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Abstract. The aim of this paper is to propose a new regularized optimal control formulation for
recovering an extended inclusion from boundary measurements. Our approach provides an optimal
representation of the shape of the inclusion. It guarantees local Lipschitz stability for the recon-
struction problem. Some numerical experiments are performed to demonstrate the validity and the
limitations of the proposed reconstruction method.
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1. Introduction and problem formulation. Let @ C R? d = 2,3, be a C*-
bounded simply connected domain. Let v denote the outward normal to the boundary
99Q. Suppose that Q contains an inclusion D, of class C*>7 (0 < n < 1), away from
the boundary, with a known material parameter, such as the conductivity, 0 < k #
1 < 400. We assume the material parameter of the background to be 1. Throughout
this paper vp, denotes the material parameter distribution, namely,

(1.1) Yp. =1+ (k= 1)x[Ds],

where y is the characteristic function.
For [ = 1,...,N, we denote by uil) the solution to the following Helmholtz
equation:

V - vp, Vugl) + w2uil) =0 in Q,
(1.2) ou
v

=40 on OS2,

where ¢ are N given functions and w is the operating angular frequency. The
wavelength A in the background medium is given by A := 27 /w.
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To fix our ideas, we use, as an example, plane waves to identify the inclusion. We
choose

(1.3) gV (z) == gyei”el'w = iwl) - v(x)e™"® ondQ, I=1,...,N,
where {01,...,0n} is a set of N unit directions uniformly distributed on the unit
sphere S¢~1.

We assume that the size of D, and the distance between D, and 9f2 are large com-
pared to the wavelength A. Throughout this paper, we say that a target is extended
if its characteristic size is of order of or larger than half the operating wavelength .
The inverse problem considered in this paper is to reconstruct the extended inclusion
D, from the boundary measurements (qu))lN:l on 0f2, where, for [ =1,..., N, uil) is
the solution of (1.2) with g given by (1.3).

With an infinite number of measurements, a uniqueness result for the inverse
problem under consideration has been proved by Isakov [24].

The Helmholtz equation (1.2) is a mathematical model for acoustical and mi-
crowave soundings of biological media [1]. The function uil) denotes the pressure or
the voltage potential, respectively. The reconstruction problem is known to be, in
general, severely ill-posed. However, if the inclusions are small compared to the oper-
ating wavelength, then one can design, using asymptotic methods, quite accurate and
robust imaging algorithms. Small inclusion imaging has been the subject of important
analytical and numerical studies; see, for instance, [1, 2, 6, 7, 8,9, 12]. The developed
algorithms are direct, i.e., noniterative.

Since, in the case of extended inclusions considered here the data structure is
quite complicated, a direct imaging approach cannot be developed. However, as will
be shown in this paper, direct approaches can be used to construct a good initial
guess.

The main objective of this paper is to propose a new regularized optimal control
approach for recovering the extended inclusion D, from the boundary measurements.
A standard approach is to minimize the L2-discrepancy between the measured and
computed data using a least-squares formulation. One can use total variation regu-
larization to recover sharp discontinuities. The computation of the shape derivative
of the L2-discrepancy shows that a filtering effect is the main difficulty in solving this
inverse problem.

The main novelty of our paper is the establishment of a regularized optimization
approach that yields better imaging in the sense of resolution and stability. More
important, we provide an optimal representation of the inclusion shape. We also
prove a local Lipschitz stability result for reconstructing the inclusion. We then show
results of computational experiments to demonstrate the efficiency of the proposed
regularization. To handle topology changes such as breaking one component into two,
we develop a level set version of our approach. Our results in this paper provide
mathematical interpretations of important physical notions such as the resolution
limit, the stability, and the shape representations in wave imaging.

The paper is organized as follows. In section 2 we present the first standard
algorithm for solving the reconstruction problem. In section 3 we propose our new
algorithm and provide an optimal shape representation. Local stability results are
formulated and proved in section 4. In section 5 we discuss a MUSIC (multiple
signed classification)-type algorithm to get a good initial guess. Section 6 is devoted
to a level set version of our algorithm. Some numerical simulations for testing the
proposed regularized optimal control approach are presented in section 7. The paper
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ends with a discussion in section 8. Some results on the filtering property of the
Helmholtz equation are given in Appendices A and B. Our results are generalized to
linear elasticity in Appendix C. A discrete version of the method proposed in this
paper has been adapted in [4] for multistatic imaging of extended targets.

2. First approach. The first (standard) approach to solving the inverse problem
is to minimize over D the following cost functional:

N
1 INE
2.1 J[D] := = E / wW[D —ug) do,

where u(Y[D] is the solution to

V- vpVul) +w?u® =0  inQ,
(2.2) 0
(98u_y =gW on 0f).

Here, yp =1+ (k — 1)x[D].
It is known that minimizing (2.1) is ill-posed [20, 28, 38]. One can regularize the
problem by minimizing over D the regularized cost functional:

l
Jreg[D Z/an WD) —ul? do + pTV (1p),

where p is the regularization parameter and T'V is the total variation defined for
g€ L' by

TV (q) := sup {/ qV -gdz:geCh)?, |g(z)| <1forall ze Q} .
Q
Here | - | is the Euclidean norm of a vector. The regularization by total variation was
introduced in [17, 18] for the purpose of obtaining sharp images of the discontinuity.
Suppose that —w? is not an eigenvalue of —V - ypV in Q with homogeneous

Neumann boundary conditions. For a given function i on 9D, the shape derivative
dsJ[D] of J[D] is given for h of class C! by

(2.3) (dsJ[D Z%e / D [D] — u{" D[R] do,

where v()[h] is the solution to

Av® + w2 =0 in Q\ D,
kAv® + w?o® =0 in D,
O1p
o], — o0 = (k= 1)p 2L ]‘ on D,
(2.4) w 1=
v ov® o (. ou[D]
v L_kau ‘_(k_l)a_T<h aT ) on 9D,
)
8;]/ =0 on 9.
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Here the subscripts £ indicate the limit from outside and inside D, T'(x) denotes the
unit tangent vector at x on 9D, and 9/9T stands for the tangential derivative. By
abuse of notation, we denote by v the outward normal to 9D. We restrict the consid-
eration to two dimensions for simplicity (extension to three dimensions is apparent).
The proof of (2.3) follows immediately from [14, Theorem 1.2]. Note that the shape
derivative is derived here under assumptions which do not allow topology changes.

To explicitly compute the shape derivative of J, we introduce the adjoint state
p[D] as the solution to

V- ypVpW[D] +w?p®[D] =0  in Q,

(2.5) ap"[D]

5 = w®[D] — ul) on 9.

Introduce N*[D](z,y) as the Green function for V-ypV +w? in Q corresponding to
a Dirac mass at y with homogeneous Neumann boundary conditions on 9f2. That is,
N¥ is the unique solution to
(vw PyDvw+W2)Nw[D]($7y) = _511 in Q’
(2.6) ON“[D] ‘ B
ov  laa

on 0f).

It is easy to verify that N¥[D](x,y) = N¥[D](y, z) for all z # y € Q. See, for instance,
[10, p. 26]. Note that p¥[D] and v('[h] can be written as

pO[D)(x) = / (u® (D] — u)(y) N[ D]z y) do(y)
o0

and (see, for instance, [10, p. 59])

o) = [ )M @)TOID)) - VD)) doly).
where
M(y) == (k= 1)(kv(y) @ v(y) + T(y) ® T(y)) for y € OD.
Now, using p[D] to express the integral
| O] =)0 o

we find that dsJ[D] in the direction of hv is given by

2.7)
N .
_ opW[D]| dul[D] opW D] dul[D]
(dsJ(D],h) = (k — 1)/6Dh8?e; (k | S AT ) dor.
Set
N o D] WD) Ga®
2.58) wlD] = éree; (kapay[D] ‘_a (;U[D] |+ 8paT[D] o alT[D]).
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A simple algorithm for minimizing (2.1) consists of replacing, in each step,
0D — 0D + hv,

where

w[D]
(ds J[D], w[D])

w[D]
(k—=1) [op w[DJ?
This algorithm is nothing other than a solution of J[D] = 0 by the Newton method.

Note that the first fraction is meant to be the pseudoinverse of the operator dsJ[D)]
with respect to L2(9D).

(2.9) h=—J[D] = —J[D] do.

3. Second approach. For the first approach, dsJ[D] acts like a filter of the
oscillations in the shape changes. Roughly speaking, write h = hiow + Rnigh, Where
hiow and hnigh are, respectively, the low- and high-frequency components of h.

Fix the threshold to separate the high-frequency component of i from the low-
frequency one by

||0hnigh/OT || L2(aD)
|| Pnign| L2 (o)

(3.1) > f.

One can see that there exists 3y such that for 5 > 5o,

(3.2) / hhigh w[D] do ~ 0,
oD

which shows that Anijgh cannot be reconstructed from boundary measurements. In
other words, the cost functional is almost invariant with respect to highly oscillatory
variations so that the shape boundary can be reconstructed only up to oscillatory
parts. Therefore, the minimization of the cost functional (2.1) leads to images with
limited resolution. We refer the reader to Appendix A for a quick check of (3.2).

In order to enhance the resolution, one should allow the adjoint state p(*) = p[D]
to be in a richer space than the space spanned by the solutions of (2.5). Note that
p® is given by

p) = AD((u(l)[D] — uil))) fori=1,...,N,

where the operator Ap : L2(9€)) — L?(dD) is defined by

Ap(f) =plop,
with
V- -vpVp+w?p=0 in €,
(33) Op

W on 0.
It is easy to see that the adjoint A%, : L2(0D) — L?(99Q) is given for v € L?(0D) by

Ap(v) = wlaq,
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where w is the solution to

Aw + w?w =0 in Q\ D,

EAw + w?w =0 in D,

kw|y = w|— on 0D,
(3-4) ow ow

—| — = =v on 0D,

ov|_ Ov n

g—f =0 on 0f).

Here, v denotes the outward normal to 0D. Note that the transmission conditions in
(3.4) are dual to those satisfied by the solution p of (3.3). In order to verify (3.4), we
multiply it by p and integrate by parts to find that

o B ow ow op, _ op, _
8wadcr = /aDp<%|+—$‘_) dO'—/aD <$‘+w+—$‘_w_> do
_ _ oy 1
= /aDpvda—/aDEL(kar—w,) do

= / pU do.
oD

Let {f;[D] : i=1,..., M} be an orthonormal basis of the image space of AL Ap
after truncating “small” eigenvalues of Aj,Ap. The threshold for such a truncation is
fixed in terms of the signal-to-noise ratio in the measured data and depends on the
size of D and the distance from D to the boundary 9. See [5] and Appendix B.

It is worthwhile to notice that the integral kernel of A}, Ap is given by

(3.5) N®[D|(z,z)N*[D](z,y) do(z), z,y € 0L,
oD

because Ap is given by

(3.6) Ap((@) = [ F)N“[D)(w.y) dotu). @ € oD,
and hence
(3.7) Ap(v)(x) = /8 o) NP ) doty), @ € 0.

Instead of minimizing the L2-norm of the discrepancy between the measurements
and the computed data, u(l)[D] — uil) for l = 1,...,N, as in the first optimization
procedure, we minimize the L2-norm of the projection of u(") [D] — uil) onto the space
spanned by {f;[D] : ¢ =1,..., M} in order to generate the highest possible oscilla-
tions in the adjoint states and, consequently, get optimal reconstruction of the shape
changes h. This can be done only by changing the optimization procedure. Indeed,
since the orthonormal basis {f;[D] : i = 1,..., M} depends on D, at each step one
should change the minimization cost functional.
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Our new algorithm minimizes the following cost functional at each step n > 1
over all possible shape changes § D:

2

(3.8) J[6D) = = Dy_1+6D] — uP)fi[Dp_1] do| |

where Dy is an initial guess and «()[D,,_; + dD] is the solution to (2.2) with D :=
D,_1 + dD. For minimizing the cost functional, we perform just a single Newton
step. Note that at each step n, J, is an L2-projection of the discrepancy between
the computed and the measured data onto the space spanned by {f;[Dn_1] : i =
1,...,M}.

For fixed n, we will make only one iteration in order to minimize .7,,. We modify
the shape D, _1 to obtain D,,_1 + §D,, by solving J,[D,] = 0 by a Newton method.

Our algorithm can be interpreted as a two-step algorithm. First, one linearizes the
problem, and then one projects the data over an optimal basis that ensures stability
and gives optimal representation of the shape changes (see section 4 for details). It is
clear that one has to change the cost functional at each step because of the inherent
nonlinearity of the inverse problem of reconstructing the inclusion from boundary
measurements.

To find §D,,, one can compute the shape derivative of the cost functional J[D]
given by

L NoM 2
-

=52 [, @Ol

in the direction of hv, where the functions f; are given as f;[D,—1]. In fact,

Jn[(SDn] ~ J[anl] + (de[anl]ahn)a

with 0 D,, being chosen to have the form
0D, = {hn(x)l/(w), x € BDnl}.

Similarly to (2.3), we obtain that

(39  (dsTID ZZ%U (WO1D] —u)F; do [ TS do]

=1 1=

where vV [h] is given by (2.4).
Let p;[D] be the solution to

V -vpVp; + w?p; =0 inQ,

(3.10) 3}%

= fi on 09.

Then we have from (2.4)

i (D [D] i wO1D]
- () ST o
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Set

(3.11) au[D] = (k—l)/ WD) —uYF(D) do, i=1,....M, I=1,...,N,
o0

and
. PPl QuD D] Opi[D] Ou[D]
(312) wi (D] =k v ’7 v ’7 + or or -
Then (3.9) can be rewritten as
N M
(3.13) (dsT[D),h) = Re Y > au[Dn—1] / hw'V [D,,_1] do.
=1 i=1 oD

Thus, in exactly the same way as in (2.9), the update 6D, is chosen as follows:

(3.14)
o = T - S (s T Do ], (D)) (D).
il

i1 ((@sT1Dn-r),w"[Daa))

Here, (dsJ[Dyn-1], wgl) [Dy,—1]) is computed using formula (3.13). Note also that

M
(3.15) P = Ap((@VD] = ui) = 3@ D] = uld), fi)pi
=1

where A\? is the eigenvalue of A}, Ap corresponding to f;, and therefore, h,, corresponds
to back-propagating the projections of the functions u(") — qu) onto the space spanned
by the functions f; for ¢ = 1,..., M. Note that by back-propagating a boundary
datum on 92 we mean solving the Helmholtz equation with the inclusion D. Note
also that one should constrain the change dD,, to be sufficiently small so that D, _1 +
0D, C Q.

The described algorithm filters dsJ given by (2.7) at each step, with an optimal
filter constructed through a singular value decomposition of the operator Ap. In
other words, while in the standard approach the adjoint state corresponds to back-
propagation of the discrepancy, in the new regularized approach the discrepancy is
projected onto an optimal basis at each step ({f;[Dn—1]} at step n), and only the
elements of this optimal basis are back-propagated inside the domain. The traces
of the back-propagated functions on the boundary of the inclusion at step n form a
basis to represent the changes in the shape in order to evolve it. This yields better
resolution and stability properties. However, there is a trade-off between resolution
and stability. To gain resolution one has to choose M as high as possible. But if
it is too high, then it follows from the form of the coefficients a;; in (3.11) and the
fact that f; is highly oscillating for large 7 that the algorithm is unstable in the case
of noisy data (uil))lzl)m,N. Note that M = oo yields exactly a scheme for (2.1)
without regularization. On the other hand, when M is small there are savings in
computational effort.

Note also that our algorithm extends as well to the case where the inclusion is
perfectly insulating or the case where conducting. In these two cases, according to
[29], the analogues of A5, Ap are exactly those used in the factorization method.
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Finally, it is worth noticing that the basis {f;} can be updated by using the
leading-order term in the asymptotic expansion of f;[D + D] in terms of §D, which
has been obtained in [12]. However, to avoid error accumulation, the basis should be
recomputed after a few steps.

4. A local stability result. Let V[D] be the (finite-dimensional) vector space
spanned by E‘smwgl) and %ewgl) forl =1,...,N and i = 1,..., M, where wgl) is
defined by (3.12). As we said previously, the number M is fixed in terms of the
signal-to-noise ratio in the measured data.

From section 3, it follows that an optimal representation of small changes in D is

as follows:
0D := {h(a:)y(x), T € 8D}, h € V[D].

This representation is optimal in the sense that any component of the changes §D
in the space orthogonal to V[D] in L?(dD) cannot be reconstructed, which can be
immediately seen from (3.13). In other words, choosing any other basis than V[D] is
less efficient. Moreover, as will be shown by Proposition 4.1, the reconstruction of the
components of 6D that belong to V[D] is stable. Note that since D is of class C?"
(0 <n < 1), V[D] is a subset of H?(0D) because of the H?-regularity of wgl) on 0D;
see, for instance, [22].

A natural representation of h is to expand it on a basis of L2(9D) (constructed,
for instance, by solving the spectral problem for the Laplace-Beltrami operator). But,
as shown previously, high oscillations in A cannot be reconstructed, which means that
only the projection of h on the first basis (not highly oscillating) functions plays a
role. However, there is no systematic way to set a threshold. From this point of view,
the representation as a linear combination of elements of V[D] appears to be sparse,
and the threshold is fixed in a systematic and optimal way.

A few components may be enough to represent all of the possible changes that
could be reconstructed. Note also that the larger the distance between D, and 0f2
compared to the wavelength and the size of D, the smaller the dimension of V[D,]. If
D, is smaller than the wavelength A = 27 /w, then the dimension of the vector space
V[D,] could be reduced to 1. In fact, in view of (3.5), we have

ApAp(f)(z) = (0D - F)N“[D](y, 2) do(y)N«[D](z, z) + o(|0D)

— (oD /8 )N (y.2) do(y)Nem) + ol|oD]). € 00,

where z is a point in D and N“(z, ) is the Green function for A + w?, with homoge-
neous Neumann boundary conditions on € (without inclusion). Here |0D| denotes the
surface of D. It shows that the significant eigenvalue of A Ap is |0D| | N °J||2L2( 09)
and corresponding eigenvector is N¥(-, z).

The stability of the reconstruction of the components of the changes that are
in V[D] can be stated mathematically by introducing a measure of arbitrarily small
changes 6D in D. This can be done by setting

(4.1) 6D|? = Z}/ ho!? do
1 oD

2
+

on ow®  |?

do
ap 0T 0T
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We emphasize that since V[D] is finite-dimensional, all the norms are equivalent, and
therefore the quantities

>

il

2

oh ow"

2
®
hw;”’ do o 0T 0T

and Z

are of the same order (independently of h). Hence, we have

2
SD|* ~ }/ hwgl) do
0D Z -

oD

®

Note also that the oscillations in w;” are limited and that they are functions of

®

w and the distance between D and 0. As in (3.1), the oscillations in w;’ can be

measured by the quotient
0w >/6T||Lz<ap>

||w )||L2 (8D)

(4.2)

By Shannon’s sampling theorem (see, for instance, [31, p. 41]) this yields an estimate
of the resolution limit, d,cs, when reconstructing small changes 0D from boundary
measurements:

||w<”||Lz<aD>
U 10w® /0T 2oy

(4.3) Sres = 27

Hence, any detail in the perturbations of size § < d,s cannot be represented by
functions in V[D] since it has oscillations higher than any function in V[D].

Now, from [12], one can prove that if 6D := {h(z)v(z),x € D} with [|h|[c1(ap)
small enough, then

(4.4) u[D +6D] — u®[D] = v [h] + O(||hl|E: o))
uniformly on 0f2, with d being the space dimension. Moreover,
(4.5) [v@ Rl 200y = O(IBIIE b py)-

The expansion (4.4) yields

| @D+ D]~ uOIDNFID) dor = (k= 1) [ hull (D] do + Ol o)
o0 oD

Thus, from (4.5) it follows that

ODF ~ s ZZ

=1 i=1

2
+Ol1hl2 )

/ wO[D + 5D] — uO D)D) do

Therefore, the following local stability result holds.
PROPOSITION 4.1. Suppose that 6D := {h(x)v(z),x € 0D} with ||hl|c1apy < €.
Define the measure |0D| by (4.1). Then there exists a positive constant C such that

for e < e,
2
4 62d—1>

(4.6) |6D|? < 0<ZZ

=1 =1

/ WO[D + D] — " [D)F[D] do
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The estimate (4.6) shows local Lipschitz stability of the reconstruction (up to
€24=1) and uniqueness in the class of perturbations in V[D]. In fact, fix € to be a
positive small parameter. Suppose we have D; and Ds such that Dy = D + 6D for
some changes 6D := {h(z)v(z),z € 0D} with ||k||c1(sp) < €. Then, up to O(e?~1/2),
6D| is bounded by 3, [u¥[D1] — uD[Ds]||12(p0). This shows that the changes in
V[D;] can be reconstructed in a Lipschitz stable way. On the other hand, if

/u“)[Dl]ﬁ[Dl] da:/ uD[Dyfi[D1) do, 1=1,...,N, i=1,...,M,
o o

and 6D € V[D,], then
|5D|2 < Cézd_l,

which shows that the normalized changes e!~¢§D are approximately zero.

Proposition 4.1 indicates that the only information that can be reconstructed
from the boundary measurements is the projection of 9D onto the space V[D]. In-
deed, this reconstruction is stable. To the best of our knowledge, such a result is
new. It describes an optimal solution for handling the ill-posedness character of the
inverse problem of reconstructing an inclusion from boundary measurements. It gives
the exact class where the detectable perturbations should be and ensures their re-
construction in a stable way. By linearization and projection, we have reduced the
ill-posed inverse problem of reconstructing an extended inclusion to a family of well-
posed problems in a much smaller, but at each step optimal, class in the sense of
resolution and stability.

5. Initial guess by a MUSIC-type approach. There are many possible ways
to get a good initial guess. One is to use a standard MUSIC-type projection approach.
See, for instance, 23, 13, 11, 21, 30].

(1 — av®
- ov

Let us consider the case of g where V¥ is given by
V(l)(x) =T inQ, 1=1,...,N.

We construct the response matrix A = (All/)l]Vlel with

V(l/) R
(5.1) A :/ JHV2 da—/ gV do.
o0 v 0

Integration by parts shows that
A”/ = (1 - k)/ Vuff) . VV(l/) dx.
D

Let c1,...,cq be d unit independent vectors in R%. For z in the search region
Q' ccQ, let

9;(2) = (¢j - 0107 . ci - One™ON A for j=1,....d,

where t denotes the transpose. We plot the MUSIC imaging functional

1
(5.2) W(z) = > 1T = P)g;(2)l

where P is the orthogonal projection onto the range of the response matrix A. The set
where W (z) attains its highest values would be a good initial guess for D, ; see [11, 25].

for z € V),
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To understand this, divide the domain D into a set of small elements O,,. Then using
the rectangular quadrature rule yields

Aw ~ (1 - k) Zelf : / Vu (z)dx e™0 vn
n On

where y, € O,,. Therefore, the only points z € 2 such that g;(z),7 =1,...,d, are in
the range of A are those inside D.

According to the Rayleigh resolution limit, any detail less than one half of the
wavelength cannot be seen [1]. By dividing the search domain ' into pixels of length
of the order of half the wavelength, only one point at each pixel will contribute at
the image space of the response matrix A. Each of these points can in principle be
imaged using the MUSIC imaging functional. The resolution of the image provided
by this technique is of the order of half the wavelength. Since the measurements are
done at the boundary of 2, a MUSIC-type image can be an initial guess, and by using
the optimization algorithm described in the last section, higher resolution in imaging
the inclusion can be achieved.

6. Level set framework. To handle topology changes such as breaking one
component into two, we develop a level set version of our algorithm.

Within the level set framework, we represent 9D as the zero level set of a con-
tinuous function ¢ so that D = {¢ < 0}. We convert the minimization problem (3.8)
into a level set form by choosing the gradient ascent direction F'(x) as

N M
(6.1) F(z)=%Re )Y aq[Dlw!”[D)(x),

=1 1i=1

where «;; and wy) are defined by (3.11) and (3.12), respectively.
Then we evolve ¢ by solving the Hamilton—Jacobi equation

99
ot
for one time step. We refer the reader to, for instance, [19, 26, 27, 35, 36].

We emphasize that in (6.1), F is defined only on the boundary 0D, even though

under the level set framework it has to be defined on the whole domain. We first note
that since v = V¢/|V¢|, it follows that

(6.2) +F|V¢| =0

(6.3)
wl10] = (o= 1) (VplDI|_ - 5o ) (VaID L5 ) + VDl VD]
1 Vo OIS TS 20D
= (E — 1> (Vpi[D]‘+ ) W) (Vu(l)[DH_;- |V¢)|> + Vpi[D ]| Vu(l)[D”_,_

Therefore, (6.2) for ¢ can be modified as follows:

(8? Zzad K— >sgn(¢) + % +k— 2} Vp;[D]

=1 i=1
Vo

(6.4) |V¢|V u®[D] - |V¢|>IV¢|

(%eZZallel ]-Vu®[D ]>|V¢|:O,

=1 =1
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where sgn is the sign function. The evolution of the level set function ¢ then follows
from the solution of (6.4) instead of (6.2).

7. Numerical experiments. In this section we first show results of reconstruc-
tions using Method 2 (the second algorithm using (3.14)). We also show the results
using Method 1 (the first standard algorithm using (2.9)) without regularization for
comparison. Throughout this section, the background domain {2 is given by

and the conductivity inside the inclusion D is k = 4 and is assumed to be known.
The angular frequency w is 2, except in Example 3 where w = 1 is used as well.

The direct solver uses the boundary integral representation of the solution to
(1.2). The number of nodal points on 9D, and I is 128. At each iteration step
n, we use 100 nodal points to uniformly discretize the boundary of the reconstructed
inclusion D,,.

In the following examples, given the true inclusion D., we set N = 20 and compute

the solution ugf) for I =1,...,20, which satisfies

V -7vp, Vugl) + w2u>(kl) = -4, in R2,
and also satisfies the outgoing radiation condition, where
y, = 8(cos((I — 1)m/10), sin((l — 1)x/10)), 1=1,...,20,

are point sources outside 2. Clearly, ugl)|g is a solution to (1.2) with the Neumann

datum ¢ = 8u§f)/81/. We use uil)|ag for i =1,...,20 as input in the reconstruction
algorithms, except in Figure 7.3, where we use M = 10.

Initial guess. To get an initial guess we use the MUSIC-type algorithm de-
scribed in section 5. We collect the grid points where the MUSIC imaging functional
W in (5.2) has a large value, and then find the smallest disk which encircles those
grid points. We then modify the radius (among concentric disks) so that the L?-
discrepancy of u[D] and u, is minimal. Figure 7.1 shows results for two different
inclusions. It clearly demonstrates that the MUSIC-type algorithm provides quite
good initial guesses.

6 6

° | Q] "D

-4 -4

—6, —6,

-8 —4 o a4 8 -8 —4 o a4 8

Fic. 7.1. Initial guesses obtained by the MUSIC-type algorithm.

Example 1. This example is for a reconstruction of the kite-shaped inclusion.
We use the disk constructed above (the left figure in Figure 7.1) as the initial guess.
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=) 0 2 =7 0 2 -2 0 2

Fic. 7.2. Reconstruction with Method 2 for M = 10 from measurements without error. The
gray curve is the actual shape and the black curve is the reconstructed one. Images from top left to
bottom right are the initial guess and the results of iterations 1,...,4. The lower right image is the
result of 50 iterations.

I - - -Method1 A
: -
4 s M=5 B )
° 0.5 v‘ll —M=10 1 ® 0'57:\ , ”'\"‘"‘v‘ ,,'\I 'l‘
8 == M=15 % I‘ ,"\l\""',s T ' " ‘I‘V\VI ~I“/\ "\I
(A
‘%—’ 3 0.4
5 5
3 §o03
5] ®
o o
= =2
g 02
o) o)
o an
0.1
0 : ‘ ‘ : 0 : ‘ : :
0 10 20 30 40 0 10 20 30 40
Iteration Iteration
Fic. 7.3. Graph of the relative area difference, i.e., ‘D‘AD?"‘ . The figure on the left is from data

with 0% mnoise and on the right is from data with 20% relative noise. Method 2 gives better results
with better stability.

Figure 7.2 presents the initial guess and the shapes for five iterations using Method 2
without noise. It clearly shows how the shapes gradually approach the actual kite
shape. Figure 7.3 compares the reconstruction results using Method 1 and Method 2
with 0% and 20% additive Gaussian noise, respectively (the percentage of noise is
measured in terms of the L?-norm). It shows that Method 2 gives better shape
reconstruction results than Method 1, with better stability properties.

Ezample 2. In this example inclusions are unit disks perturbed by h = 0.2 cos(mf)
for m = 3 and 6. The inclusion is centered at (—2,—1) in Figure 7.4 and at the origin
in Figure 7.5. Figures 7.4 and 7.5 clearly show that Method 2 detects highly oscillatory
perturbations of the shape better than Method 1. Here we use w = 2.
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4 -2 0 4

4 -2 0 4

Feltls.
Feltts.

0 -4 0

F1a. 7.4. Reconstruction of the unit disk centered at (—2, —1) perturbed by h = 0.2 cos(30). The
upper row is obtained by using Method 1 and the lower row by Method 2 (after nine iterations). All
three columns are reconstructions from data with 0%, 10%, and 20% noise.

2 2 2

-2, -2,

010
© o]0

-2,

= 0 2 =

-2,

Fi1G. 7.5. Reconstruction of the unit disk centered at the origin perturbed by h = 0.2 cos(66).
The upper row is obtained by using Method 1 and the lower row by Method 2 (after nine iterations).
All three columns are reconstructions from data with 0%, 10%, and 20% noise.

Ezample 3. This example shows the role of the frequency in the reconstruction.
Figure 7.6 shows the reconstruction results with Method 2 using w = 1 and w = 2
after 9 iterations. It shows that one cannot detect highly oscillatory parts of the shape
by using low frequencies.

Example 4. This example shows a reconstruction of nonconvex shapes. Figure 7.7
shows that both Methods 1 and 2 work well for reconstruction of a mildly nonconvex
shape and that Method 2 performs better. Figure 7.8 reveals the limitation of the
reconstruction of severely nonconvex shapes.

It should be noted that because of numerical limitations of our code, M = 10 or
M = 15 adds no extra accuracy to M = 5.
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F1G. 7.6. Images obtained after nine iterations with Method 2 from data without noise. The
figure on the left is from data with w = 1 and the one on the right is from data with w = 2.
Low-frequency data cannot detect high oscillations.

Fic. 7.7. The upper row is the reconstruction with Method 1 and the second with Method 2 after
21 iterations. All three columns are the reconstructions from data with 0%,10%, and 20% noise.

Fia. 7.8. Reconstructed images after 21 iterations. The first and second figures are, respectively,
obtained using Method 1 and 2 from data without noise. The figures reveal the limitation of Methods
1 and 2 for the shape reconstruction of severely nonconvex inclusions.

We now show several reconstruction examples of multiple inclusions using the
level set framework. The background domain, measurements, and initial guess are
the same as above. We set the conductivity inside the inclusions to be identically 4
and the angular frequency to be w = 2 throughout this section.

Example 5. Figures 7.9 and 7.10 show that Method 2 in the level set framework
successfully detects multiple inclusions.
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IS

/
/

-6 -3, -3,

OO OO0 10O

3 [ 3 3 [ 3 3 [ 3

=)

F1G. 7.9. Reconstruction of multiple inclusions with Method 2 in the level set framework from
measurements without noise. The gray curve is the actual shape and the black curve is the recon-
structed one. Images are initial guess and those obtained after 5, 10, 15, 16, and 19 iterations,
respectively.

OO0 O Q0O

F1G. 7.10. Reconstruction of multiple inclusions with Method 2. The first, second, and third
are the reconstructions from data with 0%, 10%, and 20% noise after 37, 42, and 53 iterations,
respectively.

8. Concluding remarks. In this paper we have presented a new regularized
optimal control approach for the reconstruction of inclusions from boundary mea-
surements. We have constructed an optimal representation (in the sense of resolution
and stability) of small changes in the shape of the inclusion and proved a local sta-
bility result. We have performed some numerical experiments to demonstrate the
validity and the limitations of the proposed approach. The results clearly show that
our approach is promising in recovering fine shape details.

To handle topology changes, we have developed a level set version of our approach.
Our approach also extends to the reconstruction of elastic inclusions from boundary
measurements.

Reconstruction of electromagnetic inclusions will be discussed in a forthcoming
work. We also intend to generalize our inversion procedure to the case where only a
part of the boundary is accessible.

Appendix A. High-frequency truncation. For simplicity, we restrict our-
selves to the two-dimensional case. We parametrize 0D by a 2w-periodic function s
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proportional to the arclength. For a function h write the Fourier expansion of h,

where

1 7 _ins
h(S) = E Z hne 5

nez

. 1 ™ .
hy, = —/ h(s)e "™ ds.
5 (s)

Now, because of the filtering properties of the Helmholtz equation (see [32, 33]
and also Appendix B), for w[D] defined by (2.8), there exists ng such that

w[D](s) ~ Z e,

[n|<no

If one defines the high-frequency component of h by

then one can easily see that

Moreover, we have

7 _ins
Rhigh = g hne™?,

[n|>no

hhigh w[D] do ~ 0.
oD

| |3hhigh/35| |L2(aD)
||Pnignl| L2 (a0)

>n

= 10,

and hence ng is the threshold given in (3.1).

Appendix B. Singular value decomposition of the operator Ap. Suppose
that 2 and D are, respectively, the disks of center 0 and radii R and R’ with R’ < R.
Write f =3, fne™’, where 6 is the angular variable. The explicit solution to (3.3),
which can be rewritten in the polar coordinates as

Ko 0,
rdr Or

o k07

2
r—zw)p“’p:“

1o 0 1y L
ror Or 12002 p p=
=2l Gl =5

Ply =Pl orl+ orl-
dp

g

inD
in Q\ D,
on 0D,

on 012,
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is given by

(@ Jn(wr) 4 by Y (wr))ei™? in Q\ D,
(B.1) (r,0) = .

>on ann(ﬁT)eme in D,

where the coefficients ap, by, ¢, can be explicitly computed in terms of the Fourier
coefficients f,. Here J,, and Y,, are the Bessel functions of the first and second kinds.
The singular values A, of the operator Ap : L?(9Q) — L?(9D) are given by

B W o _ Andn(wR) — BY,(WR')
(B2) A”_C”J"<x/ER)_w[AnJA(wR)—BnYA(wR)]’ neZ,

where

A, = (wR')J" (iR') Y (WR')J (iR'),
N I\ T
w

Bp = ——J,(wR) J’( ) I (WR') T (%R’).

Since Jp,(z) ~ (n+1)‘( )" and Y, (z) ~ Z(2)" for n > 0, one can see from (B.2) that

singular values decay like (R'/R)!" as the index |n| — 4o0o. In short, the singular
values of Ap decay exponentially.

Appendix C. Generalization to linear elasticity. In this appendix, we ex-
tend the approach for the reconstruction of conductivity inclusions to that of elasticity.
We restrict ourselves to the two-dimensional case and assume that both Q\ D, and D,
are occupied by isotropic and homogeneous elastic materials. Let 15 be the identity
4-tensor and I be the identity 2-tensor (the identity 2 x 2 matrix). The elastic tensor
fields Cy and C; are then of the following form:

(C.1) C = AmIo ® Lo + 20y, m=0,1,

where (Ao, tt0) and (A1, i1) are the Lamé constants corresponding to Q\ D, and D,
respectively, and (Ao — A1)? + (po — p1)? # 0. We also assume that there are two
positive constants oy and Sy such that

(C.2) min(po, 1) > oo,  min(2Ao + 240, 2A1 + 2p1) > Po,

which guarantees strong convexity of Cy and C;.
Let Cp, = Cox[Q\ D] + Cix[D.] and let u’ 1=1,..., N, be the solution to

V- Cp, @uy) + wzuy) =0 in €,

C.3
(C.3) ol

o

on 0,

where Vul" = (Vuil) + (Vugl))t) (t for transpose), Ou/dv = (Vu)v denotes here
the conormal derivative, and g0, 1 =1,..., N, are given boundary data. The inverse
problem here is to reconstruct the elastic inclusion D, from the boundary measure-
ments (uil))fil on O€.
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As in section 2, a standard approach to solving the inverse problem is to minimize
over D the following cost functional:

N
1 2
— WPl — O
(C4) J[D] : 5 ;21 /BQ ‘u [D] —us’| do,

where u()[D] is the solution to

V- -CpVu® +w2u® =0 in €,

(C.5) 0
Ou = g(l) on 0f).
v
Here, Cp = Cox[Q2\ D] + C1x[D].
Let
Mot 2pm0) = A(ur — po)(As + p)
A1+ 2m A+ 2

Define a 4-tensor K by
K:= pIQ X 12 + 2#014 + q12 (24 (T (24 T)

Given two 2 X 2 matrices A and B, we denote A : B = Zij @ijbij.
For a given function h on 0D, the shape derivative of J[D] in the direction of hv
is given by the same formula as (2.3) but with

O] = [ aM[VuD]: VN¥[D] do,
oD

where

M[Vu] := (C; — Co)C7* ((K%U) [DIT) & T + (CoVu [Dlv) @ y) :

and N'“[D] is the Green function for V-CpV +w? in Q with homogeneous Neumann
boundary conditions corresponding to d, 5. See [15, 3].
To explicitly compute the shape derivative of J, we again introduce the adjoint
state p('[D] as the solution to
V-CpVpD (D] +w2p®P[D]=0  inQ,
(C.6) O[p
Lpay[ ] = (u(l)[D] - qu)) on 01,
which is given in the elastic case by

POD)) = [ (@O1D)— u) A (Dl(e.v) doy).

o0

Using p® to express the integral

/ (@V[D] — ") @] do,
o
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we arrive at
N
(C.7) (dsJ[D],h) = /a . hRe) <M [Vu®] W”[p]) do.
=1
Set
N
wy =Re (M[%@ [Dp_1]] : 6p<l>[pn_1]>.
=1

A first algorithm then consists of replacing, at each step n,
0D, _1+— 0D, := 90D, _1 + hyv,

where
Wnp,

(C.8) hy — J[anl]m-

On the other hand, if we define {f;[D] : i = 1,..., M} as the significant singular
vectors associated with the operator Ap : L?(9Q) — L?(0D) given by

Ap(f) =plop,
with
V-(CDﬁp—Hqu:O in Q,

op
E_f on 02,

then in our new approach the update h,, is chosen as in (3.14), with

W [Dy1] = MVuO D, 4] : Vpi[ Do),

pilDn-1] = Ap, _, [fi[Dn-1]],

and
ait[ D1 ::/ WO [Dy_1] —u"y - Fi[Dp1]do, i=1,...,M, 1=1,...,N.
o0
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