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tTwo numeri
al diÆ
ulties arise when 
omputing low speed large displa
ements
uid stru
ture intera
tion problems. On the one hand, 
lassi
al time integrations
hemes whi
h are dissipative, un
onditionally stable and a

urate for 
uids 
ow-ing inside �xed domains may loose their long term stability properties when used onmoving domains. On the other hand, nonlinear 
onstitutive laws in the stru
ture, andnonlinear 
onstraints su
h as in
ompressibility, may lead to unexpe
ted numeri
al in-stabilities when using standard midpoint or Newmark s
hemes on the stru
ture. Weprove herein that in 
ontrast, high order s
hemes using a partially non
onservativeformulation asso
iated to the variable p�JU on the 
uid, and lo
al nonlinear energy
orre
tions on the stru
ture lead to an overall s
heme whi
h properly 
onserves kineti
and me
hani
al energy in the system.1 Introdu
tionWe 
onsider herein the numeri
al solution of low speed large displa
ement problems wherea 
exible in
ompressible elasti
 stru
ture in large displa
ements intera
ts with the 
ow ofan external or internal in
ompressible 
uid, at low vis
osity. Hydrauli
 sho
k absorbers,biomedi
al 
ows in 
exible pipes, aeroelasti
 instabilities of 
exible air
rafts or tall bridges,or o
ean 
ows around very long risers are examples of su
h situations. The numeri
al
hallenge is to predi
t the longterm time evolution and stability of these 
oupled systems.The separate analysis of either deformable stru
tures in large displa
ements for a smalltime [8℄, or in
ompressible vis
ous 
uids 
owing inside �xed domains [3℄ is rather wellunderstood. But as illustrated in this paper, making both models intera
t for a longtime, and introdu
ing nonlinear kinemati
 
onstraints is more diÆ
ult. This 
ouplingmust respe
t the geometri
 
ompatibility of the di�erent domains, the kinemati
 and1
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on�gurations : the �xed referen
e 
on�guration 
0 where the 
uiddomain is delimited by the stru
ture at rest, and the physi
al 
on�guration 
(t).kineti
 
onditions satis�ed by the 
uid and the stru
ture inside their own domains, attheir 
ommon interfa
e, and properly 
onserve mass AND energy.The 
onservation laws written on a global �xed referen
e 
on�guration de�ne theme
hani
al problem to be solved (x2). Se
ond order time dis
retizations are next proposed(x3). We observe there that 
lassi
al time integration s
hemes may loose their long termstability properties when used on moving domains. We also produ
e in x4 new estimatesproving that these s
hemes do properly 
onserve the energy, if they are used on a partiallynon
onservative formulation asso
iated to the variable p�JU , and are used with lo
alenergy 
orre
tions as proposed in [6℄. The eÆ
ien
y of these 
orre
tions is illustrated inx5 for a pure stru
tural problem.2 Me
hani
al problemThe system under study o

upies a moving domain 
(t) in its present 
on�guration. It ismade of a 
uid in motion in a deformable part 
f (t) of 
(t) and of a deformable stru
turewhi
h lies on the 
omplement 
s(t) of 
f (t) in 
(t) (Figure 1). The problem 
onsists in�nding both the time evolution of this 
on�guration, and the velo
ity U := dxdt and Cau
hystress tensor � within the 
uid and the stru
ture.To evaluate the strain �eld or write the elasti
 
onstitutive laws inside the stru
ture, itis very 
onvenient to transport the 
onservation laws for both the 
uid and the stru
tureon a �xed referen
e 
on�guration 
0. The 
hoi
e of the 
on�guration 
0 and of the mapx : 
0 ! 
(t) (and hen
e of its ja
obian J = det �x�x0 and of the underlying grid velo
ity2



UG = ��x�t �jx0) may be arbitrary (Arbitrary Lagrangian Eulerian (ALE) formulation), but,on the stru
ture 
s, the equations are mu
h simpler when the point x(x0; t) 
orrespondsto the present position xs(x0; t) of the material point whi
h was lo
ated in x0 at timet0. As for the mapping xf from 
f0 onto 
f (t), it will be fully 
hara
terized by its nodalvalues on ea
h nodal point of the dis
retization grid. It 
an be any reasonable extensionxf = Ext(xsj�0) of the material interfa
e deformation, but it must mat
h the stru
turaldeformation on this interfa
e.The stru
ture is supposed to be a nonlinear in
ompressible elasti
 stru
ture and tointera
t with a vis
ous in
ompressible 
uid of given density � whi
h perfe
tly sti
ks to itsboundary, meaning that the 
uid parti
les must follow the stru
ture during the motion.In this framework, the me
hani
al evolution of the global 
uid stru
ture system take the�nal form :Find the stru
tural deformation xs 2 V s, the 
uid density �fJ in initial 
on�guration,the pressure p 2 Q = L2(
0), the 
uid velo
ity Uf 2 V f , the interfa
e tra
tion g� 2W� =(H1=2(
0))0, and the 
uid 
on�guration mapping xf 2 V f su
h thatZ
f0 �J��t jx0 q̂ + Zx(
f0 ;t) divx(�(U � UG))q̂ + Z
s0(det (C1=2(rx))� 1)q̂ = 0;8q̂ : 
0 ! IR; (mass and volume 
onservation) (1)ms(�xs; Û s) + Z
f0 �J�Uf�t jx0 � Ûf + Zxf (
f0 ;t) divx(�Uf 
 (Uf � UG)) � Ûf+as(rxs;rÛ s) + Zxf (
f0 ;t)(�(rxUf +rtxUf )� pId) : �Ûf�x= Z
(t) f � Û + Z�
(t) g � Û + Z�0 g� � �tr (Û s)j� � tr(Ûf )j��;8(Û s; Ûf ) 2 V s � V f ; (momentum 
onservation) (2)tr(xs)j� = tr(x0)j� + Z t0 tr(Uf )j�(�)d�; (3)xf = Ext(xsj�0): (
uid 
on�guration map) (4)Above, the stru
tural mass operator ms has the usual linear expression en
ountered inlagrangian dynami
s. When dealing with in
ompressible or almost in
ompressible elasti
materials in large deformation, the sti�ness term as(rx;rÛ) must be de�ned in mixedform as as(rx;rÛ) = R
s0 F ��(rx) �rÛ with � the se
ond Piola-Kir
hho� stress tensorgiven by : � = 2�W�C � 2p� detC1=2�C ; (5)3



where p denotes the hydrostati
 pressure, W the stored elasti
 potential fun
tion of theright Cau
hy-Green strain tensor C = F t � F , and F = rx the deformation gradient.The above formulation involve three major nonlinear e�e
ts : a transport term F =rx = �x�x0 in fa
tor of the stress tensor � in the stru
ture, a nonlinear in
ompressibility
onstraint on the stru
ture a
ting on (det F (rx)� 1) = �det (C1=2(rx))� 1�, and a 
on-ve
tion term divx(�Uf 
 (Uf �UG)) � Ûf in the 
uid. The notation �det (C1=2(rx))� 1�instead of (det F (rx)� 1) is 
onsistant with the 
onservative writing (5) of the Kir
hho�stress.A possible modi�
ation 
onsists in using a non
onservative writing of the momentum
onservation equation in the 
uid. This te
hnique sele
ts an adequate exponent 0 � q � 1and repla
es the initial governing variable �JUf by (�J)qUf , simply by adding (q� 1)Uftimes the mass 
onservation equation to the momentum 
onservation equation. The 
aseq = 1 
orresponds to the initial 
onservative formulation, the 
ase q = 0 
orrespondsto the usual non
onservative formulation used for in
ompressible vis
ous 
uids. The 
aseq = 1=2 turns out to be the right 
hoi
e for energy 
onservation in a 
uid stru
ture setting.With this addition, the momentum equation (2) be
omesms(�xs; Û s) + Z
f0 (J�)1�q �(J�)qUf�t jx0 � Ûf+ Zxf (
f0 ;t)�divx[�Uf 
 (Uf � UG)℄ + (q � 1)divx[�(Uf � UG)℄Uf� � Ûf+as(rxs;rÛ s) + Zxf (
f0 ;t)(�(rxUf +rtxUf )� pId) : �Ûf�x= Z
(t) f � Û + Z�
(t) g � Û + Z�0 g� � �tr(Û s)j� � tr(Ûf )j��;8(Û s; Ûf ) 2 V s � V f : (6)Remark 1 The above formulation is in fa
t equivalent to three 
oupled subproblems, whi
hare 
hara
teristi
 of 
uid stru
ture intera
tion problems.1. Solving the mass 
onservation equation, and 
hoosing in (6) Û s = 0 and Ûf arbi-trary in V f0 = fÛf 2 V f ; T r(Uf )j�0 = 0g, we �rst obtain a standard Navier-Stokesequation written in ALE form on the moving domain 
f (t), and formally asso
iatedto Diri
hlet 
onditions Tr(Uf )j�0 = Tr(U s)j�0 imposed on the interfa
e and spe
i�edby the stru
tural problem.2. By 
hoosing in (6) Ûf = 0 and Û s arbitrary in V s, we obtain a standard stru
turalproblem with imposed tra
tion for
es on the interfa
e (spe
i�ed by the 
uid problem)ms(�xs; Û s) + as(rxs;rÛ s) = Z
s(t) f � Û s + Z�
(t)\�
s(t) g � Û s4



+ Z�0 g� � tr(Û s)j�;8Û s 2 V s:3. The last subproblem de�nes the grid 
on�guration map inside the 
uid by an expli
itor impli
it equation of the type xf = Ext(xsj�0):Its relation to the other subproblems redu
es to the lo
al 
ondition relating on theinterfa
e, the 
uid grid velo
ity to the lo
al value of the 
uid (or stru
tural) physi
alvelo
ity.3 Time dis
retizationWe now need to 
onstru
t a time dis
retization s
heme respe
ting the above kinemati

ompatibility 
ondition at the 
uid stru
ture interfa
e, and 
onserving energy. We will
on
entrate here on totally 
oupled one point time integration s
hemes. Su
h te
hniquessolve the full system (in
luding the kinemati
 
ompatibility 
ondition (3)) at a sequen
eof dis
rete times tn; n = 1; : : :, using independent �nite di�eren
e approximations of thevarious time derivatives.3.1 Partially expli
it s
hemesThe 
ost of an impli
it time step 
an be
ome prohibitive when 
onsidering realisti
 mul-tis
ale models. An expli
it time stepping is simpler, but for stability reasons, time stephas to satisfy a CFL 
ondition, parti
ularly restri
tive for quasi-in
ompressible problems.By analogy with semi expli
it s
hemes 
ommonly used in 
omputational 
uid dynami
s, agood 
ompromise 
ould 
onsist in only impli
iting the pressure terms in the s
heme, whi
his equivalent to proje
t at ea
h time step the result predi
ted by an expli
it time iterationof an asso
iated 
ompressible problem onto the subset of in
ompressible displa
ements.It is obvious that the CFL 
ondition to be satis�ed for the time step is then far less re-stri
tive, sin
e it is then asso
iated to an underlying soft 
ompressible material. For anisolated stru
ture, the resulting s
heme is simplyZ
 �xn+1 � 2xn + xn�1�t2n � Û + Z
 2Fn � �W�C (rxn) : rÛ+12 �Z
 pn�1 
of Fn�1 : rÛ + Z
 pn+1 
of Fn+1 : rÛ�= Z
 f � Û + Z�
 g � Û ; 8Û 2 V;Z
 �detC1=2n+1 � 1� q̂ = 0; 8q̂ 2 Q:5



Unfortunately, be
ause of the nonlinearity in the in
ompressibility 
onstraint, when solv-ing su
h a nonlinear problem by a Newton's method, the in
rements Æx(k)n+1 and Æp(k)n+1 aresolutions of tangent problems whi
h have the same 
omplexity as a full impli
it s
heme.The only way to gain in 
omplexity would be to invert only a pressure problem, whi
hrequires to adopt a lumped diagonal mass and to negle
t all nonlinear 
oupling terms in-volving displa
ements in the 
al
ulation of the ja
obian detC1=2n+1. This modi�ed algorithmdoes not 
onverge in pra
ti
e be
ause of the highly nonlinear 
hara
ter of the set of in-
ompressible displa
ements. Thus, a displa
ement problem must be inverted at ea
h timestep and the asso
iated 
ost is 
omparable to the 
ost of an impli
it time step. Therefore,in su
h 
onstrained nonlinear frameworks involving nonlinear in
ompressible stru
tures,totally impli
it s
hemes seem to be the only way to explore.3.2 Standard impli
it s
hemesA standard impli
it s
heme in elastodynami
s uses a trapezoidal rule for time integrationwith say stress averaging [1℄. For nonlinear problems, Simo or Cris�eld [12, 2℄ have pro-posed to use in addition a transport averaging, whi
h means that ea
h integrand (�)n+1=2is predi
ted as follows�F � �(rx)�n+1=2 = 12(rxn+1 +rxn) � �n+1=2; (transport averaging)�n+1=2 = �W;C(C(rxn+1)) +W;C(C(rxn))��pn+1�det (C1=2(rxn+1))�C � pn�det (C1=2(rxn))�C ; (stress averaging)U sn+1=2 = xsn+1 � xsn�tn = 12(U sn+1 + U sn);( �xs)n+1=2 = U sn+1 � U sn�tn :For the 
uid, the 
orresponding energy 
onserving s
heme would be Crank Ni
holsonde�ned by  �(�J)qUf�t !n+1=2 = ((�J)qUf )n+1 � ((�J)qUf )n�tn ;and averaging all expressions at time tn+1=2 by(�)n+1=2 = (�)n+1 + (�)n2 ;ex
ept for the intermediate velo
ity and ja
obian whi
h, be
ause of 
onservation argumentsto be seen later, must be given by the weighted interpolation rulesUfn+1=2 = ((�J)qUf )n+1 + ((�J)qUf )n(�J)qn+1 + (�J)qn ; (7)6



Jn+1 = Jn + Jn+1=2divx(UG)n+1=2: (8)With this 
hoi
e, the time dis
rete problem is :At ea
h time tn+1, �nd the stru
tural deformation xsn+1 2 V s, the 
uid density (�fJ)n+1,the pressure pn+1 2 Q, the 
uid velo
ity ((�J)qUf )n+1, the interfa
e tra
tion (g�)n+1 2W�, and the 
uid 
on�guration mapping xfn+1 2 V f su
h thatZ
f0 (J�)n+1 � (J�)n�tn q̂ + Zxf (
f0 ;tn+1=2) divx(�(Uf � UG))n+1=2q̂+ Z
s0(det (C1=2(rx))� 1)n+1=2q̂ = 0; 8q̂ : 
0 ! IR; (9)for mass and volume 
onservation,ms(�xsn+1=2; Û s) + Z
f0 (J�)1�qn+1=2  �(J�)qUf�t jx0!n+1=2 � Ûf+ Zxf (
f0 ;tn+1=2)�divx[�Ufn+1=2 
 (Uf � UG)n+1=2℄+(q � 1) divx[�(Uf � UG)n+1=2℄Ufn+1=2� � Ûf+ Z
s0 Fn+1=2 � �(rx)n+1=2 : rÛ s+ Zxf (
f0 ;tn+1=2)(�(rxUf +rtxUf )� pId)n+1=2 : �Ûf�x= Z
(tn+1=2) fn+1=2 � Û + Z�
(tn+1=2) gn+1=2 � Û+ Z�0(g�)n+1=2 � �tr(Û s)j� � tr (Ûf )j��; 8(Û s; Ûf ) 2 V s � V f ; (10)for momentum 
onservation, and for the kinemati
 interfa
e 
ontinuity and the 
uid 
on-�guration map: tr (U sn+1=2)j�0 = tr(Ufn+1=2)j�0 ; (11)xfn+1 = Ext((xsj�0)n+1): (12)3.3 Energy 
onservationEnergy 
onservation is a key point in studying 
uid stru
ture intera
tions. A time inte-gration of the prin
iple of momentum 
onservation taking the real velo
ity �eld as testfun
tion indi
ates that the variation of the sum of the kineti
 energy of the system and of7



the elasti
 energy of the stru
ture must be equal to the di�eren
e between the energy in-trodu
ed by the external boundary 
onditions and the energy dissipated by vis
ous e�e
tsinside the 
uid. Respe
ting this energy prin
iple is 
ru
ial for preserving stability, andfor ensuring the long term a

ura
y of the numeri
al predi
tions. Moreover, this boundon the energy is the major tool in the theoreti
al and numeri
al analysis of the linearizedversion of our 
uid stru
ture intera
tion problem following the steps of [3℄.In theory, the above time integration s
hemes have good properties with respe
t toenergy 
onservation, a
hieving se
ond order 
onservation, with an error vanishing at thelinear limit. The bad surprise is that these time integration s
hemes violate this prin
ipleof energy 
onservation when dealing with deformable domains or with nonlinear stru
tures.More pre
isely, for q 6= 1=2, and non volume preserving grid 
on�guration maps xf , ornon quadrati
 elasti
 energy, small pollutions terms appear in the energy 
onservationprin
iple, whi
h may grow exponentially in time.To study this energy 
onservation for the time dis
rete 
ase, we multiply at ea
h timetn+1=2 the variational equation (6) by Ufn+1=2 on the 
uid, and by U sn+1=2 on the stru
ture.This 
hoi
e 
an
els the a
tion of the interfa
e tra
tion for
es g� be
ause of the imposedkinemati
 
ompatibility 
ondition (3).On the stru
ture, the integration of the inertia terms dire
tly yields the variation ofthe stru
tural kineti
 energy��U�t �n+1=2 � U sn+1=2 = U sn+1 � U sn�tn � U sn+1 + U sn2= jU sn+1j2 � jU snj22�tn :The integration of the sti�ness terms (ex
luding the pressure terms) yieldsFn + Fn+12 � �W;C(Cn+1) +W;C(Cn)� � rU sn+1=2= �W;C(Cn+1) +W;C(Cn)� � Cn+1 � Cn2�tn= 1�tn [W(Cn+1)�W(Cn) + C �3W�C3 (C�) � (Cn+1 � Cn)3℄= 1�tn [W(Cn+1)�W(Cn)℄ + 
�t2n;with a similar expression for the pressure terms. We therefore observe there a �rst sour
eof non 
onservativity at order �t2n.On the 
uid, a dire
t integration of the inertia terms yieldsIfn+1=2 := Z
f0 (J�)1�qn+1=2  �(J�)qUf�t !n+1=2 � Ufn+1=28



+ Zxf (
0;tn+1=2)�divx[�Ufn+1=2 
 (Uf � UG)n+1=2℄+(q � 1)divx[�(Uf � UG)n+1=2℄Ufn+1=2� � Ufn+1=2= Z
f0  �(�J)qUf�t !n+1=2 � (�J)1�qn+1=2Ufn+1=2+ Zxf (
0;tn+1=2) 12 jUfn+1=2j2divx[�(Uf � UG)℄n+1=2+ Zxf (
0;tn+1=2) divx[12�jUfn+1=2j2(Uf � UG)n+1=2℄+(q � 1) Zxf (
0;tn+1=2) jUfn+1=2j2divx[�(Uf � UG)℄n+1=2: (13)For a 
onservative formulation (q=1), and taking into a

ount the boundary 
onditionsimposed to the velo
ity (Uf � UG)n+1=2 on the interfa
e, we have for exampleIfn+1=2 = Z
f0  �J�Uf�t !n+1=2 � Ufn+1=2 + Zxf (
0;tn+1=2) 12 jUfn+1=2j2divx[�(Uf � UG)℄n+1=2:In this 
ase, using dire
t algebrai
 manipulations and substra
ting the weak equation ofmass, we 
an redu
e the inertia terms integral toIfn+1=2 = Z
f0 12  �J�jUf j2�t !n+1=2+ Z
f0  �J�Uf�t !n+1=2 � Ufn+1=2 � 12 jUfn+1=2j2 ��J��t �n+1=2 � 12  �J�jUf j2�t !n+1=2+ Zxf (
0;tn+1=2)(12 jUfn+1=2j2 � q̂) 1Jn+1=2 ��J��t �n+1=2 + divx[�(Uf � UG)℄n+1=2! :Two error terms therefore appear at this level. The last line 
orresponds to a trun
ationerroreh = Z
f (tn+1=2) �t2 infqh2Qh(12 jUfn+1=2j2�qh) 1Jn+1=2 ��J��t �n+1=2 + divx[�(Uf � UG)℄n+1=2!whi
h 
an be made very small by a 
areful 
hoi
e of the spa
e of pressure test fun
tionsQh. This error disappears for the spa
e 
ontinuous problem, and for spatially uniform
ows approximated by s
hemes satisfying the Dis
rete Geometri
 Conservation Law.The se
ond line is proportional to the trun
ation error indu
ed by the time dis
retiza-tion s
heme, but the 
oeÆ
ient of proportionality depends on the regularity in time of9



the map �J , that is in parti
ular on the time regularity of the grid 
on�guration xf . Inother words, any abrupt 
hanges of J 
an lead to large lo
al errors. For a Crank Ni
holsons
heme, we have in more details �J�Uf�t !n+1=2 � Ufn+1=2 � 12 jUfn+1=2j2 ��J��t �n+1=2 � 12  �J�jUf j2�t !n+1=2 =� 18�t�(�J)n+1 � (�J)n�jUfn+1 � Ufn j2 = O(�t2n):In pra
ti
e, su
h a se
ond order 
onservation is not good enough for nonlinear stru
-tures, even in the absen
e of 
uid, as observed on �gure 2, on a typi
al nonlinear in-
ompressible 
antilever beam, of length L = 1m, density � = 1000kg=m3 and sti�ness
onstants 
1 = 2MPa, 
2 = 0:2MPa. Moreover, HHT s
hemes [7℄ are not very 
onvin
ingeither, being overdissipative for small time steps and slightly unstable for large time steps.4 Energy 
onserving s
hemesThe above analysis indi
ate that energy 
orre
tions are needed. Di�erent 
hoi
es are pro-posed in the litterature. We have tested and adopted a nonlinear and non symmetri

orre
tion term proposed by Gonzalez [6℄, whi
h we extend to quasi in
ompressible prob-lems in mixed formulations and to 
uid stru
ture intera
tion problems. The proposed
orre
tion 
onsists in repla
ing in (10) the averaged stress tensor by :�n+1=2 = 2�W�C �Cn+1=2�+2�W(Cn+1)�W(Cn)� �W�C �Cn+1=2� : ÆCn+1=2� ÆCn+1=2ÆCn+1=2 : ÆCn+1=2�(pn+1 + pn)�� detC1=2�C (Cn+1=2) + detC1=2n+1 � detC1=2n � � detC1=2�C (Cn+1=2) : ÆCn+1=2! ÆCn+1=2ÆCn+1=2 : ÆCn+1=2 �; (14)with ÆCn+1=2 = Cn+1 � Cn. This 
orre
tion amounts to repla
e derivatives by divideddi�eren
es. By 
onstru
tion, we have12�n+1=2 : ÆCn+1=2 =W (Cn+1)�W (Cn)� (pn+1 + pn)(detC1=2n+1 � detC1=2n ):But, from the in
ompressibility 
ondition (9) written with q̂j
f0 = 0, and assuming thatthe initial 
ondition satis�es also the in
ompressibility 
ondition, we obtain for all q̂ and10



all n, that R
s0(detC1=2n � 1)q̂ = 0, implying exa
t energy 
onservation :Z
s0 12�n+1=2 : ÆCn+1=2 = Z
s0(W (Cn+1)�W (Cn)): (15)We then dedu
e the following 
onservation theoremTheorem 1 Let us 
onsider an isolated system made of a hyperelasti
 stru
ture 
oupled toa vis
ous 
uid, governed by the 
oupled system (1)-(4), using the partially non
onservativeformulation 
orresponding to q = 1=2 and Gonzalez energy 
orre
tion. For either the spa
e
ontinuous or the spa
e dis
retized problem, the total energy variation is then equal to theenergy dissipated by vis
ous e�e
ts in the 
uid before and after time dis
retization.Proof. The time 
ontinuous result is obtained by letting �t go to zero in the followingproof. To obtain this energy 
onservation for the time dis
rete 
ase, we multiply at ea
htime tn+1=2 the variational equation (10) by Ufn+1=2 on the 
uid, and by U sn+1=2 on thestru
ture. This 
hoi
e again 
an
els the a
tion of the interfa
e tra
tion for
es g� be
auseof the imposed kinemati
 
ompatibility 
ondition (3).The integration of the inertia terms on the stru
ture yields as before the time variationof the kineti
 energy of the stru
ture. For the sti�ness part, we have from (15)Z
s0 Fn + Fn+12 � �n+1=2 � rU sn+1=2= Z
s0 �n+1=2 :  F tn + F tn+12 � Fn+1 � Fn�tn != 1�tn Z
s0 12�n+1=2 : ÆCn+1=2= 1�tn Z
s0 (W (Cn+1)�W (Cn)) :For the 
uid, in the inertia term 
al
ulated in (13), two divergen
e terms 
an
el when oneuses the 
hoi
e q = 1�q = 12 . Due to the boundary 
onditions imposed on (Uf �UG), thelast divergen
e term also disappears. The 
uid inertia terms �nally redu
e to the simpletime integration of the variable p�JUf multiplied by (the �nite di�eren
e approximationof) its time derivativeIfn+1=2 = Z
f0  �p�JUf�t !n+1=2 � (p�J)n+1=2Ufn+1=2:This is exa
tly the variation of the 
uid kineti
 energy if we use a weighted intermediatevelo
ity as de�ned in (7). Indeed, we haveIfn+1=2 = Z
f0 12�tn�(p�JUf )n+1 � (p�JUf )n� � �(p�JUf )n+1 + (p�JUf )n�11



whi
h is exa
tly Ifn+1=2 = Z
f0 (�J jUf j2)n+1 � (�J jUf j2)n2�tn :Observe that it was very important here to work with q = 1=2. In fa
t, any otherformulation indu
es a �rst order time integration error on the kineti
 energy transportequation.The energy 
onservation prin
iple follows after multipli
ation by �t and summationover all time steps. The pressure term disappears be
ause of the mass 
onservation equa-tion (9) written with q̂ = pn+1=2, and from the weigted de�nition of the ja
obian in (8).In the absen
e of external load and of any in
ow, we obtain that the variation of the sumof the total kineti
 energy and of the stru
tural elasti
 energy, redu
es then as expe
tedto a vis
ous dissipation term.Remark 2 The stability proved above is stronger than what is usually 
he
ked in thenumeri
al analysis for time dis
retization s
hemes. It proves that the energy is un
ondi-tionally and uniformly bounded in time.5 Numeri
al experimentIn this se
tion, we illustrate numeri
ally the previous analysis on the 
ase of a bidimen-sional quasi in
ompressible 
antilever beam in plane displa
ements. The elasti
 potentialis given by the Mooney-Rivlin 
onstitutive law:W(C) = 
1 (tr C � 3) + 
2 (tr 
of C � 3) :Data is presented on �gure 3, and a Q1 �nite-element spa
e approximation is performedon the mesh presented on �gure 4.
��
��
��
��
��
��
��
��
��
��
��
��
��
��

��
��
��
��
��
��
��
��
��
��
��
��
��
��

F

Figure 2: A 
antilever beam with 
onstant for
e F.As F is a 
onstant for
e, we ideally expe
t to observe the 
onservation of the followingdis
rete quantity: Hn = Z
 f � 'n � En;12



length 1 mwidth 0.1 mF 1000 N� 1000 kg/m3
1 2 MPa
2 0.2 MPa1=� 2.E12 PaT 10 s�t 0.02 sNewton's toleran
e 1E-7Figure 3: Physi
al data and numeri
al 
hoi
es.
Figure 4: A 250 elements mesh of the beam.with the energy: En = 12 Z
 �s(U s)2 + Z
W(Cn):The 
onstant time step �t is 
hosen su
h that there is approximatively 20 time steps peros
illation of the 
antilever beam. With this value of �t, 4 or 5 Newton's iterations pertime step are ne
essary to solve the problem with the required pre
ision (10�7 m). Dueto numeri
al instabilities, the number of Newton's iterations per time step 
an grow up;the simulation is stopped when ex
eeding 20.Our �rst observation is that when Hn de
reases (global in
rease of the energy of thesystem), the number of Newton's iterations per time step grows up until the method doesnot 
onverge any more. As a 
onsequen
e, trapezoidal, midpoint and HHT [7℄ s
hemes
annot a
hieve the simulation on the whole time interval [0; T ℄ for the spe
i�ed parameters.Only the 
onservative Gonzalez s
heme 
an a
hieve long term time integration withoutsu
h an over
ost.Energy evolution is presented on �gure 6. Energy 
onservation does not hold forusual s
hemes in the nonlinear framework, as shown in the previous analysis. With the
hosen parameters, even HHT whi
h is proved to be linearly dissipative, is globally energygrowing. Gonzalez s
heme is quasi exa
tly 
onservative up to a very small error termdepending on Newton's toleran
e.Con
erning midpoint and trapezoidal s
hemes, energy growing goes with numeri
alinstabilities on the speed, as shown on �gure 7.13



time(s)

ve
rt

ic
al

 d
is

pl
ac

em
en

t 
(m

)

0 1 20.5 1.5

-0.6

-0.5

-0.4

-0.3

-0.2

-0.1

0

0.1

midpoint   
trapezoidal

time (s)

ve
rt

ic
al

 d
is

pl
ac

em
en

t 
(m

)

0 105

-0.4

-0.3

-0.2

-0.1

0

HHT(alpha=0.05)
Gonzalez       

Figure 5: Verti
al displa
ement of the tip of the 
antilever beam. Simulation stops whenthe time step 
al
ulation ex
eeds 20 Newton's iterations.
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ation, the maximal value of the deformation potential R
W(C) is about 0.5Joules.
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6 Con
lusionThe analysis presented in this paper may give a better insight on the stability propertiesof the di�erent time integration s
hemes used in 
uid stru
ture intera
tion. We haveobserved that the 
lassi
al 
onservative or non
onservative formulations were not natural
andidates for respe
ting long term energy 
onservation, and that se
ond order s
hemeshad better stability properties when using a somewhat mixed formulation, and nonlinearenergy 
orre
tion terms on the stru
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