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Abstract

The present work deals with the efficient resolution of elastostatics problems on
domains with boundary refinements. The proposed approach separates the bound-
ary refinements from the interior of the domain by the mortar method, and uses
Dirichlet-Neumann preconditioners to solve the corresponding algebraic system. We
prove that the simplest Dirichlet-Neumann algorithm achieves independence of the
condition number of the preconditioned system with respect to the number and
the size of the small details. Nevertheless, the situation no longer prevails when
the refined boundary is clamped. An enhanced preconditioner is then designed by
the introduction of a coarse space to mitigate the aforementioned sensitivity. Some
numerical tests are performed to confirm the analysis, and the tools are extended
by the proposition of a quasi-Newton method in the case of nonlinear elasticity.
This paper is an extended version of a work presented at the DD16 conference with
proofs and complete numerical results.
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1 Introduction

The present paper is devoted to the construction of efficient numerical pro-
cedures to solve vector elliptic problems with small geometric details on the
boundary of the domain, where a localized fine-scale behavior of the solution is
expected. In particular, the solution for displacements u € R? of the linearized
elastostatics problem will be considered, that is for d = 2,3

—div(E:e(u))=f onQCRY
u=0 onlp, (1)
(E:e(u))-n=g only.

Above, the linearized strain tensor is denoted by
e(u) = 1 (Vu + VTu)
2 Y

and the fourth order tensor E is assumed to be elliptic over the set of sym-
metric matrices

Ja>0,VE R T =¢ (E:6):&>af: €

In our framework, we consider solutions that vary rapidly inside the disjoint
subsets (£2;)1<k<kx of Q. In applications like tire design, one could think of
geometric refinements or sculptures along the boundary 0€2. Conversely, the
solution u has slow variations in the interior subdomain g = Q\ (U1 <p<x ).

The strategy proposed in this paper uses a non-conforming mortar formulation
for (1) in order to decompose the physical domain into coarse and fine zones.
Dirichlet-Neumann preconditioners are proposed, analyzed and tested to solve
the corresponding linear system for the approximate cost of inversion of the
coarse system, that is the problem set over §2y. To achieve such a purpose, it is
crucial that the computational cost of the local solution over each (2)1<r<x
remains of the same order (or less expensive) than the computational cost of
the coarse solution over 25. The present paper is essentially concerned with
a two-scale property for such preconditioners, in the sense that the condition
number of the preconditioned system should remain independent of the num-
ber and the size of the small subdomains.

Mortar methods were introduced in [1,2] as a weak coupling between subdo-
mains with non-conforming meshes, or between subproblems solved with dif-
ferent approximation methods. The main purpose was to overcome the very



sub-optimal “v/h” error estimate obtained with pointwise matching. The anal-
ysis of this method as a mixed formulation can be found in [3]. For the present
purpose, various Lagrange-multiplier spaces can be indifferently adopted. For
example, one can use the original formulation from [1]. It is worth noticing
that because of the disjoint character of the small subdomains, no modifi-
cation of Lagrange multipliers is necessary on interface boundaries. Indeed,
interfaces are only shared by two subdomains: the coarse one, and a fine one.
Therefore, no cross-points or cross-lines shared by more than two subdomains
are encountered. Other possibilities include the dual variant from [4,5] which
provides a diagonal constraint, or discontinuous stabilized formulations [6-9]
involving block-diagonal constraints. In the case of a second order approxima-
tion in displacements, one can also adopt the proposal from [10], opting for
affine Lagrange multipliers. The list is of course not exhaustive.

Moreover, the coercivity constant for non-conforming elastostatics under mor-
tar constraint has been proved in [11,8], to be independent of the number and
the size of the subdomains. There is consequently no limitation in consider-
ing a high number of small subdomains, error estimates remaining optimal.
A brief review of the non-conforming formulation adopted herein to discretize
(1) is presented in section 2.

The challenge is then to develop a solver which efficiently handles such situa-
tions. In the present framework, the non-symmetric roles played by the coarse
and fine subdomains favors Dirichlet-Neumann preconditioners (see for in-
stance [12,13]), rather than symmetric strategies such as Neumann-Neumann
[14] or FETI [15], already widely studied in the mortar setting [16-20]. In sec-
tions 3 and 4, we start by proposing a basic Dirichlet-Neumann preconditioner
and prove that its quality is independent of the number and of the size of the
boundary refinements, provided no refinement is clamped. In this sense, we
can talk of two-scale preconditioning. Nevertheless, this first preconditioner
can only be applied when € is clamped, and its quality deteriorates when a
displacement boundary condition is imposed on a fine subdomain. We mitigate
this drawback by the introduction of local spaces representing the interface
rigid motions. An enhanced Dirichlet-Neumann preconditioner insensitive to
boundary conditions is then obtained and analyzed. The resulting algorithm
is summarized in section 5, and tested in section 6 to confirm the theoretical
analysis.

Finally, when considering nonlinear problems with non-stiff geometric refine-
ments on the boundary, section 6 shows from the numerical point of view, the
efficiency of quasi-Newton methods based on our preconditioners.



2 A mortar formulation

2.1 Continuous problem

Let © C R? be an open set partitioned into K +1 subsets (Q)o<p<x satisfying
Q=UE Qp and QN = 0 if k, 1 > 1. We denote by Top = Qo N, the inter-
face between €y and €2, and the skeleton of the internal interfaces is denoted
by S = UE Ty For the understanding of the situation, let us say that Qg
has slowly varying physical properties whereas the disjoint subsets (Q2x)1<p<K
have rapidly varying ones or complex geometries. Moreover, the subdomain €2
has a non-empty intersection with all the subdomains (€)1<x<x. We will also
assume as a simplification that the intersection between two local subdomains
Q, k > 1 is empty. In other words, for the time being, the inclusions are
disconnected. On the part I'p of the boundary 02, an homogeneous Dirichlet
boundary condition is imposed. Concerning the coefficients of the fourth order
elasticity tensor E, we assume that the stress tensor is symmetric whatever
the deformation in the material is, namely for almost all x € ,

Ve e R ¢T = ¢ E(x): ¢ is a symmetric matrix.

Moreover, the different materials are spectrally isotropic, namely for all £ > 1,
there exists two constants ¢, and C}, such that for almost all = € Q,

VEERLE =€ &< (B(w): )16 <Créé (2)

For homogeneous isotropic materials, if Fj stands for the Young modulus of
the material filling €2, both ¢, and C} are proportional to FEj.

Fig. 1. Example of a structure presenting small geometric refinements on its bound-
ary.

We introduce the following spaces for the displacement fields

Hi(Q) = {U € Hl(Q)d> U|FD = 0}7



H (%) = {v e H'(%)?, vlrpno0, = 0},
X ={ve 2" v =vlo, €H(Y)Vk}= ﬁ HNQy),
k=0
X being endowed with the H' broken norm
!

K
ollx = (z an%mk)d)
=0

We also introduce as interface space

K
H FOk

In the whole paper, for homogeneity reasons, the H! norm is rescaled and
defined by

1
HUH%P(Q;C)d = W||U||%2(Qk)d + ||VUH2Lz(Q )d

where L; denotes the diameter of €2y.
Our elastostatic problem (1) amounts to finding v € H!(€) such that
a(u,v) =1(v), VYve H{Q), (3)
where the continuous coercive bilinear form a is defined as
a(u,v) = /Q (E:e(w):e(v), Vu,ve HY(Q),
and the continuous linear form [ as

/f v+ g v, Yve HNQ),

with f € L?(Q)? and g € L*(T'x)? This problem is well-posed from the Lax-
Milgram lemma, by using Korn’s inequality (see [21]) to prove the coercivity
of the bilinear form a on H}!().

2.2 Discretization

We introduce here a domain-based non-conforming discretization of the prob-
lem using mortar elements. Well-posedness results and error estimates are
reviewed.



2.2.1 The mesh

For each 0 < k < K, let us consider a family of shape regular meshes
(Zk;n, )ni>0 defined over each domain €, and denote hy, = SUPrer,, diam(T)
the maximal local diameter of the triangulation. The mesh 7., defined on
)y is the coarsest, i.e hg > h; for all 1 < k£ < K, and a non-conforming
family of meshes (73,)n0 over  is obtained as 7;, = UK 7;,,, denoting
h = maXo<ik<kK hk

For each 1 < k < K, the interface I'gy inherits from the family of meshes
(F:s, )5, >0 defined as the trace of the fine meshes (Zy.p, )n,>0 over I'op, with
Ok = SUPpeg, 5 h(F'). Moreover, each T'g;, is assumed to be the union of faces
of elements in 7y, for any discretization. Such an assumption is in general
referred to as geometrical conformity.

Fig. 2. Mesh of a 3D structure with spherical boundary refinement (left; ~ 20,000
nodes) and zoom on the interior of a boundary detail (right; ~ 2,000 nodes).

2.2.2  Mesh-dependent spaces

We define here some mesh-dependent spaces, endowed with useful mesh-dependent
norms already proposed and used in [22,23]. For each 1 < k < K, they are
defined as

1
H(Cow) = 30 € LAT0) 19153, = 32 grlloliia < +oo
Fe]—'k;(;k

Hy 7 (To) = S A € LAToe)s A 3= 3= A(F)I\|Zeqrys < +00 ¢
FG.’Fk;(sk

endowed respectively with the norms ||| 1 and -1l5,— 1 - The product spaces
Ws = [15, ]HI;/ 2(I‘Ok) and My = [IX, Hgl/ 2(T()k), are consequently provided



with the product norms

K 1/2 K 1/2
r|¢||5,%:(zu¢n§,%,k) | I|A||5,_%=<Z!|AII§_;k> |
k=1 k=1

K 27
and can be seen as dual spaces by means of the L? inner product.

Remark 1 The use of such mesh-dependent spaces instead of H&éQ(FOk)d and

its dual H™'/?(Tg)? = (H&éQ(FOk)d)/ has several advantages. First, these
mesh-dependent norms are easily computable, which is convenient as a poste-
riori estimates (cf. [23]) and penalized formulations (cf. [24]) are concerned.
Moreover, such mesh dependent norms are at present time privileged tools for
error estimates in the 3D setting.

2.2.8  Non-conforming approximation

Let us introduce the discrete subspaces of degree ¢ inside each subdomain
Xk’;’% = {p € Hi(Qk) N CO(Qk’)d> p|T € Pq(T)7VT € %;hk} @ Bk;hka

with P, = [P,]¢ or [Q,]%, where P, (resp. Q,) is the space of polynomials of
partial (resp. total) degree ¢. We have introduced a possible stabilization space
By, of interface bubbles as in [25,7,24]. The corresponding product space is
denoted by X, = [Tty Xk.n, C X. Moreover, let us define the following trace
spaces on the non-mortar side (small subdomain side herein):

Wk§5k = {p|FOk7p S Xk;hk}v WIS;cSk - Wk§5k N Hé(FOk)d7

endowed with the mesh-dependent norm || - ||5 1k

In order to formulate the weak continuity constraint, we introduce the spaces
M5, of (possibly discontinuous) Lagrange multipliers defined on the meshes
Fi:s,,- Achieving optimal approximation requires that such spaces contain all
polynomials [P, ;]¢ of degree ¢ — 1. The product space M; = Hszl My, is

endowed with the mesh-dependent norm || - ||5,_%. Making use of the bilinear
form
K
b(v, \) = Z/ WA Y, \) € X x M
k=1"Tok

with the jump function [v] = vy — vj on the interfaces I'gg, we introduce the
decomposition

K K
b(U,)\):Z/ UO')\k_Z/ Vi )\k
k=1 Cok k=1 Cok
K K
= bok(vos Ak) = D bi(vks Ak,
k=1 k=1



and the constrained space of admissible displacements
Vi, = {uh c Xh, b(uh, )\h) = 0, VA, € Mg}

In other words, such admissible displacements are continuous “on average”
across the interfaces (I'ox)1<k<x. Then, the problem of interest uses the broken
elliptic form

K

a(u,v) == > ap(ug, vy) = z /Qk (E:e(u)) :e(v), Vu,v e X,

k=0

and amounts to finding (up, Ap) € X, X My, such that

{&(uh, ’Uh) + b(UIu )\h) = l(vh)> Yoy, € Xh’ (4)

b(un, pn) =0,  Vup € Ms.

In other words, we solve our variational problem on the product space X}
under the kinematic weak-continuity constraint b(uy, ) = 0.

2.2.4  PFundamental assumptions and error estimates

In order to ensure the well-posedness of the problem (4), some fundamental
assumptions have to be made. Concerning the compatibility of X, and Mj,
we assume (cf. [13,24]):

Assumption 1 For each 1 < k < K, there exists an operator
Tk - H§/2(F0k) — Wb

such that for all v € H§/2(Fok),

/ (ka) CH= / vep, Yp€ Mk;5k>
Cog Tog

with

Imells s p < Cllolls i

This assumption means that the projection perpendicular to the multiplier
space onto the trace space Wy, is continuous. This implies a limitation on
the size of My with respect to Xj,. If more than two subdomains had a com-
mon intersection, the range W5, of m; in Assumption 1 would be replaced by
W,S; 5,» in order to enable independent projections on each interface.

The coercivity of a over Vj, x V}, is obtained under the following assumption
(cf. [13,24]):



Assumption 2 For all 1 < k < K, we assume that there exists a subspace
Mk of the Lagrange-multiplier space My.s, such that Mk C My, independently
of the mesh size dy,. Moreover, we assume that if v € X s locally a rigid motion
over all the (2 )g>0 in the sense that

a(v,w) =0, Ywe X,

and satisfies
/ [U]:u:()? VNGMM k=1, K,
Lok

then v = 0.

Various pairs of spaces X; x My can be chosen to satisfy Assumptions 1 and
2.

e The initial formulation from [1,2] proposes discrete displacements of degree
q without stabilization, i.e. By, = (), and continuous Lagrange multipliers
of degree q. In our framework, no modification of the Lagrange multipliers is
necessary on the boundaries of the interfaces (0I'ox)1<k<k, because they are
disjoint. Therefore, with this choice, the trace of fine displacements coincide
with Lagrange multipliers, that is Mj.;, = Wy, forall 1 <k < K.

e In order to make the mortar weak continuity constraint diagonal, one can
adopt the dual Lagrange multipliers from Wohlmuth [4], again without spe-
cial treatment on the boundaries of the interfaces.

e As shown in [10] for second order approximations of the displacements (q >
2), the formulation from [1,2] can be modified by using only continuous
Lagrange multipliers of degree ¢ — 1.

e Discrete displacements of degree ¢ with a proper stabilization are compat-
ible with discontinuous Lagrange multipliers of degree ¢ — 1, as proved in
[24,7] or in [25] for three-field formulations.

In this framework, we recall the following optimal approximation result (cf.
[13,24]):

Proposition 1 Under Assumptions 1 and 2, the problem (4) is well-posed.
Moreover, if u € [Ii_o HT™ (Q)? is the solution of (3) with (E : e(u)) €
[Ty HY(Q%) ™ in which ¢ > 1, and (up, \) € Xp, x Ms is solution of (4),
the following error estimate holds:

2 2
= x4+ 1A = Mally s < € (Z 2 \u\) 7

3
k=1
with

1
2
|u|q+1,E,Qk = |U|§{q+1(9k)d + O—%HE : 5(U)H§{q(m)dw'



We have denoted the flux over the artificial interfaces by A = (E : e(u)) -
n, where n stands for the unit vector on the interfaces (Uox)1<k<k, which
1s outward to . Here and now on, C' denotes various positive constants
independent of the decomposition into subdomains and of the discretization.

Remark 2 (Choice of the non-mortar side) In the preceding discretiza-
tion, we have chosen the non-mortar side, which defines the multipliers, as the
fine-scale side of the interface S. In this case, the standard analysis of mortar
methods ensures the satisfaction of Assumptions 1 and 2. Nevertheless, this
choice is by no means the only possible one, as long as these assumptions hold.
In particular, it is possible to define the Lagrange multipliers over the coarse
mesh To.p,, and restrict them to each interface I'o,. In this case, Assumption
1 will be satisfied in practice provided the mesh Ty, is fine enough as com-
pared to To.p,. Assumption 2 will be always satisfied when using for instance
Q1 Lagrange multipliers. This alternative choice of the non-mortar side will
be tested in section 6.1.

3 Two-scale preconditioners.

3.1 Notation

The previous discretization leads to a well-posed discrete linear problem with
optimal error estimates. In this section, we propose and analyze precondition-
ers to solve this linear system for the approximate computational cost of the
coarse-scale problem on )y, provided the solution of the local problem over
each (Q)1<k<kx be at a sufficiently low-cost. That is why we have assumed
that the (€2 )1<k<x are small and disjoint. Then, the inversions of the fine-scale
problems on the boundary can be efficiently computed in parallel.

Some notation and remarks must first be introduced:

e In this section, all quantities live in finite dimensional spaces. If a is a
bilinear form, then A represents the matrix of a in the discrete space. If u
is a function, then U is the vector of its degrees of freedom in the chosen
discrete space.

e For all 0 < k < K, the bilinear form ay(-,-) is continuous in H'(;)¢ x
HY(94,)% and its continuity constant is Cj, already defined in (2).

e When I'p N 99y has a positive measure, ag(-,-) is coercive in H} () x
H! (). We denote by «q its constant of coercivity, which is proportional
to ¢y defined in (2), within a shape-dependent constant.

e Forall 1 < k < K such that €2 is fixed on a part of its boundary, the bilinear
form a(-,-) is coercive over H} () x H!(Qy). The coercivity constant, ay,

10



is proportional to ¢ defined in (2), within a constant which depends con-
tinuously on the shape of € but not on its size. Indeed, a; and the rescaled
H'(Q)-norm have the same dependence with respect to the diameter Ly, of

Q.
3.2 Schur complement system

With obvious notation, the discrete problem (4) leads to the following linear
system to solve

K
AUy + > B Ay = By,

(5)
AUy —B A, =F, 1<k<K,

Boka—BkUk:O, 1§/€§K

Defining the local extended stiffness matrix of the k-th (k > 1) subproblem
by

A, —-BJ

~B, 0

the problem (5) can be rewritten as

K, =

K
AU + > By Ay = F,

k=1
(6)
K, U _ Fi . 1<k<K.
Ak: _BOk:UO

The algebraic elimination of Ay in (6) leads to

DOUO - ?07

K, Ul _ £ . 1<k<K. 0
Ak _BOk‘UO

Denoting by Ry = (0, Ip,.s,) the canonical restriction from Xy, X Mg, to
Mj.5,, we have introduced the Schur complement matrix

Dy = Ay — Z Bl R, K 'R By, (8)

k=1

resulting from the elimination of small scales and the equivalent coarse force

Fy:=Fy— ZB CRKC (F, 0)7

11



The problem is now split into a coarse problem defined on €2y, and into fine
problems defined on (€2)1<x<x using the coarse solution Uy. Of course, the
elimination of small scales is still hidden in the definition of D, and making
the scale separation effective imposes an iterative resolution of (7) where Dy
will be replaced by a coarse-scale approximate inverse ]55 L

3.8  Two possible definitions for D,

3.8.1 A symmetrized Dirichlet-Neumann preconditioner

The simplest idea replaces the Schur complement Dgy by the stiffness of the
coarse problem D, = Ay, which reduces the proposed preconditioning to a
symmetrized Dirichlet-Neumann iteration. Indeed, determining the approxi-
mate solution requires solving

(1) Dirichlet problems on (£2;)1<x<x with zero weak trace on the interfaces
(Cox)1<k<x to obtain the resultant interface forces and therefore Fy,

(2) a Neumann problem on Qq with the force Fy to compute Uy,

(3) Dirichlet problems on (€)i1<k<x to compute the (Ug)i<p<x with forces
(Fy)1<k<k and Uy as a weak trace over the interfaces (I'ox)1<k<k-

Observe that steps 1 and 3 are compatible with a parallel implementation.
In section 4.2, we shall prove that the condition number of the associated
preconditioned system is independent of the number and of the size of the
fine-scale subdomains, (£2;)x>1. We also prove that the method is efficient as
long as the ratio of stiffnesses between Qg and (£2;)x>1 does not become small,
and when the small subdomains are not fixed on a part of their boundary.

3.3.2  An enhanced symmetrized Dirichlet-Neumannn preconditioner
The previous simplest choice of preconditioner may lack efficiency when

e the substructure () is of small size and is fixed on a part of its boundary. In
this situation, because of its size, the substructure will have a rather large
stiffness to interface rigid body displacements.

e the substructure €2, may have other preferred directions of large stiffness to
interface motions (rigid links, incompressibility).

Assuming that these directions of localized interface stiffness are few (this
is indeed the case for interface rigid body motions), we denote by N} their
number. We then propose a modification of the previous preconditioner to
correct such a lack of efficiency.

12



For all £ > 1 such that € is fixed on a part of its boundary, we denote by
(i )1<i<n, (with N = 6 in general) the interface rigid motions of T'gx or rigid
links and introduce Wy = span{el; i =1, .., N}.}. To each interface rigid body
motion e}, we associate its local ag-harmonic extension (u}, \y) € Xj.p, X My.s,
as the solution of

a (v, uy,) —/F v AL =0, Vv e Xy, o)
Ok
_/ U;CILL:—/ 62'#? V,UEMk;&k-
Fok FOk

These solutions span two small local spaces
Xy, = span{ul; i =1,.., Ny} C Xpn,, My = span{\i; i =1, .., Ny} C My, .

It & > 11is such that € is not fixed on its boundary, the convention that
Wy = My, = {0} and N;, = 0 is adopted.

Now, instead of finding Uy such that DoUy = Fy, we propose to compute
uy € Xong, (ug) € (Xi)1<k<r and (Ag) € (My)i1<k<x solution of the coupled
problem

K
ao(UO,Uo) + Z/ Vo - )\k = lo(’Uo), VUO - XO;h()7
k=1 Fok

ak(uk,vk) _/1" Vg ' Ap = 0, VY, € )O(k, 1<k < K, (1O>
0k

—/ Ug - Pk —/ Ug - bk, VMkEMk, 1<k<K,
Cog Cog

where [ is the linear form associated with the coarse vector, Fy.

We introduce the matrix Lo, € RVe*@mXono defined for all vy € Xo., by

(IOkVO)i - /

T

o AL = <BOk%,A;>, Vi=1,.,Np,

T .
that is Ig, = {A}g, ..,AkN’ﬁ} By, = A,IBOk, and the restriction Aj of the dis-

placement stiffness matrix A, on the local space X k. Thus

(Ar), = U)AUL = ai(uf, ) = [ ul- A,
ij Lok
and keeping (9)-1 in mind, the system (10) reads
AoUs + Xiey 10,6 = Fo,
AZ, — AJO, =0, (11)
—AyZy = Il 1<k<K.

13



The new vector O (resp. Zi) denotes the component of \j (resp. uy) in M,
(resp. X) in (10). From the elimination of © and Z; in (11), one obtains
that DoUy = Fy, with the new approximate Schur complement given by

K
Do=Ag+ > IjA; T (12)
k=1
K o
=Ao+ > B ArA; TA] By (13)
k=1

Of course, factorizing D, can be achieved at low computational cost as com-
pared to factorizing the exact Schur complement Dyg. Indeed, the local problem
(11)-2,(11)-3 for & > 1 used in the construction of Dy, is only of dimension
N, = 6.

For analysis purposes, let us observe that this enhanced Dirichlet-Neumann
preconditioner corresponds to a Dirichlet-Neumann decomposition where the
Dirichlet substructures are defined by

Xy, = {wn € Xips [ weop=0, Vpe i}, 1<k<K,
0k

and the Neumann substructure by
X, = {ue Xy, bu,pu) =0, VYue Mk}

The analysis of this preconditioner is performed in section 4.3, proving now
an independence with respect to essential boundary conditions imposed over
the small subdomains (Q)x>1.

In order to state a preliminary remark, the following definition is required.

Definition 1 For any vy € Xo.ny, 1ts “rigid body projection” over €y, denoted
by Frvg € Xy is defined as the solution of (11)-2,(11)-3 for the subproblem k.
More precisely (7o, )xk) S Xk X Mk 1s such that:

a (TR0, V) — / >\k v =0, VY, € )O(k,
) Cok . (14)
—/ WkUO'Mk:Z—/ Vo fis Vg € M.
Tok Tok
In matrix form, we have m,v9 = Zév:kl zjui with —AkZ = —Ig V), yielding

Vo = [Uh, o U AoV = Uk Ay TV,

or equivalently Hk = Ukl&.;l:[ok. By construction of Ak, one is now able to
deduce that

14



I AL, =1, A, TU] AL ULA Ty,
=1, A TALA Ty,

T A-T
:IOkAk Tok,

and therefore the new preconditioner (12) takes the form

K
Dy = Ag+ 1L AL (15)

k=1

Also observe from (9) that when ay is symmetric,

el =, 1<i< Ny (16)

4 Condition number analysis

In this section, we establish upper bounds for the condition number of the
preconditioned systems when using the two symmetrized Dirichlet-Neumann
preconditioners defined in the subsections 3.3.1 and 3.3.2 respectively. First,
the same factorized form for the original linear system and the preconditioner
is introduced. Then, we show the spectral equivalence between D, and Dy,
detailing the dependence of the constants on the size of the domains, the
stiffness of the materials, and on the mesh sizes. We finally deduce estimates
on the condition number of the preconditioned system.

4.1 Factorization

The original system to solve is A (Uy, Uy, Ay, ..., U, Ag) T = (Fy, F1,0, ..., Fx,0) T,
under the notation

A; 0 B, ... 0 Bl
0 A, -BJ

. B‘01 ~B; 0
0 Ax —-BL
Box ~Bx 0

15



Introducing the triangular and block diagonal matrices

I 0...0 Dy 0 ... 0
_ Kl—lj?IBol I  m- 0 K, |
K RiBox 0 ... 1 0 K

a simple calculus shows that the factorization A = T'T HT holds.

The matrix of our preconditioners can be written under the similar form C =
TiH T, where H is the block diagonal matrix obtained when replacing D¢ by
Dy in the definition of H. The approximate solution is then defined by

C(Up, Uy, Ay, ... U, A) " = (Fy, 1,0, ..., Fg,0)".

Observe that both matrices A and C remain definite when discrete unknowns
belong to the space of weakly continuous displacements

E={U = (Uy,Us, A1, ..., Uk, Ait) s BorUp = BRlUp, 1 < k < K}.

The sequel is devoted to the derivation of upper bounds for the condition
number ra ¢(C™'A) in A-norm over &.

4.2 Spectral equivalence for the simple Dirichlet-Neumann

We show herein the spectral equivalence between the Schur complement Dy
and its approximation Dy = Ag for the symmetrized Dirichlet-Neumann pre-
conditioner presented in subsection 3.3.1. We prove:

Proposition 2 Assuming that A is invertible, that is I'pNOSy has a positive
measure, the following spectral equivalence holds for all Uy:

Wi (DoUy, Up) < (AgUp, Up) < (DU, Uy) ,
with
1
Win
where I (resp. 1) is the set of indices k > 1 such that Qy is not fized on its

boundary (resp. is fixed on a part of its boundary). The constant C' is inde-
pendent of the number K and the size of the subdomains.

:1+C<maxg + max OkLO),

kel ¢ kel OéQLk
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Observe that the condition number deteriorates for a small fixed subdomain
of diameter Ly < Ly, k € I, and for very stiff subdomains, i.e. Cy > ¢,
k> 1.

Let us recall first the following lemma (see for instance [26], page 158).

Lemma 1 Let us assume that Loy, is of class Ct. Then, there exists an open set
Q). C Qg which is the restriction of a neighborhood of Tox to Qo, and a linear
extension operator Dy : HY()4 — HY(Qx)? such that for all u € H'(),
Diru =u on Ty, and

[ owp<c| [ (vDwpP<c [ (Vu?,
Qs Q Qs Q!

k k

where the constant C does not depend on §2y,.

Proof : [of the proposition] Let Uy be given. For all k > 1, define (Uy, Ax) by
a local harmonic lifting of Uy, obeying

A, —B] U 0
bR "= . (17)
—Bk 0 Ak —Boka
In other words, we have A, = —RkK,;lR,IBOkUO and then by construction of

Uk and Ak
— (B RK; R Borlo, Up) = (BgA, Up) = (A, ByUi) = (AU, Uy) > 0.

By summing over k > 1, and adding (A Uy, Uy) on both sides of the inequality,
it follows in view of (8) that (DU, Uy) > (AoUy, Up).

Let us now bound Ay from below. Let ug € H}(2) be given. For all k¥ > 1 such
that €, has an empty intersection with I'p (we denote k € I;), we decompose
up on € (as defined in lemma 1) into ug = ry + wy in €}, where r; belongs
to the space R(€2},) of rigid motions over 2, and

wg-r =0, VreR(E). (18)

@

We define the displacements u, = 7 + u}, in Qi where rp, € R() is the
natural extension to Q of 7, € R(£2},) (thus r, € R( UQ})), and

/
Uy, = Lih, Drwi, + Ris, T (W — Lip, Drwy)

where Zj.p,, denotes the Scott-Zhang [27] interpolation over Xy, , and Ry,
is the extension by zero operator over the grid points of €. By construction,
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the mortar condition holds
/ uk-uz/ ug - pr, Y € Myg,.
Cog Tow

Moreover, by using the stability of the extension operator Ry.s, from Wi.s, to
H'(Q%)?, Assumption 1, the stability of Z., from H(Qx)? to H'(Q4)?, the
classical estimate (see [27]) |lu —Ik;hkuH&%,k < Clu|g(q, e, and the stability
property of D;, from lemma 1, we obtain

ar(ug, ur)
< [ Vi = Ciluffip o0
<2C% |Ik;thkwk‘§{1(Qk)d + 2C% | Ris, T (Drwy, — Ik;thkwk)‘ZI(Qk)d
< 2C% [Zisn Pitwil 11 0,0 + 2CCOwl|mi(Dicwr — T Diwi) 151
< 2C% st Ditwil 31,0 + 2CCkl| Divwy, — Tusn Drcwnll3 1
< OC Dyl g < CCk |wk|§{1(%)d : (19)

Moreover, denoting by Ry = {r € R(€%), Jo, 7 = 0, [|7[|L2(ay)e = 1} the space
of rigid rotations, the following inequality holds for all v € H(£2})<:

2
1
2 1(0/ \d < : Tiamm (O )2 . ' 2

iy CARY (/92 e(v) re(v) + diam(§2},)? <rseu££€ /%U T) ) 2

For a proof, the reader is referred to [11] in the case of polyhedral shape regular
domains, or to [24] for curved domains. The positive constant C' is proved to
be independent of the size and the shape of Q). Therefore, we have from (18)
by definition of wy, that

2
iy £ [, elwn) : elwn)
Keeping (19) in mind, a summation over k € I; provides

> ap(ug,up) <C DY Ck/, e(up) : e(up), (21)

kel kel Qk

with a constant C' independent of the size of the subdomains. Since by con-
struction Uger, ), C €, and since there is a bounded number of domains 2}
overlapping at a given point, we deduce

> ag(ug, ug) < C max(Cy) /Qo e(up) : e(ug) < ¢ max(Cy)ag(uo, up).

kel kel Co keh
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For all £ > 1 such that ' is fixed on a part of its boundary (that is k € I), we
cannot use the extension operator Dy because it will not satisfy the Dirichlet
boundary condition on I'p. By a lifting argument, there exists a function
whose trace is ug on I'g; and such that

1 ~ 12 ~ 12 1 2 2
- Vi |2 <O (—/ ) ) 99
(Lk)2 /Qk |Uk| * »/Qk ‘ Uk| o Ly, Jr, |UO‘ - |UO‘H /?(Cor)? ( )

The positive constant C' is independent of the diameter L; of the domain €2,
but a priori depends on the ratio between L; and the distance from I'g; to
I'p.

We modify 4, to obtain a discrete function satisfying the weak-continuity
constraint on I'gy, and define using our previous notation wuy = Zyp, Uy +
Ris, T (g, — Ly:n, Ux). By construction, the mortar condition is satisfied

/ (7 MZ/ (L U + U — Ly, Te) - 14
Cog Cog

= Ug - Wy v:u € Mk;(ik'
Lok

From the same argument (19) as in the case k € I; and (22), we get

ak(uk,uk)SCCk/ﬂ |Vﬂk|2

1 2 2

<ca (L—k [ ol + o) (23)
1

<0G (1 [ luol* + o) (24)

By summation of (24) for k € I, one gets

LO 1 2 2
3 entu ) Cpe (i) (7, f, 6+ el

kels

0 2
< Cr}glgzc <CkL_k) w0l 771 (g0)a

0 CL()(U(), Uo).

As a consequence, with this choice of uy

K Ch CiLo
(AoUy, Up) + Z AU Uy) < <1 + Cmax — + C'max > (AU, Up)
k=1

kel ¢ kel O{()Lk
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To conclude the proof, let us show that for all (Vj)x>1 such that BV}, = B Up,

we have:
K

(DoUs, Uo) < (AoUo, Up) + > (AkVi, Vi) . (25)

k=1
For all £ > 1, we decompose V}, into V;, = U}, + 0U}, where (Uk,Ak) denotes
the solution of (17), and B0U), = 0. One has (AoUp, Up) + X5, (ALU, Uy) =
(DoUo, Up), and by symmetry of Ay

K K
AoUo,Uo Z Aka,Vk <D0U0,U0>+22<AkUk,(5Uk>+<Ak(5Uk,(5Uk> .
k=1 k=1

Furthermore, (A4Uy, 0Ux) = (B{ Ay, 0Uy ) = (Ay, BxdUy) = 0 which implies

K K
(AoUy, Up) + Z (ApVi, Vi) = (DoUo, Up) + Z (AU, 6Uy)
k=1 k=1

= <D0UO7 U0> .

Hence (25) which completes the claim. O

4.8  Spectral equivalence for the enhanced Dirichlet Neumann

For the enhanced Dirichlet-Neumann preconditioner presented in section 3.3.2,
we prove that:
Proposition 3 For all Uy, the following spectral equivalence holds:

Wi (Dol Un) < (Dol Un) < (Dol Up) ,

with

1 Cy
=C <1 ma —) ,
Wl,h + kGIlBJ(IQ Co

where I (resp. 1) is the set of indices k > 1 such that Qy is not fized on its
boundary (resp. is fixzed on a part of its boundary). The constant C' is inde-
pendent of the number K and the size of the subdomains.

Proof : Let Uy be given. We proceed as in the last part of the previous
proof, and introduce (Uy, Ag) satisfying (17). We introduce the decomposition
U, = U, + Wy, with U, = II,,Uy, and by construction of Uy, we obtain

20



(Dolo, Uo) = <<Ao - ZB KK IR;—BOI@> Uo,Uo>

K
= (AoUo, Up) + D (AxUk, Uy)

k=1

=L

> (AgUp, Up) + Z (AW, Ur) + 2 (AU, Wi )

Exploiting the decomposition Uk = ﬁka = Zj-vzkl z; U, ,ﬁ provides

<Aka, Uk> =" zap(wy, u) = Zz]/ A, - wg,  from (9)-1,

j=1 j=1 0k
Ny '

=)z / (up — ug) - AL, by construction of wy,
j=1 Lok

=> 2 [/ up, )\ff—/ Ug )\k}, from (14)-2
j=1 0k Lok

=0 from (17).

Plugging the latter result into (26) gives

=

(Dol. Uo) = (Ao, Uo) + 3 (AU, Uy)

Nn

= (AoUo, Up) + Z <AkﬁkU07ﬁkU0>

— <<Ao +y ﬁ,IAkﬁk> Us, U0>
k=1

= <f)0U0, U0> from (15).

(26)

Let us prove now a lower bound for f)o. For Uy given and for all 1 < k < K,
as in the proof of the previous proposition, we build a particular function
up € Wi, satisfying the weak continuity constraint on the interface I'g;,. When
Q. is not fixed on a part of its boundary, which we denote by k € I, we take
uy, as defined in the previous proof, by “reflexion” with respect to I'gx. When
Q) is fixed on a part of its boundary, namely k € I, we proceed differently,
and define here (up), € R(I'ox) (the trace over I'p; of a rigid motion) such

that
/ (o), -1 = up-r, Vr € R(Lok).
Tok Lok
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Then, we introduce ug = Ly, Uk + Ris, Tk [k — Lin, Us) + Tk (Uo),,, Where
is a function whose trace is zero on I'p and is uy — (ug), on Iy, satisfying
from a lifting argument and equivalence of norms as in [11,24], the following
estimate

N 1
/Qk V" <C [L_k {uo = (uo)y,)y + luo — <u0>k|§{1/2(1‘0k)d (27)

= Clug — (ug), \fql/g(r%)d, by construction of (ug),. (28)

The mortar condition is indeed satisfied because

/ uy, - MZ/ (Zhooy, g + U — Lop, Uge) - fo + / Tk (Uo) g - 14
Tow Tow TCox
= ﬂk'MﬂL/ Ty (o) + 14
Lok Lok

= (Uo - <Uo>k + T <Uo>k) WU TRS Mk;ak,

Lok

and because, since (ug),, is a linear combination of rigid body motions e}, we
have from (16)

/F ((uo), — T (uo)y) - =0, Y € My,
Ok

On the other hand, we have for k € I

ap(wp, up) < 2ay (ug — T (o), , Uk — Tk (Uo) )
2 (i (o () (29)

Using the same argument as in (19), we get by construction of wuy

ay (up — 7 (Uo) g, » U — Tk (Uo)y,) < CCk/Q Vit |
k
< COCx Jug = (uo) | /2y ye > from (28),

<CC, /Q e (ug) : (up), (30)

k

from the Sobolev trace theorem and the inequality (20). On the other hand,
we have from lemma 2
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ar (Tr (o), » Tk (Uo)y,) < 2ag (T (uo — (uo)y,) , Tk (o — (uo)y,))
+2(1,k (7%145’&0, 7OTkU0)
< CCy lug — <u0>k‘§{1/2(r0k>d + 2ay, (Truo, Tro)

S OCk ‘/Q/ €(U0) . E(Uo) + 2(Ik (%kUO,kaUO) . (31)

k

Equations (21), (29), (30) and (31) enable us to obtain

K K

ao(uo, o) + Y ar(wg, ug) < ag(ug, ug) + C > Cy, // e(ug) : e(up)

+4ay, (Trug, Truo)

< (4 + ¢ maX(Ck)> [ao(uo,uo) + > ak (%kuo,%kuo)]

>
Co k=1 kels

C .

Co k

Finally, from (25) and the mortar conditions satisfied by the (ug)g>1, the
following upper bound holds

8. .
(Dolp, Up) < <4 + 2 maX(Ck)) (DoUs. U) -

In the above proof, we have used the following lemma:

Lemma 2 If a; is symmetric, the projection operator 7y satisfies:

. . 1 2 2
ax (fw, Fow) < CC, [L—k /F )+ |w\H1/2(FOk)4
Proof : Let w be a lifting function of w with zero trace on I'p, with W = w
on I, and satisfying, similarly to (27),

1

12 2 2

<C [—/ } .
/Qk Vil” < Ly Jry, (w + ‘w|H1/2(FOk>d

Let us define as before Wy, = Zy.p, W + Ry5, k(W — Lk, W) which belongs to
Xp.n, and satisfies by construction

/ Wop= | @-p, Ype Mys,. (32)
Lok

Lok

We then have on one hand

CLk(TI}k, wk) = ak(frkw, frkw) + ak(frkw — U~)k, frkw — U~)k)

23



. . o Ny, j
Developing 7wy, into mpwy, = 3;2% zjuy,, we have from (9)-1

ak(ﬁkwk - wku %kwk)

Ny, . Ny .
=Y zjap(Tpw — Wy, up) = Y zj/ (7w — W) - N,
j=1 j=1 o
Nk . .
=)z [/ w - N, — / w - )\ff] , from (14)-2 and (32)
j=1 Tog Lok
=0.

Plugged back in (33), this implies ay(7m,w, Tyw) < ag(wy, Wy ). But on the other
hand, proceeding as in (19), we get
1

(i, @) < CC [ Ve <CO = [ @)+ e,y
k

k Ok

the last inequality coming from the Sobolev lifting theorem. This concludes
the proof. O

4.8.1 Bound on condition number

Referring to the Matsokin-Nepomniaschik framework [28], the spectral equiv-
alences proved for our preconditioners in the previous subsections imply the
main result of the section:

Proposition 4 For the symmetrized Dirichlet-Neumann preconditioner given
in section 3.3.1, we have

L
kas(CTA)<1+C (max% + max Ci 0) :

kel ¢y kels OéoLk

and for the enhanced Dirichlet-Neumann preconditioner given in section 3.3.2

kae(CT'A) < C (1 + max %> :

kel1Ul2 Co

Both condition numbers are independent of the number K of fine-scale sub-
domains. Additionally, the performance of the second preconditioner proves
to be independent of their sizes. It is also the case for the first preconditioner
when no small subdomain is clamped (I, = (). In this sense, we can reasonably
talk of two-scale preconditioners.

The simplest symmetrized Dirichlet-Neumann preconditioner, which imposes
the invertibility of Ay (through a Dirichlet boundary condition on g for
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example), is strongly affected by the presence of small subdomains that are
fixed on a part of their boundary, through the ratio Ly/Lj. The enhanced
symmetrized Dirichlet-Neumann preconditioner avoids this dependence, and
its use is not limited to the case where I'p N 0y has a positive measure.
Nevertheless, both condition numbers are affected by the presence of stiff fine
subdomains in comparison with the stiffness of the coarse domain, through
the ratio Ey/Ey where Ej, (resp. Ejy) is the Young modulus of the material in
Q (resp. ). We acknowledge that this limitation is a natural limitation of
Dirichlet-Neumann preconditioners. It is nevertheless a significant advantage
in the case where the large subdomain €2 is the stiffest.

5 Algorithm

Before testing these two preconditioners, we briefly summarize the way of
implementing the associated algorithms. The action of a preconditioner on a
right hand side (Fy, Fl, ..., Fx)' in the dual of the constrained space £ leads
to the following sequence of operations :

(1) Compute the equivalent coarse-scale force on €2
_ K F,

Fy = Fy — ) By RiK;! :
k=1 0

by solving, in parallel, one Dirichlet problem by small subdomain. On
each subdomain, the force Fj is imposed and a weak zero trace prescribed
on the interface.

(2) Use the equivalent coarse-scale operator D, to determine Uy = ]f)o_ 7.
In the case of the enhanced preconditioner, we effectively implement the
expression given by (13).

(3) Solve the local problems for 1 < k < K

U, F
Kk ~k _ k~
Ak _BOUO

It amounts to finding the mechanical equilibrium of the structure €
under loading Fj, the displacement Uy being imposed in the weak sense
on the interface I'g.

For the sake of efficiency of the aforementioned algorithm, it is crucial that for
every k > 1, the cost of applying the inverse A; ' remains of the same order
(or less expensive) than the cost of applying the inverse of the approximate
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Schur complement, ]55 !, Again, this requirement justifies the assumption that
the details should be small and disjoint.

The proposed preconditioners are multiplicative in the sense that the two
scales cannot be solved simultaneously. Nevertheless, the solutions over the
small details can be performed in parallel.

6 Numerical tests
6.1 A two-scale model

Let us consider the two-scale geometry whose deformed state is represented
in Figure 2. The system is clamped at its tips, as well as on the middle row
of spherical details, and the materials are supposed to be linearly elastic. The
Young modulus and the Poisson coefficient are taken to be constant over the
coarse and the fine subdomains, with values (Ey, vp) and (E’, V') respectively.
In the sequel, we denote by r = E’/Eq the ratio of Young modulii, which
is proportional to Cy/co and Cy/ap with k > 1 (appearing in proposition 4)
up to a constant which is fixed for the chosen model. In view of proposition
4, this parameter has a crucial influence on the efficiency of the introduced
preconditioners.

A uniform negative pressure is applied on the spherical details, and on the
face of the plate opposite to these geometrical details. An illustration of the
loading is represented in Figure 3, and Figure 2 shows the state of deforma-
tion of the structure under these conditions. A Q; approximation is adopted
for displacements. We adopt @Q; Lagrange multipliers, and note that they can
actually be defined either on the mesh of the spherical details, or on the coarse
mesh of the plate (cf. Remark 2). Concerning the latter choice, particular at-
tention should be paid to the accuracy of the obtained solution. The definition
of the Lagrange multipliers (Qq, or Qg provided a stabilization is added to the
displacements as in [24]) is not an issue, as long as the fundamental assump-
tions of section 2.2.4 are satisfied. The mortar weak-continuity constraint is
penalized using a penalization coefficient x = 105E".

We now use our preconditioners in a Conjugate Gradient algorithm to com-
pute the solution of the model problem. Note that if the coarse plate was not
fixed on a part of its boundary, the simpler preconditioner couldn’t be used,
since the invertibility of Ag is required. The convergence of the method for
the proposed preconditioners is illustrated in Figures 4 and 5, displaying the
L? norm of the residual along the iterations. The behavior has been computed
both when Lagrange multipliers are defined on the fine and coarse sides of the
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Fig. 3. Loading of the model problem. The spherical details are loaded with constant
negative pressure, as well as the hidden face of the plate. Additionally, on the above
drawing, the left and right faces are clamped, as well as the center of the spherical
details in the middle row (where no arrow appears).

interface. As shown, the influence of this choice on the efficiency of the pre-
conditioners remains small, even though the convergence for coarse Lagrange
multipliers is always slightly better. The enhanced Dirichlet-Neumann precon-
ditioner exhibits improved results as compared to the simpler preconditioner,
especially as the ratio r becomes large. For r > 1, the number of required it-
erations to reach a given precision is roughly divided by 2. Nevertheless, both
preconditioners are affected by the growth of r, which seems unavoidable for
non-symmetric strategies.

6.2 Extension to a quasi-Newton method

When dealing with nonlinear problems, the previous methods can be applied to
solve each tangent problem in the Newton-Raphson’s method. Nevertheless,
we show that for non-stiff geometrical details, the previous preconditioners
define efficient quasi-Newton methods. More precisely, we propose to replace
the Newton’s tangent elasticity operator by the approximation provided by a
preconditioner. The possible choices are

e the simplest Dirichlet-Neumann preconditioner (simple quasi-Newton),

e the enhanced Dirichlet-Neumann preconditioner pre-computing the lifting
of rigid motions and their equivalent stiffness ~A; in (13)— once for all on
the undeformed configuration (enhanced quasi-Newton 1),

e the enhanced Dirichlet-Neumann preconditioner fully implemented on each
tangent problem (enhanced quasi-Newton 2).

These methods are compared with the full Newton-Raphson’s method, where
each Newton’s tangent problem is fully solved by a Preconditioned Conjugate
Gradient algorithm making use of our Enhanced Dirichlet-Neumann precon-
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Fig. 4. Convergence of the L? norm of the residual along the iterations for
r = 1,10,1000, with or without the enhancement proposed in section 3.3.2. The
Lagrange multipliers are defined either on the fine mesh, or on the coarse one.
ditioner. The Lagrange multipliers are defined on the fine mesh.

Let us consider the model problem from Section 6.1 represented in Figure 2,

where the linear law is replaced by a Saint-Venant/Kirchhoff material charac-
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Fig. 5. Convergence of the L? norm of the residual along the iterations for
r = 0.1,0.001, with or without the enhancement proposed in section 3.3.2. The
Lagrange multipliers are defined either on the fine mesh, or on the coarse one.

terized by the hyperelastic energy

~

W(F) = a

(tr(FT - F —id)] + Lir[(FT-F—id)],

| >

in which F' = id + Vu. The L? norm of the residual after the consecutive
tangent problems is represented in Figures 6 and 7 for various values of the
stiffness ratio r. Because some of the sculptures of the problem are clamped,
remark that our enhanced preconditioner is required to define an efficient
quasi-Newton strategy. Moreover, for large deformation problems, it appears
important to resort to the fully implemented variant (enhanced quasi-Newton
2). When relaxing the clamping constraint on the geometrical details (see
deformation in Figure 8), the simple quasi-Newton method exhibits good con-
vergence properties for non-stiff details, as illustrated in Figure 9. Finally, let
us acknowledge that the efficiency of our quasi-Newton strategies is restricted
to the case where boundary details remain non-stiff (r < 1).
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7 Conclusion

In this paper, we have analyzed and tested two symmetrized Dirichlet-Neumann
preconditioners that can be used efficiently in conjunction with a non-conforming
mortar formulation to solve elliptic problems with small geometrical details on
the boundary. This method is well-adapted to the case where the details are
localized enough to make their resolution relatively cheap. In the case where
the small structures would not be so localized as to satisfy this assumption,
one could imagine another level of hierarchy in the preconditioner through
which the Dirichlet problem would be split. Finally, we have derived a quasi-
Newton method which is well suited for non-stiff details in the framework of
nonlinear problems.
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