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Abstract. We study a level-set method for numerical shape optimization of elastic structures. Our
approach combines the level-set algorithm of Osher and Sethian with the classical shape
gradient. Although this method is not specifically designed for topology optimization, it
can easily handle topology changes for a very large class of objective functions. Its cost
is moderate since the shape is captured on a fixed Eulerian mesh. c
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Une méthode de lignes de niveaux pour l’optimisation de formes

Résumé. Nous proposons une méthode de lignes de niveaux pour l’optimisation de la forme de struc-
tures élastiques. Notre approche combine la méthode des lignes de niveaux d’Osher et Se-
thian et la dérivée classique de formes. Bien que cette méthode ne soit pas spécifiquement
conçue pour faire de l’optimisation topologique, elle permet très facilement les change-
ments de topologie de la forme d’une structure pour des fonctions objectifs très générales.
Son coût en temps de calcul est modéré puisqu’il s’agit d’une méthode numérique de cap-
ture de formes sur un maillage Eulérien fixe. c
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scientifiques et médicales Elsevier SAS

optimisation de forme, optimisation topologique, lignes de niveaux

Version française abrégée

L’optimisation de structures m écaniques est un domaine très important du point de vue des applications
qui a connu r écemment de nombreux progrès. A cot é des m éthodes classiques de variation de frontière
(qui remontent au moins à Hadamard ; voir par exemple [9], [12], [15], [16]) est apparue une nouvelle
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m éthode d’optimisation, dite topologique, bas ée sur la th éorie de l’homog én éisation [1], [2], [3], [4], [5],
[8] et les r éf érences cit ées. Cette dernière m éthode a un très faible coût de calcul car elle capture des formes
sur un maillage fixe, mais elle est principalement restreinte à l’ élasticit é lin éaris ée. A la suite des travaux
r écents [10], [14] nous proposons d’utiliser une m éthode de lignes de niveaux pour faire de l’optimisation
de formes en combinant, autant que faire se peut, les avantages des m éthodes de variation de frontière et
d’homog én éisation.

Suivant une id ée de la m éthode d’homog én éisation nous utilisons un maillage fixe qui contient à la fois
la forme et les trous (ou le vide) repr ésent és par un mat ériau très faible. Le bord de la forme est param étr é
par une fonction ligne de niveaux suivant le formalisme d’Osher et Sethian [11], [13]. L’optimisation de
forme consiste à transporter la fonction ligne de niveaux (c’est-à-dire le bord de la forme) avec une vitesse
qui fasse d écroitre la fonction objectif. Suivant la m éthode de variation de frontière nous calculons cette
vitesse en d érivant la fonction objectif par rapport à la forme.

Nous consid érons un modèle m écanique d’ élasticit é lin éaris ée en deux ou trois dimensions d’espace et
des fonctions objectifs r égulières g én érales (la compliance ou un critère de moindres carr és, voir (2) et (3)).
Les tests num ériques effectu és montrent l’efficacit é de notre algorithme en deux et trois dimensions.

Ce travail se distingue de l’ étude pr éc édente de Sethian et Wiegmann [14] car nous utilisons un gradient
de forme et un mat ériau “mou” pour repr ésenter le vide, ce qui nous permet de traiter des fonctions objectifs
plus g én érales. Il se distingue aussi du travail d’Osher et Santosa [10] qui étudiait un problème de valeurs
propres pour le Laplacien avec deux mat ériaux non d ég én ér és.

1. Introduction

Shape optimization of elastic structures is a very important and popular field. The classical method of
shape sensitivity (or boundary variation) has been much studied (see e.g. [9], [12], [15], [16]). It is a very
general method which can handle any type of objective functions and structural models, but it has two main
drawbacks: its computational cost (because of remeshing) and its tendency to fall into local minima far
away from global ones. The homogenization method (see e.g. [1], [2], [3], [4], [5], [8]) is an adequate
remedy to these drawbacks but it is mainly restricted to linear elasticity and particular objective functions
(compliance, eigenfrequency, or compliant mechanism). Recently yet another method appeared in [10], [14]
based on the first approach of shape sensitivity but using the versatile level-set method for computational
efficiency. The level-set method has been devised by Osher and Sethian [11], [13] for numerically tracking
fronts and free boundaries and it is used in many applications as motion by mean curvature, fluid mechanics,
image processing, etc. In this paper we describe a new implementation of the level-set method for structural
optimization.

2. Setting of the problem

To fix ideas we work in the linear elasticity setting, but there is no conceptual difficulty in choosing
another model. Let ������� ( �	��
 or � ) be a bounded open set occupied by a linear isotropic elastic
material with Hooke’s law 
 . For simplicity we assume that there is no volume forces but only surface
loadings � . The boundary of � is made of three disjoint parts ��������������������� with Dirichlet boundary
conditions on ��� , and Neumann boundary conditions on ��� �!� . The boundary parts �"� and ��� are
supposed to be fixed, and only � is allowed to vary in the optimization process.

The displacement field in � is the unique solution of the linearized elasticity system#$ %'&)(+*-,�. 
0/ .214353 ��6 in �1 �76 on � �8 
9/ .21435:<; ��� on � � �=� (1)
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Since � is the variable of our optimization process, � must be known for all possible position of � . In
most situations we shall have � � 6 on � , but � can eventually be non-zero on � in the case of an external
pressure load exerted by a fluid.

The objective function is denoted by
� . � 3 . The most common choices for

�
are the compliance� . � 3 � ��������� �	� 1 ��
 � �
� 
9/ . 1�3 � / . 1�3 ����� (2)

or a least square error compared to a target displacement� . � 3 ��� � �	� . � 3�� 1 & 1���� � ��������� � � (3)

where 1 � 1!. � 3 is the solution of (1), 1 � is a given target displacement, ���7
 and
�

is a given weighting
factor. There are many other possible choices, some of which are under current study. To take into account
the weight of the structure, we introduce a positive Lagrange multiplier  and we minimize

*"!
#�
admissible

� . � 3%$  �
� ���'& (4)

We shall not dwell on the precise definition of the set of admissible shapes. Let us simply mention that the
existence theory for (4) is quite involved: it is well-known that, in general, (4) admits a minimizer only if
some geometrical or topological restrictions on the shapes are enforced [6], [7].

3. Shape derivative

In order to define a shape derivative we follow the approach of Murat-Simon [9], [15] (see also [12],
[16]). Starting from a reference domain � � , we consider domains of the type � � 8)( (*$,+ : . � � 3 � with+.-0/ �21 3 . ��� �5��� 3 (for sufficiently small + , . ( (4$5+ 3 is a diffeomorphism). We further restrict the class
of domains by asking that they all share the same parts of the boundary � � and � � : specifically, the map +
must belong to 687 � �:9 +;-</ �21 3 . � � �5� � 3 such that + � 6 on ���	� ���>=?&
The shape derivative of

� . � 3 at � � is then defined as the Fr échet derivative in
6 7 � at 0 of the application+A@ � 8 . ( (B$C+ 3 . � � 3 : . This notion is well defined and a standard computation shows that the shape

derivative of (2) isD � ��4� . � � 3 � +FE � � ��G � 
IH � . �	� 1�3� ; � $0J � �	� 1�K�& 
 / . 1�3 � / . 1�3 � + � ; � ��
 � (5)

where � � is the variable part of the boundary of the reference domain � � , ; � is the normal unit vector to � � ,J � is the curvature of � � , and 1 is the solution of (1) in � � . Remark that there is no adjoint state involved
in (5) (indeed the minimization of (2) is a self-adjoint problem).

For the objective function (3) another computation yields the following shape derivativeD � ���� . � � 3 � +FE � � ��G � � . �	�ML 3� ; � $0J �N�ML & 
 / . L 3 � / . 1�38$:O �� � � 1 &�1P��� � � + � ;Q� ��
 � (6)

where 1 is the solution of (1) in � � , and L is the adjoint state in � � . The adjoint problem is defined by#$ % &)(+* ,�. 
9/ . L 3 3 � O � � . � 3�� 1 & 1 � � �SRPT . 1 &�1 � 3 in �L=�76 on � �8 
 / . L 3 : ; � 6 on ���	� ���
where O � is a constant given by O � � 8VU � � . � 3�� 1". � 3W� � ��� : �M� �SR � . As is well known the shape derivatives
(5) and (6) depend only on the normal trace of + on the boundary � .
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4. Numerical algorithm

We apply a gradient method to the minimization problem (4), using the shape derivatives of Section 3. to
compute the numerical gradient (not forgetting to add the contribution of the weight of the structure).

Figure 1: Boundary conditions and two initializations of a 2-d cantilever

For numerical purposes we introduce a working domain � � � � in which all admissible shapes � are
included, i.e. � ��� , and we assume that �"� and ��� are parts of ��� . In order to describe the boundary of� we introduce a level-set function � defined on � such that#$ % � . � 3 �76�� � - �������

� . � 3
	 6�� � - �
� . � 3
� 6�� � - . �
� � 3

The normal ; to the shape � is recovered as ���
� � ��� � and the curvature J is given by the divergence of ;
(these quantities are evaluated by finite differences since our mesh is uniformly rectangular). Remark that,
although ; and J are defined on � , the level set method allows to define easily their extension in the whole
domain � . We fill the void part ��� � with a very weak material with Hooke’s law � ��� 6 R�� 
 and we
perform the elasticity analysis on a fixed rectangular mesh in � (using ��� finite elements). Since ; and J ,
as well as 1 and L , are computed everywhere in � , formulas (5) and (6) deliver a vector field � throughout
the domain and not only on the free boundary � . For example, (5) yields

� ��� ; with ��� 
 H � . �N� 1�3� ; $0J �N� 1 K & 
 / . 1�3 � / . 1�3 &
After evaluating the gradient of

� . � 3 , or equivalently this vector field � , we transport the level set function
� along this gradient flow & � � & � ; . Since ; �����
� � ��� � , we end up with the following Hamilton-
Jacobi equation ������ & � � ��� � ��6 � (7)

where the time variable � plays the role of the descent step in the gradient algorithm. Transporting � by
(7) is equivalent to move the boundary of � (the zero level set of � ) along the descent gradient direction&�� ��

�
. We solve (7) using a standard explicit upwind finite difference scheme (see e.g. [13]). Finally, our

algorithm is an iterative method, structured as follows:

1. Initialization of the level-set function � � corresponding to an initial guess � � .
2. Iteration until convergence, for

� ��6 :
(a) Computation of 1"! and L ! through two problems of linear elasticity in � with Hooke’s law
 ! . � 3 �7
 where � !+. � 3
	 6 and 
 ! . � 3 �#� 6 R�� 
 where � !+. � 3
� 6 .
(b) Deformation of the shape through the transport of the level set function: � !%$ � . � 3 �
� .'& � ! �M� 3

where � . �<��� 3 is the solution of (7) with velocity � ! �
� .21 ! � L ! 3 and initial condition � . 6 ��� 3 �
� ! . � 3 . The time step & � ! is chosen such that

� . � !($ � 3%$  � � !($ � �*) � . � ! 3%$  � � ! � .
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Figure 2: Two-dimensional cantilever with the initialization of Figure 1 (middle)

This algorithm never creates new holes or boundaries if the time step & � ! satisfies a CFL condition for
(7) (there is no nucleation mechanism for new holes). However the level set method is well known to
handle easily topology changes, i.e. merging or cancellation of holes. Therefore, our algorithm is able to
perform topology optimization if the number of holes of the initial design is sufficiently large (see Figure 1).
The algorithm converges smoothly to a (local) minimum which strongly depends, of course, on the initial
topology (see the differences in Figures 2 and 3). For a “good” initialization, the numerical results are very
similar to those obtained by the homogenization method but the convergence is usually slower (although
we did not yet try to speed it by a quasi-Newton algorithm). From time to time, for stability reasons, we
also reinitialize the level set function � in order that it be the signed distance function to the boundary of
the current shape � (see [13]).

Figure 3: Two-dimensional cantilever with the initialization of Figure 1 (right)

We give some numerical results for the compliance objective function (2) with � � 6 on � (no design
dependent loads). The boundary conditions and two initial configurations for a plane cantilever are dis-
played on Figure 1. The results are shown on Figures 2 and 3 for an increasing number of iterations. A
three-dimensional short cantilever is given on Figure 4.

Next, Figure 5 shows a numerical result for the least square objective function (3) with ��� 6 on � . This
is a classical gripping mechanism test case which is described, e.g., in [1].

Our method is different from that in [14] for at least two reasons. First, we do not use the immersed
interface method to compute the elastic fields, but rather the simpler “ersatz material” approach which
amounts to fill the holes by a weak phase. Second, we use an exact continuous gradient formula for the
transport of the level set function instead of an ad hoc criteria based on the Von Mises equivalent stress.
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