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Abstract

This paper is concerned with the convergence of mortar methods applied to linear
elasticity. We prove that the conventional mesh-dependent norms used in the anal-
ysis of mortar methods are bounded below by the BV norm. When combined with
standard results, this bound establishes a decomposition-independent and mesh-
independent proof of the convergence of mortar methods in linear elasticity.
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1 Introduction

Mortar methods were introduced by C. Bernardi, Y. Maday and A.T. Pat-
era for the Poisson equation in [1,2] in order to formulate a weak continuity
condition at the interface of subdomains in which different variational approx-
imations are used. Relaxing the constraint on the boundaries of the interfaces,
the formulation of F. Ben Belgacem [3] with Lagrange multipliers is the stan-
dard framework in which the method is understood at present time. One of the
key aspects of the method consists of defining appropriate spaces of Lagrange
multipliers for enforcing the gluing constraint. Indeed, the original proposal
of a modified trace space [1,2] for Lagrange multipliers suffers from a number
of shortcomings, such as the non-locality of the constraint over the interfaces,
and a necessary special treatment of the boundary of the interfaces. Using the
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concept of bi-orthogonal bases for low order elements, both Wohlmuth [4] and
Kim-Lazarov-Pasciak-Vassilevski [5] proposed Lagrange multipliers rendering
the constraint diagonal. Earlier approaches used discontinuous Lagrange mul-
tipliers to localize constraint [6,7]. The design of bi-orthogonal bases for higher-
order approximations is a subject of considerable interest at present (e. g.,
[8,9] and the references therein). In addition, for second-order approximations
Seshaiyer [10] showed that the use of continuous first-order Lagrange multipli-
ers over the interfaces are optimal, with the noticeable advantage of requiring
no modification on interface boundaries. An interesting strategy that partakes
from the aforementioned advantages is the use of discontinuous Lagrange mul-
tipliers of low order and interface stabilization, as proposed by Ben Belgacem
[11] for the Stokes problem; and by Hauret and Le Tallec [12,13] for elasto-
statics and higher order approximations.

Mortar methods have proved a useful tool for domain decomposition and many
domain decomposition algorithms have been adapted to this framework, in-
cluding the Neumann-Neumann approach [14], substructuring approaches to
solve the saddle-point problem [15,16]; a variant of the Bramble-Pasciak-Shatz
preconditioner in two-dimensional [17]; and also FETI and FETI-DP ap-
proaches [18–20]. Multigrid methods [21,22] have also been extensively studied
within the mortar framework. Other applications include: the Stokes equation
[23–25]; Navier-Stokes equations [26,27]; linearized elasticity [28]; plate and
shell problems [29,30]; and electromagnetism [31–35], among others. More re-
cently, the mortar approach has additionally been extended or adapted to
contact mechanics [36–39].

An outstanding question in the area of mortar formulations for elliptic prob-
lems concerns the difficulty in assembling the constraint. Indeed, the assembly
by quadrature has been shown to result in sub-optimal properties [40]. Addi-
tional modifications of the method have been developed to enable a pointwise
evaluation of the constraint [40–42]. However, the formulation then becomes
non-symmetric and still lacks for a proof of coercivity. Another crucial as-
pect concerns the fact that, in practice, the meshes of the subdomains are
generated independently and the underlying interfaces are not known in gen-
eral. The formulation of the constraint must then be adjusted to enable the
gluing of displacements along implicit interfaces. Some promising strategies
have been proposed and tested in that regard [43,44], and an analysis of those
strategies has been carried out in two dimensions [45,46].

Another outstanding question concerns the choice of the right topology to
establish the convergence of the method. For Poisson’s equation, the first con-
vergence analysis of the mortar method made use of the broken H1 norm for
the displacements, and of the H−1/2 norm–dual of H

1/2
00 norm–for Lagrange

multipliers over the interfaces [1,3,22]. However, this norm depends on the
particular subdomain decomposition and, therefore, does not allow for the
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comparison of approximations obtained from different decompositions. In ad-
dition, the associated norm for the jump of displacements across interfaces
is the broken H

1/2
00 norm, which precludes the discrete displacements from

jumping at interface junctions. In particular, the meshes must be conforming
on interface boundaries. While this restriction is onerous enough in two di-
mensions, it becomes unwieldy or unfeasible in three dimensions. To sidestep
this problem, Wohlmuth [47] has proposed and used a mesh-dependent norm
introduced by Agouzal and Thomas [48] and recently revised by Dahmen et
al. [49] (cf, also [50]). This mesh-dependent norm is closely related to the
norms used in the analysis of Discontinuous Galerkin (DG) methods (cf, e. g.,
[51] for an overview). The mesh-dependent norm is particularly convenient
because no additional constraints are necessary at interface junctions to ob-
tain an estimate, is readily computable and has the same scaling properties as
the the broken H1 norm with respect to the mesh size. Building on work by
Gopalakrishnan [52] and Brenner [53] for the scalar case, recent work on the
linearized elasticity problem has established the subdomain-decomposition in-
dependence of the constants arising in the error estimates [54,12,55], especially
the coercivity constant.

These advances notwithstanding, error estimates based on mesh-dependent
norms are necessarily formal and do not supply a rigorous proof of conver-
gence. Lew et al. [56] have recently obtained mesh-independent error bounds
for DG approximations in linear elasticity in terms of bounded variation (BV)
norms [56]. These estimates unequivocally proof the convergence in the BV
topology of DG methods applied to linear elasticity. The choice of BV topol-
ogy may at first seem odd in the context of linear elasticity, where existence
is expected in H1 under the usual technical assumptions. However, the BV
framework is indeed natural for DG and mortar methods where the approx-
imating functions themselves are discontinuous and do not belong to H1. In
addition, BV topologies are natural in the general context of free-discontinuity
problems, such as resulting from fracture, shear banding, and other localization
processes [57]. The BV framework may thus be useful in guiding extensions
of DG and mortar methods to such problems.

In this paper we adapt the BV estimates of Lew et al. [56] to mortar methods.
The main result of the paper is a proof that the conventional mesh-dependent
norms are bounded below by the BV norm. When combined with standard
results [54,12], this bound establishes a decomposition-independent and mesh-
independent proof of the convergence of mortar methods in linear elasticity.
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2 Formulation of the problem

Whereas mortar methods are by now standard, they may stand a brief review,
especially as regards aspects relevant to subsequent developments.

2.1 Elastostatics

We consider a linear elastic solid occupying a bounded and open domain Ω ⊂
R

d with Lipschitz boundary. Let ΓD ⊂ ∂Ω be the part of its boundary where
zero displacements are prescribed, and ΓN = ∂Ω\ΓD the complementary part
where the tractions g ∈ L2(ΓN ; Rd) are applied. In addition, we denote by
f ∈ L2(Ω; Rd) the body forces applied over Ω, and by E ∈ L∞(Ω; Rd×d×d×d) a
distribution of elastic moduli over the material satisfying:







E(x) : ξ is a symmetric matrix for any symmetric matrix ξ ∈ R
d×d,

∃c0 > 0, (E(x) : ξ) : ξ ≥ c0 ξ : ξ, ∀ξ ∈ R
d×d,

for almost-every x ∈ Ω. The linearized elastostatics problem then consists of
finding u ∈ H1

∗ (Ω) such that:

∫

Ω
(E : ε(u)) : ε(v) =

∫

Ω
f · v +

∫

ΓN

g · v, ∀v ∈ H1
∗ (Ω). (1)

Here and subsequently, ε(u) denotes the symmetrized part of the gradient of
u, i. e., ε(u) := 1

2
(∇u + ∇ut), and:

H1
∗ (Ω) = {v ∈ H1(Ω; Rd), v|ΓD

= 0 a.e. on ΓD}.

Alternatively,

a(u, v) =
∫

Ω
(E : ε(u)) : ε(v), ∀u, v ∈ H1(Ω; Rd),

l(v) =
∫

Ω
f · v +

∫

ΓN

g · v, ∀v ∈ H1(Ω; Rd),

and problem (1) can be reformulated as that of finding u ∈ H1
∗ (Ω) such that:

a(u, v) = l(v), ∀v ∈ H1
∗ (Ω). (2)

2.2 Mortar formulation

Let us recall here the finite element non-conforming discretization obtained
for problem (2) in the framework of the mortar method, introduced in [1]. For
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simplicity, let us assume it is based on a polygonal non-overlapping partition
(Ωk)1≤k≤K of Ω, i. e.

K
⋃

k=1

Ωk = Ω, Ωk ∩ Ωl = ∅ for all 1 ≤ k < l ≤ K.

Each Ωk is endowed with a triangulation Tk;hk
where hk denotes the maximum

diameter of the elements. The associated local discretization space of order q
is then defined as

Xk;hk
=
{

v ∈ H1
∗ (Ωk), v|K ∈ [Pq(T )]d ∀T ∈ Tk;hk

}

⊕ Bk;hk
,

where Pq(T ) is the space of polynomials of total order less or equal to q in T ,
and Bk;hk

is a possible enrichment on the boundary of Ωk. The early idea of
interface bubble stabilization comes from the so-called three-field formulation
of Brezzi and Marini [58]. Such an enrichment has been introduced in the
mortar setting by Belgacem [11] for the Stokes problem, and by Hauret and
Le Tallec [13] for elastostatics and higher order approximations. Then, the
product space

Xh =
K
∏

k=1

Xk;hk
,

with h = max
1≤k≤K

hk, defines a non-conforming approximation space. Denoting

by X the product space
∏K

k=1 H1
∗ (Ωk), we have Xh ⊂ X.

We now proceed to formulate the gluing constraint for the displacements in Xh.
Denoting by Γkl the interface between subdomains Ωk and Ωl when it exists,
the skeleton-interface between the subdomains is defined as S = ∪1≤k<l≤KΓkl.
When the direction of the unit normal vector on Γkl is not smooth, i. e. Γkl

has several faces, it may be important to consider a partition of S which is
finer than the one given by the (Γkl)1≤k<l≤K (see remark 4). More precisely,
we consider the new partition

S =
N
⋃

m=1

γm,

where

• for any 1 ≤ m ≤ N , there exists two subdomains Ωk and Ωl such that
γm ⊂ Γkl,

• any Γkl is the union of an entire number of γms, which are its faces.

For any 1 ≤ m ≤ N , γm is then included in a pairwise interface Γkl, and in the
framework of mortar methods, one has to choose once for all, a non-mortar or
slave side k(m) equal to k or l. This choice made, γm inherits a surface mesh
Fm;h which is the trace of the mesh Tk(m);hk(m) built on the slave domain Ωk(m)
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on γm. More precisely

Fm;h = {T ∩ γm, T ∈ Tk(m);hk(m)
}. (3)

In addition, we assume the standard so-called hypothesis of geometrical con-
formity:

Assumption 1 (Geometrical conformity) For every 1 ≤ m ≤ N , and
every F ∈ Fm;h, F is an entire face of an element T ∈ Tk(m);hk(m)

, which we
denote by T (F ).

2 6

5
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3

1

4a

4b

Fig. 1. Decomposition of a two-dimensional domain and meshes of the subdomains.
There are 8 interfaces between subdomains, represented by the thick interior lines;
for interfaces 1 to 3, the non-mortar side can be chosen arbitrarily. Interface 4 must
be split into two interfaces 4a and 4b when using continuous Lagrange multipliers
(see remark 4) and the choice of the non-mortar side is arbitrary on 4a and 4b.
Concerning interfaces 5 to 8, the non-mortar side must coincide with the side where
the numbering of the interface appears in order to satisfy assumption 1.

For every 1 ≤ m ≤ N , the gluing constraint is enforced by means of Lagrange
multipliers defined on Fm;h and spanning a space Mm;h defined in section 2.3.
The displacement solution u of (2) is then approximated on the constrained
space

Vh =
{

uh ∈ Xh,
∫

γm

[uh] · µh = 0 ∀µh ∈ Mm;h, 1 ≤ m ≤ N
}

,

where [uh] denotes the jump of uh across S. Let us introduce the bilinear form
ã : X × X → R as

ã(u, v) =
K
∑

k=0

ak(uk, vk),

with

ak(uk, vk) =
∫

Ωk

(E : ε(uk)) : ε(vk).
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In addition, suppose that for any 1 ≤ k ≤ K there exist two positive constants
ck and Ck such that, for almost every x ∈ Ωk,

ck ξ : ζ ≤ (E(x) : ξ) : ζ ≤ Ck ξ : ζ, (4)

for all symmetric matrices ξ, ζ ∈ R
d×d. We then become interested in finding

uh ∈ Vh such that

ã(uh, vh) = l(vh), ∀vh ∈ Vh.

The interpretation of mortar methods in the framework of mixed methods
is due to the early work of Belgacem [3]. To provide such an interpretation,
introduce bilinear form b : X × M → R,

b(v, λ) =
N
∑

m=1

∫

γm

[v] · λ,

where M =
∏N

m=1 L2(γm; Rd). With this notation, the approximation problem
now concerns the determination of a pair (uh, λh) ∈ Xh × Mh such that







ã(uh, vh) + b(vh, λh) = l(vh), ∀vh ∈ Xh,

b(uh, µh) = 0, ∀µh ∈ Mh,
(5)

where Mh =
∏N

m=1 Mm;h.

2.3 Notation and assumptions

In the sequel, the space of displacements X is endowed with the rescaled
broken H1 norm ‖ · ‖X defined by

‖v‖2
X =

K
∑

k=1

1

diam(Ωk)2
‖v‖2

L2(Ωk ;
�

d) + |v|2H1(Ωk;
�

d) ∀v ∈ X,

whereas M is equipped with the norm ‖ · ‖M defined by

‖µ‖2
M =

N
∑

m=1

‖v‖2
L2(γm ;

�
d) ∀µ ∈ M.

In addition, we will use special spaces of interface displacements introduced
in [48] and defined by

H
1/2
h (γm) =







φ ∈ L2(γm; Rd), ‖φ‖2
h, 1

2
,m =

∑

F∈Fm;h

1

h(F )
‖φ‖2

L2(F ;
�

d) < +∞







,
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H
−1/2
h (γm) =







λ ∈ L2(γm; Rd), ‖λ‖2
h,− 1

2
,m =

∑

F∈Fm;h

h(F )‖λ‖2
L2(F ;

�
d) < +∞







,

endowed with the norms ‖ · ‖h, 1
2
,m and ‖ · ‖h,− 1

2
,m, respectively.

As is well-known within the context of mixed formulations, the well-posedness
of (5) and the accuracy of the numerical solution requires the satisfaction of the
so-called inf-sup condition [59,60]. From a heuristic point of view, the inf-sup
condition amounts to saying that the number of weak-continuity constraints on
the interfaces must be less than the number of displacement degrees of freedom
on the interfaces. In the mortar framework, to ensure a uniform behavior with
respect to the structure of the skeleton S it is traditionally required that the
inf-sup condition be satisfied interface by interface. Moreover, independence
from the relative position of the meshes on the interfaces requires that the inf-
sup be checked for conforming meshes, which corresponds to the worse case. In
addition, since the nodes on the boundary of the interfaces (γm)1≤m≤N may be
shared by more than two subdomains the inf-sup condition must be satisfied
for vanishing displacement jumps on interface boundaries. In mathematical
terms, the inf-sup condition is expressed as follows (see [47,55]):

Assumption 2 For each interface 1 ≤ m ≤ N , denoting

Wm;h =
{

v|γm, v ∈ Xk(m);hk(m)

}

∩ H1
0 (γm; Rd),

there exists a mapping

πm : H
1/2
h (γm) → Wm;h,

such that for all v ∈ H
1/2
h (γm),

∫

γm

(πmv) · µ =
∫

γm

v · µ, ∀µ ∈ Mm;h,

with

‖πmv‖h, 1
2
,m ≤ Cm‖v‖h, 1

2
,m,

for a positive constant Cm > 0 independent of the surface mesh Fm;h.

Remark 1 The terminology “inf-sup condition” comes from the following in-
equalities making use of assumption 2 and the duality of the spaces H

1/2
h (γm)

and H
−1/2
h (γm) through the inner product of L2(γm; Rd):
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inf
µ∈Mm;h

sup
vh∈Wm;h

∫

γm
vh · µ

‖vh‖h, 1
2
,m‖µ‖h,− 1

2
,m

≥ inf
µ∈Mm;h

sup
v∈ � 1/2

h
(γm)

∫

γm
πmv · µ

‖πmv‖h, 1
2
,m‖µ‖h,− 1

2
,m

≥
1

Cm

inf
µ∈Mm;h

sup
v∈ � 1/2

h
(γm)

∫

γm
v · µ

‖v‖h, 1
2
,m‖µ‖h,− 1

2
,m

≥
1

Cm
inf

µ∈Mm;h

‖µ‖h,− 1
2
,m

‖µ‖h,− 1
2
,m

=
1

Cm
.

In addition, in order to insure the coercivity of the bilinear form ã over the
constrained space Vh, i. e.

ã(vh, vh) ≥ α̃ ‖vh‖
2
X , ∀vh ∈ Vh, (6)

for a coercivity constant α̃ > 0, it is necessary to consider Lagrange-multiplier
spaces that are sufficiently rich as to suppress local rigid motions [47,55].
Indeed, the satisfaction of (6) imposes that ã(vh, vh) = 0 with vh ∈ Vh imply
vh = 0. More precisely, any field of displacement that is locally a rigid motion
in the subdomains and which satisfies the weak-continuity constraint must
be globally a rigid motion over Ω, which vanishes from the zero boundary
condition on ΓD. Enforcing such a condition interface by interface, we assume:

Assumption 3 For all 1 ≤ m ≤ N , there exists a minimal Lagrange multi-
plier space Mm such that Mm ⊂ Mm;h independently of the discretization, and
such that for every v ∈ X that is locally a rigid motion over the subdomains
Ωk and Ωl,

∫

γm

[v] · µ = 0 ∀µ ∈ Mm =⇒ [v] = 0 on γm. (7)

Under assumption 3, the bilinear form ã is coercive over V × V , where

V =
{

v ∈ X,
∫

γm

[v] · µ = 0, ∀µ ∈ Mm, 1 ≤ m ≤ N
}

,

i. e.,
∃α̃ > 0, ã(v, v) ≥ α̃ ‖v‖2

X ∀v ∈ V. (8)

A fortiori, ã is coercive over Vh×Vh since Vh ⊂ V . These coercivity properties
can be established by means of the contradiction argument of [1], but then the
independence of the coercivity constant from the subdomain decomposition
is not elucidated by the argument. Proofs of the subdomain-decomposition
independence of the coercivity constant may be found in [54] and in [12] for
the curved interface case.
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Due to the coercivity result (8) guaranteed by assumption 3 and the surjec-
tivity of the constraint coming from assumption 2, the well-posedness of (5)
follows from standard theory (cf, e. g., [47,55]). Furthermore, in order to in-
sure optimal convergence rates, each approximation space Mm;h of Lagrange
multipliers must contain all polynomials of total degree less or equal q − 1
over each element T ∈ Fm;h. The need to conciliate this requirement with
assumptions 2 and 3 has lead to several strategies:

• In the original formulation of the mortar method [1], Mm;h is a space of
continuous functions over γm that are polynomials of degree q on every T ∈
Tm;h inside γm and specially modified into polynomials of order q − 1 when
T ∩∂γm 6= ∅. Such modifications can lead to difficulty in the implementation
of the method [61]. Moreover, the constraint is not diagonal and cannot
be eliminated. Here, no stabilization of the displacements is needed and
Bk;hk

= ∅ for any 1 ≤ k ≤ K. As an illustration, for first order elements
(q = 1) on a one-dimensional interface, the shape functions of Mm;h are
represented on figure 2.

• In order to render the mortar constraint diagonal, thus enabling the elimina-
tion of the constraint when assembling the matrix of the problem, Wohlmuth
has proposed the use of dual Lagrange multipliers [4]. This idea was ex-
tended by Kim-Lazarov-Pasciak-Vassilevski [5] to the three-dimensional case,
who also propose alternatives based on piecewise constant ”finite-volume”
multipliers. For one-dimensional interfaces, the concept of duality has re-
cently been adapted and analyzed in the case of higher order approximations
[9] or for curved interfaces [46]. Despite its appeal, the dual approach still
requires modification of the Lagrange multipliers at interface junctions. As
an illustration, for first order elements (q = 1) on a one-dimensional in-
terface, the corresponding dual shape functions of Mm;h are represented on
figure 2.

Fig. 2. Primal [1] and dual [4] bases of Lagrange multipliers on the non-mortar
side of a straight one-dimensional interface, for a first-order approximation of the
displacements (q = 1).

• For second-order approximations (q ≥ 2) Seshaiyer [10] has shown that
continuous Lagrange multipliers of degree q − 1 satisfy all the requisite
assumptions. The simple space

Mm;h = {µ ∈ C0(γm; Rd), µ|F ∈ [Pq−1(F )]d ∀F ∈ Fm;hm}

does not require any modification at interface junctions but loses the locality
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of the constraint ensured by dual approaches [4,5].
• Belgacem [11] and Hauret-Le Tallec [55,12,13] have proposed taking the

Lagrange multipliers to be discontinuous of order q − 1, i. e.,

Mm;h = {µ ∈ L2(γm; Rd), µ|F ∈ [Pq−1(F )]d ∀F ∈ Fm;hm},

This choice results in local gluing constraints without special modifications
at interface junctions, albeit at the expense of requiring stabilization on the
interface displacements, i. e. Bk;hk

6= ∅. For example, when dealing with a
one-dimensional interface, all the triangles of the non-mortar mesh must be
enriched by an interface bubble, as shown in figure 3.

Fig. 3. Interface bubble shape function on a one-dimensional interface. Such a local
enrichment is supported by a triangular element on the non-mortar side, as proposed
in [11,13].

3 Analysis in BV

We proceed to adapt the BV estimates of Lew et al. [56] to mortar meth-
ods. The main result of this section is a proof that the conventional mesh-
dependent norms are bounded below by the BV norm. This bound establishes
a decomposition-independent and mesh-independent proof of the convergence
of mortar methods in linear elasticity.

3.1 Mesh-dependent estimate

We begin by reviewing the conventional mesh-dependent error estimates for
the mortar method. Denote by

(

Fm;h

)

h>0
the sequence of meshes defined as

in (3) by replacing the non-mortar side by the mortar side, and introduce δm

(resp. δm) as the maximal diameter of the elements of Fm;h (resp. Fm;h). We
make the additional assumption:
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Assumption 4 For all 1 ≤ m ≤ N , the family of interface meshes (Fm;h)h>0

on the non-mortar side is quasi-uniform. In addition, we assume that the ratio
δm/δm is bounded independently of the discretization.

Remark 2 These assumptions can be weakened within the framework devel-
oped by Dahmen et al. [49].

In addition, introduce the norm (cf, e. g., [47,55])

‖|v|‖ = ‖v‖X +
N
∑

m=1

‖[v]‖h, 1
2
,m, ∀v ∈ X. (9)

the seminorm:

|u|2q+1,E,Ωk
= |u|2Hq+1(Ωk;

�
d) +

1

C2
k

‖E : ε(u)‖2
Hq(Ωk)d×d, (10)

let α̃ be the coercivity constant of ã over Vh×Vh and (Ck)1≤k≤K the constants
appearing in the inequality (4). Then we have the following error estimate (see
[55] for a detailed proof).

Proposition 1 If u ∈
∏K

k=1 Hq+1(Ωk; R
d) is the solution of (2) with (E :

ε(u)) ∈
∏K

k=1 Hq(Ωk)
d×d and q ≥ 1, and (uh, λh) ∈ Xh ×Mh is the solution of

(5), the following error estimate holds:

‖|u−uh|‖ ≤ C
(

1 + max
1≤k≤K

Ck

α̃

)

(

K
∑

k=1

h2q
k |u|2q+1,E,Ωk

+
N
∑

m=1

δ2q
m |λ|2

Hq− 1
2 (γm;

�
d)

)1/2

.

(11)
We have denoted by λ = (E : ε(u)) · n the interface flux in which n refers to
the unit normal vector on the skeleton S, outward to the non-mortar side. The
constant C is independent of the number, the diameter, the Young moduli and
the discretization of the subdomains.

Remark 3 Following [54,55], it is possible to ensure the independence of
the coercivity constant α̃ from the discretization, the number, the size and
the shape of the subdomains in the decomposition. Consequently, the mesh-
dependency of (11) is entirely hidden in the ‖| · |‖ norm.

Remark 4 In estimate (11), it is clear the interfaces γm have to be regular

enough so that we have λ ∈ Hq− 1
2 (γm; Rd). Indeed, the normal n on γm is

part of the definition of λ. As a consequence, when using continuous Lagrange
multipliers on the γms, as in [1,4], it is crucial that the γms be regular enough.
By way of contrast, for discontinuous Lagrange multipliers as in [5,11,13] the
partition of the skeleton S into interfaces is immaterial.

Remark 5 The proof of proposition 1 uses Assumption 1. The restriction of
geometrical conformity thereby also applies to the result given later in theorem
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1. In the case of fracture along the interfaces, for which the BV framework is
natural, the fracture surface may be geometrically nonconforming. However,
a careful examination of the proof proposed in [55] reveals that geometrical
nonconformity can be violated on the boundary of an interface shared by no
other interface. In the definition of the norms ‖ · ‖h,± 1

2
,m (see section 2.3),

Fm;h then must be replaced by

F∗
m;h = {F face of elements in Tk(m);hk(m)

, meas(F ∩ γm) 6= 0},

and the result of proposition 1 still holds, see illustration on figure 4.

Fig. 4. Example involving fracture where geometrical conformity (Assumption 1) is
violated. The proof of Proposition 1 (see [55]) shows that optimality is preserved if
assumption 1 is only violated on the boundary of any interface shared by no other
interface. Here, the choice of the non-mortar side is arbitrary.

3.2 Decomposition/discretization-free estimate in BV

In this section we supply a mesh-independent error estimate in the BV norm.
Since mortar approximations involve discontinuous displacements across inter-
faces, the choice of BV topology naturally suggests itself. BV topologies also
naturally arise in the analysis of free-discontinuity problems [57]. We recall
[57] that the space BV (Ω; Rd) of functions of bounded variation is

BV (Ω; Rd) := {v ∈ L1(Ω; Rd); |∇u|TV (Ω;
�

d×d) < +∞},

where

|∇u|TV (Ω;
�

d×d) = sup

ϕ ∈ C1
c (Ω; Rd×d)

‖ϕ‖L∞(Ω;
�

d×d) ≤ 1

∫

Ω
u · div(ϕ).
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is the total variation of ∇u. The space BV (Ω; Rd) is endowed with the follow-
ing norm:

‖v‖BV (Ω;
�

d) =
1

diam(Ω)
‖v‖L1(Ω;

�
d) + |∇u|TV (Ω;

�
d×d), ∀v ∈ BV (Ω; Rd),

The following lemma adapts to mortar methods the BV estimates derived by
[56].

Lemma 1 There exists a constant C > 0 independent of Ω, of the discretiza-
tion and the decomposition into subdomains, such that

‖v‖BV (Ω;
�

d) ≤ C |Ω| ‖|v|‖, ∀v ∈ X.

Proof. Denoting by nk the normal outward unit vector on Ωk we have

∫

Ω
u · div(ϕ)=

K
∑

k=1

∫

Ωk

u · div(ϕ)

=−
K
∑

k=1

∫

Ωk

∇u : ϕ +
∑

1≤m≤N

∫

γm

(ϕ · [u]) · nk(m).

Moreover, we have

sup

ϕ ∈ C1
c (Ω; Rd×d)

‖ϕ‖L∞(Ω;
�

d×d) ≤ 1

∫

γm

(ϕ · [u]) · nk(m) ≤ ‖[u]‖L1(γm ;
�

d),

sup

ϕ ∈ C1
c (Ω; Rd×d)

‖ϕ‖L∞(Ω;
�

d×d) ≤ 1

∫

Ωk

∇u : ϕ ≤ ‖∇u‖L1(Ωk ;
�

d),

Therefore, by the Cauchy-Schwarz inequality,

14



|∇u|TV (Ω;
�

d×d)

≤
K
∑

k=1

‖∇u‖L1(Ωk;
�

d×d) +
∑

1≤m≤N

‖[u]‖L1(γm;
�

d)

=
K
∑

k=1

‖∇u‖L1(Ωk;
�

d×d) +
∑

1≤m≤N

∑

F∈Fm;h

‖[u]‖L1(F ;
�

d)

≤
K
∑

k=1

|Ωk|
1/2‖∇u‖L2(Ωk ;

�
d×d) +

∑

1≤m≤N

∑

F∈Fm;h

|F |1/2‖[u]‖L2(F ;
�

d).

By the shape regularity of the mesh, which implies diam(F ) |F | ≤ C |T (F )|,
we additionally have

|∇u|2TV (Ω;
�

d×d)

≤ 2

(

K
∑

k=1

|Ωk|
1/2‖∇u‖L2(Ωk ;

�
d×d)

)2

+

+2





∑

1≤m≤N

∑

F∈Fm;h

|F |1/2 diam(F )1/2

diam(F )1/2
‖[u]‖L2(F ;

�
d)





2

≤ 2

(

K
∑

k=1

|Ωk|

)(

K
∑

k=1

‖∇u‖2
L2(Ωk;

�
d×d)

)

+

+2





∑

1≤m≤N

∑

F∈Fm;h

diam(F ) |F |









∑

1≤m≤N

∑

F∈Fm;h

1

diam(F )
‖[u]‖2

L2(F ;
�

d)





≤ 2|Ω|

(

K
∑

k=1

‖∇u‖2
L2(Ωk;

�
d×d)

)

+

+C





∑

1≤m≤N

∑

F∈Fm;h

|T (F )|









∑

1≤m≤N

∑

F∈Fm;h

1

diam(F )
‖[u]‖2

L2(F ;
�

d)



 .

It follows that

|∇u|2TV (Ω;
�

d×d) ≤C |Ω|

(

K
∑

k=1

‖∇u‖2
L2(Ωk;

�
d×d)

)

+C |Ω|





∑

1≤m≤N

∑

F∈Fm;h

1

diam(F )
‖[u]‖2

L2(F ;
�

d)



 . (12)

Finally, since
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1

diam(Ω)2
‖u‖2

L1(Ω;
�

d) ≤ |Ω|
1

diam(Ω)2
‖u‖2

L2(Ω;
�

d)

= |Ω|
K
∑

k=1

1

diam(Ω)2
‖u‖2

L2(Ωk;
�

d)

≤ |Ω|
K
∑

k=1

1

diam(Ωk)2
‖u‖2

L2(Ωk ;
�

d), (13)

we deduce from (13) and (12) that

‖u‖2
BV (Ω;

�
d) ≤ 2

(

1

diam(Ω)2
‖u‖2

L1(Ω;
�

d) + |∇u|2TV (Ω;
�

d×d)

)

≤C |Ω| ‖|u|‖2.

2

We obtain as a consequence the central result of this paper.

Theorem 1 If u ∈
∏K

k=1 Hq+1(Ωk; R
d) is solution of (2) with (E : ε(u)) ∈

∏K
k=1 Hq(Ωk)

d×d and q ≥ 1, and (uh, λh) ∈ Xh × Mh is solution of (5), the
following error estimate holds:

‖u−uh‖BV (Ω;
�

d) ≤ C
(

1 + max
1≤k≤K

Ck

α̃

)

(

K
∑

k=1

h2q
k |u|2q+1,E,Ωk

+
N
∑

m=1

δ2q
m |λ|2

Hq− 1
2 (γm ;

�
d)

)1/2

,

(14)
with:

|u|2q+1,E,Ωk
= |u|2Hq+1(Ωk;

�
d) +

1

C2
k

‖E : ε(u)‖2
Hq(Ωk)d×d. (15)

The constant C is independent of the number, the diameter, the Young moduli
and the discretization of the subdomains.

4 Summary and concluding remarks

Theorem 1 supplies a rigorous and unambiguous proof of convergence of mor-
tar methods applied to linear elasticity in terms of a fixed BV norm inde-
pendent of the discretization. It would be natural to pursue extensions of the
analysis to free-discontinuity problems such as arise in the variational treat-
ment of linear-elastic fracture mechanics. Evidently, mortar and DG meth-
ods provide a convenient framework for the approximation of those problems,
with interfaces representing cracks and displacement jumps across the inter-
faces representing the attendant crack opening displacements. In this case, the
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energy of the solid includes a cohesive term which is supported on the frac-
ture surface. Interestingly, certain numerical stabilization terms proposed in
the context of DG methods have the form of a cohesive energy [56]. Because
the geometry and topology of the fracture surface can become exceedingly
complex, e. g., as a result of branching and fragmentation, weak notions of
convergence such as provided by the topology of strict convergence in BV (Ω)
naturally suggest themselves [62]. Finally, because of the strongly nonlinear
character of fracture and localization problems, the traditional linear-analysis
techniques cease to apply and Γ-convergence arises as the tool of choice for
establishing the convergence of numerical approximations.
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[55] P. Hauret, Méthodes numériques pour la dynamique des structures non-
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