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sPatri
e Hauret�, Patri
k Le Talle
yCentre de Math�ematiques Appliqu�ees,�E
ole Polyte
hnique, 91 128 Palaiseau 
edex, Fran
e.Abstra
tDis
rete energy 
onservation plays a key role for the un
onditional stability of timeintegration s
hemes in nonlinear elastodynami
s. We present a theoreti
al and nu-meri
al study of energy evolution for midpoint, trapezoidal and Hilber-Hughes-Taylorse
ond order s
hemes, as 
ompared with energy 
onserving s
hemes like [Gon00℄. Weunderline that in general, linearly dissipative s
hemes (with spe
tral radius less thanone) do not dissipate me
hani
al energy, and do not a
hieve un
onditional stabilitywhen extended to the nonlinear framework.1 Introdu
tionTime integration s
hemes for elastodynami
s have been developed for a long time ina linear framework in whi
h 
onsisten
y and linear stability insure 
onvergen
e bytime step re�nement. Whereas the 
onditionally stable expli
it 
entered method mustbe mentioned for its simpli
ity, the numeri
al sti�ness of su
h me
hani
al problemshas lead to the development of impli
it methods, espe
ially when dealing with in-
ompressible materials: Houbolt, Wilson, Newmark or Hilber-Hughes-Taylor [Bat82,Cri97, GR93, HHT77℄. Nevertheless, when 
onsidering nonlinear problems, the previ-ous impli
it s
hemes lose their un
onditional stability and nonlinear 
riteria of stabilitymust be found.In the Hamiltonian framework (i.e. with 
onservative loadings), a geometri
alapproa
h 
ould 
onsist in 
onstru
ting numeri
al s
hemes whose 
ow is symple
ti
[HLW02, SSC94℄, entailing the 
onservation of the volume in the phase spa
e. Nev-ertheless, su
h a 
ondition is not always suÆ
ient to insure the stability of the nu-meri
al system for large time steps and for sti� problems. In the 
ompressible 
ase,this statement will be numeri
ally assessed for the symple
ti
 midpoint s
heme. Adeeper analysis is proposed by J.C.Simo and O.Gonzalez in [SG93℄. In parti
ular, the�patri
e.hauret�polyte
hnique.frypatri
k.letalle
�polyte
hnique.fr 1



authors show that symple
ti
ness is diÆ
ult to maintain in the 
ase of kinemati
ally
onstrained systems.Another idea to stabilize the dis
rete solution 
an 
onsist in imposing energy 
on-servation as a 
onstraint, by proje
tion [NNR77, HLC78℄ or by Lie group methods[MK99℄. In fa
t, by a mean value argument, Simo and Tarnow have shown in [ST92℄that 
onservation 
ould be a
hieved by 
hoosing 
orre
tly the algorithmi
 de�nitionof the se
ond Piola-Kir
hho� stress tensor. Su
h an idea has lead to a very pra
ti
al
onservative s
heme proposed by Gonzalez in [Gon00℄.Energy dissipation would introdu
e additional robustness, but two remarks mustbe done. In the linear framework, the s
hemes whose spe
tral radius is stri
tly lessthan one, often said to be linearly dissipative su
h as HHT [HHT77, Hug87℄, do not dis-sipate the me
hani
al energy in general. When extended to the nonlinear framework,they do not insure longterm stability as the evolution of energy 
annot be 
ontrolled.A
hieving energy dissipation in this framework is quite diÆ
ult: as a heuristi
 proof,we refer to the work of Armero and Romero in [AR01a, AR01b℄, where in order toobtain dissipation, the authors introdu
e a dissipation term in the energy 
onservings
heme of Gonzalez. Then, we would like to make the reader think about the followingstatement:\In the nonlinear framework, 
onserving energy seems easier than dissipating it."The purpose of the present paper is to dis
uss the energy 
onservation propertiesof these di�erent s
hemes in a nonlinear framework. In se
tion 2, we introdu
e theproblem of nonlinear quasi in
ompressible elastodynami
s. Con
erning 
ost eÆ
ien
yfor time integrators, we indi
ate in se
tion 3 why 
ompletely impli
it s
hemes are theonly way to explore. In se
tion 4, some impli
it time integration s
hemes are analyzedand dis
ussed. We study the 
onservation properties of midpoint type s
hemes (4.2),that generalize Newmark's trapezoidal rule in the nonlinear framework, and of thelinearly dissipative HHT s
heme (4.3). Numeri
al tests are presented in se
tion 5. Anoverview of these results has already been written in [THR02℄. The present paper
ontains 
omplete proofs.2 Quasi in
ompressible elastodynami
s2.1 The in
ompressible modelThe open set 
 � R3 denotes the interior of the referen
e 
on�guration of a solid bodyand its time dependent deformation is des
ribed by the following mapping:' : [0; T ℄� 
! R3 : (1)The material is assumed to be in
ompressible in the sense that on [0; T ℄� 
,detF = detr' = 1: (2)The density of the material on the referen
e 
on�guration is denoted by � : 
! R�+and the body for
es by f : [0; T ℄�
! R3 . On the subsets �0 and �1 of the boundary� = �
 of the domain, the displa
ement 'd : [0; T ℄ � �0 ! R3 and the tra
tion2



g : [0; T ℄� �1 ! R3 are pres
ribed. Moreover �0 [ �1 = �, �0 \ �1 = ;, and n is theoutward normal unit ve
tor.The �rst Piola-Kir
hho� stress tensor in the material is denoted by � and is givenby the hyperelasti
 
onstitutive law:� = �Ŵ�F � p 
of F= F � �2�W�C � 1(detC)1=2 p 
of C�= F � �2�W�C � 2p� detC1=2�C �= F � �:The symmetri
 tensor � is known as the se
ond Piola-Kir
hho� stress tensor, p :[0; T ℄�
! R denotes the hydrostati
 pressure, Ŵ andW the stored elasti
 potentialsrespe
tively in term of the gradient F or the right Cau
hy-Green strain tensor C =F t � F . The 
ofa
tor matrix of the matrix F is denoted by 
of F = �F detF .2.2 Variational quasi in
ompressible formulationWe introdu
e variational spa
es for displa
ements, velo
ities and pressures:8><>:U0 � fu 2 W 1;s(
)3; u = 0 on �0g;V � fw 2 L2(
)3g;P � fp 2 Lq(
); 3s + 1q � 1g: (3)We assume that � 2 L1(
), with � � �0 > 0 almost everywhere on 
, that f 2L2(0; T ;Ls�(
)) with 1s + 1s� = 1, and that 'd 2 L2 �0; T ;W 1�1=s;s(�0)3�. The elasti
potentials Ŵ and W are assumed to be 
ontinuously di�erentiable with respe
t totheir arguments. Then, the variational formulation of our model 
onsists in �nding:8>>><>>>:'� 'd 2 L2(0; T ;U0);_' 2 L2(0; T ;V);� �' 2 L2(0; T ;U 00);p 2 L2(0; T ;P); (4)su
h as for almost every t 2℄0; T [, any v 2 U0 and any q 2 P :8><>:h� �'(t); viU 00;U0 + Z
�(t) : rv = Z
 f(t) � v;Z
 (detr'(t) � 1 + �p(t)) q = 0: (5)Remark 1 � We will assume hen
eforward that g = 0 to avoid a te
hni
al diÆ-
ulty. Indeed, sin
e the speed is in L2(
)3, it has no tra
e on the boundary �1and the surfa
i
 work 
annot be de�ned so easily without additional regularitystudy. 3



� The spa
es U0, V and P 
an be �nite dimensional spa
es in the framework ofspa
e dis
retized approximation.� The 
ompression term �p generalizes the problem to quasi in
ompressible situa-tions. 1=� has the physi
al meaning of a bulk modulus.� To obtain the uniform 
onvergen
e towards the in
ompressible limit as �! 0, itis ne
essary to have the following 
ompatibility 
ondition (see [Bab73, Bre74℄):9� > 0; 8' 2 'd + U0;infq2P;kqkP=1 supv2U0;kvkU0=1Z
 q ((
of r') : rv) � �: (6)2.3 Conservation propertiesWith a minimal regularity analysis, one obtain the following expe
ted physi
al prop-erties of 
onservation. They hold for almost every t 2℄0; T [:� Energy 
onservation. E(t) � E(0) = Z t0 Z
 f � _'; (7)the total energy being de�ned by:E(t) = 12 Z
 � _'(t; x)2 dx+ Z
 Ŵ(x;r'(t; x)) dx + �2 Z
 p(t)2: (8)� Angular momentum 
onservation (for �0 = ;).J (t)�J (0) = Z t0 Z
 '� f; (9)with: J (t) = Z
 �'(t; x) � _'(t; x) dx: (10)� Linear momentum 
onservation (for �0 = ;).I(t)� I(0) = Z t0 Z
 f; (11)with: I(t) = Z
 � _'(t; x) dx: (12)Remark 2 If ' 2 W 2;2(0; T ;U0) and p 2 W 1;2(0; T ;P), these properties are dire
tlyderived from the variational formulation by using respe
tively v = _', v = a�' for alla 2 R3 , and any 
onstant ve
tor v 2 R3 .
4



3 EÆ
ien
y and semi expli
it strategiesWhen regarding industrial 
omputations, the ne
essity to obtain low 
ost methodsis obvious. The disadvantage of impli
it methods is the introdu
tion of a nonlinearproblem at ea
h time step.At the opposite, an expli
it time integration would be simple and e
onomi
 to
ompute, but for stability reasons, time step has to satisfy a CFL 
ondition, par-ti
ularly restri
tive for quasi-in
ompressible problems. A 
ompromise 
ould 
onsistin impli
iting the 
ompression term in the s
heme, whi
h is equivalent to proje
t anexpli
it time iteration of the 
ompressible problem on the manifold of in
ompressibledispla
ements. It is obvious that the CFL 
ondition to be satis�ed for the time step isthen far less restri
tive: it must only insure the stability of the expli
it 
ompressibles
heme. Thus, we 
ould propose to adopt as a time iteration, the following system:8>><>>:Z
 � �'n � v + Z
 �Ŵ�F (r'n) + 12 (pn�1 
of Fn�1 + pn+1 
of Fn+1)! : rv = Z
 fn � v;Z
 q (detFn+1 � 1� �pn+1) = 0; (13)for all (v; q) 2 U0 �P , with the 
entered �nite di�eren
e approximation:�'n = 'n+1 � 2'n + 'n�1�t2n : (14)Using a standard resolution by Newton method, in
rements Æ'(k)n+1 and Æp(k)n+1 aresolutions of tangent problems of the following type:8>>>>>>>>><>>>>>>>>>:
1�t2n Z
 � Æ'(k)n+1 � v + 12 Z
 pn+1 � 
of F (k)n+1�F (k)n+1 : rv! : rÆ'(k)n+1+12 Z
 Æp(k)n+1 
of F (k)n+1 : rv = DR(k)n+1; vE ; 8v 2 U0;Z
 q �
of Fn+1 : rÆ'(k)n+1 � � Æp(k)n+1� = �DS(k)n+1; vE ; 8q 2 P : (15)The only way to make it 
omputable at low 
ost 
ompared to an impli
it s
heme wouldbe to invert only a pressure problem, whi
h requires to adopt a lumped diagonal massand to negle
t the term in displa
ement:12 Z
 pn+1 � 
of F (k)n+1�F (k)n+1 : rv! : rÆ'(k)n+1: (16)This modi�
ation leads to a modi�ed algorithm whi
h we have observed not to 
on-verge in pra
ti
e in nonlinear in
ompressible elasti
ity. Indeed, be
ause the set ofin
ompressible displa
ements is very nonlinear, the proje
tion operator 
annot besimpli�ed. Thus, a displa
ement problem must be inverted and the asso
iated 
ostis 
omparable to the 
ost of an impli
it time step. Then, in our framework, totallyimpli
it s
hemes seem to be the only way to explore.5



4 Conservation analysis for some usual s
hemes4.1 General 
on
eptsWe write (5) under a �rst order form, useful for time integration 
on
epts:For all v 2 U0, w 2 V, q 2 P,8>>>>><>>>>>:�t Z
 � _' � v + Z
� : rv = Z
 f � v; in D0(0; T );�t Z
 ' � w = Z
 _' � w; in D0(0; T );Z
 (detr'(t) � 1 + �p(t)) q = 0; in D0(0; T ): (17)The time interval [0; T ℄ is splitted into subintervals [0; T ℄ = [Nn=0[tn; tn+1℄, with�tn = tn+1�tn. We will 
all numeri
al approximation of (17), any sequen
e ('n; _'n; pn)0�n�Nof (U0 � V � P)N , given by an integration s
heme of the type:8>>>>><>>>>>:Z
 � _'n+1 � v = Z
 � _'n +�tn�P ('n; 'n+1; _'n; _'n+1; pn; pn+1) ; v�; 8v 2 U0;Z
 'n+1 � w = Z
 'n � w +�tn�Q ('n; 'n+1; _'n; _'n+1) ;w�; 8w 2 V ;�tn Z
 qG('n; 'n+1) = 0; 8q 2 P : (18)Let us assume that the data and the solution of (17) are smooth in time. Then,the s
heme (18) will said to be 
onsistent and a

urate at order r if when repla
ing('n; _'n; pn)0�n�N by ('(tn); _'(tn); p(tn))0�n�N in (18), the relations are satis�ed upto a O((�tn)r+1) error term. For the s
hemes des
ribed in this paper, 
onsisten
yand se
ond order a

ura
y are quite obvious and will not be detailed further.4.2 Midpoint based s
hemesWe analyze below some natural se
ond order time integration s
hemes of the form:8>>>>><>>>>>:Z
 � _'n+1 � v = Z
 � _'n � v ��tn Z
 �n+1=2 : rv +�tn Z
 fn + fn+12 � v;Z
 'n+1 � w = Z
 'n � w +�tn Z
 _'n + _'n+12 � w;Z
 q�Dn+1=2 � 1 + � pn + pn+12 � = 0; (19)entirely determined by the expressions of �n+1=2 and Dn+1=2. The di�erent 
hoi
esanalyzed in this paper are summarized on �gure 1.4.2.1 Trapezoidal ruleProposition 1 The trapezoidal rule a
hieves the following properties:6



S
heme �n+1=2 = Dn+1=2 =Trapezoidal 12  �Ŵ�F (Fn) + �Ŵ�F (Fn+1)! 12 (detFn + detFn+1)(stress averaging) �12 (pn 
of Fn + pn+1 
of Fn+1)Midpoint �Ŵ�F �Fn + Fn+12 � 12 det�Fn + Fn+12 �(strain averaging) �pn + pn+12 
of �Fn + Fn+12 �Conservative �Fn + Fn+12 � � �n+1=2 with: 12 (detFn + detFn+1)12 Z
�n+1=2 : (Cn+1 � Cn) =Z
 �W(Cn+1) + �2p2n+1�� Z
 �W(Cn) + �2p2n�Figure 1: Some 
hoi
es for �n+1=2 and Dn+1=2 in midpoint based s
hemes.� Dis
rete energy 
onservation.En+1 � En = Pn + 
n�t3n; (20)where the dis
rete work between times tn and tn+1 is given by:Pn = Z
 fn + fn+12 � ('n+1 � 'n);and the dis
rete energy at dis
rete time n by:En = 12 Z
 � _'2n + Z
 Ŵ(r'n) + �2 Z
 p2n:The s
alar 
n only depends on 'n, _'n, pn, 'n+1, _'n+1, pn+1, and on the approx-imate time derivative of the pressure pn+1�pn�tn . We will say that 
n only dependson the approximate solution at times n and n+ 1.� Dis
rete angular momentum. If �0 = ;,Jn+1 �Jn =Mn + 
n�t3n; (21)where the resultant moment between times tn and tn+1 is given by:Mn = �tn Z
 'n + 'n+12 � fn + fn+12 ;7



and the angular momentum at dis
rete time n by:Jn = Z
 �'n � _'n:The 
onstant 
n only depends on the approximate solution at times n and n+1.� Dis
rete linear momentum. If �0 = ;,In+1 � In = Fn; (22)where the resultant for
e between times tn and tn+1 is given by:Fn = �tn Z
 fn + fn+12 ;and the dis
rete linear momentum at time n by:In = Z
 � _'n:Proof :1. Energy 
onservation. We take v = ('n+1�'n)=�t in (19). The inertial termgives the dis
rete in
rease of kineti
 energy:Z
 � ( _'n+1 � _'n) � v = 12 Z
 � _'2n+1 � 12 Z
 � _'2n:The work Pn is obtained as:�tn Z
 fn + fn+12 � v = Z
 fn + fn+12 � ('n+1 � 'n) :The elasti
 term gives by a standard Taylor expansion:12  �Ŵ�F (Fn) + �Ŵ�F (Fn+1)! : rv = 12��n  �Ŵ�F (Fn) + �Ŵ�F (Fn+1)! : (Fn+1 � Fn) ;= 1��n �Ŵn+1 � Ŵn�+ 
��n �3W�F 3 (F�)(Fn+1 � Fn)3;= 1��n �Ŵn+1 � Ŵn�+ 
8�t2n �3W�F 3 (F�)(r _'n+1 +r _'n)3;for a given 
onstant 0 < 
 < 1=8 and an unknown matrix F�.Con
erning the 
ompression term:12 (pn 
of Fn + pn+1 
of Fn+1) : rv = 12�tn (pn 
of Fn + pn+1 
of Fn+1) : (Fn+1 � Fn);= 12�tn pn + pn+12 (
of Fn + 
of Fn+1) : (Fn+1 � Fn)+ 12�tn pn+1 � pn2 (
of Fn+1 � 
of Fn) : (Fn+1 � Fn);= 1�tn pn + pn+12 (detFn+1 � detFn)+
 1�tn pn + pn+12 �3 detF�F 3 (Fn+1 � Fn)3+ 12�tn pn+1 � pn2 (
of Fn+1 � 
of Fn) : (Fn+1 � Fn);8



with 0 < 
 < 1=8. Moreover, if the initial kinemati
 
onstraint holds:Z
 q (detr'0 � 1 + �p0) = 0; 8q 2 P ;then it holds at every dis
rete time. Then, using (19):Z
 pn + pn+12 (detFn+1 � detFn) = � Z
 pn + pn+12 (pn+1�pn) = �2 Z
(p2n+1�p2n):Up to an integration over 
, we have:12 (pn 
of Fn + pn+1 
of Fn+1) : rv = �p2n+1 � p2n2�tn+ 
8�t2n pn + pn+12 �3 detF�F 3 (r _'n +r _'n+1)3+�t2n2 pn+1 � pn2�tn �2 detF�F 2 (F�)(r _'n +r _'n+1)2;and the announ
ed result holds:En+1 � En = Pn + 
n�t3n;with:
n = ��3W�F 3 (F�)(r _'n+1 +r _'n)3 + � pn + pn+12 �3 detF�F 3 (r _'n +r _'n+1)3� 14 pn+1 � pn�tn �2 detF�F 2 (F�)(r _'n +r _'n+1)2:2. Angular momentum 
onservation. If �0 = ;, taking v = a� 'n + 'n+12 =Ja � 'n + 'n+12 in (19), the elasti
 term be
omes:12  �Ŵ�F (Fn) + �Ŵ�F (Fn+1)! � (Fn + Fn+1)t : Ja= �Fn � �W�C (Cn) + Fn+1 � �W�C (Cn+1)� � (Fn + Fn+1)t : Ja;= 12 (Fn + Fn+1) � ��W�C (Cn) + �W�C (Cn+1)� � (Fn + Fn+1)t : Ja+12 (Fn+1 � Fn) � ��W�C (Cn+1)� �W�C (Cn)� � (Fn + Fn+1)t : Ja:The �rst term vanishes be
ause of the skew-symmetry of Ja. Therefore, we get:12  �Ŵ�F (Fn) + �Ŵ�F (Fn+1)! � (Fn + Fn+1)t : Ja= 14�tn (r _'n +r _'n+1) ���2W�C2 (C�) : (Cn+1 � Cn)� � (Fn + Fn+1)t : Ja;= 14�tn (r _'n +r _'n+1) ���2W�C2 (C�) : (r't� � (Fn+1 � Fn)� � (Fn + Fn+1)t : Ja;= 18�t2n (r _'n +r _'n+1) ���2W�C2 (C�) : �r't� � r( _'n + _'n+1)�� � (Fn + Fn+1)t : Ja:9



Con
erning the momentum of 
ompression terms, we have:12 (pn 
of Fn + pn+1 
of Fn+1) � (Fn + Fn+1)t : Ja=  pnFn � � detC1=2n�Cn + pn+1Fn+1 � � detC1=2n+1�Cn+1 ! � (Fn + Fn+1)t : Ja;= 12 (Fn + Fn+1) � pn � detC1=2n�Cn + pn+1 � detC1=2n+1�Cn+1 ! � (Fn + Fn+1)t : Ja+12 (Fn+1 � Fn) � pn+1 � detC1=2n+1�Cn+1 � pn � detC1=2n�Cn ! � (Fn + Fn+1)t : Ja;whose �rst term vanishes be
ause of the skew-symmetry of Ja. Therefore, wehave simply:12 (pn 
of Fn + pn+1 
of Fn+1) � (Fn + Fn+1)t : Ja= 14�tn (r _'n +r _'n+1) � pn+1 � detC1=2n+1�Cn+1 � pn� detC1=2n�Cn ! � (Fn + Fn+1)t : Ja:We detail the 
entral fa
tor:pn+1 � detC1=2n+1�Cn+1 � pn � detC1=2n�Cn= 12(pn+1 � pn) � detC1=2n�Cn + � detC1=2n+1�Cn+1 !+ 12(pn + pn+1) � detC1=2n+1�Cn+1 � � detC1=2n�Cn ! ;= �tn 12 pn+1 � pn�tn  � detC1=2n�Cn + � detC1=2n+1�Cn+1 !+�tn 14(pn + pn+1)��2 detC1=2�C2 (C�) : �r't� � r( _'n + _'n+1)�� = An�tn;where An is a fourth order symmetri
 tensor depending on the approximatesolution at times n and n+ 1. Then, we have:12 (pn 
of Fn + pn+1 
of Fn+1)�(Fn+Fn+1)t : Ja = 14�t2n (r _'n +r _'n+1)�An�(Fn+Fn+1)t : Ja:Let us introdu
e:
an := �t2n (r _'n +r _'n+1)��An + 12 �2W�C2 (C�) : �r't� � r( _'n + _'n+1)���(Fn+Fn+1)t : Ja;the dis
rete momentum of the tensions in the material between times tn andtn+1 along the a 2 R3 dire
tion. By linearity 
an = 
n �a, for a 
n 2 R3 . Pluggingthis in (19), and from the identity u � (a� w) = (w � u) � a, we obtain that:Z
 �'n + 'n+12 � _'n+1 � _'n�tn = Z
 'n + 'n+12 � fn + fn+1210



+ Z� 'n + 'n+12 � gn + gn+12 � 
n: (23)From (19)-2, we have: Z
 �'n+1 � 'n�tn � _'n + _'n+12 = 0;whi
h from (23), implies: Jn+1 �Jn =Mn + 
n�t3n:3. Linear momentum 
onservation. If �0 = ;, the result is straightforward byusing any 
onstant ve
tor v 2 R3 in (19). �Remark 3 Some key ideas about the trapezoidal s
heme:� In the 
ompressible 
ase, exa
t energy 
onservation is only a
hieved if Ŵ is aquadrati
 elasti
 potential as a fun
tion of F . It is easy to 
he
k that angularmomentum is then also 
onserved. Nevertheless, this assumption is non realisti
be
ause in
ompatible with: limdetF!0 Ŵ(F )! +1;as shown in [Cia88℄.� A 
ru
ial argument in the proof of energy 
onservation is that if the initial kine-mati
 
onstraint holds:Z
 q (detr'0 � 1 + �p0) = 0; 8q 2 P ;then it holds at every dis
rete time.� Energy and angular momentum 
onservations are a
hieved with an error term
n�t3, and the dependan
e of 
n with respe
t to the approximate solution is quiteregular. Nevertheless, an a

retive behaviour (lo
al in
rease of energy or/andmomentum) 
annot be ex
luded for nonlinear problems with large time steps. It
an entail numeri
al instability and a poor behaviour with respe
t to the group ofrotations.� The perfe
t behaviour of the s
heme with respe
t to the group of translations isinsured by the exa
t 
onservation of linear momentum.4.2.2 Midpoint s
hemeWith: 8>><>>:�n+1=2 = �Ŵ�F �Fn + Fn+12 �� pn + pn+12 
of �Fn + Fn+12 � ;Dn+1=2 = det�Fn + Fn+12 � ; (24)we prove: 11



Proposition 2 The midpoint s
heme a
hieves the following 
onservation properties:1. Dis
rete energy 
onservation. For a 
onstant time step �t,En+1 � En = Pn + 
n�t3: (25)Here, 
n depends on the approximate solution at times n and n+ 1, but also ofthe dis
rete third order time derivative of a

eleration: ...'n+1=2 = 12�t2 ( _'n+2 �_'n+1 � _'n + _'n+1).2. Dis
rete angular momentum 
onservation. If �0 = ;,Jn+1 �Jn =Mn: (26)3. Dis
rete linear momentum 
onservation. If �0 = ;,In+1 � In = Fn: (27)Proof :1. Energy 
onservation. We take v = 12 ( _'n + _'n+1) in (19). The elasti
 and
ompression terms are the only one whi
h di�er from the trapezoidal 
ase. Forthe elasti
 one, we have by a dire
t Taylor expansion:�Ŵ�F �Fn + Fn+12 � : rv = 1�tn �Ŵ�F �Fn + Fn+12 � : (Fn+1 � Fn);= Ŵ(Fn+1)� Ŵ(Fn)�tn � 
8�t2n �3Ŵ�F 3 �Fn + Fn+12 � � (r _'n +r _'n+1)3:The main diÆ
ulty 
omes from the kinemati
 
onstraint. We denote �n+1=2 =12 (�n+�n+1) and 12 ( _�n+ _�n+1) = 1�tn (�n+1��n). We assume that the steptime is a 
onstant �t, and introdu
e the interpolated displa
ement:'n+1=2 = 12('n+3=2 + 'n�1=2) = 14('n+2 + 'n+1 + 'n + 'n�1):Then: 'n+1=2 � 'n+1=2 = 14('n+2 � 'n+1 � 'n + 'n�1)= �t8 ( _'n+2 + _'n+1 � _'n � _'n�1)= �t24 ( �'n+1 + �'n);with �'n = _'n+1� _'n�12�t . The in
rease of displa
ement is de�ned by:Æ = 'n+3=2 � 'n�1=2 = 12('n+2 + 'n+1 � 'n � 'n�1)= 12( _'n+3=2�t+ _'n�1=2�t+ 2'n+1 � 2'n)= 2 _'n+1=2�t+ 12...'n+1=2�t3: (28)12



From the kinemati
 
onstraint at half step time, we dedu
e:detFn+3=2 � detFn�1=2 = �
of r'n+1=2� : (rÆ) + 124 �2 
of F�F 2 (F�)(rÆ)3= �� �pn+3=2 � pn�1=2� : (29)The work of pressure for
es is therefore:pn+1=2 
of Fn+1=2 : r _'n+1=2 =pn+1=2�
of r'n+1=2 + � 
of F�F (F��) : �Fn+1=2 �r'n+1=2�� : r _'n+1=2 =pn+1=2�
of r'n+1=2 � � 
of F�F (F��) : �14(r �'n+1 +r �'n)�t2�� : r _'n+1=2:Sin
e _'n+1=2 = Æ2�t � �t24 ...'n+1=2, we have:pn+1=2 
of Fn+1=2 : r _'n+1=2 = 12�tpn+1=2 �
of r'n+1=2� : (rÆ)��t24 pn+1=2 �
of r'n+1=2� : r...'n+1=2��t24 � 
of F�F (F��) : (r �'n+1 +r �'n) : r _'n+1=2:The two last terms are of order 2 in �t. To ta
kle the �rst one, we use (29) andup to a se
ond order term in �t, we get:pn+1=2 
of Fn+1=2 : r _'n+1=2 = ��t248 pn+1=2 �2 
of F�F 2 (F�)(r Æ�t )3� �2�t pn+1=2 �pn+3=2 � pn�1=2� :By rewriting (28) for the quantity pn+3=2 � pn�1=2, we have:pn+1=2 
of Fn+1=2 : r _'n+1=2 = �2�t(p2n+1 � p2n);up to a se
ond order term in �t.2. Angular momentum 
onservation. Assuming that �0 = ;, we use v =a � 'n + 'n+12 = Ja � 'n + 'n+12 in (19). In the elasti
 part, we obtain theterms: 2�Fn + Fn+12 � � �W�C (C�n+1=2) ��Fn + Fn+12 �t : Ja = 0;and:2�pn + pn+12 � �Fn + Fn+12 � � � detC1=2�C (C�n+1=2) ��Fn + Fn+12 �t : Ja = 0;that vanish be
ause of the skew-symmetry of Ja. The result pro
eeds then as in(23) but with 
n = 0. 13



3. Linear momentum 
onservation. Dire
t derivation as in the trapezoidal
ase. �Remark 4 Some key points about the midpoint s
heme:� This s
heme is known to be symple
ti
 in the 
ompressible framework (see [HLW02,SSC94, Gon96℄). For small time steps, ba
kward analysis shows the 
onservationof a dis
rete energy, 
lose to the physi
al one up to a O(�t2) term. Nevertheless,in pra
ti
e, the desired time step may prove to be not suÆ
iently small to insuresu
h a property. Moreover, symple
ti
ity is hard to be obtained for 
onstrainedproblems (see [SG93℄); in parti
ular, it is lost in the in
ompressible framework.� For 
ompressible materials with (irrealisti
) quadrati
 elasti
 potential Ŵ, energywould be exa
tly 
onserved.� The kinemati
 
onstraint at midpoint has bad 
onsequen
es on energy 
onserva-tion. In parti
ular, it requires a very high regularity in time.� Angular and linear momenta are exa
tly 
onserved, whi
h is a proof of a perfe
tbehaviour of the s
heme with respe
t to rotations and translations groups.4.2.3 Exa
tly 
onservative s
hemesAt this stage, some remarks need to be done:� The better 
onservation of energy a
hieved by the trapezoidal rule in 
omparisonwith the midpoint s
heme, is due to the imposition of the kinemati
 
onstraintat time steps, and not at mid time steps. In (19), it is then natural to adopt:Dn+1=2 = 12 (detFn + detFn+1) :� The exa
t 
onservation of momenta performed by the midpoint s
heme is dueto the natural form of the �rst algorithmi
 stress tensor:�n+1=2 = �Fn + Fn+12 � � �n+1=2;with a symmetri
 se
ond stress tensor �n+1=2.� Then, it is straightforward to 
he
k that exa
t energy 
onservation is a
hievedi� we 
an satisfy:12 Z
�n+1=2 : (Cn+1 � Cn) = Z
 �W(Cn+1) + �2p2n+1�� Z
 �W(Cn) + �2p2n� :(30)Remark 5 After �nite element dis
retization, the integral over 
 in (30), 
ould berepla
ed by the following relation:12�n+1=2 : (Cn+1 � Cn) = �W(Cn+1) + 12�PP (detFn+1 � 1)2�14



��W(Cn) + 12�PP (detFn � 1)2� ;where PP denotes the proje
tion from L2(
) to P. It 
an be treated numeri
ally by asubintegration te
hnique.A major goal is then to 
onstru
t su
h a tensor �n+1=2 satisfying (30). Followingthe idea of Simo and Tarnow in [ST92℄, extended to the quasi in
ompressible 
ase, itis easy to prove by a mean value argument that there always exist s
alar fun
tions �nand 
n su
h that:�n+1=2 := ��W�C (�nCn + (1� �n)Cn+1) + �W�C ((1� �n)Cn + �nCn+1)��pn + pn+12 �� detC1=2�C (
nCn + (1� 
n)Cn+1) + � detC1=2�C ((1� 
n)Cn + 
nCn+1)� ;satis�es (30). The numeri
al diÆ
ulty of determining �n and 
n at ea
h time step andat ea
h Gauss point 
an be over
ome by the proposal of Gonzalez in [Gon00℄, whi
hproposes to 
ompute the stress at mid interval by:�n+1=2 := 2�W�C (Cn+1=2) + 2�W(Cn+1)�W(Cn)� �W�C (Cn+1=2) : ÆCn� ÆCnÆCn : ÆCn� (pn + pn+1) �� detC1=2�C (Cn+1=2)++�detC1=2n+1 � detC1=2n � � detC1=2�C (Cn+1=2) : ÆCn� ÆCnÆCn : ÆCn �;(31)with Cn+1=2 = 12 (Cn + Cn+1), and ÆCn = Cn+1 � Cn. By 
onstru
tion, the resultings
heme satis�es (30) and therefore 
onserves energy, angular and linear momentum.Remark 6 In the 
ompressible framework with a quadrati
 elasti
 potential W (e.g.Saint Venant-Kir
hho� material), energy 
onservation is a
hieved with:�n+1=2 = �W�C (Cn) + �W�C (Cn+1):Remark 7 In a Newton method, nonlinear problems are solved by su

essive lin-earizations. Here, the linearized time integrator is non symmetri
, whi
h is a noti
e-able 
ompli
ation in numeri
al methods. An interesting idea, already mentionned in[AR01b℄, is to repla
e the linearized operator of the integration s
heme by the linearizedoperator of the midpoint s
heme, whi
h is symmetri
. Obviously, the disadvantage isa non quadrati
 
onvergen
e of the Newton method, but the pra
ti
al over
ost is neg-ligeable.Remark 8 When (5) is linearized around the undeformed 
on�guration, the s
hemespresented in this se
tion are redu
ed to the 
lassi
al Newmark's trapezoidal rule, per-forming exa
t energy and linear momentum 
onservations. Be
ause of the lineariza-tion, the angular momentum is no more 
onserved, neither for the 
ontinuous solution,nor for the approximate one. The spe
tral radius of the time integration operator isequal to one. 15



4.3 Dissipative s
hemes4.3.1 PreliminariesIn linear elastodynami
s, it is ne
essary for stability reasons to use s
hemes whosespe
tral radius is r � 1. Moreover, when r < 1:1. possible polynomial instabilities are avoided (arising when r = 1 in presen
e ofa multiple unit eigenvalue),2. information is dissipated at highest frequen
ies, that has no physi
al meaning,3. the 
ondition number of the linear systems to be solved is improved,4. there exist a quadrati
 form whose value diminishes along the dis
rete evolution.A good example is the popular se
ond order Hilber-Hughes-Taylor (HHT) s
heme. Wepresent here a nonlinear analysis of this s
heme, showing that the above advantagesare no more 
onserved in a nonlinear framework.4.3.2 HHT s
hemeFor a given � � 0, the natural extension of the HHT s
heme [HHT77, Hug87℄ tononlinear elastodynami
s is given by:8><>:Z
 � �'n+1 � v + Z
 (��n + (1� �)�n+1) : rv = Z
 fn+1�� � v + Z�1 gn+1�� � v; 8v 2 U0;Z
 q (detFn+1 � 1) = 0; 8q 2 P ; (32)with Newmark's relations:8<:'n+1 = 'n +�tn _'n +�t2n��12 � �� �'n + � �'n+1� ;_'n+1 = _'n +�tn ((1� 
) �'n + 
 �'n+1) :We have denoted 
 = 12 +�, and � = (1+�)24 . The notation �n+1�� 
lassi
ally standsfor ��n + (1� �)�n+1.Remark 9 In the linear 
ase, we re
all that [HHT77, Hug87℄:� HHT s
heme is the natural modi�
ation of the Newmark's s
heme 
ombiningspe
tral dissipation and se
ond order a

ura
y.� The 
hoi
e of 
 = 12 + � insures se
ond order a

ura
y.� For the Newmark's 
ase (see [RT98℄ ), the 
hoi
e1 + 2�4 � � � (1 + �)24 ;
orresponds to real eigenvalues for the integration operator, whereas:� � (1 + �)24 ;
orresponds to 
omplex 
onjugate eigenvalues.16



� The stability imposes 0 � � � 12 , with � = 0 
orresponding to the trapezoidalrule. The spe
tral radius de
reases for 0 � � � 13 and in
reases for 13 � � � 12 .In the nonlinear framework, we prove:Proposition 3 We assume the time step to be 
onstant. Then, the nonlinear HHTs
heme (32) a
hieves the following 
onservation properties:1. Dis
rete energy 
onservation. Up to higher order terms depending only oftime variations in for
e, we have:En+1 � En = Pn �D�n�t3 + 
n�t3; (33)where 
n is de�ned as for the trapezoidal rule and depends on displa
ements andpressures at times n and n+1, on the approximate velo
ity Vn+1=2 = 1�t('n+1�'n), and on the approximate pressure time derivative �n+1=2 = 1�t(pn+1 � pn).The 
oeÆ
ient D�n has the following expression:D�n = �28 Z
 � � �'2n+1 � �'2n�+ �34 Z
 ( �'n+1 � �'n)2+k Z
 ��n : (rVn+1=2) + k Z
 �2f�t2 (tn) � Vn+1=2;where ��n is the 
entered se
ond order �nite di�eren
e:��n = 1�t2 (�n�1 � 2�n +�n+1) :2. Dis
rete angular momentum. Up to higher order terms, we have:Jn+1 �Jn =Mn + 
n�t3; (34)where 
n depends on the approximate solution at times n � 1, n and n + 1, onthe a

elerations �'n�1, �'n et �'n+1, and on the approximate se
ond order timederivatives 1�t(�n+1=2 � �n�1=2).3. Dis
rete linear momentum. Up to higher order terms depending only of thetime variations in for
e, we have:In+1 � In = Fn + 
n�t3; (35)where 
n only depends on the se
ond order time derivative of f .Proof : A linear 
ombination of the dis
rete systems at times n and n + 1, withrespe
tive 
oeÆ
ients (1� 
) = 12 � � and 
 = 12 + � gives:Z
 � _'n+1 � _'n�tn � v + Z
 k (�n�1 � 2�n +�n+1)| {z }�n : rv + Z
 �n +�n+12 : rv =Z
 fn + fn+12 � v + Z
 k (fn�1 � 2fn + fn+1)| {z }fn �v; (36)17



with 
oeÆ
ient k = �( 12 � �) > 0 for 0 � � � 12 . With 
 = 12 + � and � = (1+�)24 ,Newmark's relations are:8><>: _'n+1 � _'n = �tn�(12 � �) �'n + (12 + �) �'n+1� ;'n+1 � 'n = �tn _'n + _'n+12 + �2�t2n4 ( �'n+1 � �'n) : (37)The form (36),(37) of the s
heme adds to the trapezoidal rule some \
orre
tion terms".We only detail these additional 
ontributions.1. Energy 
onservation. By using v = ('n+1�'n)=�tn in (36), and the relations(37), the inertial term takes the form:Z
 � _'n+1 � _'n�tn � v = Z
 � _'n+1 � _'n�tn � _'n + _'n+12+�tn�24 Z
 ��(12 � �) �'n + (12 + �) �'n+1� � ( �'n+1 � �'n) ;= 12�tn Z
 � _'2n+1 � 12�tn Z
 � _'2n+�tn�28 Z
 � � �'2n+1 � �'2n�+�tn�34 Z
 ( �'n+1 � �'n)2 :The non trapezoidal 
ontribution to the stress terms is:Z
 �n : rv = k�t2 Z
 ��n : (rVn+1=2);de�ning the se
ond order a

urate �nite di�eren
e approximations of the stressa

eleration ��n, and of the velo
ity Vn+1=2 by��n = 1�t2 (�n�1 � 2�n +�n+1) ;Vn+1=2 = 1�t ('n+1 � 'n):Con
erning 
orre
tions on the for
e term, we haveZ
 fn � v = k�t2 Z
 �2f�t2 (tn) � Vn+1=2 +O(�t3):As a 
onsequen
e, up to higher orders in �t 
on
erning only the variations of f ,we obtain: En+1 � En = Pn �D�n�t3n + 
n�t3n;with: D�n = �28 Z
 � � �'2n+1 � �'2n�+ �34 Z
 ( �'n+1 � �'n)2+k Z
 ��n : (rVn+1=2) + k Z
 �2f�t2 (tn) � Vn+1=2:18



2. Angular momentum 
onservation. Assuming that �0 = ;, we use v =Ja � 'n+'n+12 . The non trapezoidal 
ontribution of stresses is:Z
 �n��Fn + Fn+12 �t : Ja = Z
 �n ��Fn+1 + Fn�12 �t : Ja| {z }I1 + �t2 Z
 �n � �rVn�1=2�t : Ja| {z }I2 :We de
ompose �n by writing:�n = �Fn+1 + Fn�12 � � (�n�1 � 2�n +�n+1)+�Fn+1 � Fn�12 � � (�n+1 � �n�1) + (Fn+1 � 2Fn + Fn�1) ��n;= �Fn+1 + Fn�12 � � (�n�1 � 2�n +�n+1)+�t2 �rVn+1=2 +rVn�1=2� � (�n+1 � �n�1) + �t �rVn+1=2 �rVn�1=2� � �n:(38)We denote the 
entered �nite di�erente approximations of stress a

eleration by:��n = 1�t2 (�n�1 � 2�n +�n+1);and of stress speed by: _�n = 12�t(�n+1 � �n�1):Considering Newmark's relations, we have:Vn+1=2 � Vn�1=2 = �t�(12 � �) �'n�1 + �'n + (12 + �) �'n+1�+�t2�24 ( �'n+1 � 2 �'n + �'n�1) :Then, we 
an rewrite �n as:�n = �1nz }| {k�t2�Fn+1 + Fn�12 � � ��n+k�t2 �rVn+1=2 +rVn�1=2� � _�n + k�t2 �r �Vn+1=2 � Vn�1=2� =�t� ��n| {z }�2n :By skew-symmetry of Ja, �1n has a vanishing 
ontribution in I1, whereas �2n hasa se
ond order 
ontribution in I1. Contributions of �n in I2 is at third order in�t.Con
erning the additional resultant moment, up to a third order term:Z
 fn � v = k�t2 Z
 'n + 'n+12 � �2f�t2 (tn):19



3. Linear momentum 
onservation. Assuming that �0 = ;, the HHT s
hemeentails a se
ond order error in the dis
rete resultant for
e, given by:Z
 fn ' �t2 Z
 �2f�t2 (tn);up to a third order term. �Remark 10 Considering the linearized problem, we assume that Ŵ is quadrati
 as afun
tion of F , and that the in
ompressibility 
onstraint is linearized. Then:Z
�n : rv = Z
 �Ŵ�F : rv � p div v; 8v 2 U0:If f = 0, we have 
n = 0 (i.e. the trapezoidal rule is energy 
onserving). Moreover,sin
e: 'n+1 � 'n = 12 ('n+1 � 'n) + 12 ('n � 'n�1)+ 12 ('n+1 � 'n)� 12 ('n � 'n�1) ; (39)we have up to an integration over 
:�t3 ��n : rVn+1=2 = Ŵ (Fn+1 � Fn)� Ŵ (Fn � Fn�1)+ �2(pn+1 � pn)2 � �2(pn � pn�1)2+Ŵ (Fn+1 � 2Fn + Fn�1)+ �2 (pn+1 � 2pn + pn�1)2 :Then, the following quadrati
 form:EHHTn = 12 Z
 � _'2n + Z
 Ŵ(Fn) + �2 Z
 p2n+�2�t38 Z
 � �'2n+1 + k�t2Ŵ � _Fn�1=2�+ k�2 �t2( _pn�1=2)2;with _Fn�1=2 = (Fn � Fn�1)=�t and _pn�1=2 = (pn � pn�1)=�t, diminishes along thedynami
s. More pre
isely:EHHTn+1 � EHHTn = ��3�t34 Z
 ( �'n+1 � �'n)2�k�t4 Z
 Ŵ � �Fn�� k�2 �t4 (�pn)2 � 0:Therefore, for linear elastodynami
s, there exist a quadrati
 form EHHTn diminishingalong the HHT dis
rete evolution. This 
omes from the fa
t that the spe
tral radius ofthe time integrator is less than one. Nevertheless, this quadrati
 form does not 
oin
idewith the usual me
hani
al energy. It introdu
es a

eleration terms in the energy andhigh order terms in time in the dissipation, whi
h are larger for larger frequen
ies.20



Remark 11 � It is straightforward to 
he
k in the expression of D�n that dissipa-tion is not un
onditional. In parti
ular, energy is dissipated by the non trape-zoidal terms during the a

eleration phases of the dynami
s when 0 < � � 12 .Nevertheless, the s
heme be
omes a

retive when the dynami
s slows down. Thisremark will be highlighted numeri
ally in the following se
tion.� If � = 1+2�4 , it is straightforward to 
he
k in the proof that the two �rst inertialterms in D�n disappear. Then, D�n is proportional to �( 12 � �) and maximalabsolute values of D�n are obtained for � = 14 .� Groups of symmetry are not well preserved by the dis
rete dynami
s as momenta
onservation is not well insured. This remark 
on�rms the work of Armero andRomero in [AR01a℄; they prove the non existen
e of relative equilibria for theHHT dis
rete dynami
s in the 
ase of a nonlinear spring-mass system.4.3.3 Energy dissipationPerforming energy dissipation in the nonlinear framework is not as easy as in thelinear 
ase. The example of the HHT s
heme is quite relevant from this point of view.The work of Armero and Romero in [AR01a, AR01b℄ about energy dissipation in thenonlinear 
ase is a good example of su
h a diÆ
ulty. One major 
omment is that theyintrodu
e dissipation in the Gonzalez s
heme [Gon00℄, resulting in a very 
omplexnonlinear s
heme. It tends to show that dissipating energy is more 
ompli
ate than
onserving it.5 Numeri
al experimentIn this se
tion, we illustrate numeri
ally the previous analysis on the 
ase of a bidi-mensional quasi in
ompressible 
antilever beam in plane displa
ements. The elasti
potential is given by the Mooney-Rivlin 
onstitutive law:W(C) = 
1 (tr C � 3) + 
2 (tr 
of C � 3) :Data is presented on �gure 3. On the mesh presented on �gure 4, the dis
rete spa
esQ1 and Q0 for displa
ements and pressures respe
tively are adopted. They are provedto be 
ompatible in the sele
ted 
ase, as shown in [Tal81℄.
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Figure 2: A 
antilever beam with 
onstant for
e F.21



length 1 mwidth 0.1 mF 1000 N� 1000 kg/m3
1 2 MPa
2 0.2 MPa1=� 2.E12 PaT 10 s�t 0.02 sNewton's toleran
e 1E-7Figure 3: Physi
al data and numeri
al 
hoi
es.
Figure 4: A 250 elements mesh of the beam.As F is a 
onstant for
e, we ideally expe
t to observe the 
onservation of thefollowing dis
rete quantity: Hn = Z
 f � 'n � En:The 
onstant time step �t is 
hosen so that to have approximatively 20 time stepsper os
illation of the 
antilever beam. With this value of �t, 4 or 5 Newton's iterationsper time step are ne
essary to solve the problem with the required a

ura
y (10�7 m).Due to numeri
al instabilities, the number of Newton's iterations per time step 
angrow up; the simulation is stopped when it ex
eeds 20.Our �rst observation is that when Hn de
reases (global in
rease of the energy of thesystem), the number of Newton's iterations per time step grows up until the methoddoes not 
onverge any more. As a 
onsequen
e, trapezoidal, midpoint and HHT[HHT77℄ s
hemes 
annot 
omplete the simulation on the whole time interval [0; T ℄ forthe spe
i�ed parameters. Only the 
onservative Gonzalez s
heme 
an a
hieve longterm time integration without su
h an over
ost.Energy evolution is presented on �gure 6. The worst energy 
onservation holds forthe midpoint s
heme, as shown in the previous analysis. With the sele
ted parameters,HHT is globally energy growing. Gonzalez s
heme is quasi exa
tly 
onservative up toa very small error term depending on Newton's toleran
e.Con
erning midpoint and trapezoidal s
hemes, the energy growth goes with nu-meri
al instabilities on velo
ities, as shown on �gure 7.To highlight the theoreti
al analysis done for the HHT s
heme, �gure 8 shows azoom of energy evolution during one se
ond of the dynami
s, with displa
ements. Itis worth noti
ing that in 
onformity with the analysis of (33), energy is dissipated22
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Figure 5: Verti
al displa
ement of the tip of the 
antilever beam. Simulation stops whenthe time step 
al
ulation ex
eeds 20 Newton's iterations.when the beam goes up or down (a

eleration of the dynami
s) and grows when thedeformation is in a neighbourhood of the minimum or the maximum.Moreover, 
on
erning HHT s
heme, it is diÆ
ult to adopt the right value of thedissipation parameter �. We have seen that the usual value � = 0:05 proposed in[Cri97, HHT77℄ is not suÆ
ient to insure long term time integration in the nonlinearframework. At the opposite � = 0; 2 entails overdissipation, as shown on �gure 9.Remark 12 The present numeri
al analysis holds for quasi in
ompressible nonlinearelastodynami
s, but the same phenomena 
an be observed in large displa
ements for
ompressible systems. 23
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W(C) is about 0.5Joules.
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6 Con
lusionWe have mainly proposed an energy 
onservation analysis for usual time integrations
hemes in nonlinear elastodynami
s. We have shown numeri
ally the great advantageof energy 
onserving s
hemes in terms of un
onditional stability. Moreover, we haveunderlined that in general, linearly dissipative s
hemes do not lead to nonlinear energydissipative generalizations (e.g. HHT).A
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