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Abstract

Discrete energy conservation plays a key role for the unconditional stability of time
integration schemes in nonlinear elastodynamics. We present a theoretical and nu-
merical study of energy evolution for midpoint, trapezoidal and Hilber-Hughes-Taylor
second order schemes, as compared with energy conserving schemes like [Gon00]. We
underline that in general, linearly dissipative schemes (with spectral radius less than
one) do not dissipate mechanical energy, and do not achieve unconditional stability
when extended to the nonlinear framework.

1 Introduction

Time integration schemes for elastodynamics have been developed for a long time in
a linear framework in which consistency and linear stability insure convergence by
time step refinement. Whereas the conditionally stable explicit centered method must
be mentioned for its simplicity, the numerical stiffness of such mechanical problems
has lead to the development of implicit methods, especially when dealing with in-
compressible materials: Houbolt, Wilson, Newmark or Hilber-Hughes-Taylor [Bat82,
Cri97, GR93, HHT77]. Nevertheless, when considering nonlinear problems, the previ-
ous implicit schemes lose their unconditional stability and nonlinear criteria of stability
must be found.

In the Hamiltonian framework (i.e. with conservative loadings), a geometrical
approach could consist in constructing numerical schemes whose flow is symplectic
[HLW02, SSC94], entailing the conservation of the volume in the phase space. Nev-
ertheless, such a condition is not always sufficient to insure the stability of the nu-
merical system for large time steps and for stiff problems. In the compressible case,
this statement will be numerically assessed for the symplectic midpoint scheme. A
deeper analysis is proposed by J.C.Simo and O.Gonzalez in [SG93]. In particular, the
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authors show that symplecticness is difficult to maintain in the case of kinematically
constrained systems.

Another idea to stabilize the discrete solution can consist in imposing energy con-
servation as a constraint, by projection [NNR77, HLC78] or by Lie group methods
[MK99]. In fact, by a mean value argument, Simo and Tarnow have shown in [ST92]
that conservation could be achieved by choosing correctly the algorithmic definition
of the second Piola-Kirchhoff stress tensor. Such an idea has lead to a very practical
conservative scheme proposed by Gonzalez in [Gon00].

Energy dissipation would introduce additional robustness, but two remarks must
be done. In the linear framework, the schemes whose spectral radius is strictly less
than one, often said to be linearly dissipative such as HHT [HHT77, Hug87], do not dis-
sipate the mechanical energy in general. When extended to the nonlinear framework,
they do not insure longterm stability as the evolution of energy cannot be controlled.
Achieving energy dissipation in this framework is quite difficult: as a heuristic proof,
we refer to the work of Armero and Romero in [ARO1a, ARO1b], where in order to
obtain dissipation, the authors introduce a dissipation term in the energy conserving
scheme of Gonzalez. Then, we would like to make the reader think about the following
statement:

“In the nonlinear framework, conserving energy seems easier than dissipating it.”

The purpose of the present paper is to discuss the energy conservation properties
of these different schemes in a nonlinear framework. In section 2, we introduce the
problem of nonlinear quasi incompressible elastodynamics. Concerning cost efficiency
for time integrators, we indicate in section 3 why completely implicit schemes are the
only way to explore. In section 4, some implicit time integration schemes are analyzed
and discussed. We study the conservation properties of midpoint type schemes (4.2),
that generalize Newmark’s trapezoidal rule in the nonlinear framework, and of the
linearly dissipative HHT scheme (4.3). Numerical tests are presented in section 5. An
overview of these results has already been written in [THR02]. The present paper
contains complete proofs.

2 Quasi incompressible elastodynamics

2.1 The incompressible model

The open set Q2 C R® denotes the interior of the reference configuration of a solid body
and its time dependent deformation is described by the following mapping;:

0:[0,T] x Q — R, (1)
The material is assumed to be incompressible in the sense that on [0, 7] x €,
det F' = det Vp = 1. (2)

The density of the material on the reference configuration is denoted by p : 2 — R}
and the body forces by f : [0,T] x Q2 — R®. On the subsets T'y and T’y of the boundary
[ = 99 of the domain, the displacement ¢4 : [0,7] x Ty — R3 and the traction



g:[0,T] x 1 — R? are prescribed. Moreover ToUT; =T, Iy NIy =, and n is the
outward normal unit vector.

The first Piola-Kirchhoff stress tensor in the material is denoted by II and is given
by the hyperelastic constitutive law:

W
= peof F
OF p cof
ow 1
= <2% — 7(det0)1/2pmfc>
ow ddet C1/2
_F'<2%2” aC >
=F-3%.

The symmetric tensor X is known as the second Piola-Kirchhoff stress tensor, p :
[0,T] x 2 — R denotes the hydrostatic pressure, W and W the stored elastic potentials
respectively in term of the gradient F' or the right Cauchy-Green strain tensor C =
Ft . F . The cofactor matrix of the matrix F is denoted by cof F = Or det F.

2.2 Variational quasi incompressible formulation

We introduce variational spaces for displacements, velocities and pressures:

Uy C{ue WH5(Q)?; u=0onTg},
Ve {we I2(Q)), (3)
Pcipeli(Q); 2+, <1}
We assume that p € L>®(Q), with p > pg > 0 almost everywhere on 2, that f €
L?(0,T;L* (Q)) with £ + L =1, and that @, € L? (0,T; W'~ 1/%5(I'q)?). The elastic

potentials W and W are assumed to be continuously differentiable with respect to
their arguments. Then, the variational formulation of our model consists in finding;:

©—a € L*(0,T;Up)

$ € L2(0,T;V), ”
p € L2(0,T;Up),
p € L*(0,T;P),
such as for almost every ¢ €]0,T[, any v € Uy and any g € P:
(P5(t). 0 + [ 110 V0= [ £,
Q Q (5)

/Q (det Vp(t) — 1+ ep(t)) g = 0.

Remark 1 e We will assume henceforward that g = 0 to avoid a technical diffi-
culty. Indeed, since the speed is in L?(Q)3, it has no trace on the boundary 'y
and the surfacic work cannot be defined so easily without additional reqularity
study.



e The spaces Uy, V and P can be finite dimensional spaces in the framework of
space discretized approximation.

e The compression term ep generalizes the problem to quasi incompressible situa-
tions. 1/e has the physical meaning of a bulk modulus.

e To obtain the uniform convergence towards the incompressible limit as € — 0, it
is mecessary to have the following compatibility condition (see [Bab73, Bre7j]):

36>0, V¢€@d+u07

inf sup /Qq ((cof V) : V) > B. (6)

1€Pllallp =1 vetty,||v]fery =1 -

2.3 Conservation properties

With a minimal regularity analysis, one obtain the following expected physical prop-
erties of conservation. They hold for almost every ¢ €]0, T[:

e Energy conservation.
t
e -c0=[ [ 1 @
Jo Ja
the total energy being defined by:

1 R

E(t) = 3 /Q pp(t,x)? do + /Q Wz, Vp(t,x))dr + % /Q p(t)2. (8)

e Angular momentum conservation (for Ty = ).
t
g0-70)= [ [ ext, )
0

with:
W0 = [ pelt.) x p(t.2) do. (10)

e Linear momentum conservation (for T'y = ().

Im—ﬂm—flj, (11)

Z(t) :/ngb(t,x) dz. (12)

with:

Remark 2 If ¢ € W?2(0,T;Uy) and p € W'2(0,T;P), these properties are directly
derived from the variational formulation by using respectively v = ¢, v = a X ¢ for all
a € R%, and any constant vector v € R3.



3 Efficiency and semi explicit strategies

When regarding industrial computations, the necessity to obtain low cost methods
is obvious. The disadvantage of implicit methods is the introduction of a nonlinear
problem at each time step.

At the opposite, an explicit time integration would be simple and economic to
compute, but for stability reasons, time step has to satisfy a CFL condition, par-
ticularly restrictive for quasi-incompressible problems. A compromise could consist
in impliciting the compression term in the scheme, which is equivalent to project an
explicit time iteration of the compressible problem on the manifold of incompressible
displacements. It is obvious that the CFL condition to be satisfied for the time step is
then far less restrictive: it must only insure the stability of the explicit compressible
scheme. Thus, we could propose to adopt as a time iteration, the following system:

. oW 1
/p@n"l)-F/ —(vtpn)_k_(pnfl COan71+pn+1 COan+1) :V’U:/f”'v’
o o\ OF 2 o
/ q (det Fn+1 -1 6pn,+1) = 07
JQ

(13)
for all (v,q) € Uy x P, with the centered finite difference approximation:

P Pn+1 — Q(Pn + Pn—1
o AL '

(14)

Using a standard resolution by Newton method, increments (5(,05,?_1 and (5p£f_|)_1 are
solutions of tangent problems of the following type:

(1 1 5rofF(k)
PRONS _/n of Fopy st
At%/gp <pn+1 ’U+2 Qp +1 8Fr(li)] Vv \Y (pn+1
1
+§/ 6p$lk;2] cof F,(li)] : Vo = <]?,£lk+)],v>7 Yv € Uy, (15)
Q

L/Q q (cof Fryr: V&pgﬂ] —€ 6p$lk;2]) =— <ST(:2]7U>, Vg e P.

The only way to make it computable at low cost compared to an implicit scheme would
be to invert only a pressure problem, which requires to adopt a lumped diagonal mass
and to neglect the term in displacement:

(k)
1/ (6(5()an+1 ) (k)
5| Potr | ——— Vv | 1 Vép, (. (16)
2 Jo aF®,

This modification leads to a modified algorithm which we have observed not to con-
verge in practice in nonlinear incompressible elasticity. Indeed, because the set of
incompressible displacements is very nonlinear, the projection operator cannot be
simplified. Thus, a displacement problem must be inverted and the associated cost
is comparable to the cost of an implicit time step. Then, in our framework, totally
implicit schemes seem to be the only way to explore.



4 Conservation analysis for some usual schemes

4.1 General concepts

We write (5) under a first order form, useful for time integration concepts:
For allvely, weV,qeP,

3t/p¢-1)+/H:Vv:/f-v, in D'(0,7T),

& / so-w:/ p-w, inD(0,T), (17)
JQ JQ

/Q (det Vip(t) — 1 +ep(t)) g =0, inD(0,T).

The time interval [0, 7] is splitted into subintervals [0,T] = UN_([tn;tns1], with

Aty = tp41—t,. We will call numerical approximation of (17), any sequence (¢r, Pn, Pn)gcn< N

of (Uy XV X P)N, given by an integration scheme of the type:

/p¢n+1 "U_/p‘)bn+Atn<P(‘pn790n+17¢n7¢n+1:pn:pn+1);U>: Vv € Uy,
Q Q

Pn+1 'w_/Qan'w+Atn<Q(@n:4pn+1:¢n:¢n+l);w>: Yw eV,
Q Q

At, /QqG(<pn7g0n+1) =0, VgeP.

(18)

Let us assume that the data and the solution of (17) are smooth in time. Then,

the scheme (18) will said to be consistent and accurate at order r if when replacing

(@n: Dn:Pn)ocnan DY (9(tn); @(tn), p(tn))o< <y in (18), the relations are satisfied up

to a O((At,)"*!) error term. For the schemes described in this paper, consistency
and second order accuracy are quite obvious and will not be detailed further.

4.2 Midpoint based schemes

We analyze below some natural second order time integration schemes of the form:

/pgbn+1-”:/p¢n'7)*Atn/Hn+1/25v")+Atn/M-v,
Jo Jo Jo Ja 2

/ Ot 1w = / onw+ A / fntbnir (19)
Ja Ja o 2
/Q<Dn+1/21+6w320,

Ja

entirely determined by the expressions of Il,, 4/, and D,,1;/,. The different choices
analyzed in this paper are summarized on figure 1.

4.2.1 Trapezoidal rule

Proposition 1 The trapezoidal rule achieves the following properties:



Scheme Hpp10 = Dpiys =
, 1 (oW oW 1

Trapezmdal 5 (8—F(Fn) =+ 8—F(Fn+] )) 5 (det Fn —+ det Fn+])

1
(stress averaging) —3 (pn cof Fp, + prii cof Friq)

. . ow Fn+Fn+]> 1 (Fn+Fn+l)
Midpoint ( — det
oF 2 2 2
F, F,

(strain averaging) _Pn +2pn+1 cof ( - +2 nH)

F, + F, 1
Conservative (%) “Ypg1y2  with: 2 (det F, + det Fy,11)

1
5/ Ent1/2 1 (Cop1 = Cp) =
Q

| WG+ §oa) - [ (wic) +

pi)

Figure 1: Some choices for II,, /5 and D, /o in midpoint based schemes.

e Discrete energy conservation.

Ent1 — En = P + AL,

(20)

where the discrete work between times t, and t,1 is given by:

mn:/gfnzﬂ'(wn+1 — ©n),

and the discrete energy at discrete time n by:

1 » A € .
En:—/p¢i+/W(V<pn)+—/pi-
2 Q Q 2 Q

The scalar c,, only depends on Y, On, Pn;s Pn+1s Pnt1; Pnt1, and on the approz-
imate time derivative of the pressure 2282 We will say that c,, only depends

on the approzimate solution at times n andn + 1.

e Discrete angular momentum. [f Ty =,

jn+] - jn = mn + CnAtEL: (21)

where the resultant moment between times t,, and t,,+1 ts given by:

mn:Atn/ @n+§0n+1 « f’n'+'.fn+]7
0 2 2




and the angular momentum at discrete time n by:
Tn = / PPn X Pn.
Q

The constant c,, only depends on the approrimate solution at timesn and n+ 1.

e Discrete linear momentum. If Ty = (),
Tnt1 —In = Tns (22)

where the resultant force between times t,, and t,, is given by:
_|_
Fn = Atn/ %7
Q

and the discrete linear momentum at time n by:
I, = / PPn.
Ja
Proof :

1. Energy conservation. We take v = (¢n41 —¢n)/At in (19). The inertial term
gives the discrete increase of kinetic energy:

. . 1 .9 1 .9
P (Pny1 — Pn) v = 3 [ PPnir =5 | PP
Q Q Q

The work ‘3, is obtained as:
Atn / 7]('71 +2fn+1 U= / —fn +2fn+1 : (‘Pn+1 - (Pn)'
JQ Ja

The elastic term gives by a standard Taylor expansion:

1 (oW oW 1 (oW oW
3 (6—F(Fn) + 6—F(Fn+1)> Vo = m (8—F(Fn) + a—F(Fn+1)> t(Fog1 — Fy),
1 . N c O*W 3
= A (Wn+1 - Wn) + A—%W(F*)(Fn+1 —F)7,
1 /.- . , OPW

Cc . .
= o (W1 = W) + SAE S (B (Vnan + Vi)',

AT, " OF?
for a given constant 0 < ¢ < 1/8 and an unknown matrix F.
Concerning the compression term:

é (Pn cof Fyy + ppy1 cof Fpy1) : Vo = ﬁ (Pn cof Fo + prtt cof Fost) : (Fnsr — Fa),
= ﬁ%(co}f E, + cof Fuy1) : (Fryq — Fp)
+12A§Zx (cof Foy1 — cof )t (Fqr — F),
D Zﬁp_: opr (Fuvn = Fa)’
+mf (cof Frp1 — cof F) : (Frpn — F),



with 0 < ¢ < 1/8. Moreover, if the initial kinematic constraint holds:
/ q(det Vg —1+€epg) =0, VqeP,
Ja

then it holds at every discrete time. Then, using (19):

Pn + Pn Pn + Dn € : :
/Q% (det Fj,p1 — det Fy,) = G/Q %(I%&l_pn) = D) /Q(pf;,+1_pf,,)-

Up to an integration over (), we have:

p31+1 - pi
2At,

LA P + Prg1 0% det F
8 ." 2 OF?
At2 ppy1 — pn 02 de‘rF(

2 2At, OF?

1
B (pn cof Fy + pny1 cof Fry1) : Vo =e€

(Vn + Vni)®

*)(ngn + V¢n+1)2,

and the announced result holds:
5n+1 - En = ’Bn + antZ:
with:

93 ) ) Dn —|—pn+] 8% det F
Cp = QW(F*)(VQO';@+] + v@n) +B 6F

1pny1 — pn 02 det F . .
- F* n n .
1 AL spz ) (Ven + V¢ +1)

(v@n + V@n+] )

. Angular momentum conservation. If I'y = ), taking v = a x % =
Jo-2n +2<,0n+1 in (19), the elastic term becomes:
1 aW W
a A (Fn+1) '(Fn+Fn+l)t:n]]a
2\ 0
ow
= (Fn + Fn+] . %(OTH»])) . (Fn + Fn+])t : n]]m
1 ow ow
25 F +Fn+1) <80 (Cn)-l—%(cnﬂ)) '(Fn+Fn+1)t Sq]]a
1 ow ow
Foi1 — F - — (Fp 4+ Fpp1)t: I,
43 (P = F) - (G5 Cosn) = G2 C) - (Bt )0,
The first term vanishes because of the skew-symmetry of J,. Therefore, we get:
1 (oW oW ;
3 (6—F(F”) a—F(Fn+1) “(Fn+ Fpia)" : 1o

1 _ _ o*wW ;
= ZAtn (Vén + Vonir) - W(C*) D (Crr = Cn) | - (F + F1)' D,

1 _ _ *W . .
:ZAtn (Vo + Vnp) - W(C*) (Ve - (Fupr = Fo) | - (F + Foga)' 2 Ja,

1. 5 . . oW ; . . ‘
= gAtn (Vén + Vnir) - 302 (C) = (Vel - V(n + @ng1)) | - (Fo + Fay1)' s Ja



Concerning the momentum of compression terms, we have:

1
E(pn COan + Pn+1 Coan+1) : (Fn+Fn+l)t :Ja

ddet Cp/* 9 det C/?
= ( nFn'T+pn+an+l'Tﬂ+] '(Fn+Fn+1)t:u]]a;
ddet C/* ddet C1/2

1
B (Fp + Fpy) - (]%T +pn+1T+] (Fn + Fn+1)t ‘Ja

1 ddet C)/? 8 det C)/”
+= (Fn+1*Fn)' (pn+1 s — DPn (Fn+Fn+1)t :a]]n,;

2 80n+1 aCn

whose first term vanishes because of the skew-symmetry of J,. Therefore, we
have simply:

1
5 (P cof Fru + pryr cof Frgr) - (Fu + Fop1) :Ja

1 . . ddetC,/5  9det Oy ,
= ZAtn (Vén + Vonit) - (pn+1m — pniacn (Fp + Foy1)' 1 Ja-
We detail the central factor:
ddetCllY 9det Gy
i1 0C11 bn ocC,,
- 1( — pn) 0 det Cy/” n 0 det C’rlz/+21 " 1( " ) 0 det Crllfl ~ Odet cy”
=3 Pn+1 — Pn ac, 8Cn+] 9 Pn T Pn+1 acn+] ac, ,
_ Az, 1Pnt1—pn (Odet o N ddet CL/2
"9 At, aC, 9Chir
1 9% det C'1/? .
+At, Z(pn + Pnt1) <T(C*) : (V(pi -V(on + <pn+1))> = A, Aty,,

where A, is a fourth order symmetric tensor depending on the approximate
solution at times n and n + 1. Then, we have:

1 1 . .
5 (pn cof Fyy + pny1 cof Fn+1)'(Fn+Fn+1)t tda= ZAti (V‘Pn + V‘Pn+1)'An'(Fn+Fn+1)t :Ja-

Let us introduce:

) ) 10°W , .
C;Ll = Ati (v@n + V@TH»])' (A’ﬂ + EW(C*) : (V(Pi : v(@n + <pn+1))> '(Fn+Fn+l)t : Ja:
the discrete momentum of the tensions in the material between times t,, and
tnt1 along the a € R? direction. By linearity ¢ = ¢, -a, for a ¢, € R*. Plugging
this in (19), and from the identity « - (a X w) = (w X ) - a, we obtain that:

/ Pnt Put1 Pnt1 — Pn :/ Yt Pnsr Jn+ fata
L Aty 0 2 2

10



+/<Pn+<.0n+1 Xgn+gn+1 B
r

5 5 Cn. (23)

From (19)-2, we have:

- b+
/ p(PrH—l ©n x ®n Pn+1 — 07
Q

At, 2
which from (23), implies:

L7n+1 - jn = mn + CnAffl

3. Linear momentum conservation. If Ty = (), the result is straightforward by
using any constant vector v € R? in (19).

O

Remark 3 Some key ideas about the trapezoidal scheme:

e In the compressible case, exact energy conservation is only achieved if W is a
quadratic elastic potential as a function of F. It is easy to check that angular
momentum is then also conserved. Nevertheless, this assumption is non realistic
because incompatible with:

lim W(F) = +oo,
det FF—0

as shown in [Cia88].

e A crucial argument in the proof of energy conservation is that if the initial kine-
matic constraint holds:

/q(dethog—l+ep0) =0, VgeP,
Q

then it holds at every discrete time.

e FEnergy and angular momentum conservations are achieved with an error term
cnAt3, and the dependance of c,, with respect to the approzimate solution is quite
reqular. Nevertheless, an accretive behaviour (local increase of energy or/and
momentum) cannot be excluded for nonlinear problems with large time steps. It
can entail numerical instability and a poor behaviour with respect to the group of
rotations.

e The perfect behaviour of the scheme with respect to the group of translations is
insured by the exact conservation of linear momentum.

4.2.2 Midpoint scheme

With:
OW [ Fp+ Foia Dn + Pnt1 Fo+ Fop
10 = OF 5 — 5 cof 5 ,
F, + F, (24)
Dn+1/2 = det <nfn+]> ,
we prove:

11



Proposition 2 The midpoint scheme achieves the following conservation properties:
1. Discrete energy conservation. For a constant time step At,

Eng1 — En = P + LA (25)

Here, ¢, depends on the approzimate solution at times n and n + 1, but also of
the discrete third order time derivative of acceleration: '¢5n+1/2 = ﬁ(@nw —

‘pn+1 - ‘Pn + ‘pn+1)-
2. Discrete angular momentum conservation. If I'g = (),

jn+1 - \-777 = mn (26)
3. Discrete linear momentum conservation. If Ty = 0),
In+1 — 1y = §n. (27)

Proof :

1. Energy conservation. We take v = (¢n + ¢ny1) in (19). The elastic and
compression terms are the only one which differ from the trapezoidal case. For
the elastic one, we have by a direct Taylor expansion:

ALY (Fn+Fn+]> R oW <Fn+Fn+1

aF \ " 2 = AL OF \ 2 )*FHH‘FHL

_W(Fn+1)_W(Fn)_EAt283W Frn 4+ Frp
N At, 8 " OF3 2
The main difficulty comes from the kinematic constraint. We denote Unt1/2 =

%(Dn +0,41) and %(Dn + Dn+1) = ﬁn(DnH —O,). We assume that the step
time is a constant At#, and introduce the interpolated displacement:

_ 1 1
Pnt1/2 = 5(90n+3/2 +Yn-1/2) = Z(@nw + Ont1 + Qo+ On1)-

> ' (V@n + v¢n+1)3-

Then:
_ 1
Prnt1/2 — Pn+1/2 = Z(@nﬂ — Ont1 — Pn + Pn1)
At . , .
= ?(‘Pn+2 + Pnt1 — Pn — ‘Pnfl)
At .
= T(‘Pm-l + @),
with ¢, = %. The increase of displacement is defined by:

1
0 =¥ni3/2—Pn-1/2= 5(90n+2 + Pnt1 — Pn — Pn—1)
1, . ,
= §(<Pn+3/2At + On1/2A + 20511 — 2004) (28)
. 1...
= 2(pn+]/2At + §¢n+]/2At?

12



From the kinematic constraint at half step time, we deduce:

_ 1 0%cof F
det Fn+3/2 — det Fn71/2 = (C(Jf V(Ion+1/2) : (V(S) + QW

= —€ (Pn+3/2 —Pn71/2) . (29)

(F,)(V6)?

The work of pressure forces is therefore:

Pny1/2 cof Fn+1/2 : v¢n+1/2 =
_ 0 cof F _ .
Pntiy2 | cof VP y1)0 + aT(F**) : (Fn+1/2 - V%+1/2)> Vi1 =

0 cof F 1 . . ;
Pny1/2 <Cof V¢n+1/2 - ail];(F**) : <Z(V§0n+1 + V(pn)At2>> ZV(pn+1/2.

) At? ...

Since ()bn+]/2 = Q—At — T@n+]/2, we have:

, 1 _
Pnt1y/2 cof Fn+1/2 : v<;0n+1/2 = mpm-l/z (cof V<Pn+1/2) 1 (V9)

At? .
—g Prtry2 (Cof V(pn+1/2) V@12

7A_7528(10fF
4 oF

(Fei) : (V@ni1 +V&n) : Vo aa.

The two last terms are of order 2 in A¢. To tackle the first one, we use (29) and
up to a second order term in At, we get:
. At? 0% cof F )
Prti1y2 €0f Fryry2 : Vioppryn = *4—8pn+1/2W( *)(VA—t)q
€
oAt Prnt1y/2 (Pn+3/2 7pn7]/2) .

By rewriting (28) for the quantity p,43/2 — Pnp—1/2, we have:

. € :
Pnt1/2 cof Fn+1/2 : V‘Pn+1/2 = Q—At(pr—l *pi),

up to a second order term in At.

. Angular momentum conservation. Assuming that Tg = (}, we use v =

a x % =Ju- % in (19). In the elastic part, we obtain the

terms: t
Fn+Fn+1 8W % Fn+Fn+1 l_ _
2 (B ) T ) (P2 ) a0
and:
9 pn+pn+1 Fn+Fn+1 _adetcl/Q( * ) Fn+Fn+1 t.J =0
2 2 aC nt1/2 2 e

that vanish because of the skew-symmetry of J,. The result proceeds then as in
(23) but with ¢, = 0.

13



3. Linear momentum conservation. Direct derivation as in the trapezoidal
case.

O

Remark 4 Some key points about the midpoint scheme:

e This scheme is known to be symplectic in the compressible framework (see [HLW02,
S55C94, Gon96]). For small time steps, backward analysis shows the conservation
of a discrete energy, close to the physical one up to a O(At?) term. Nevertheless,
in practice, the desired time step may prove to be not sufficiently small to insure
such a property. Moreover, symplecticity is hard to be obtained for constrained
problems (see [SG93]); in particular, it is lost in the incompressible framework.

e For compressible materials with (irrealistic) quadratic elastic potential W, energy
would be exactly conserved.

e The kinematic constraint at midpoint has bad consequences on energy conserva-
tion. In particular, it requires a very high regularity in time.

e Angular and linear momenta are exactly conserved, which is a proof of a perfect
behaviour of the scheme with respect to rotations and translations groups.

4.2.3 Exactly conservative schemes

At this stage, some remarks need to be done:

e The better conservation of energy achieved by the trapezoidal rule in comparison
with the midpoint scheme, is due to the imposition of the kinematic constraint
at time steps, and not at mid time steps. In (19), it is then natural to adopt:

1
Dyyr)2 = 3 (det Fy, + det Fy,y) .

e The exact conservation of momenta performed by the midpoint scheme is due
to the natural form of the first algorithmic stress tensor:

F,+ Fo
Hn+1/2 = (% 'En+]/27
with a symmetric second stress tensor ¥, 1/s.

e Then, it is straightforward to check that exact energy conservation is achieved
iff we can satisfy:

1 ) _ € 4 - € 4
B /Q Ynt172 0 (Cngr — Cp) = /Q (W(Cn+1) + §Pn+1) /Q (W(Cn) + §Pn) :

(30)

Remark 5 After finite element discretization, the integral over Q in (30), could be
replaced by the following relation:

1

1
52n+]/2 . (Cn+1 - Cn) == <W(Cn+1) + Q_G]P)P (det Fn+1 - 1)2>

14



1
2e

where Pp denotes the projection from L2(Q) to P. It can be treated numerically by a
subintegration technique.

- (W(Cn) + —Pyp (det F,, — 1)2> ,

A major goal is then to construct such a tensor X, /, satisfying (30). Following
the idea of Simo and Tarnow in [ST92], extended to the quasi incompressible case, it
is easy to prove by a mean value argument that there always exist scalar functions 3,
and v, such that:

ow ow
ZTH-1/2 = (%(ﬁncn + (1= B1)Chrq1)

+ 21— B0 + mam)

 Pn Pt (Odet c1/2 B ddet C1/2 B
9 < aC ('Yncn + (1 'Yn)CrH-l) + T((l ’Yn)cn + ’Yncn+1) ,

satisfies (30). The numerical difficulty of determining 3,, and -y, at each time step and
at each Gauss point can be overcome by the proposal of Gonzalez in [Gon00], which
proposes to compute the stress at mid interval by:

ow ow 6C,
Ypt12 = 2@(@&1/2) +2 <W(Cn+1) - W(C) - a0 (Cntay2) 60”) 6C, : 6C,
ddet C1/?
— (Pn + Pns1) T(Cn+l/2)+

. O1/2
+ <det C:l/fl _ det C}l/Q _ Odet C oC, } 7

ac(Onr1r2): 50”) 5C, o0,
(31)
with Cpy1/2 = 2(Cp, + Cy11), and 6C,, = Cpy1 — C,,. By construction, the resulting
scheme satisfies (30) and therefore conserves energy, angular and linear momentum.

Remark 6 In the compressible framework with a quadratic elastic potential W (e.g.
Saint Venant-Kirchhoff material), energy conservation is achieved with:

ow ow
Yot12 = %(C’n) + %(Cn+l)-

Remark 7 In a Newton method, nonlinear problems are solved by successive lin-
earizations. Here, the linearized time integrator is non symmetric, which is a notice-
able complication in numerical methods. An interesting idea, already mentionned in
[ARO1b], is to replace the linearized operator of the integration scheme by the linearized
operator of the midpoint scheme, which is symmetric. Obviously, the disadvantage is
a non quadratic convergence of the Newton method, but the practical overcost is neg-
ligeable.

Remark 8 When (5) is linearized around the undeformed configuration, the schemes
presented in this section are reduced to the classical Newmark’s trapezoidal rule, per-
forming exact energy and linear momentum conservations. Because of the lineariza-
tion, the angular momentum is no more conserved, neither for the continuous solution,
nor for the approrimate one. The spectral radius of the time integration operator is
equal to one.

15



4.3 Dissipative schemes

4.3.1 Preliminaries

In linear elastodynamics, it is necessary for stability reasons to use schemes whose
spectral radius is r < 1. Moreover, when r < 1:

1. possible polynomial instabilities are avoided (arising when r» = 1 in presence of
a multiple unit eigenvalue),

2. information is dissipated at highest frequencies, that has no physical meaning,

3. the condition number of the linear systems to be solved is improved,

4. there exist a quadratic form whose value diminishes along the discrete evolution.

A good example is the popular second order Hilber-Hughes-Taylor (HHT) scheme. We
present here a nonlinear analysis of this scheme, showing that the above advantages
are no more conserved in a nonlinear framework.

4.3.2 HHT scheme

For a given a > 0, the natural extension of the HHT scheme [HHT77, Hug87] to
nonlinear elastodynamics is given by:

/ PPnt1 v+ / (adlp + (1 — a)llyqq) : Vo = / fo1-a v+ / In+1-a v, YU €U,
JQ JQ JQ JIq

/q(detFn+1 -1)=0, VgeP,
Q

(32)
with Newmark’s relations:
. 1 . .
Pni1 = On + Atppn + Ati ((5 - B) ¥n + 6¢n+1> ;
¢n+1 = Qo’rl + Atn ((1 - 7) Qon + 7¢n+1) .
We have denoted v = % +a,and g = %. The notation 0,41, classically stands

for ald, + (1 — @)Tp41.
Remark 9 In the linear case, we recall that [HHT77, Hug87]:

e HHT scheme is the natural modification of the Newmark’s scheme combining
spectral dissipation and second order accuracy.

e The choice of v = ]5 + a insures second order accuracy.
e For the Newmark’s case (see [RT98] ), the choice

2
1+2a§5§ (1+a)

)
corresponds to real eigenvalues for the integration operator, whereas:

(1+a)?
BZT:

corresponds to complex conjugate eigenvalues.
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e The stability imposes 0 < a < %, with a = 0 corresponding to the trapezoidal

rule. The spectral radius decreases for 0 < a < % and increases for % <a< ]5
In the nonlinear framework, we prove:
Proposition 3 We assume the time step to be constant. Then, the nonlinear HHT
scheme (32) achieves the following conservation properties:
1. Discrete energy conservation. Up to higher order terms depending only of
time variations in force, we have:

Eni1 — En = PBn — DAL + ¢, AL, (33)

where ¢, is defined as for the trapezoidal rule and depends on displacements and
pressures at times n and n+1, on the approzimate velocity Vi, 1y /o = ﬁ(‘?n%—l —
©n), and on the approzimate pressure time derivative T, /5 = ALt(an — Dn)-
The coefficient D% has the following expression:

a a2 .9 .2 043 .. N2
Dy == p (¢n+1 - ‘Pn) + (Prt1 — Pn)
8 Q 4 Q 9
.. 0
+k / Hn : (vvn+]/2) +k Wf(fn) ' Vn+]/2:
JQ JQ

where T, is the centered second order finite difference:

.. 1
Hn = A—tz (anl — 21_[7—, + HTH—I) .

2. Discrete angular momentum. Up to higher order terms, we have:
jn+1 - jn = mn + CnAtH: (34)

where ¢, depends on the approrimate solution at timesn — 1, n and n + 1, on

the accelerations ¢n_1, Pn €t Pni1, and on the approzimate second order time
derivatives ﬁ(ﬂ'n+1/2 — Tp_1/2)-

3. Discrete linear momentum. Up to higher order terms depending only of the
time variations in force, we have:

Tot1 — In = Fn + ca AL, (35)

where ¢, only depends on the second order time derivative of f.

Proof : A linear combination of the discrete systems at times n and n + 1, with

respective coefficients (1 — ) = % —aand vy = % + a gives:

/ — ¢ II 11
/pM “v+ / k(I,—y — 211, + O41) : Vo + / ot e Vo =
Ja At,, Ja ~ Ja 2

Ry,

_+_
[ ok [ a2+ i)
Q 2 Q ~ o

fn

17



with coefficient k& = a(% —a)>0for0<a S . With v =1 _|_ o and B = 1+ﬂ) :
Newmark’s relations are:

. . 1 .. 1 ..
Pni1 — Pn = Aty <(§ - a)‘Pn + (5 + a)‘PTH-l) ;

on + Pnp1  QPAEE .
Pn 2(Pn+ + 1 n (¢n+1 _ (Pn) .

(37)

Pnit1 = on = Aty
The form (36),(37) of the scheme adds to the trapezoidal rule some “correction terms”.
We only detail these additional contributions.

1. Energy conservation. By using v = (¢p4+1—¢n)/ Aty in (36), and the relations
(37), the inertial term takes the form:

/ ‘pn+1 - (Pn v _ / ¢n+1 - ‘Pn . (Pn + ¢n+1
oA, oA, 2

a 1 i 1 i i i
#0500 ((G - @+ (5 + st ) - Gsr — ),

1 / , 1 / Y
a2 "9 "9 a3 . w2
+Aty— [ p(Fpyr = En) + Atn— [ (Bnir = $n)”
8 Jo 4 Jo

The non trapezoidal contribution to the stress terms is:

/ N Vo = k'AfQ / (vvn+]/2)
JQ Q

defining the second order accurate finite difference approximations of the stress
acceleration II,,, and of the velocity V1,2 by

1

M, = —5
At?

(anl - 2Hn + Hn+1) 3
1
Vn+1/2 = E(‘pn+l — Pn)-
Concerning corrections on the force term, we have

82

As a consequence, up to higher orders in At concerning only the variations of f,
we obtain:

Eni1 — En =B — DAL + ¢, AL3,

with:
3

D5 =4 p (5o — wn)+7/(son+1 Pn)’

82
+k / P (VVigig2) +k !
Ja

T (tn) - Vig1/2-
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2. Angular momentum conservation. Assuming that T'g = (), we use v =
Jao- %. The non trapezoidal contribution of stresses is:

Ey+Fo)' Foir + Fo1\! At ,
/Nn<7+l> :Ja:/Nn-<¥> :Ja+—/Nn-(vvn,]/2)’:Ja.
JQ 2 Jo 2 2 Jq

~~ ~

I Iz

We decompose XN,, by writing:

Fooi+F,_
N, = <¥> : (Enfl - 2%, + En+l)

2
Foy1 — Foo
+ %) '(En+1 *Zn71)+(Fn+1 72Fn+Fn71)'En;
Foo+ Fo
= <¥> (Spo1 =25, + Spt)
2
At
+7 (VVii1j2 + VVii1s2) - (Bng1 — Sne1) + AL (VViajo — VV,1)0) - S
(38)
We denote the centered finite differente approximations of stress acceleration by:
.. 1
En - m(znfl - 2211 + En+l)7
and of stress speed by:
5, = (Z Y1)
n — 2At n+1 n—1)-

Considering Newmark’s relations, we have:

1 .. .. 1 ..
Vavig = Varpp = Al <(§ —a)Pn1 + Pn + (5 + a)‘ﬂn+1>
2042
+At Z (¢n+1 - 2¢n + Sbnfl) .

Then, we can rewrite N,, as:

R,

AN

© [F Fov\ e
N, = kAt <%> 3,

FEAL (VVii1)o + VVi1s2) - Sy + kA (V (Vg1 jo = Vi1p2) /AL) -5,

87

By skew-symmetry of J,, . has a vanishing contribution in I;, whereas 82 has

a second order contribution in I;. Contributions of ¥, in I, is at third order in
At.

Concerning the additional resultant moment, up to a third order term:

e 2 Pn + Pnti @
/an v = kAt '/972 X o (tn)-
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3. Linear momentum conservation. Assuming that 'y = ), the HHT scheme
entails a second order error in the discrete resultant force, given by:

0% f
~Y 2 —.
/Q L A

up to a third order term.

O

Remark 10 Considering the linearized problem, we assume that W is quadratic as a
function of F', and that the incompressibility constraint is linearized. Then:

'/QHn:Vv:’/Qaa—);v:vadivv, Vv € Up.

If f =0, we have ¢,, = 0 (i.e. the trapezoidal rule is energy conserving). Moreover,
since:

(Vn — Pn-1)
(‘Pn - ‘Pnfl) ;

Pn+1 — Pn = 15 (‘pn+1 - @n) + ]E
+% (‘Pn+1 - ‘Pn) - ]j

we have up to an integration over ():

AP I, VVayn =W (Fpgr — Fn) — W (E, — Fooa)
€ €
2 2

+W(Fn+l - 2Fn +Fn71)

+ (pn+1 - pn)2 (pn - pnfl)2

€
+5 (Pnr = 20n +pui)’

Then, the following quadratic form:

1 . N
55HT:—/p¢i+/W(Fn)+E/pi
2 Q Q 2 Q

a?At? . Al ke .
3 / p@y 1 + kAW (anl/Q) + ?AtQ(anﬂ)a
Ja

with Fn,uQ = (Fn — Fn1)/At and py_1/2 = (pn — pn—1)/At, diminishes along the
dynamics. More precisely:

OKBAtB . . N2
effiT e = 22 [ (B — g

—kAt“/ W (Fn) _ ke (5?7 <0,
o 2

Therefore, for linear elastodynamics, there exist a quadratic form EMHT diminishing
along the HHT discrete evolution. This comes from the fact that the spectral radius of
the time integrator is less than one. Nevertheless, this quadratic form does not coincide
with the usual mechanical energy. It introduces acceleration terms in the energy and
high order terms in time in the dissipation, which are larger for larger frequencies.
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Remark 11 o [t is straightforward to check in the expression of D% that dissipa-
tion is not unconditional. In particular, energy is dissipated by the non trape-
zoidal terms during the acceleration phases of the dynamics when 0 < a < %
Nevertheless, the scheme becomes accretive when the dynamics slows down. This
remark will be highlighted numerically in the following section.

o IfB = Hf“, it is straightforward to check in the proof that the two first inertial
terms in D% disappear. Then, D% is proportional to 0/(15 — «a) and mazimal
absolute values of D are obtained for o = %.

e Groups of symmetry are not well preserved by the discrete dynamics as momenta
conservation is not well insured. This remark confirms the work of Armero and
Romero in [ARO01a]; they prove the non existence of relative equilibria for the
HHT discrete dynamics in the case of a nonlinear spring-mass system.

4.3.3 Energy dissipation

Performing energy dissipation in the nonlinear framework is not as easy as in the
linear case. The example of the HHT scheme is quite relevant from this point of view.
The work of Armero and Romero in [ARO1la, AR0O1b] about energy dissipation in the
nonlinear case is a good example of such a difficulty. One major comment is that they
introduce dissipation in the Gonzalez scheme [Gon00], resulting in a very complex
nonlinear scheme. It tends to show that dissipating energy is more complicate than
conserving it.

5 Numerical experiment

In this section, we illustrate numerically the previous analysis on the case of a bidi-
mensional quasi incompressible cantilever beam in plane displacements. The elastic
potential is given by the Mooney-Rivlin constitutive law:

W(C) =ci (trC —3) + c2 (tr cof C —3).

Data is presented on figure 3. On the mesh presented on figure 4, the discrete spaces
@1 and @ for displacements and pressures respectively are adopted. They are proved
to be compatible in the selected case, as shown in [Tal81].

Figure 2: A cantilever beam with constant force F.
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length 1m

width 0.1 m

F 1000 N

P 1000 kg/m3
C 2 MPa

Co 0.2 MPa
1/e 2.E12 Pa

T 10 s

At 0.02 s
Newton’s tolerance | 1E-7

Figure 3: Physical data and numerical choices.

Figure 4: A 250 elements mesh of the beam.

As F is a constant force, we ideally expect to observe the conservation of the
following discrete quantity:

Hn:/f'wn_gn-
Q

The constant time step At is chosen so that to have approximatively 20 time steps
per oscillation of the cantilever beam. With this value of At, 4 or 5 Newton’s iterations
per time step are necessary to solve the problem with the required accuracy (10~7 m).
Due to numerical instabilities, the number of Newton’s iterations per time step can
grow up; the simulation is stopped when it exceeds 20.

Our first observation is that when H,, decreases (global increase of the energy of the
system), the number of Newton’s iterations per time step grows up until the method
does not converge any more. As a consequence, trapezoidal, midpoint and HHT
[HHT77] schemes cannot complete the simulation on the whole time interval [0, T] for
the specified parameters. Only the conservative Gonzalez scheme can achieve long
term time integration without such an overcost.

Energy evolution is presented on figure 6. The worst energy conservation holds for
the midpoint scheme, as shown in the previous analysis. With the selected parameters,
HHT is globally energy growing. Gonzalez scheme is quasi exactly conservative up to
a very small error term depending on Newton’s tolerance.

Concerning midpoint and trapezoidal schemes, the energy growth goes with nu-
merical instabilities on velocities, as shown on figure 7.

To highlight the theoretical analysis done for the HHT scheme, figure 8 shows a
zoom of energy evolution during one second of the dynamics, with displacements. It
is worth noticing that in conformity with the analysis of (33), energy is dissipated
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Figure 5: Vertical displacement of the tip of the cantilever beam. Simulation stops when
the time step calculation exceeds 20 Newton’s iterations.

when the beam goes up or down (acceleration of the dynamics) and grows when the
deformation is in a neighbourhood of the minimum or the maximum.

Moreover, concerning HHT scheme, it is difficult to adopt the right value of the
dissipation parameter a. We have seen that the usual value a = 0.05 proposed in
[Cri97, HHT77] is not sufficient to insure long term time integration in the nonlinear
framework. At the opposite a = 0,2 entails overdissipation, as shown on figure 9.

Remark 12 The present numerical analysis holds for quasi incompressible nonlinear
elastodynamics, but the same phenomena can be observed in large displacements for
compressible systems.
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Figure 6: Evolution of the discrete total potential H (in Joules) as a function of time.
As an indication, the maximal value of the deformation potential [, W(C) is about 0.5
Joules.
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Figure 7: Instability of the vertical velocity at the tip of the cantilever beam, for midpoint
and trapezoidal schemes.
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Figure 8: Zoom on total discrete potential and displacement for HHT scheme (a = 0.2).
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L L
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Figure 9: Overdissipation for vertical displacement at the tip of the beam for HHT scheme
(. =0.2).
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6 Conclusion

We have mainly proposed an energy conservation analysis for usual time integration
schemes in nonlinear elastodynamics. We have shown numerically the great advantage
of energy conserving schemes in terms of unconditional stability. Moreover, we have
underlined that in general, linearly dissipative schemes do not lead to nonlinear energy
dissipative generalizations (e.g. HHT).
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