INTRODUCTION TO A TRANSIENT
WORLD

bub of surroundingcornversationsbut asuddersilenceremindsusof the

presenceof neighbors. Our attentionis clearly attractedby transients
and movementsas opposedo stationarystimuli, which we soonignore. Con-
centratingon transientss probablya stratey for selectingmportantinformation
from the overwhelmingamountof datarecordedby our senses.Yet, classical
signalprocessinchasdevoted mostof its efforts to the designof time-invariant
andspace-imariantoperatorsthat modify stationarysignalproperties.This has
led to theindisputablehegemoly of the Fouriertransform but leavesasidemary
information-processingpplications.

After afew minutesin a restaurantve ceaseo noticethe annging hub-

The world of transientsis considerablylarger and more comple than the
gardenof stationarysignals.ThesearcHor anideal Fourierlik e basisthatwould
simplify mostsignalprocessings thereforeahopelessjuest.Insteadamultitude
of differenttransformsaandbasesave proliferated amongwhichwaveletsarejust
oneexample. This book givesa guidedtour in this jungle of new mathematical
andalgorithmicresults,while trying to provide anintuitive senseof orientation.
Major ideasareoutlinedin thisfirst chapter Sectionl.5.2senesasatravel guide
andintroduceghereproducibleexperimentapproactbasedon the WavelLas and
LasTWave softwares. It alsodiscusseshe useof level numbes—landmarkshat
canhelpthereadeikeepto themainroads.
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1.1 FOURIER KINGDOM

The Fouriertransformrulesover linear time-invariantsignal processingecause
sinusoidalwavese“’ areeigervectorsof lineartime-irvariantoperatorsA linear
time-invariantoperatotL is entirely specifiecby the eigervaluesh(w):

VweR , L = h(w)e™. (1.1)

To computeL f, a signal f is decomposeéas a sumof sinusoidaleigervectors

{eiwr}.ueR:
1 [t

Fi=o- flw)€* dw. (1.2)

If f hasfinite enegy, thetheoryof Fourierintegralspresentedh Chapter2 proves
thattheamplitudef (w) of eachsinusoidalvave € is the Fouriertransformof £:

oo
flw)= f()ye“dr (1.3)
Applyingtheoperatol. to f in (1.2)andinsertingtheeigervectorexpressior(1.1)

gives
1 [t . ;
Lf(t)= o | fw)h(w)e* dw. (1.4)

The operatorL amplifiesor attenuategachsinusoidalcomponen&e™” of f by
h(w). It is afrequeng filtering of f.

As long aswe are satisfiedwith linear time-invariantoperatorsthe Fourier
transformprovidessimpleanswergo mostquestions.lts richnessmalesit suit-
able for a wide rangeof applicationssuchas signaltransmission®r stationary
signalprocessingHowever, if we areinterestedn transienipphenomena—word
pronounce@taparticulatime,anapplelocatedn theleft cornerof animage—the
Fouriertransformbecomes cumbersoméool.

The Fouriercoeficientis obtainedin (1.3) by correlatingf with a sinusoidal
wave €. Sincethe supportof €« coversthewholerealline, f(w) dependn
the valuesf(¢) for all timess € R. This global “mix” of information malesit
difficult to analyzeary local propertyof f from f. Chapter4 introduceslocal
time-frequeng transformswhich decomposéhe signalover waveformsthatare
well localizedin time andfrequeng.

1.2 TIME-FREQUENCY WEDDING

Theuncertaintyprinciplestateghattheenegy spreadf afunctionandits Fourier
transformcannotbe simultaneousharbitrarily small. Motivatedby quantumme-
chanics,in 1946 the physicist Gabor[187] definedelementarytime-frequeng
atomsaswaveformsthat have a minimal spreadin a time-frequeng plane. To
measurdime-frequenyg “information” contentheproposediecomposingignals
over theseelementaryatomicwaveforms. By shaving that suchdecompositions
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are closelyrelatedto our sensitvity to sounds,andthatthey exhibit important
structuresn speectandmusicrecordingsGabordemonstratetheimportanceof
localizedtime-frequeng signalprocessing.

Chapte# studieghepropertieof windowed Fourierandwavelettransforms,
computedby decomposinghe signal over differentfamilies of time-frequeng
atoms. Othertransformscanalsobe definedby modifying the family of time-
frequeng atoms.A unifiedinterpretatiorof localtime-frequeng decompositions
followsthetime-frequeng enegy densityapproaclofVille. In parallelto Gabors
contrikution, in 1948Ville [342, who wasan electricalengineerproposedana-
lyzing thetime-frequeng propertiesof signalsf with anenepgy densitydefined

by
+oo

Pyf(t,w) :/

T * o Z —iTW
N f<t+§> f (z 2) e "dr.
Onceagnin, theoreticaphysicswasaheadsincethisdistributionhadalreadybeen
introducedn 1932byWigner[357]] in thecontext of quantummechanicsChapter
4 explainsthepaththatrelatedNignerVille distributionsto windowedFourierand

wavelettransformsopr ary lineartime-frequenyg transform.

1.2.1 Windowed Fourier Transform

Gaboratomsareconstructedby translatingn timeandfrequeng atimewindow g:
gue(t) = gt —u) €.

Theenepy of g, ¢ is concentrateth theneighborhoof « overaninterval of size
o, measuretby thestandardleviationof |g|?. Its Fouriertransformis atranslation
by £ of the Fouriertransformg of g:

2ug(w) = glw—¢)e 9. (1.5)

Theenegyof g, ¢ istherefordocalizednearthefrequeny £, overaninterval of size
0., Whichmeasurethedomainwhereg(w) is non-ngligible. In atime-frequeng
plane(z,w), theenegy spreacf theatomg, . is symbolicallyrepresentetly the
Heisenbeg rectangldllustratedby Figurel.1. Thisrectanglds centeredat (u, )

andhasatimewidth o, andafrequeng width o,,. Theuncertaintyprincipleproves
thatits areasatisfies

010y > =.

2

Thisareas minimumwheng is aGaussianin whichcasetheatomsg, ¢ arecalled
Gaborfunctions

Thewindowed Fouriertransformdefinedby Gaborcorrelatesa signal f with
eachatomg, ¢:

+00 ~+00
Sfw&)= [  fg)di= [ f(t)glt—u)e™dr.  (1.6)
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FIGURE 1.1 Time-frequeng boxes(“Heisenbeg rectangles”yepresentinghe
enegy spreadf two Gaboratoms.

It is a Fourierintegral thatis localizedin the neighborhoodf u by the window
g(t—u). Thistimeintegral canalsobewrittenasafrequeng integral by applying
the Fourier Parseval formula (2.25):

1 [t

Sf(u,§) = > f(w)é'ii,g(w)dw- (1.7)

Thetransformsf(u,¢) thusdepend®nly onthevaluesf (r) and f (w) in thetime
andfrequeny neighborhoodsvheretheenepiesof g,  andg,  areconcentrated.
Gaborinterpretsthis asa “quantumof information” over thetime-frequenyg rect-
angleillustratedin Figurel1.1.

Whenlisteningto music,wepercevesoundghathaveafrequeng thatvariesin
time. Measuringime-varyingharmonicss animportantapplicationof windowed
Fourier transformsin both music and speechrecognition. A spectralline of f
createdhighamplitudewindowvedFouriercoeficientsS f (u, ) atfrequencies (u)
that dependon the time u. The time evolution of suchspectralcomponentss
thereforeanalyzedoy following thelocationof large amplitudecoeficients.

1.2.2 Wavelet Transform

In reflectionseismologyMorlet knew thatthemodulatecpulsessentundeground
have a durationthatis too long at high frequenciego separat¢hereturnsof fine,
closely-spacethyers.Insteacbf emittingpulsesof equalduration hethusthought
of sendingshorterwaveformsat high frequencies.Suchwaveformsare simply
obtainedby scalinga singlefunction calleda wavelet Although Grossmanmwas
workingin theoreticaphysics,herecognizedn Morlet’'sapproaclsomedeashat
werecloseto his own work on coherenguantumstates.Nearly forty yearsafter
Gabor Morlet and Grossmanmeactiateda fundamentatollaborationbetween
theoreticalphysics and signal processingwhich led to the formalizationof the
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continuouswavelet transform[20(. Yet, theseideaswere not totally new to
mathematiciansvorking in harmonicanalysis,or to computervision researchers
studyingmultiscaleimageprocessing.lt wasthusonly the beginning of a rapid
catalysisthat broughttogetherscientistswith very different backgroundsfirst
aroundcoffeetables thenin moreluxuriousconferences.
A wavelet is afunctionof zeroaverage:
+o00
Y(1)dr =0,

J =00

whichis dilatedwith a scaleparametes, andtranslatedy u:

1 t—u
us\l) = —F= . 1.8
wuel) = 0 (57) 18)
Thewavelettransformof f atthescales andpositionu is computeddy correlating
f with awaveletatom

+o0 _
Wi = [ o0 o (1) a (L.9)

Time-Frequency Measurements Like awindowed Fouriertransform,awavelet
transformcanmeasurdhetime-frequeng variationsof spectrakcomponentshut
it hasadifferenttime-frequenyg resolution.A wavelettransformcorrelates with
Yus. By applyingthe Fourier Parseval formula (2.25),it canalsobe written asa
frequeny integration:

+oo 1 +oo

Wf(u,s) = FO) () dt =5 (W) Yy s(w) dw. (1.10)
—0o0 —00
Thewaveletcoeficient W (u,s) thusdepend®n thevaluesf(r) and f (w) in the
time-frequenyg region wherethe enegy of v, ; and {b,m is concentrated.Time
varying harmonicsare detectedfrom the position and scaleof high amplitude
waveletcoeficients.
In time, ¢, is centeredat « with a spreadproportionalto s. Its Fourier
transformis calculatedrom (1.8):

Pus(w) = €™ \/sh(sw),

where{b is the Fourier transformof . To analyzethe phaseinformation of
signals,a comple analyticwaveletis used.This meanshat{p(w) =0forw < 0.
Its enegy is concentrateth apositvefrequeny interval centeredtr. Theenegy
of ¢, s(w) is thereforeconcentratedver a positive frequeng interval centerecht
n/s, whosesizeis scaledby 1/s. In the time-frequeng plane,a waveletatom
1y s is symbolicallyrepresentetly arectanglecenteredat (1,7 /s). Thetime and
frequeny spreadarerespectiely proportionalto s and1/s. Whens varies,the
heightandwidth of therectanglechangébutiits arearemainsconstantasillustrated
by Figurel.2.
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FIGURE 1.2 Time-frequeny boxesof two waveletsy, ; and,, ,,. Whenthe
scales decreaseghetime supportis reducedout the frequeny spreadncreases
andcoversaninterval thatis shiftedtowardshigh frequencies.

Multiscale Zooming Thewavelettransformcanalsodetectandcharacterizéran-
sientswith a zoomingprocedureacrossscales. Supposéehat is real. Sinceit

hasazeroaverage awaveletcoeficient W (u,s) measurethevariationof f in a
neighborhoodf u whosesizeis proportionalto s. Sharpsignaltransitionscreate
large amplitudewavelet coeficients. Chapter6 relatesthe pointwiseregularity
of f to theasymptoticdecayof the wavelettransformW f (u,s), whens goesto

zero. Singularitiesare detectedvy following acrossscalesthe local maximaof

the wavelet transform. In images,high amplitudewavelet coeficientsindicate
the positionof edgeswhich aresharpvariationsof theimageintensity Different
scalegprovide the contoursof imagestructureof varying sizes.Suchmultiscale
edgedetectionis particularlyeffective for patternrecognitionin computervision
[113.

Thezoomingcapabilityof thewavelettransformnotonly locatessolatedsin-
gularevents,but canalsocharacterizenore complex multifractal signalshaving
non-isolategingularities.Mandelbrof43] wasthefirstto recognizeheexistence
of multifractalsin mostcornersof nature. Scalingonepartof a multifractal pro-
ducesasignalthatis statisticallysimilarto thewhole. This self-similarityappears
in the wavelet transform,which modifiesthe analyzingscale. From the global
wavelet transformdecay one can measurehe singularity distribution of multi-
fractals. This is particularlyimportantin analyzingtheir propertiesandtesting
modelsthatexplain the formationof multifractalsin physics.

1.3 BASES OF TIME-FREQUENCY ATOMS

The continuouswindowed Fourier transformsS 1 (u, ) andthe wavelettransform
Wf (u,s) aretwo-dimensionatepresentationsf aone-dimensionalignal f. This
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indicategheexistenceof someredundanyg thatcanbereducedandevenremoved
by subsamplinghe parametersf thesetransforms.

Frames Windowed Fouriertransformsandwavelettransformscanbewritten as
innerproductsin L2(IR), with their respectie time-frequeny atoms

—+oo

Sf(”ag) = f(t) gz,g(’)d’ = <f7gu,£>

and
400

Wf(u,s) = f() 'l/):,s(t)dt = <fawu,s>'
Subsamplindpothtransformsiefinesacompletesignalrepresentatioif ary signal
canbereconstructedrom linear combinationf discretefamiliesof windowed
Fourieratoms{ g, ¢, } (nx)cz2 andwaveletatoms{s),, s, } (jn)ez2- Theframetheory
of Chapter5 discussesvhatconditionsthesefamiliesof waveformsmustmeetif
they areto provide stableandcompleterepresentations.

Completelyeliminating the redundang is equivalentto building a basisof
the signalspace.Although waveletbasesverethefirst to arrive on the research
market, they have quickly beenfollowed by otherfamiliesof orthogonalbases,
suchaswaveletpacletandlocal cosinebases.

1.3.1 Wavelet Bases and Filter Banks

In 1910,Haar[207 realizedthat one canconstructa simple piecavise constant
function
1 ifo<r<1/2
Y()y=49-1 if1/2<tr<1
0 otherwise

whosedilationsandtranslationgjeneratean orthonormabasisof L2(R):

1 t—2n
{7/)13/1(") = ﬁdj (2/) }(j,n)GZZ.

Any finite enegy signal f canbe decomposedver this waveletorthogonabasis

{’(/}j,n}(j,n)ezz

“+00  +o00

F=Y Y (fdin)tin (1.11)

Jj=—oon=-—00
Sincey(t) hasazeroaverage gachpartialsum

400

di(t) = > (fs0in) $jalt)

n=-—00
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canbeinterpretedasdetail variationsat the scale2/. Theselayersof detailsare
addedatall scaledo progressielyimprovetheapproximatiorof f, andultimately
recover f.

If f hassmoothvariations,we shouldobtaina preciseapproximationwhen
removing fine scaledetails, which is doneby truncatingthe sum (1.11). The
resultingapproximatiorata scale?’ is

—+o0
fi(t) = Zdj(f)-

For aHaarbasis,f; is piecavise constant.Piecavise constanapproximation®f
smoothfunctionsarefar from optimal. For example,a pieceavise linear approxi-
mationproducessmallerapproximatiorerror. Thestorycontinuesn 1980,when
Strombeg [327 foundapieceviselinearfunction) thatalsogenerateanortho-
normal basisand gives betterapproximationsof smoothfunctions. Meyer was
not aware of this result,andmotivatedby the work of Morlet andGrossmanrne
tried to prove thatthereexistsnoregularwavelety thatgenerateanorthonormal
basis. This attemptwasa failure sincehe endedup constructinga whole family
of orthonormalwavelet baseswith functions thatare infinitely continuously
differentiablg/270. Thiswasthe fundamentalmpulsethatleadto awidespread
searchfor new orthonormalwavelet baseswhich culminatedin the celebrated
Daubechiesvaveletsof compactsupport 144].

The systematictheory for constructingorthonormalwavelet baseswas es-
tablishedby Meyer and Mallat throughthe elaborationof multiresolutionsignal
approximationg 254, presentedn Chapter7. It wasinspiredby original ideas
developedin computervision by Burt and Adelson[108 to analyzeimagesat
severalresolutions.Digging moreinto the propertiesof orthogonalwaveletsand
multiresolutionapproximationsbroughtto light a surprisingrelationwith filter
banksconstructedvith conjugatemirror filters.

Filter Banks Motivatedby speechcompressionin 1976 Croisier Estebarand
Galand[141]] introducedan invertible filter bank, which decomposes discrete
signal f[n] in two signalsof half its size,usinga filtering and subsamplingro-
cedure.They shavedthat f[n] canbe recoseredfrom thesesubsampledignals
by cancelingthe aliasingtermswith a particularclassof filters called conjugate
mirror filters. This breakthroughed to a 10-yearresearcteffort to build a com-
pletefilter banktheory Necessanand suficient conditionsfor decomposing
signalin subsampledomponentsvith afiltering schemeandrecoveringthesame
signalwith aninversetransform wereestablishedy SmithandBarnwell[316],
Vaidyanathati336 andVetterli[339.

The multiresolutiontheoryof orthogonalwaveletsprovesthatarny conjucate
mirrorfilter characterizeawavelety thatgenerateanorthonormabasisof L 2(RR).
Moreover, a fastdiscretewavelet transformis implementedby cascadinghese
conjugate mirror filters. The equivalencebetweenthis continuoustime wavelet
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theoryanddiscretdfilter bankdedto anew fruitful interfacebetweerdigital signal
processingndharmonicanalysisputalsocreatedcultureshockthatis nottotally
resohed.

Continuous Versus Discrete and Finite Many signal processorfiave beenand
still arewonderingwhatis the point of thesecontinuougime wavelets,sinceall
computationsare performedover discretesignals,with conjugate mirror filters.
Why botherwith the corvergenceof infinite convolution cascade# in practice
we only computea finite numberof corvolutions? Answeringtheseimportant
questionss necessarin orderto understanavhy throughouthisbookwealternate
betweentheoremson continuoustime functionsanddiscretealgorithmsapplied
to finite sequences.

A shortanswemouldbe“simplicity”. In L?(R), awaveletbasiss constructed
by dilating andtranslatinga singlefunction. Severalimportanttheoremselate
the amplitudeof wavelet coeficientsto the local regularity of the signal f. Di-
lationsare not definedover discretesequencesanddiscretewavelet baseshave
thereforea more complicatedstructure. The regularity of a discretesequencés
not well definedeither which makesit moredifficult to interpretthe amplitude
of waveletcoeficients. A theoryof continuoustime functionsgivesasymptotic
resultsfor discretesequencesvith samplingintervals decreasingo zero. This
theoryis usefulbecaus¢heseasymptotiaesultsarepreciseenougho understand
thebehaior of discretealgorithms.

Continuoustime models are not sufiicient for elaboratingdiscrete sig-
nal processingalgorithms. Uniformly samplingthe continuoustime wavelets
{4jn(t)}(jmez doesnot producea discreteorthonormalbasis. The transition
betweercontinuousanddiscretesignalsmustbedonewith greatcare.Restricting
theconstructionsofinite discretesignalsaddsanothetayerof compleity because
of borderproblems. How theseborderissuesaffect numericalimplementations
is carefully addresse@ncethe propertiesof the basesarewell understood.To
simplify the mathematicahnalysis.throughoutthe book continuoustime trans-
formsareintroducedfirst. Their discretizations explainedafterwards,with fast
numericalalgorithmsover finite signals.

1.3.2 Tilings of Wavelet Packet and Local Cosine Bases

Orthonormalwaveletbasesarejust an appetizer Their constructiorshoved that
it is not only possiblebut relatively simpleto build orthonormalbaseof L?(R)
composedf localtime-frequeng atoms.Thecompletenesandorthogonalityof
awaveletbasisis representetly atiling thatcoversthetime-frequeng planewith
thewavelets’time-frequenyg boxes. Figure 1.3 shaws thetime-frequeng box of
eachy; ,, which is translatedby 2/n, with atime anda frequeng width scaled
respectiely by 2/ and2/.

One candrav mary othertilings of the time-frequeng plane, with boxes
of minimal surfaceasimposedby the uncertaintyprinciple. Chapter8 presents
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FIGURE 1.3 Thetime-frequeng boxesof awaveletbasisdefineatiling of the
time-frequeng plane.

several constructionghatassociatéarge familiesof orthonormabasef L?(R)
to suchnew tilings.

Wavelet Packet Bases A waveletorthonormalbasisdecomposethe frequeny
axis in dyadicintervals whosesizeshave an exponentialgronth, as shavn by
Figure1.3. Coifman,Meyer andWickerhausef139 have generalizedhis fixed
dyadicconstructiorby decomposinghefrequeng in intervalswhosebandwidths
may vary. Eachfrequeng interval is coveredby the time-frequeng boxes of
waveletpacletfunctionsthatareuniformly translatedn timein orderto coverthe
wholeplane,asshavn by Figurel.4.

Wavelet paclet functions are designedby generalizingthe filter bank tree
thatrelateswaveletsandconjugatemirror filters. The frequeng axis division of
waveletpacletsis implementedvith anappropriatesequencef iteratedcornvolu-
tionswith conjugatemirror filters. Fastnumericalwaveletpacletdecompositions
arethusimplementedvith discretefilter banks.

Local Cosine Bases Orthonormabasef L?(R) canalsobe constructedy di-
viding thetime axisinsteadof thefrequeng axis. Thetime axisis sggmentedn
successie finite intenals [a,,,a,+1]. Thelocal cosinebasef Malvar[2627] are
obtainedby designingsmoothwindows g, (¢) thatcover eachintenal [a,,a,+1],
and multiplying them by cosinefunctionscos(¢r + ¢) of differentfrequencies.
This is yet anotherideathat was independentlystudiedin physics, signal pro-
cessingand mathematics.Malvar’s original constructionwas donefor discrete
signals.At thesameime, thephysicistWilson[353 wasdesigningalocal cosine
basiswith smoothwindows of infinite supportto analyzethe propertiesof quan-
tum coherenstates.Malvar basesverealsorediscoweredandgeneralizedy the



.4 BASES FOR WHAT? N

0 t

FIGURE 1.4 A waveletpaclet basisdividesthe frequeng axisin separatén-
tenals of varying sizes. A tiling is obtainedby translatingin time the wavelet
pacletscoveringeachfrequeng interval.

harmonicanalystsCoifmanandMeyer [13§. Thesedifferentviews of the same
basedroughtto light mathematicahndalgorithmic propertieshat openednew
applications.

A multiplicationby cos(&z + ¢) translatesheFouriertransformg , (w) of g, (¢)
by +£. Over positive frequenciesthetime-frequeng box of the modulatedwin-
dow g, (1) cos(&t + ¢) is thereforeequalto thetime-frequenyg boxof g, translated
by ¢ alongfrequencies.The time-frequeng boxesof local cosinebasisvectors
defineatiling of thetime-frequeng planeillustratedby Figure1.5.

1.4 BASES FOR WHAT?

Thetiling gameis clearly unlimited. Local cosineandwavelet paclet basesare
importantexamples but mary otherkinds of basesanbe constructedlt is thus
timetowondemhow to selectinappropriatdasisor processingparticularclassof
signals.Thedecompositioiwoeficientsof asignalin abasidefinearepresentation
thathighlightssomeparticularsignalproperties.For example waveletcoeficients
provide explicit informationon the locationandtype of signalsingularities.The
problemis to find a criterionfor selectinga basisthatis intrinsically well adapted
to represena classof signals.

Mathematicalapproximationtheory suggestshoosinga basisthat cancon-
structprecisesignalapproximationsvith alinearcombinationof a smallnumber
of vectorsselectednsidethe basis. Theseselecteds/ectorscanbe interpretedas
intrinsic signalstructures Compactcodingandsignalestimationin noiseareap-
plicationswherethiscriterionisagoodmeasuref theefficiency of abasis.Linear
andnon-lineamprocedurearestudiedandcomparedThiswill betheoccasiornto
shaw thatnon-lineardoesnot alwaysmeancomplicated.
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FIGURE 1.5 A local cosinebasisdividesthe time axis with smoothwindows
g, (). Multiplicationswith cosinefunctionstranslatehesewindowsin frequeng
andyield acompletecover of thetime-frequeng plane.

1.4.1 Approximation

The developmentof orthonormalwavelet baseshas openeda new bridge be-
tweenapproximationtheory and signal processing. This exchangeis not quite
new sincethefundamentasamplingtheoremcomesfrom aninterpolationtheory
resultprovedin 1935by Whittaker[349. However, thestateof theart of approx-
imationtheoryhaschangedsince1935. In particular the propertiesof non-linear
approximationschemesre muchbetterunderstoodandgive a firm foundation
for analyzingthe performanceof mary non-linearsignalprocessingalgorithms.
ChapteB introducesmportantapproximatiortheoryresultshatareusedn signal
estimationranddatacompression.

Linear Approximation A linearapproximatiorprojectsthesignal f over M vec-
torsthatare chosena priori in anorthonormalbasisB = { g, } men, saythefirst
M:

M-1

fu= Z <fagm> 8m- (1.12)

m=0

Sincethebasiss orthonormaltheapproximatiorerroris thesumof theremaining
squarednner products

+00
([M] = ”f*fM”Z = Z |<fagm>|2'
m=M
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Theaccurag of thisapproximatiorclearlydepend®nthepropertieof f relative
to thebasiss.

A Fourier basisyields efficient linear approximationsof uniformly smooth
signalswhich areprojectedoverthe M lower frequeng sinusoidawaves.When
M increasesthe decayof the errore[M] canberelatedto the globalregularity of
f. Chapte characterizespace®f smoothfunctionsfrom theasymptoticdecay
of e[M] in aFourierbasis.

In a wavelet basis,the signalis projectedover the M larger scalewavelets,
which is equivalentto approximatingthe signal at a fixed resolution. Linear
approximationsof uniformly smoothsignalsin wavelet and Fourier baseshave
similar propertiesandcharacterizeearlythe samefunctionspaces.

Suppos¢hatwewantto approximateclassof discretesignalsof sizeNV, mod-
eledby arandomvectorF[n]. The averageapproximatiorerrorwhenprojecting
F overthefirst M basisvectorsof anorthonormabasisB = { g, }o<m<n iS

N-1

elM] = E{|F —Full?} = Y E{|(F.gm)[*}.

m=M

Chapter9 provesthatthe basisthat minimizesthis erroris the Karhunen-Loge
basis,which diagonalizeghe covariancematrix of F. This remarkableroperty
explainsthefundamentaimportanceftheKarhunen-Logebasisn optimallinear
signalprocessingchemesThis is however only a beginning.

Non-linear Approximation The linear approximation(1.12)is improved if we
choosea posteriorithe M vectorsg,,, dependingon f. The approximatiorof f
with M vectorswhoseindexesarein 1 is

fM = Z <fagm>gm- (113)

meEly

Theapproximatiorerroris the sumof thesquarednnerproductswith vectorsnot
inIy:
E[M} = Hf_fMHz = Z |<f7gm>‘2'
né¢ly
To minimize this error, we choosel;, to be the setof M vectorsthat have the
largestinner productamplitude|{f, g.)|. This approximationschemeis non-
linearbecausehe approximatiorvectorschangewith f.

Theamplitudeof innerproductsin awaveletbasisis relatedto thelocal regu-
larity of thesignal.A non-lineampproximatiorthatkeepghelargestwaveletinner
productds equivalentto constructinganadaptive approximatiorgrid, whoseres-
olutionis locally increasedvherethesignalis irregular. If thesignalhasisolated
singularities,this non-linearapproximationis much more precisethana linear
schemethat maintainsthe sameresolutionover the whole signal support. The
space®f functionsthatarewell approximatedy non-lineawaveletschemesire
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thusmuchlargerthanfor linearschemesandincludefunctionswith isolatedsin-
gularities. Boundedvariationsignalsareimportantexamplesthat provide useful
modelsfor images.

In this non-linearsetting,Karhunen-Loge basesarenot optimalfor approxi-
matingtherealization®f aprocess . It isofteneasytofind abasighatproduces
smallemon-linearerrorthanaKarhunen-Logebasisbutthereis yetnoprocedure
for computingthe optimalbasisthatminimizesthe averagenon-linearerror.

Adaptive Basis Choice Approximationsof non-linearsignalscanbe improved
by choosingthe approximationvectorsin familiesthat are much larger thana
basis.Music recordingswhichincludeharmonicandtransientstructuref very
differenttypes,areexamplesof complec signalsthat are not well approximated
by afew vectorschoserfrom asinglebasis.

A new deggreeof freedomis introducedif insteadof choosinga priori the
basisBB, we adaptvely selecta “best” basis,dependingn thesignal f. This best
basisminimizesa costfunction relatedto the non-linearapproximationerror of
f. A fastdynamicalprogrammingalgorithmcanfind the bestbasisin familiesof
waveletpaclet basisor local cosinebaseqd14(). The selectedbasiscorresponds
to a time-frequeny tiling that “best” concentrateshe signalenepgy over a few
time-frequeng atoms.

Orthogonalityis oftennotcrucialin thepost-processingf signalcoeficients.
Onemaythusfurtherenlagethefreedomof choiceby approximatinghesignal f
with M non-orthogonalectors{g., }o<m<m, choserfrom alargeandredundant
dictionaryD = {g, }yer:

Ym

M-1
fM = z amg'\””,'
m=0

Globally optimizingthechoiceof theseV vectorsin D canleadto acombinatorial
explosion. Chapter9 introducessub-optimalpursuitalgorithmsthat reducethe
numericalcomplexity, while constructingefficientapproximationg119, 259.

1.4.2 Estimation

The estimationof a signalembeddedn noiserequirestaking advantageof ary
prior informationaboutthe signalandthe noise. Chapterl0 studiesandcontrasts
several approachesBayesversusminimax, linear versusnon-linear Until re-
cently signalprocessingestimationrwasmostly Bayesiamandlinear. Non-linear
smoothingalgorithmsexistedin statisticsput theseproceduresvereoftenad-hoc
andcomple. Two statisticiansPonohoandJohnstong¢167], changedhe game
by proving thata simplethresholdingalgorithmin anappropriatebasiscanbe a
nearlyoptimalnon-linearestimator

Linear versus Non-Linear A signalf[n] of sizeN is contaminatedy theaddition
of anoise.Thisnoiseismodeledstherealizatiorof arandorrprocessv [n], whose
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probability distribution is known. Themeasuredlataare
X[n] = fn]+Win] .
Thesignal f is estimatedy transformingthe noisy dataX with anoperatorD:
F=DX.

Therisk of theestimatorF of f is theaverageerror, calculatedwith respecto the
probability distribution of the noiseW:

r(D, f) = E{|lf — DX|I*} .

Itistemptingtorestrictoneseltolinearoperator®, becauseftheirsimplicity.
Yet, non-linearoperatorsnayyield amuchlowerrisk. To keepthe simplicity, we
concentrat@n diagonaloperatorsn abasisB. If thebasisB givesasparsesignal
representatioonohocandJohnston§l67] provethatanearlyoptimalnon-linear
estimatoiis obtainedwith a simplethresholding:

N-1
F =DX = ZpT(<X7gm>)gm .

m=0

Thethresholdingunction pr(x) setsto zeroall coeficientsbelow 7

(x) = 0 if|x|<T
PIY) =% ifx|>T -
In awaveletbasis suchathresholdingmplementsanadaptve smoothingwhich
averageghedataX with akernelthatdepend®ntheregularity of the underlying
signal f.

Bayes Versus Minimax To optimize the estimationoperatorD, one musttake
adwantageof ary prior informationavailableaboutthesignal f. In aBayesframe-
work, f is consideredasa realizationof a randomvector F', whoseprobability
distribution 7 is known a priori. ThomasBayeswasa XVIl centuryphilosopher
whofirst suggestedndinvestigatedmethodsometimeseferredas“inverseprob-
ability methods, which arebasicto thestudyof Bayesestimators TheBayesrisk
is the expectedrisk calculatedwith respecto the prior probability distribution 7
of thesignal:
r(D,m)=E.{r(D,F)} .

Optimizing D amongall possibleoperatorgyieldsthe minimumBayesrisk:
ra(m) = (il}llgl’(D,’/T) .
Comple signalssuchasimagesare clearly non-Gaussianand thereis yet no

reliable probabilisticmodelthat incorporateshe diversity of structuressuchas
edgesandtextures.
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In the1940%, Wald broughta new perspectie on statisticsthroughadecision
theory partly importedfrom the theory of games. This point of view offers a
simpler way to incorporateprior information on comple signals. Signalsare
modeledas elementsof a particularset©, without specifyingtheir probability
distribution in this set. For example,large classeof imagesbelongto the setof
signalswhosetotal variationis boundedyy a constant.To controltherisk for ary
f € ©, we computethe maximumrisk

r(D,©)=supr(D,f).
fe®

Theminimaxrisk is thelower boundcomputedbver all operatorsD:

r(0) = ;}}Lf)r(D,G).
In practice thegoalis to find anoperatorD thatis simpleto implementandwhich
yieldsarisk closethe minimaxlower bound.

Unless© has particularcorvexity properties,non-linearestimatorshave a
muchlowerrisk thanlinearestimatorslf W is awhite noiseandsignalsin © have
asparseepresentatioim 3, thenChapterlOshavsthatthresholdingstimatorsre
nearlyminimaxoptimal. In particulay therisk of waveletthresholdingestimators
is closeto theminimaxrisk for wide classe®f piecavisesmoothsignalsjncluding
boundedrariationimages.Thresholdingestimatorareextendedo morecomple
problemssuchassignalrestorationsanddecowolutions. The performanceof a
thresholdingmayalsobeimprovedwith abestbasissearchor a pursuitalgorithm
that adaptsthe basis5 to the noisy data. However, more adaptvity doesnot
necessarilyneandessrisk.

1.4.3 Compression

Limited storagespaceandtransmissiothroughnarrav band-widthchannelgreate
a needfor compressingsignalswhile minimizing their degradation. Transform
codescompresssignalsby decomposinghemin an orthonormalbasis. Chapter
11introduceghe basicinformationtheoryneededo understandhesecodesand
optimizetheir performanceBayesandminimaxapproachearestudied.

A transform code decomposes signal f in an orthonormalbasis B =

{gn1}0§m<N:
N-1

f:Z<f:gm>gm-

m=0

The coeficients (f, g,,) are approximateddy quantizedvaluesQ((f,gn)). A
signal f is restoredrom thesequantizedccoeficients:

N-1

JNC = ZQ(<f:gm>)gm-

m=0
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A binarycodeis usedto recordthe quantizeccoeficientsQ((f, g.,)) with R bits.
Theresultingdistortionis

dR.f)=f~FI-

At thecompressiomatescurrentlyusedor imagesd (R, f) hasahighly non-linear
behaior, whichdepend®nthe precisionof non-linearapproximation®f f from
afew vectorsin thebasisB.

To computehedistortionrateoverawholesignalclassthe Bayesframenork
modelssignalsasrealizationof arandomvectorF whoseprobabilitydistribution
m isknown. Thegoalis thento optimizethe quantizatiorandthebasisi3 in order
to minimize the averagedistortionrated(R,7) = E.{d(R,F)}. This approach
appliesparticularlywell to audio signals,which arerelatively well modeledby
Gaussiarprocesses.

In the absencef stochastianodelsfor complec signalssuchasimagesthe
minimax approactcomputeghe maximumdistortionby assumingonly thatthe
signalbelonggo aprior set®. Chapterl1describesheimplementatiorof image
transformcodesn waveletbasesandblock cosinebasesTheminimaxdistortion
rateis calculatedfor boundedvariationimages andwavelettransformcodesare
provedto be nearlyminimaxoptimal.

Forvideocompressiomnemustalsotakeadwantagef thesimilarity ofimages
acrosstime. The mosteffective algorithmspredicteachimagefrom a previous
one by compensatindor the motion, andthe erroris recordedwith a transform
code.MPEG videocompressiostandardsredescribed.

1.5 TRAVEL GUIDE

1.5.1 Reproducible Computational Science

The book coversthe whole spectrumfrom theoremson functionsof continuous
variablesto fastdiscretealgorithmsandtheir applications.Section1.3.1argues
thatmodelsbasedn continuoudime functionsgive usefulasymptotiaesultsfor
understandinghe behaior of discretealgorithms. Yet, a mathematicalnalysis
aloneis often unableto predictfully the behaior and suitability of algorithms
for specificsignals. Experimentsare necessaryand suchexperimentsoughtin
principle bereproduciblejustlike experimentdn otherfields of sciences.

In recentyears,the ideaof reproduciblealgorithmicresultshasbeencham-
pionedby Claerbout[127] in exploration geoplysics. The goal of exploration
seismologyis to producethe highestpossiblequality image of the subsuréce.
Part of the scientificknow-how involved includesappropriateparametesettings
that lead to good resultson real datasets. The reproducibility of experiments
thusrequireshaving the completesoftware andfull sourcecodefor inspection,
modificationandapplicationundervariedparametesettings.

Donohohasadwcatedhereproducibilityof algorithmsin waveletsignalpro-
cessingthroughthe developmentof a WaveLaB toolbox,whichis alargelibrary
of MaTLAB routines.He summarize€laerboutsinsightin aslogan: [105
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An article aboutcomputationakciencen a scientificpublicationis
not the scholarshipitself, it is mesely advertisingof the scholarship.
Theactualsdolarshipis the completesoftwae ervironmeniandthe
completesetof instructionswhich geneatedthefigures.

Following this perspectie, all waveletandtime-frequenyg tools presentedn this
bookareavailablein WavelLag. Thefigurescanbereproducecasdemosandthe
sourcecodeis available. TheLastWave packageffersasimilarlibrary of wavelet
relatedalgorithmsthatareprogrammedn C, with a userfriendly shellinterface
andgraphics. AppendixB explainshow to retrieve thesetoolboxes, andrelates
their subroutinego the algorithmsdescribedn the book.

1.5.2 Road Map

Sectionsarekeptasindependenaspossible andsomeredundang is introduced
to avoid imposinga linear progressiorthroughthe book. The prefacedescribes
severalpossiblepathsfor a graduatesignalprocessingr anappliedmathematics
course.A partial hierarcly betweensectionds provided by a level number If a
sectionhasalevel numberthenall sub-sectionsvithout numberinheritthis level,
but a higherlevel numberindicatesthata subsections moreadwanced.

Section®f level ! introducecentralideasandtechniquegor waveletandtime-
frequeny signalprocessing.Thesewould typically be taughtin anintroductory
course. Thefirst sectionsof Chapter7 on wavelet orthonormalbasesare exam-
ples. Sectionsof level 2 concernresultsthat areimportantbut which are either
moreadwancedor dedicatedo anapplication. Wavelet pacletsandlocal cosine
basesn Chapter8 areof thatsort. Applicationsto estimationanddatacompres-
sion belongto this level, including fundamentatesultssuchasWienerfiltering.
Sectionsof level ® describeadancedresultsthatareat the frontier of researctor
mathematicallynoredifficult. Thesesection®penthebookto researciproblems.

All theoremsareexplainedin thetext andreadingthe proofsis not necessary
to understandheresults.Proofsalsohave alevel index specifyingtheir difficulty,
aswell astheir conceptuabr technicalimportance. Theselevels have beenset
by trying to answerthe question:“*Shouldthis proof betaughtin anintroductory
course?’Level t meangrobablylevel 2 probablynot, level 2 certainlynot. Prob-
lemsattheendof eachchapteffollow this hierarcly of levels. Directapplications
of the courseareatthelevel *. Problemsatlevel ? requiremorethinking. Prob-
lemsof level 3 are often at the interface of researchand can provide topics for
deepeiprojects.

The book beggins with Chapters2 and3, which review the Fouriertransform
propertiesand elementarydiscretesignal processing. They provide the neces-
sarybackgroundor readeravith no signalprocessingxperience.Fundamental
propertiesof local time-frequeng transformsare presentedn Chapter4. The
wavelet and windowed Fourier transformsare introducedand compared. The
measuremendf instantaneoufrequenciess usedto illustratethe limitations of
theirtime-frequenyg resolution.WignerVille time-frequeng distributionsgive a
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globalperspectie whichrelatesall quadratidime-frequeng distributions. Frame
theoryis explainedin Chapter5. It offers a flexible framevork for analyzing
thepropertiesof redundanbr non-linearadaptve decompositionsChapter6 ex-
plainstherelationsbetweerthe decayof the wavelettransformamplitudeacross
scalesandlocal signalproperties.It studiesapplicationsinvolving the detection
of singularitiesandanalysisof multifractals.

Theconstructiorof waveletbaseandtheir relationswith filter banksarefun-
damentakesultspresentedn Chapter7. An overdoseof orthonormalbasescan
strike thereademvhile studyingtheconstructiorandpropertiesof waveletpaclets
andlocal cosinebasesn Chapter8. It is thusimportantto readin parallelChap-
ter 9, which studiesthe approximationperformanceof orthogonalbases. The
estimationanddatacompressiorapplicationsof Chaptersl0 and11 give life to
mosttheoreticalandalgorithmicresultsof thebook. Thesechaptersffer a prac-
tical perspectie ontherelevanceof thesdinearandnon-linearsignalprocessing
algorithms.



