into four steps.

1. Evolution of error energy.

We introduce a new sequence of velocities}](),,n deduced from the exact
solution by
. 1
qu t= _t(PhU(tn+l) Phu(tn)): (19)

Writing the dynamic problem (1) at time t = t,,; with test function v, 2 V,
yields as in (14),

Vh +A(U(th+1); Vh) = 1(thea; Vi)
! z
O(th+1) Vvh t . (th+1) [Vnl: (20)

Substracting to (20) the corresponding discrete time stefb], one obtains

Z +1
eV
h n Vi +aled ™t vy)
z vty ! z
= hith O(th+1) Vo t < (th+1) [vn]; (21)

in which we have used the notatiory) = v{ up andeu = Pyu(t,) up.Using
Vh = et in (21) , which coincides with )™  eul)= t by construction,

11



and from the identity
1 1 1
h>(n+1' n+l Ni — Tiyn+l;2 ZixNtli2 4 Tiyntl n;2.
) X X" ij ] ij ] ij x|
we obtain after summation ovem and multiplication by t

z 1 14 1
jey i+ ékeuﬂ” ke 2 jevni® + ékeuﬂkg
NORA i+1 [ ’ _
T Y o(tia) e
{z }

| i=0 t

+ . (tier) [eU™ el ]: (22)
|2 (z }

2. Approximation error.

Resorting to the Cauchy-Schwartz inequality, one gets theliowing bound for
|, as introduced in (22):

0 1. |
z i+1 2™ 172 z b 1=2
t X V| V| X 2
0 i=0 t 1 i=0
Z i+1 i 2 Z !
t X V| V| t X 2
Loz Yo Vb g,) A+ o et

where denotes a reference time scale. By construction, we hag"  vi =

Pn(u(tisa) 2u(t)) + u(t; 1))= t?=: P, ;. Using Taylor expansion and (15),
we get

| |
t 0z o S U "
I — 2 iioe(tiag)i® +— 2 iPni i
, i \ i=0
t X a2 T
+ 2— equ 1 i tzk kLl () k ukﬁl (O;T;Lz() 3)
i=0
|
T X . . '
+C— h*k ki Gh¥ supj etz e,
x £ '
+ _t ev||:]1+1 2
2 i=0

3. Consistency error.

12



A discrete integration by parts of the error termll yields

w 12 -z z
I = L) (W) [edl+ (ten) [elh™] (t) [ew]:
= % R [ —. boIS e}
v Vv

Sinceed, 2 Vi, we obtain for every 2 M the following bound of the term
11 by using the Cauchy-Schwartz inequality and the Sobolev tce theorem

Lo tx e t t .
j||| j= — (|+1)t (I) [eu'h]
i=1 S
X 12 . . 2 X1
_t (t|+1) (t,) + _t 1 keu'hki;
2 g s t 2 i=1
where > 0 is arbitrary. Let us select ' = ~ where ~is the coercivity

constant de ned in (13). Assumption 3, Taylor's expansion lad the Sobolev
trace theorem imply that

e hictm K =2, 7 b, ot 5 keukg
~ o e LLOTHT 2(m)®) 2 .,
T X o XL
C2.._ Cl% hiq sup | lﬂ§+1;E; T 5> keu'hkf,:
k=1 t2[0;T] -

Similarly, one obtains

- X N 1 .,
jIVi € CGht sup JU(t)Jgﬂ;E; « T Zkeuﬂ LK

. X N 1
Vi C G sup ju(Diga e, | + Zkedks:
k=1 t2[0;T]

4. Conclusion.

Plugging the above estimates of and Il into (22) implies

13



t £ 1
1 — jev i v, + Zkeuﬂ”ki
z
jevi? + keufi:

| AN N

+ t2k k|_l () k ukﬁl (O;T;Lz() 3)
|

T X : :
+C— h’kkag  Gh supj ®(®)jf, e ,

T X N o
+Co— G sup ( uDiGie; , + UDiGie; )
k=1 t2[0;T|]

X 12 ' tx 1

t .
+ — eVt "+ —  keuk?: (23)
2 i=0 2 i=1

A discrete version of the Gronwall's lemma (see for instan¢21, lemma 4.13,
p.175]) implies for t =2 that

z Tz
jev*j? v, + ket ki C— jewj? + keuk2

+ t2k ! O k UkEl (0:T:L2() 3)
!

+ h%k k X he" ' 2
L1 () Cchi’ sup j e(t)jfi e, |

k=1 t2[0;T]
1X ) . . o ) t "t
+ — le hkq sup (J u_(t)Jc21+1;E; K + Ju(t)Jéﬂ;E; k) 1+ 2_ : (24)
k=1 t2[0;T]
Observe we can choost = = t,.1, and doing so, the factor
| I
t Cn+l tn+1 t 1
1+ = ex log 1+
2tn+1 p t g n+1
remains bounded b)}) e independently of t andt,.;.
The nal result follows from the triangular inequality
Ku(tn+1) Uﬂﬂ Ke K U(ths1) Pru(the)Ka + keuﬂﬂ Ke; (25)

and from the decomposition

ku_(tn+1) QEH' k|_2() s Kk U_(tn+1) VR+1 k|_2() 3
+kVﬂ+1 F)hVEﬁL k|_2() 3+ kevﬁ"l k|_2() 3, (26)

with vhip = (u(tp+r)  u(ty))= t. 2

14



3 A discontinuous stabilized formulation

In this section, we introduce special choices of discontious Lagrange multi-
pliers which do not require any special treatment at cross jp@s or cross lines.
At the same time, the locality of the proposed formulation iSmproved in the
sense that the coupling matrix is block diagonal. This chogcmeets all the
requirements of assumptions 1 to 3. The construction reliem the following
basic choice of discontinuous local Lagrange multipliers

0

n
Mmn = 2L m)%  jr2Pqa(F)% 8F2Fn, ., (27)

This choice obviously satis es assumption 3. The price to pan order to verify
the inf-sup condition (assumption 1) is the addition of a stabilizationin the
form of the enrichmentBy.,,, in (3).

3.1 First order caseq=1.

3.1.1 Setting and analysis

The interface ux is approximated here by piecewise constén For any face
F 2Fn ., let K(F) stand for the non-mortar element havingrF as a face.
We propose to enrich the space of displacements by a singleerface bubble
b= de ned as follows. IfK (F) is a tetrahedron whose vertices are denoted by
(&)1 i 4 with the associated barycentric coordinates () ; 4+1, the interface
bubble b can be de ned as:

Y
b = [
aj2F
a
T
a,
S 2,

Fig. 1. Bubble function » 3 on the interface S, in a triangle T (2D case).

When considering a cubic reference eleme@t=[ 1;1F, we can also de ne

15



the face bubble associated with the facé =[ 1;1P f 1gby

ble = %(1 Xi)(l Xg)(l X3); 8% = (/)(1, kz;ks) 2 [ 1 1]3:

For this choice, we have

Proposition 2 Let Mp,. . be de ned by (27) for everyl m M. Let Xy,

be the space of displacements de ned by (4) fqr= 1 and enriched with the
aforementioned interface bubbles. Then, assumption 1 hwldith a stability
constant independent of the discretization.

Proof : The proof will build a mapping m :L?( m)®! WJQ. such that for
everyw 2 L?( )3, we have

87 z

2 W = W ; 8 2Mpy,;

Lo m e (28)
“k mwk, il Crnkwk,. ik

Such a relation clearly implies inequality (11) with ,, = C%.

To check (28), letl, be an interpolation operator fromL?( )3 to W2. .
Forall w2 L?( )3 we dene
X

mW = W+ Fb:F;
F2F m: m

with ( F)r2r,., @ set of coe cients to be de ned below. Because Lagrange
multipliers are piecewise constant, satisfying the rst e in (28) implies that
forall F 2 F ., we must have

z z
mW= W
F F
which imposes R
|
F= F_V%T”‘W; (29)
F

R . .
Let us now show that - b- C meaqF). If the mesh is ane, a classical
change of variable onto the reference elemeht provides

z _ meagqF) z

- m |'_AB: CmeaS(F)

Let us now assume the mesh is a general quadrangular mesh. Véaate by
Je 2 Q4(F)? the mapping between the reference squafeand the non-mortar
faceF rescaled by the homothety ratio £diam() and centered at the origin
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02 R3. Let us introduceJ = fJg; F 2 Fp. .0 Observed  Qu(F)3is
bounded in a nite dimension space uniformly with respect tahe mesh size;
it is therefore compact. Additionally, the mapping

1 z

A:J2J7W — = b .2R,
meas(J(F)) 3@ *©

is continuous and sincel is compact,A reaches its lower bound. As a conse-
guence, there exists a constar€@ > 0 independent of the mesh-size such that
b CmeaqF)forall F2F,. ,,,1 m M.

Consequently, (29) and the Cauchy-Schwartz inequality yie

kw |n1VVkL2(F)_
meag(F )12

j F]

Thus, we obtain the following estimate

1
K wk?y = T KWk
an T e, REY O
0 bk 1
X 1 X 1 .
ce — Kl Wk, + = kw | WkZ e — = E)A
cary, , NF)T O T e h(F) LZ(F)lmeas(F)
X 1 X 1
c@ —— Kl yWk? ey + ——kw | WkZ, e A
cor , NF) O RE)TT T
0 ' ' 1
X 1 X 1
cC@ —— Kl yWk? ey + —— _kwk?
e RETVREO T Rk

By choosing the interpolation operator ,, as the projection fromL?2( )3 to
W3.  for the inner product

F2Fm: m
which ensureskl nwk;, .1k wky, .1, we conclude that

K mwk.1..,  Ckwk. Lim

Nl

ending the proof. 2

Finally, it is not di cult to show that the proposed formulat ion satis es as-
sumption 2, at least for plane interfaces decomposed intoufoquadrilateral
parts. More precisely, we state (see [21, lemma 4.3, p.11of]d detailed proof):
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Proposition 3 Assume that ,, = @\ @ is plane and is the image of a
reference quadrilateral
( 52 )
m= X2R% x Gn= & 2[ L1];
=1

. . ,R . .
whereGp, = j mj ! _ xdx is the barycenter of .,. By construction, ., can
be splitted into4 parts ( "), j 4 where | 2 [ 1;0]or | 2 [0;1] for every
1 | 2 (see Figure 2). Then the Lagrange multiplier space

n (0]
Mn= 2L% m)% jmisaconstant;1 j 4

will satisfy assumption 2.

Fig. 2. Decomposition of ., and contruction of the minimal Lagrange multiplier
spaceM .

3.1.2 Counter-example and numerical validation

We show here that assumption 1 can be easily violated when alille stabi-
lization is not introduced. For example, let us consider amterface S whose
non-mortar side is represented on Figure 3, and equipped tvita uniform
square mesh. The diameter of the squares is denoted hy

We adopt the classicalQ; Py discretization:
8
M =fp2L*S)% pir 2 Po(F)%8F 2F g;
WO =fp2 HI(S)3\COS)3 pir 2 Qu(F)3%8F 2F ¢

If ,2 M istaken as a \checker board", i.e.

W= a a2R®

18



depending ofF 2 F in the way indicated by Figure 3, then we have by
symmetry of each shape function with respect to each node,
z
s h h = O, 8 h 2 WO:

As a consequence, assumption 1 is not satis ed.

C, Cs
+1 -1 +1 -1 +1
1 +1 -1 +1 1
+1 -1 +1 -1 +1
1 +1 -1 +1 1
C, C,

Fig. 3. Uniform square mesh of the interfaceS between two subdomains.

Remark 3 The standard assumption 1 ensures the well-posedness ofape
proximate problem (8) independently of the relative con gation of the mortar

and non-mortar meshes. In particular, it is always strictlystronger than the
inf-sup condition (12), except in the conforming case, wherit is equivalent.

The instability shown on Figure 3 entails that (8) is not welbosed for con-
forming meshes on the interface, but the problem (8) could Well-posed for
strictly non-conforming interfaces. Indeed, in the inf-sp condition (12), the

displacement over the interface enters through its jump whas it only enters
in the assumption 1 through its value on the non-mortar sid@bviously, the
space of jumps over the interface can be considerably richban the space
of the displacements on the non-mortar side if the interfadgs really non-

conforming. This enrichment coming from the non-conformijt can make the
inf-sup condition (12) satis ed, but in such case, there wilbe no robustness
with respect to the relative position of the interfaces.

In any case, as soon as a bubble stabilization is introducete inf-sup constant

m In assumption 1 remains strictly positive independently othe discretiza-
tion.

3.2 Second order casg= 2.
3.2.1 Macro-element analysis
The macro-element analysis of Boland-Nicolaides [10,1TidaStenberg [32{34]

is a practical way of verifying theinf-sup condition. Its extension to the mortar
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framework is rather straightforward and we refer to [21, Lema 4.15, p.475] for
the details. The assumptions follow. Assume that for every 1 m M, the
interface |, is equipped with a family of macro-meshesN(,. ,,) .,>0. Each
macro-element! 2 N,. ., is a subset! F .. of adjacent elements. We
assume that

(1) every elementF 2 F ,. . belongs to at least one macro-element and less
than L macro-elements, independently of the mesh sizg,

(2) each! = [iF; 2 Np. . is the image of a reference macro-element=
[iF 2 N by an homeomorphismJ such that Jj. : K ! Fi is one-to-
one; the reference macro-elemeit has a bounded number of reference
elements, independently of the mesh sizg,,

(3) for every 2 N, for every 72 M (') such that

z
W A=0; 82 WO(M) we must have ~=0: (30)

The spacesw (™) and M (™) constructed on !~ are the counterparts on
" of the spacesNr?,; _and My, , constructed on .

The result reads

Proposition 4 Assume that foreveryl m M, the aforementioned state-
ments (1),(2),(3) are satis ed. Then, assumption 1 is true wh constants in-
dependent of .

In the sequel, we apply this technique to the veri cation of heinf-sup stability
condition for discontinuous stabilized formulations usig higher order approx-
imations. The proof uses macro-elements made of single edes. Observe
this is much more powerful than just checking for 2 My,. = that

z

w =0; 8wW2W, . =) =0:

Indeed, the \macro-element" checking ensures independenof the inf-sup
constant with respect to the mesh.

3.2.2 Hexaedral elements

Let Q =[ 1;1f =+ [ 1;1] be the reference cube whose * 1gis a
face included in the non-conforming interface. To stabile the second order
displacementsQ,(Q)3, two interface bubbles are required, given along each
geometric direction by

Bi(xi;xaixs) = x1(1 xH)A x2)(A  Xs);

Bo(xi;x2i%3) = 21 x3)(L x3)(L  Xa):
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The trace of such bubble functions on the interface {s illustrated on Figure
4. Checking implication (30) is elementary (the reader is ferred to [21, p.179]
for further details).

A
AN
Sl
lI[II LS
ey
"tﬁﬁ\\“

2%
S
Sy

Y #
>

Fig. 4. The trace of the bubble function By on the face!” of the reference cubed.
Of coursefy, is obtained by permutation of the two coordinates (X1 X2).

3.2.3 Tetrahedral elements

Let T be a reference tetrahedron whose nodes are denoted By 4 and
the corresponding barycentric coordinates by (); i 4. We assume thata,
does not belong to the facé %of T which is included in the non-conforming
interface. The standard second order displacemenB(T)3 are enriched by
three bubbles, generated along each geometric direction by

1
61: 1 5 123 4

2
1

152: 25 12 3 4
1

B3— 3. 5 1234

A typical example of such bubbles is given on Figure 5. Cheokj implication
(30) is also elementary here (the reader is referred to [21,181] for further
details).
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Fig. 5. A bubble function on the reference interface triange T.
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4 Curved interface adaption

In many industrial problems, subdomains correspond to spiersubstructures
with curved interfaces. After nite element discretizatian, each interface may
be represented by di erent discrete surfaces (Figure 6). @ntherefore needs
to use a common interface on which the weak continuity constint will be
assembled. In this section, we propose a practical adaptiaf the mortar
method to this framework, relying on the local Hermite patchreconstruction
proposed by Puso [28]. Note the present reconstruction gaim locality.

4.1 Modied mortar constraint

Let us now consider a partition ( )1 k k of such that the interfaces are
curved and piecewiseCt. Denoting by S the reunion of these interfaces, we
consider a partition ( )1 m wm Oof S into Ct manifolds. After independent
discretizations of the subdomains, eachy is replaced by a .,, and each n,
by two faceted surfaces . ~and ;.  (Figure 6). Additionally, we assume
that ..  is an entire number of element faces in the meShmy:n,,, ON the
boundary of k(m):hig(m) -

Fig. 6. A geometrically non-conforming decomposition of a @main with curved
interfaces.

Assume now we have reconstructed an intermediary interfacg,. . The mor-
tar constraint assembled on this new interface would readrfevery 1 m
M

’ z

~(Pup(®) Quy(®) Q (¥)ds(¥)=0; 8 2Mp, . (31)
Above, u; , u,, denote the discrete displacement elds on the mortar and nen
mortar domains R(m)ihg ' <My respectively, as de ned in the previous

sections. The spac#!,. . of Lagrange multipliers is de ned on the non-mortar
interface . . The two operatorsP and Q extend displacements and La-

22



grange multipliers onto ~,. ., and ds stands for the surface measure over

m; m-

Of course, the simplest version would be to use directly thadeted non-mortar
interface to assemble the constraint, i.e™y,, , = . , and to project data
onto it face by face. Observe that in general, such a mapping the mortar
side to the non-mortar side is not into. In the following sedbns, we introduce
a more sophisticated formulation, whose interest will ap@e in the numerical
validation.

4.2 Hermite patch reconstruction

In the present section, we propose speci ¢ choices to implent practically the
generic formulation (31). The regular interface™,. . construction is detailed
as well as the associated operato and Q.

4.2.1 Interface de nition

At the nodes located on the boundary of each curved interface,. , we
rst build normal outward unit vectors n(a) approximating the normal on the
underlying C surface ,,. For every interface 1 m M and every internal
nodea?2 .. n@,. _ inside this interface, we then de ne a normal outward
unit vector n(a), say by a weighted averaging process. For instance, demaji
by F(a) the set of faces in sharing the nodea, one can use the following

m; m
average
jFing(a)
F2F(a)
n(a) = :
() x
JFine(a)
F2F(a) 2

wherejFj is the area ofF and ng the eld of its outward normal unit vectors.

Once we have reconstructed the normal unit vectors at each @ of the curved
interface, we build a regularized interface”,,. —associated to the non-mortar
side . through a mapping' n : .. ! 7. . More precisely, ™.

is a C' manifold and is such that' ,(a) = a for every nodea 2 . and

such that the normal outward unit vector to ~,,. ~at a is the vector n(a)
constructed above.

~

Let us detail the expression of ., on the faceF located on .. ;F is aface
of the elementK belonging to Ty(my:h, ., - L€t K be the associated reference
elementand ¢ : R3! RS2 the iso-parametric mapping such that x (K) = K .
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Let ' , be the map de ned as
'm k(B = k HE(®); 8R2F; (32)

whereHg : F ! R3is a high order mapping to be de ned below on the
reference element. For every node df F, we impose

He (8) = "8; (33)
so that for every nodea= (@) we obtain' ,(a) = a. Next, let

t@= 2@ 212

be two tangent vectors onF at the node a. We modify them to make them
orthogonal to the imposed normal vecton(a); one obtains:

ti(d=ti(@ t(a n@n(a i2f12g:

Due to (32), we deduce the tangent conditions to impose on tHecal map
He (%) as

g

(a). ti(a)=:"i(a) i2f12g (34)

@lr - @k
@& P @

The above construction is illustrated on Figure 7.

n@;)

n(@,)

Fig. 7. Interface regularization acting on the 1D interfaceelementF based upon the
predicted normal vectors at vertices. F denotes the reference element. lllustration
of the mappings previously de ned.

When F = [ 1;1P is the reference square represented on Figure 8 is
de ned as the Hermite interpolation without twist (as propcsed in [28]) and
is explicitly given when enforcing (33),(34) as:
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He(®) = (R)
1 (%) 1(R2) + 07 2(R1) 1(R2) + 1T 2(R1) 20R2) + 1T 1(Rh) 2(R2)
13 1(R1) 1(R2) + 1 2(R1) 1(R2) + 15 2(Re) 2R2) + 15 1(Re) 2(Ro);

where ’,* = 7 (&). The following Hermite interpolation functions have been
used

(9= 3(s D@+ 9= ;(s+D%2 9

1(s) = %(S+ 1A s)% »(S) = %(S 1)(1 + 9)%

for everys 2 [ 1;1], and for everyx*2 F,

0 1
1%)5¢1(3 j kljz)g:

(®)= 5 -
? R2(3 | %%
nq N3
N
F
Al %

Fig. 8. A square surface reference elemert =[ 1;1].

If the reference surface elemerit is the triangle represented on Figure % ¢
is given by

X X
He(®) = (®)+ NASE)+  %TiR)
where ’I* = 7 (&). The shape functions used in this expression are

8 8

3Si(xy)=x 2% xy?+x® 3Tixy)=y 2% yx2+ys

L Sa(xy) = X2+ x3 s T y) = 2%y X%y 2xy? (35)
TSa(xiy)=2xy  xy? 2%y Ta(xy) = yR+yd

and for everyx2 F, 0 L

3ix1j2  2jR4°
%)J 1) JR1) X:

(R) =
3xa® 2R
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a’=(0,1)

N
F

a'=(0,0) a%=(1,0
Fig. 9. A triangular surface reference element-.

4.3 Spaces and projections

The spaceMy,. ,, of Lagrange multipliers in (31) is de ned as in the plane
interface case, on the non-mortar interface,,. . The projection operatorQ

is de ned for everyx2 —,, by
Qw(x) = w(' '(%)):
The projection operatorP obeys for everyx2 ~p,,
Pw(x) = w(Px);

Px2 ;. issuchthatx Pxis colinear to the vectorn(x) normal to ~p
at x.

4.4 Quasi-exact integration

Quadrature approximation of the mortar weak-continuity castraint is known
to alter the optimality of the method [16,26]. Consequentlyin spite of the
di culty in handling numerically the surface integrals in (31), one has to
compute them \as exactly as possible". To do so, the expressi(31) is splitted

into contributions of the facesF 2 F ,,; | on the non-mortar side ... , as
z
_(Pup(®) Quy(x) Q (%) ds(x)
Y Z
= (Pup(®) Quy(x) Q (¥)ds(x)=0; 8 2Mpn,,:
FoF . . m(F)

We simply detail the non-conforming contribution, decompsed as follows
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Z X 7
e PUn () Q (9 dseo = Put(x) Q (%) ds(x);

c + PG\ m(F)

m: m

m

where the sum is over the mortar face& whose projectionP G intersects the
curved face' (F). To compute each integral, we rst identify every nodel
of the original mortar faceG facing the non-mortar faceF, and compute its
projectionP (k) 2 . on the curved interface, together with its coordinates

B =( « He) Y(b)inthe reference facé . Thef) are the vertices of a polygon
R? intersecting F. We will in fact approximate the domain of integration
PG\ ' n(F) asthe image of E\ &) bythe map « H ¢ {see (32){, i.e.

PG\ 'm(F)' « He(F\ &)

Thus, each local contribution can be evaluated on the referee polygonF \ G
as

z
Pup(x) Q (%) ds(x)
z

PG\ m(F)
L LPUCK HE®) (k) mB) dRi Rz, (36)

using the metric de ned by the curvilinear map ¢ H ¢

n
m(®) = %KX(HF(X» @g

i=1

&)
2

The polygonal faceG\ F is the intersection of two polygons inR2, which

can be computed using [27] and the routines available on thathor's website
after suitable modi cations. Then, the integral (36) can becomputed with

high accuracy by decomposing the obtained N-polygaB\ F, into N trian-

gles sharing its barycenter. The integral over each trianglis computed by
guadrature using a su ciently high number of Gauss points { ve have used
up to 12 Gauss points { since the integrand is not polynomial.

5 Numerical tests for discontinuous mortar-elements
5.1 Beam under traction

First, we consider an homogeneous beam made of an isotrogasgc material,

whose a tip is clamped on a wall. The free tip is subjected to anifiorm neg-
ative pressure. All the characteristics are detailed in th&able, Figure 10. For
comparison purpose, nhon-conforming and conforming meshae considered,
as shown on Figure 11.
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Young modulusE 5000 Pa
Poisson coe cient 0.2
density 1 kg/m3
traction pressurep 10000 Pa
length L 2m
thicknessl 1m
extension under static loading 3.97m
period of the rst extensional eigenmode 0.1125 s

Fig. 10. Characteristics of the beam and rst numerical estimations.
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Fig. 11. Conforming (4225 nodes, 3456 elements) and non-clamming (2926 nodes,
2240 elements) meshes of a beam using rst order elements.

Displacements are approximated byQ; rst order nite elements enriched
with a bubble interface stabilization on the ner side, whity will be the non-
mortar side of the interface. As described in Section 3.1, genge multipliers
are chosen piecewise-constant on the non-mortar side.

We start by illustrating the non-optimal results obtained when computing
the mortar constraint by quadrature on the ner side of the irierface. Such a
computation using an inexact quadrature rule of the mortar wface integral

leads to interface oscillations of the displacements, ascstn on Figure 12.
This result con rms the work of [16,26].

When using now exact quadrature for the mortar integrals, té error in dis-
placements between the conforming and non-conforming mdsles about 510 ®m

in LY norm. The corresponding relative error is about 1¢. Concerning
Cauchy stresses, a:40 * relative gap between the conforming and non-conforming
models is observed. This very good agreement is illustrated Figure 13, where

the computed distribution of ;; stresses is represented.
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Fig. 12. Interface displacements on the ner side, when usig a quadrature approx-
imation (top) and the exact integration (bottom) of the mort ar constraint.

Finally, let us discuss the in uence of the choice of the nomortar side (de n-
ing the multipliers either on the coarse side, or on the ne @) on the solution.
The relative gap of the displacements (resp. of the;;, stresses) inL! norm
between the non-conforming solutions computed with theséaices is 210 ©
(resp. 810 #). As illustrated on Figure 15, the relative gap of stresseemains
concentrated on the elements sharing the interface. Theselative gaps com-
paring the solutions associated with di erent non-mortar gles have the same
amplitude than the relative gaps between the conforming angon-conforming
solutions. Therefore, the static analysis is con rmed (atdast in a homoge-
neous model), indicating that the choice of the non-mortaride can be made
arbitrarily without a ecting optimality.

The same simulations have been computed for @, approximation of the
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Fig. 13. Distribution of 1; stresses on the deformed con guration of the non-con-
forming (top) and conforming (bottom) models, by using a rst order approximation
for the displacements.

displacements both on conforming and non-conforming modelusing the in-
terface stabilization presented in Section 3.2, and disammuous P; Lagrange
multipliers. For this second order approximation, we havedpt the same num-
ber of nodes as in the previous rst order approximation. Theelative gap
in displacements (resp. maximal stresses) inh! norm between conforming
and non-conforming models is:30 ® (resp. 110 3). The distribution of 1,
stresses for the conforming and non-conforming models ipresented on Fig-
ure 14. Moreover, we show on Figure 15 that the in uence of thehoice of the
non-mortar side (de ning the multipliers either on the coase side, or on the
ne one) is again rather small in this case. Indeed, the relate gap for the 1,
stresses between the solutions for the two possible choicéghe non-mortar
side is always smaller than 40 3, keeping the same amplitude than the gap
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in stresses between the conforming and non-conforming dadus. It is worth
noticing that whereas the relative gap for displacements bweeen the rst and
second order models is:20 4 in L' norm, the maximal stress has been in-
creased by 10 in the second order model, due to the presenca sfngularity
at the corners of the xed tip of the beam.
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Fig. 14. Distribution of 1; stresses on the deformed con guration of the non-con-
forming (top) and conforming (bottom) models, by using a seond order approxi-
mation for the displacements.

Let us now consider the elastodynamics problem associateithathe previ-

ous beam model, by using the trapezoidal time discretizatiogiven by (7).

For comparison purpose, the rst order conforming and nonemforming space
discretizations used above in the static case are tested.ndethe non-mortar
side is the ner one. A constant traction (identical to the satic case) is applied
at the tip of the beam. As this sollicitation is derived from apotential, oscilla-
tions are expected and observed. Some snapshots of the cotagudynamics
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Fig. 15. Relative gap of 11 stresses between the solutions computed on the non{
conforming model for the two possible choices of the non-mdtar side, when using a
rst order (top) and a second order (bottom) approximation f or the displacements.
The pictures on the right column are zooms on the ner side of he interface. The
relative gap remains smaller than 84 10 # (resp. 16 10 3) for the rst order
(resp. second order) approximation.

are given on Figure 16. In order to compare the space non-comhing solution
with the conforming one, the horizontal displacement of theentral node of the
free tip of the beam is represented on Figure 17 both for nomtforming and
conforming approximations when using 20, 50 and 100 time pgeper oscilla-
tion period. The solutions are very close from each other, wdh con rms the
theoretical result of optimality for our space non-conforiimg approximation
in linear elastodynamics.

5.2 Cylinder in plane displacements

An homogeneous bidimensional cylinder in plane displacent® under pres-
sure load is considered. This problem involves a curved intace. The cylin-
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TIME=0.03s TIME=0.06 s

A A,
TIME=0.09s TIME=0.12s

A A

Yy x Y

Fig. 16. Snapshots of the computed dynamics of the beam by usg a non-conforming
rst order approximation of the displacements.

der is made of an isotropic linearly elastic material whosénaracteristics are
given on the table, Figure 19. As previously, for comparisgourpose, we con-
sider conforming and non-conforming meshes, as shown onufg18. As pre-
sented in Section 3.1, the displacements are approximatey §; polynomials
supplemented by a bubble interface stabilization; Lagramgmultipliers are
piecewise constant. In this case, the non-mortar and mortanterfaces do not
geometrically match. To formulate the weak-continuity costraint, the ap-
proach from Section 4 is used. The distribution of maximal stsses over the
deformed con guration is represented on Figure 20, both faronforming and
non-conforming rst order approximations. The quality of the non-conforming
approximation shows here the small in uence of the geometrhon-conformity.
The in uence of the choice of the non-mortar side is also stied, and the
relative gap of the maximal stresses between the two possildhoices is repre-
sented on Figure 21. Because of the homogeneity of the maéénd because
the non-conforming interface is not in a high stress regiosuch an in uence
remains very small.
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Fig. 17. Horizontal displacement of the central node of the ip of the beam as a
function of time, both for the non-conforming and conforming rst order space
approximation of the beam, together with a trapezoidal approximation in time.
Simulations done with 20, 50 and 100 time steps per period. Td good agreement
con rms the optimality of the non-conforming space approximation.

5.3 Interface regularization

One may legitimately wonder if the interface regularizatio proposed above
is able to improve convergence order. As a matter of fact, waeanot able
to show that asymptotically, the convergence order with rgeect to the mesh
size is improved. Nevertheless, practice shows that for rimear problems
involving contact and incompatible meshes having very dient mesh sizes,
the regularity of the stress distribution is improved, espaally when some
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Fig. 18. Conforming (1456 nodes, 1350 elements) and non-cfmmming (973 nodes,
810 elements) meshes of a cylinder in plane displacements.

Young modulusE 5000 Pa
Poisson coe cient 0.2
internal pressurep 100 Pa
internal radius 1.0m
interface radius 1.33m
external radius 15m
maximal displacement under loading 0.058 m

Fig. 19. Characteristics of the cylinder.

of the meshes remain quite coarse. For some complex problesfisndustrial
interest, such regularization even improves the Newton ntebd convergence.

Let us consider the case of a layered structure made of two vea\built with the

same material. The top one has the coarser mesh, and the twgdas are glued
using the mortar method. The whole structure is forced to et in frictionless
contact with a plane ground below the ner layer. The underfaned structure

is shown on Figure 22. The stress distribution over the defmed con guration

is displayed on Figure 23; the non-mortar side is the coarsén the absence
of the proposed modi cation, the displacement eld on the rer layer lacks
regularity and exhibits high local stresses.

This result notwithstanding, we have observed that in the akence of con-

tact for instance, i.e. for smoother problems, the improveemt brought by the
presented technique is less obvious. For instance, let usmswler a quarter of
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Fig. 20. Distribution of the maximal stresses in a cylinder under pressure both for
conforming and non-conforming space approximation.

cylinder made of two layers of identical materials; it is claped at its tips
and an internal pressure is applied. The solutions with and ithiout regular-
ization are extremely similar in terms of displacements; stsses di er by less
15 percents, as illustrated on Figure 24.
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Fig. 21. Relative gap of the 11 stresses between the solutions computed on the
non-conforming model for the two possible choices of the nemortar side, when
using a stabilized rst order approximation for the displacements and piecewise
constant Lagrange multipliers. The relative gap remains snaller than 7:1 10 4,

Fig. 22. A two-layer problem with incompatible meshes.

5.4 Industrial computation in tire industry

The work presented herein has also been used to compute witlceess an
industrial test case in nonlinear elasticity and large defmations, reproduced
herein by courtesy of Michelin. Let be given a standard tiretwo meshes of it
being represented on Figure 25. The displacements on thearfiace between
the architecture and sculptures are glued by using the proped discontinuous
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Fig. 23. Stress distribution over the deformed con guration for the ner layer. The
non-mortar side is the coarser and the results show the e ecbf the interface regu-
larization (right) as compared to the standard approach (left).
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Fig. 24. Left: Two-layer quarter of cylinder with incompati ble meshes. Right: Rel-
ative gap of maximal stresses between the solutions with andvithout interface
regularization.

mortar formulation, using the reconstructed curved interdces.

When the wheel experiences a vertical load at its center, the#e undergoes
a static deformation. The corresponding contact pressur@s a plane ground
are represented on Figure 26 for compatible and incompatélimeshes. Such
an illustration shows the very good agreement between confting and non-
conforming computations and con rms the optimality of the nortar approxi-
mation (Part 1), even in the nonlinear framework.

In addition, when the center of the wheel is submitted to a 1 k/ horizontal
velocity, the unsteady contact pressures computed on therdorming and non-
conforming models prove again to be very close, as illusteat on Figure 27.

The interest of such a test case is to indicate that the mortaformulation also
applies well to large industrial computations, and that theoptimal results
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Fig. 25. Compatible and incompatible meshes of a tire. The isompatible mesh has
an incompatibility ratio of 4 approximatively (i.e. the ne mesh has about 4 times
more elements on the interface).

shown herein in the linearized framework seem to extend pecfly to the
nonlinear case.

6 Conclusion

This paper has shown the optimal extension of the mortar metid to linearized
elastodynamics, and has introduced, analyzed and tested sabntinuous sta-
bilized formulation. The formulation avoids the usual speal treatment of
cross points and cross lines, and renders the coupling bladilegonal. The is-
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Fig. 26. Contact pressures obtained respectively for the aopatible mesh (top), and
incompatible meshes with incompatibility ratios of 2 (middle) and 4 (bottom).

sue of curved-interface treatment has been addressed fronetpractical point
of view, and numerical examples con rm the e ciency of the m#&od for non-
linear industrial problems.
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Fig. 27. Contact pressures for the 1km/h unstationary rolling of the tire, computed
on a compatible mesh (top) and an incompatible mesh with an icompatibility ratio
of 4 (bottom).
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