
fter a few minutesin a restaurantwe ceaseto noticetheannoying hub-
bubof surroundingconversations,but asuddensilenceremindsusof the
presenceof neighbors. Our attentionis clearly attractedby transients

andmovementsasopposedto stationarystimuli, which we soonignore. Con-
centratingon transientsis probablyastrategy for selectingimportantinformation
from the overwhelmingamountof datarecordedby our senses.Yet, classical
signalprocessinghasdevotedmostof its efforts to the designof time-invariant
andspace-invariantoperators,thatmodify stationarysignalproperties.This has
led to theindisputablehegemony of theFouriertransform,but leavesasidemany
information-processingapplications.

The world of transientsis considerablylarger and more complex than the
gardenof stationarysignals.Thesearchfor anidealFourier-likebasisthatwould
simplify mostsignalprocessingis thereforeahopelessquest.Instead,amultitude
of differenttransformsandbaseshaveproliferated,amongwhichwaveletsarejust
oneexample. This bookgivesa guidedtour in this jungleof new mathematical
andalgorithmicresults,while trying to provide an intuitive senseof orientation.
Major ideasareoutlinedin thisfirst chapter. Section1.5.2servesasatravel guide
andintroducesthereproducibleexperimentapproachbasedon theWAVELAB and
LASTWAVE softwares.It alsodiscussestheuseof level numbers—landmarksthat
canhelpthereaderkeepto themainroads.

�
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TheFourier transformrulesover linear time-invariantsignalprocessingbecause
sinusoidalwavese; <>= areeigenvectorsof lineartime-invariantoperators.A linear
time-invariantoperator? is entirelyspecifiedby theeigenvalues @ACB�D�E

:F DHG.IKJ ? e; <>=ML @ACB�DNE
e; <>=PO (1.1)

To compute?CQ , a signal Q is decomposedasa sumof sinusoidaleigenvectorsR
e; <>=TS <VU�W :

Q BYXTE L 1
2Z

[]\
^ \ @Q B�D�E

e; <>=�_ D O (1.2)

If Q hasfinite energy, thetheoryof Fourierintegralspresentedin Chapter2 proves
thattheamplitude @Q B�DNE

of eachsinusoidalwavee; <>= is theFouriertransformof Q :

@Q B�DNE L [C\
^ \ Q BYXTE

ê ; <>= _ X O (1.3)

Applying theoperator? to Q in (1.2)andinsertingtheeigenvectorexpression(1.1)
gives

?�Q BYXTE L 1
2Z

[]\
^ \ @Q B
D�E @ACB�D�E

e; <>= _ D O (1.4)

The operator? amplifiesor attenuateseachsinusoidalcomponente; <>= of Q by@ACB�D�E
. It is a frequency filtering of Q .

As long aswe aresatisfiedwith linear time-invariantoperators,the Fourier
transformprovidessimpleanswersto mostquestions.Its richnessmakesit suit-
ablefor a wide rangeof applicationssuchassignal transmissionsor stationary
signalprocessing.However, if weareinterestedin transientphenomena—aword
pronouncedataparticulartime,anapplelocatedin theleft cornerof animage—the
Fouriertransformbecomesacumbersometool.

TheFouriercoefficient is obtainedin (1.3)by correlatingQ with a sinusoidal
wave e; <>= . Sincethesupportof e; <>= coversthewholereal line, @Q B
D�E

dependson
the valuesQ B`X�E

for all times
X#GaI

. This global “mix” of informationmakes it
difficult to analyzeany local propertyof Q from @Q . Chapter4 introduceslocal
time-frequency transforms,which decomposethesignalover waveformsthatare
well localizedin timeandfrequency.��'cb de/19�0�f�(]-#0�g,+.0�5Nhjilkm0�7n7n/�5�6
Theuncertaintyprinciplestatesthattheenergy spreadof afunctionandits Fourier
transformcannotbesimultaneouslyarbitrarilysmall. Motivatedby quantumme-
chanics,in 1946 the physicist Gabor[187] definedelementarytime-frequency
atomsaswaveformsthat have a minimal spreadin a time-frequency plane. To
measuretime-frequency “information” content,heproposeddecomposingsignals
over theseelementaryatomicwaveforms.By showing thatsuchdecompositions
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areclosely relatedto our sensitivity to sounds,and that they exhibit important
structuresin speechandmusicrecordings,Gabordemonstratedtheimportanceof
localizedtime-frequency signalprocessing.

Chapter4 studiesthepropertiesof windowedFourierandwavelettransforms,
computedby decomposingthe signalover different familiesof time-frequency
atoms. Other transformscanalsobe definedby modifying the family of time-
frequency atoms.A unifiedinterpretationof localtime-frequency decompositions
followsthetime-frequency energydensityapproachofVille. In paralleltoGabor’s
contribution, in 1948Ville [342], who wasanelectricalengineer, proposedana-
lyzing thetime-frequency propertiesof signalsQ with anenergy densitydefined
by y z Q BYXTJ�D�E L []\

^ \ Q X�{}|
2

Q4~ X���|
2

ê ; ��<�_ | O
Onceagain,theoreticalphysicswasahead,sincethisdistributionhadalreadybeen
introducedin 1932byWigner[351] in thecontext of quantummechanics.Chapter
4explainsthepaththatrelatesWigner-Ville distributionstowindowedFourierand
wavelettransforms,or any lineartime-frequency transform.�%'cb]'���k������������V�3(��C�������V��d������������C���
Gaboratomsareconstructedbytranslatingin timeandfrequency atimewindow � :

����� � BYXTE L � BYX��.��E
e; � = O

Theenergy of ����� � is concentratedin theneighborhoodof
�

overaninterval of size� = , measuredbythestandarddeviationof � �"� 2. ItsFouriertransformisatranslation
by � of theFouriertransform @� of � :

@����� � B�D�E L @� B�D:� � E ê ; ��� < ^ � � O (1.5)

Theenergyof @����� � isthereforelocalizednearthefrequency � , overanintervalof size� < , whichmeasuresthedomainwhere @� B�D�E
isnon-negligible. In atime-frequency

plane
BYXTJ�DNE

, theenergy spreadof theatom ���>� � is symbolicallyrepresentedby the
Heisenberg rectangleillustratedby Figure1.1. This rectangleis centeredat

BY��J � E
andhasatimewidth � = andafrequency width � < . Theuncertaintyprincipleproves
thatits areasatisfies � = � <,  1

2
O

Thisareaisminimumwhen� isaGaussian,in whichcasetheatoms� ��� � arecalled
Gaborfunctions.

ThewindowedFouriertransformdefinedby Gaborcorrelatesa signal Q with
eachatom ����� � :

¡ Q BY�CJ � E L []\
^ \ Q B`X�E �"~�>� � B`X�E _ X L

[C\
^ \ Q B`X�E � B`XV�.�CE

ê ; � =�_ X O (1.6)
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Time-frequency boxes(“Heisenberg rectangles”)representingthe

energy spreadof two Gaboratoms.

It is a Fourier integral that is localizedin the neighborhoodof
�

by the window� BYX����CE
. Thistimeintegralcanalsobewrittenasafrequency integralby applying

theFourierParseval formula(2.25):

¡ Q BY�CJ � E L 1
2Z

[]\
^ \ @Q B�D�E @�"~��� � B�D�E _ D O (1.7)

Thetransform
¡ Q BY��J � E thusdependsonly onthevaluesQ BYXTE

and @Q B�D�E
in thetime

andfrequency neighborhoodswheretheenergiesof ����� � and @����� � areconcentrated.
Gaborinterpretsthisasa“quantumof information”over thetime-frequency rect-
angleillustratedin Figure1.1.

Whenlisteningtomusic,weperceivesoundsthathaveafrequency thatvariesin
time. Measuringtime-varyingharmonicsisanimportantapplicationof windowed
Fourier transformsin both musicandspeechrecognition. A spectralline of Q
createshighamplitudewindowedFouriercoefficients

¡ Q BY�CJ � E atfrequencies� B`��E
that dependon the time

�
. The time evolution of suchspectralcomponentsis

thereforeanalyzedby following thelocationof largeamplitudecoefficients.��'cb]'cb k3��«��V¬��V­®d������������C���
In reflectionseismology, Morlet knew thatthemodulatedpulsessentunderground
have a durationthatis too long at high frequenciesto separatethereturnsof fine,
closely-spacedlayers.Insteadof emittingpulsesof equalduration,hethusthought
of sendingshorterwaveformsat high frequencies.Suchwaveformsaresimply
obtainedby scalinga singlefunctioncalleda wavelet. AlthoughGrossmannwas
workingin theoreticalphysics,herecognizedin Morlet’sapproachsomeideasthat
werecloseto his own work on coherentquantumstates.Nearlyforty yearsafter
Gabor, Morlet andGrossmannreactivateda fundamentalcollaborationbetween
theoreticalphysicsandsignalprocessing,which led to the formalizationof the
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continuouswavelet transform[200]. Yet, theseideaswere not totally new to
mathematiciansworking in harmonicanalysis,or to computervision researchers
studyingmultiscaleimageprocessing.It wasthusonly thebeginningof a rapid
catalysisthat brought togetherscientistswith very different backgrounds,first
aroundcoffeetables,thenin moreluxuriousconferences.

A wavelet ° is a functionof zeroaverage:[]\
^ \ ° BYXTE _ X L 0

J
which is dilatedwith ascaleparameter± , andtranslatedby

�
:

°#��� ² BYXTE L 1³ ± °
XV�.�
± O (1.8)

Thewavelettransformof Q atthescale± andposition
�

is computedby correlatingQ with awaveletatom

´ Q BY�CJ ± E L []\
^ \ Q BYXTE 1³ ± °n~ XV�.�

± _ X O (1.9)

µM¶ ·¹¸»º�¼�½�¸»¾�¿�¸»À�Á&ÂÄÃÅ¸�Æ�ÇT¿�½%¸�·Å¸�À�ÈPÇ
Like a windowedFouriertransform,a wavelet

transformcanmeasurethetime-frequency variationsof spectralcomponents,but
it hasadifferenttime-frequency resolution.A wavelettransformcorrelatesQ with°#��� ² . By applyingtheFourierParseval formula(2.25),it canalsobewritten asa
frequency integration:

´ Q B`��J ± E L []\
^ \ Q BYX�E °n~�>� ² B`X�E _ X L 1

2Z
[]\

^ \ @Q B�D�E @°n~�>� ² B
D�E _ D O (1.10)

Thewaveletcoefficient
´ Q B`��J ± E thusdependson thevaluesQ BYXTE

and @Q B�DNE
in the

time-frequency region wherethe energy of °#��� ² and @°#��� ² is concentrated.Time
varying harmonicsare detectedfrom the position and scaleof high amplitude
waveletcoefficients.

In time, °#��� ² is centeredat
�

with a spreadproportionalto ± . Its Fourier
transformis calculatedfrom (1.8):

@°#��� ² B
D�E L ê ; � < ³ ± @° B ± DNE%J
where @° is the Fourier transformof ° . To analyzethe phaseinformation of
signals,acomplex analyticwaveletis used.Thismeansthat @° B�DNE L 0 for

DÊÉ
0.

Itsenergy isconcentratedin apositivefrequency intervalcenteredat Ë . Theenergy
of @° �>� ² B
D�E

is thereforeconcentratedover a positive frequency interval centeredatË�Ì>± , whosesize is scaledby 1Ì>± . In the time-frequency plane,a wavelet atom°#��� ² is symbolicallyrepresentedby a rectanglecenteredat
B`��J Ë�Ì�± E . Thetimeand

frequency spreadarerespectively proportionalto ± and1Ì>± . When ± varies,the
heightandwidthof therectanglechangebut itsarearemainsconstant,asillustrated
by Figure1.2.
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scale± decreases,thetime supportis reducedbut thefrequency spreadincreases
andcoversaninterval thatis shiftedtowardshigh frequencies.

Ã¹¿�Î ÈP¶ ÇTÁ�Æ�Î ¸ªÏ�Ð�Ð�·¹¶ À�Ñ
Thewavelettransformcanalsodetectandcharacterizetran-

sientswith a zoomingprocedureacrossscales.Supposethat ° is real. Sinceit
hasazeroaverage,awaveletcoefficient

´ Q BY��J ± E measuresthevariationof Q in a
neighborhoodof

�
whosesizeis proportionalto ± . Sharpsignaltransitionscreate

large amplitudewavelet coefficients. Chapter6 relatesthe pointwiseregularity
of Q to theasymptoticdecayof thewavelet transform

´ Q B`��J ± E , when ± goesto
zero. Singularitiesaredetectedby following acrossscalesthe local maximaof
the wavelet transform. In images,high amplitudewavelet coefficients indicate
thepositionof edges,whicharesharpvariationsof theimageintensity. Different
scalesprovide thecontoursof imagestructuresof varyingsizes.Suchmultiscale
edgedetectionis particularlyeffective for patternrecognitionin computervision
[113].

Thezoomingcapabilityof thewavelettransformnotonly locatesisolatedsin-
gularevents,but canalsocharacterizemorecomplex multifractalsignalshaving
non-isolatedsingularities.Mandelbrot[43] wasthefirst to recognizetheexistence
of multifractalsin mostcornersof nature.Scalingonepartof a multifractalpro-
ducesasignalthatis statisticallysimilar to thewhole.Thisself-similarityappears
in the wavelet transform,which modifiesthe analyzingscale. From the global
wavelet transformdecay, onecanmeasurethe singularitydistribution of multi-
fractals. This is particularly importantin analyzingtheir propertiesandtesting
modelsthatexplain theformationof multifractalsin physics.

��'cÒ Ó�ÔÖÕ×0�ÕØ*Ù(�de/19�0�f�(C-#0�g,+�0M5Nhji�Ô�d�*Ù9ÅÕ
ThecontinuouswindowedFourier transform

¡ Q BY�CJ � E andthewavelet transform´ Q BY�CJ ± E aretwo-dimensionalrepresentationsof aone-dimensionalsignalQ . This
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indicatestheexistenceof someredundancy thatcanbereducedandevenremoved
by subsamplingtheparametersof thesetransforms.

¼»½�Æ�·Å¸�Ç
WindowedFouriertransformsandwavelettransformscanbewrittenas

innerproductsin L2 BTI�E
, with their respective time-frequency atoms

¡ Q B`��J � E L []\
^ \ Q BYXTE �"~��� � BYXTE _ X LßÞ Q J ����� ��à

and ´ Q B`��J ± E L []\
^ \ Q B`X�E °n~�>� ² B`X�E _ X LáÞ Q J °#��� ²�à O

Subsamplingbothtransformsdefinesacompletesignalrepresentationif any signal
canbereconstructedfrom linearcombinationsof discretefamiliesof windowed
Fourieratoms

R ���%â&� �`ã S � ä�� å�� U�æ 2 andwaveletatoms
R °#� âY� ²`çPS � è�� ä�� U�æ 2. Theframetheory

of Chapter5 discusseswhatconditionsthesefamiliesof waveformsmustmeetif
they areto providestableandcompleterepresentations.

Completelyeliminating the redundancy is equivalent to building a basisof
thesignalspace.Althoughwaveletbaseswerethefirst to arrive on theresearch
market, they have quickly beenfollowed by otherfamiliesof orthogonalbases,
suchaswaveletpacketandlocal cosinebases.

�%'cÒ]'���k3��«»�V¬��V­éÓê�����V�×�����ë(���¬�­ �V�¹Óê����ì]�
In 1910,Haar[202] realizedthatonecanconstructa simplepiecewiseconstant
function

° B`X�E L 1 if 0 í X"É
1Ì 2�

1 if 1Ì 2 í X"É
1

0 otherwise

whosedilationsandtranslationsgenerateanorthonormalbasisof L2 BPI�E
:

°#è�� ä BYXTE L 1³
2è °

XV�
2è�î

2è � è�� ä�� U�æ 2

O
Any finite energy signal Q canbedecomposedover this waveletorthogonalbasisR °#è�� ä�S � è�� ä�� U�æ 2

Q L
[C\

è�ï ^ \
[]\

ä�ï ^ \ Þ Q J °#è�� ä�à�°#è�� ä O (1.11)

Since° BYXTE
hasazeroaverage,eachpartialsum

_ è BYX�E L
[]\

ä�ï ^ \ Þ Q J °�è�� ä�à °#è�� ä BYX�E
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canbe interpretedasdetail variationsat thescale2è . Theselayersof detailsare
addedatall scalestoprogressively improvetheapproximationof Q , andultimately
recover Q .

If Q hassmoothvariations,we shouldobtaina preciseapproximationwhen
removing fine scaledetails,which is doneby truncatingthe sum (1.11). The
resultingapproximationatascale2ñ is

Q ñ BYXTE L
[]\
è ï ñ

_ è BYXTE O
For aHaarbasis,Q ñ is piecewiseconstant.Piecewiseconstantapproximationsof
smoothfunctionsarefar from optimal. For example,a piecewiselinearapproxi-
mationproducesasmallerapproximationerror. Thestorycontinuesin 1980,when
Strömberg [322] foundapiecewiselinearfunction ° thatalsogeneratesanortho-
normalbasisandgivesbetterapproximationsof smoothfunctions. Meyer was
not awareof this result,andmotivatedby thework of Morlet andGrossmannhe
tried to prove thatthereexistsnoregularwavelet ° thatgeneratesanorthonormal
basis.This attemptwasa failuresinceheendedup constructinga whole family
of orthonormalwavelet bases,with functions ° that are infinitely continuously
differentiable[270]. This wasthefundamentalimpulsethatleadto a widespread
searchfor new orthonormalwavelet bases,which culminatedin the celebrated
Daubechieswaveletsof compactsupport[144].

The systematictheory for constructingorthonormalwavelet baseswas es-
tablishedby Meyer andMallat throughtheelaborationof multiresolutionsignal
approximations[254], presentedin Chapter7. It wasinspiredby original ideas
developedin computervision by Burt andAdelson[108] to analyzeimagesat
severalresolutions.Digging moreinto thepropertiesof orthogonalwaveletsand
multiresolutionapproximationsbroughtto light a surprisingrelationwith filter
banksconstructedwith conjugatemirror filters.

¼�¶ Î È&¸»½4ò�Æ�À�ó�Ç
Motivatedby speechcompression,in 1976Croisier, Estebanand

Galand[141] introducedan invertible filter bank,which decomposesa discrete
signal Qnô î»õ in two signalsof half its size,usinga filtering andsubsamplingpro-
cedure.They showed that Qnô î�õ canberecoveredfrom thesesubsampledsignals
by cancelingthealiasingtermswith a particularclassof filters calledconjugate
mirror filters. This breakthroughled to a 10-yearresearcheffort to build a com-
pletefilter banktheory. Necessaryandsufficient conditionsfor decomposinga
signalin subsampledcomponentswith afilteringscheme,andrecoveringthesame
signalwith aninversetransform,wereestablishedby SmithandBarnwell [316],
Vaidyanathan[336] andVetterli [339].

Themultiresolutiontheoryof orthogonalwaveletsprovesthatany conjugate
mirrorfilter characterizesawavelet° thatgeneratesanorthonormalbasisof L2 BTI�E

.
Moreover, a fastdiscretewavelet transformis implementedby cascadingthese
conjugatemirror filters. The equivalencebetweenthis continuoustime wavelet
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theoryanddiscretefilter banksledtoanew fruitful interfacebetweendigital signal
processingandharmonicanalysis,butalsocreatedacultureshockthatisnottotally
resolved.

÷ Ð�À�È&¶ À�¿�Ð�¿�Ç"ø"¸»½�ÇT¿�Ç×ù4¶ ÇTÁ�½�¸»È&¸ÅÆ�À�ú8¼�¶ À�¶ È&¸
Many signalprocessorshave beenand

still arewonderingwhat is thepoint of thesecontinuoustime wavelets,sinceall
computationsareperformedover discretesignals,with conjugatemirror filters.
Why botherwith the convergenceof infinite convolution cascadesif in practice
we only computea finite numberof convolutions? Answeringtheseimportant
questionsisnecessaryin ordertounderstandwhy throughoutthisbookwealternate
betweentheoremson continuoustime functionsanddiscretealgorithmsapplied
to finite sequences.

A shortanswerwouldbe“simplicity”. In L2 BTI�E
, awaveletbasisisconstructed

by dilatingandtranslatingasinglefunction ° . Severalimportanttheoremsrelate
theamplitudeof wavelet coefficientsto the local regularity of thesignal Q . Di-
lationsarenot definedover discretesequences,anddiscretewavelet baseshave
thereforea morecomplicatedstructure.The regularity of a discretesequenceis
not well definedeither, which makesit moredifficult to interpretthe amplitude
of wavelet coefficients. A theoryof continuoustime functionsgivesasymptotic
resultsfor discretesequenceswith samplingintervals decreasingto zero. This
theoryis usefulbecausetheseasymptoticresultsarepreciseenoughto understand
thebehavior of discretealgorithms.

Continuous time models are not sufficient for elaboratingdiscrete sig-
nal processingalgorithms. Uniformly samplingthe continuoustime waveletsR °#è�� ä BYXTE S � è�� ä�� U�æ 2 doesnot producea discreteorthonormalbasis. The transition
betweencontinuousanddiscretesignalsmustbedonewith greatcare.Restricting
theconstructionstofinitediscretesignalsaddsanotherlayerof complexity because
of borderproblems. How theseborderissuesaffect numericalimplementations
is carefully addressedoncethe propertiesof the basesarewell understood.To
simplify the mathematicalanalysis,throughoutthe book continuoustime trans-
formsareintroducedfirst. Their discretizationis explainedafterwards,with fast
numericalalgorithmsoverfinite signals.

�%'cÒ]'cb d���¬û����ü��×����k3��«»�V¬��V­éý���þ�ìC�V­®�����ëÿ��Cþ���¬�h��C�������:Óê�����V�
Orthonormalwaveletbasesarejust anappetizer. Their constructionshowedthat
it is not only possiblebut relatively simpleto build orthonormalbasesof L2 BPI�E
composedof local time-frequency atoms.Thecompletenessandorthogonalityof
awaveletbasisis representedby atiling thatcoversthetime-frequency planewith
thewavelets’time-frequency boxes. Figure1.3shows thetime-frequency box of
each°#è�� ä , which is translatedby 2è î , with a time anda frequency width scaled
respectively by 2è and2̂ è .

One can draw many other tilings of the time-frequency plane,with boxes
of minimal surfaceasimposedby the uncertaintyprinciple. Chapter8 presents
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Thetime-frequency boxesof a waveletbasisdefinea tiling of the

time-frequency plane.

severalconstructionsthatassociatelargefamiliesof orthonormalbasesof L2 BTI�E
to suchnew tilings.

�aÆ���¸»Î ¸�È��VÆ�Á�ó�¸�È�ò�Æ�ÇT¸»Ç
A waveletorthonormalbasisdecomposesthe frequency

axis in dyadic intervals whosesizeshave an exponentialgrowth, as shown by
Figure1.3. Coifman,Meyer andWickerhauser[139] have generalizedthis fixed
dyadicconstructionby decomposingthefrequency in intervalswhosebandwidths
may vary. Eachfrequency interval is coveredby the time-frequency boxes of
waveletpacketfunctionsthatareuniformly translatedin timein orderto coverthe
wholeplane,asshown by Figure1.4.

Wavelet packet functionsare designedby generalizingthe filter bank tree
that relateswaveletsandconjugatemirror filters. Thefrequency axisdivision of
waveletpacketsis implementedwith anappropriatesequenceof iteratedconvolu-
tionswith conjugatemirror filters. Fastnumericalwaveletpacketdecompositions
arethusimplementedwith discretefilter banks.

�»Ð�Á�Æ�Î ÷ Ð�ÇT¶ À�¸Nò�Æ�ÇT¸»Ç
Orthonormalbasesof L2 BTI�E

canalsobeconstructedby di-
viding thetime axisinsteadof thefrequency axis. Thetime axisis segmentedin
successive finite intervals ô 	�
 J 	�
 [ 1

õ . The local cosinebasesof Malvar [262] are
obtainedby designingsmoothwindows ��
 BYX�E thatcover eachinterval ô 	

 J 	�
 [ 1

õ ,
andmultiplying themby cosinefunctions ����� B � XC{��êE of different frequencies.
This is yet anotheridea that was independentlystudiedin physics, signal pro-
cessingandmathematics.Malvar’s original constructionwasdonefor discrete
signals.At thesametime,thephysicistWilson[353] wasdesigningalocalcosine
basiswith smoothwindows of infinite support,to analyzethepropertiesof quan-
tum coherentstates.Malvar baseswerealsorediscoveredandgeneralizedby the
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A waveletpacket basisdividesthe frequency axis in separatein-

tervals of varying sizes. A tiling is obtainedby translatingin time the wavelet
packetscoveringeachfrequency interval.

harmonicanalystsCoifmanandMeyer [138]. Thesedifferentviews of thesame
basesbroughtto light mathematicalandalgorithmicpropertiesthatopenednew
applications.

A multiplicationby ����� B � X»{��êE translatestheFouriertransform@��
 B�DNE
of ��
 BYXTE

by �×� . Over positive frequencies,thetime-frequency box of themodulatedwin-
dow ��
 B`X�E ����� B � X�{ �"E is thereforeequalto thetime-frequency boxof ��
 translated
by � alongfrequencies.The time-frequency boxesof local cosinebasisvectors
definea tiling of thetime-frequency planeillustratedby Figure1.5.

�%'�� Ó�ÔÖÕ®0�ÕÊ(�*:-�k"!jÔ�d�#
The tiling gameis clearlyunlimited. Local cosineandwaveletpacket basesare
importantexamples,but many otherkindsof basescanbeconstructed.It is thus
timetowonderhow toselectanappropriatebasisfor processingaparticularclassof
signals.Thedecompositioncoefficientsof asignalin abasisdefinearepresentation
thathighlightssomeparticularsignalproperties.Forexample,waveletcoefficients
provide explicit informationon thelocationandtypeof signalsingularities.The
problemis to find acriterionfor selectingabasisthatis intrinsicallywell adapted
to representaclassof signals.

Mathematicalapproximationtheorysuggestschoosinga basisthat cancon-
structprecisesignalapproximationswith a linearcombinationof asmallnumber
of vectorsselectedinsidethebasis.Theseselectedvectorscanbe interpretedas
intrinsic signalstructures.Compactcodingandsignalestimationin noiseareap-
plicationswherethiscriterionisagoodmeasureof theefficiency of abasis.Linear
andnon-linearproceduresarestudiedandcompared.Thiswill betheoccasionto
show thatnon-lineardoesnotalwaysmeancomplicated.
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A local cosinebasisdividesthe time axis with smoothwindows��
 BYXTE . Multiplicationswith cosinefunctionstranslatethesewindowsin frequency

andyield acompletecoverof thetime-frequency plane.

��'��]'�� Ô&%�%����(']������­%�����
The developmentof orthonormalwavelet baseshasopeneda new bridge be-
tweenapproximationtheoryandsignalprocessing.This exchangeis not quite
new sincethefundamentalsamplingtheoremcomesfrom aninterpolationtheory
resultprovedin 1935by Whittaker [349]. However, thestateof theartof approx-
imationtheoryhaschangedsince1935. In particular, thepropertiesof non-linear
approximationschemesaremuchbetterunderstood,andgive a firm foundation
for analyzingtheperformanceof many non-linearsignalprocessingalgorithms.
Chapter9 introducesimportantapproximationtheoryresultsthatareusedin signal
estimationanddatacompression.

�»¶ À�¸»Æ�½*),+�+�½�Ð.-�¶ ·ÅÆ�È&¶ Ð�À
A linearapproximationprojectsthesignalQ over / vec-

tors thatarechosena priori in anorthonormalbasis0 L R ��1#S21 U23 , saythefirst
/ :

Q54 L 4 ^ 1

1êï 0

Þ Q J ��1#à���1 O (1.12)

Sincethebasisisorthonormal,theapproximationerroris thesumof theremaining
squaredinnerproducts

6 ô / õ L87 Q � Q54 7 2 L
[]\
1êï(4 � Þ Q J ��1#à%� 2 O
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Theaccuracy of thisapproximationclearlydependsonthepropertiesof Q relative
to thebasis0 .

A Fourier basisyields efficient linear approximationsof uniformly smooth
signals,whichareprojectedover the/ lower frequency sinusoidalwaves.When
/ increases,thedecayof theerror 6 ô / õ canberelatedto theglobalregularity ofQ . Chapter9 characterizesspacesof smoothfunctionsfrom theasymptoticdecay
of 6 ô / õ in aFourierbasis.

In a wavelet basis,the signal is projectedover the / larger scalewavelets,
which is equivalent to approximatingthe signal at a fixed resolution. Linear
approximationsof uniformly smoothsignalsin wavelet andFourier baseshave
similar propertiesandcharacterizenearlythesamefunctionspaces.

Supposethatwewanttoapproximateaclassof discretesignalsof size9 , mod-
eledby a randomvector :Öô î�õ . Theaverageapproximationerrorwhenprojecting
: over thefirst / basisvectorsof anorthonormalbasis0 L R � 1 S 0 ; 1=<�> is

6 ô / õ L@? R 7 : � :�4 7 2 S L > ^ 1

1êï(4 ?
R � Þ : J ��1#à%� 2 S O

Chapter9 provesthat the basisthat minimizesthis error is the Karhunen-Loève
basis,which diagonalizesthecovariancematrix of : . This remarkableproperty
explainsthefundamentalimportanceof theKarhunen-Loèvebasisin optimallinear
signalprocessingschemes.This is howeveronly abeginning.

A�Ð�À�º�Î ¶ À�¸»Æ�½B),+�+�½%Ð.-�¶ ·¹Æ�ÈP¶ Ð�À
The linear approximation(1.12) is improved if we

choosea posteriori the / vectors��1 , dependingon Q . Theapproximationof Q
with / vectorswhoseindexesarein CD4 is

QE4 L
1 U�F�G

Þ Q J ��1ªà���1 O (1.13)

Theapproximationerroris thesumof thesquaredinnerproductswith vectorsnot
in CD4 : 6 ô / õ L87 Q � Q 4 7 2 L äIH U�FJG

� Þ Q J � 1 à%� 2 O
To minimize this error, we chooseCD4 to be the setof / vectorsthat have the
largest inner productamplitude � Þ Q J ��1#à%� . This approximationschemeis non-
linearbecausetheapproximationvectorschangewith Q .

Theamplitudeof innerproductsin awaveletbasisis relatedto thelocal regu-
larity of thesignal.A non-linearapproximationthatkeepsthelargestwaveletinner
productsis equivalentto constructinganadaptiveapproximationgrid, whoseres-
olution is locally increasedwherethesignalis irregular. If thesignalhasisolated
singularities,this non-linearapproximationis much more precisethana linear
schemethat maintainsthe sameresolutionover the whole signalsupport. The
spacesof functionsthatarewell approximatedby non-linearwaveletschemesare
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thusmuchlargerthanfor linearschemes,andincludefunctionswith isolatedsin-
gularities.Boundedvariationsignalsareimportantexamplesthatprovide useful
modelsfor images.

In this non-linearsetting,Karhunen-Loève basesarenot optimalfor approxi-
matingtherealizationsof aprocess: . It isofteneasytofindabasisthatproducesa
smallernon-linearerrorthanaKarhunen-Loèvebasis,but thereisyetnoprocedure
for computingtheoptimalbasisthatminimizestheaveragenon-linearerror.

)eú�Æ
+�ÈP¶ ��¸Öò"Æ�ÇT¶ Ç ÷=K Ð�¶ Á�¸
Approximationsof non-linearsignalscanbe improved

by choosingthe approximationvectorsin families that are much larger than a
basis.Music recordings,which includeharmonicandtransientstructuresof very
differenttypes,areexamplesof complex signalsthatarenot well approximated
by a few vectorschosenfrom asinglebasis.

A new degreeof freedomis introducedif insteadof choosinga priori the
basis0 , we adaptively selecta “best” basis,dependingon thesignal Q . This best
basisminimizesa costfunction relatedto the non-linearapproximationerror ofQ . A fastdynamicalprogrammingalgorithmcanfind thebestbasisin familiesof
waveletpacket basisor local cosinebases[140]. Theselectedbasiscorresponds
to a time-frequency tiling that “best” concentratesthe signalenergy over a few
time-frequency atoms.

Orthogonalityis oftennotcrucialin thepost-processingof signalcoefficients.
Onemaythusfurtherenlargethefreedomof choiceby approximatingthesignalQ
with / non-orthogonalvectors

R �*L�M�S 0 ; 1=<�4 , chosenfrom a largeandredundant
dictionaryN L R ��LVSOL U
P :

QE4 L 4 ^ 1

1êï 0

	�1��*L�M O
Globallyoptimizingthechoiceof these/ vectorsin N canleadtoacombinatorial
explosion. Chapter9 introducessub-optimalpursuitalgorithmsthat reducethe
numericalcomplexity, while constructingefficientapproximations[119, 259].

��'��]'cb 0���­%������­%�����
The estimationof a signalembeddedin noiserequirestaking advantageof any
prior informationaboutthesignalandthenoise.Chapter10studiesandcontrasts
several approaches:Bayesversusminimax, linear versusnon-linear. Until re-
cently, signalprocessingestimationwasmostlyBayesianandlinear. Non-linear
smoothingalgorithmsexistedin statistics,but theseprocedureswereoftenad-hoc
andcomplex. Two statisticians,DonohoandJohnstone[167], changedthegame
by proving thata simplethresholdingalgorithmin anappropriatebasiscanbea
nearlyoptimalnon-linearestimator.

�»¶ À�¸»Æ�½���¸»½�ÇT¿�ÇQANÐ�À�ºR�»¶ À�¸»Æ�½
A signalQÄô î�õ of size9 is contaminatedby theaddition

of anoise.Thisnoiseismodeledastherealizationof arandomprocesś ô î�õ ,whose
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probabilitydistribution is known. Themeasureddataare

S ô î»õ L Qnô î»õ { ´ ô î»õ O
Thesignal Q is estimatedby transformingthenoisydata

S
with anoperatorT :

U: L T S O
Therisk of theestimator

U: of Q is theaverageerror, calculatedwith respectto the
probabilitydistributionof thenoise

´
:

V B T J Q E L@? R 7 Q � T S 7 2 S O
It istemptingtorestrictoneselftolinearoperatorsT , becauseof theirsimplicity.

Yet,non-linearoperatorsmayyield amuchlower risk. To keepthesimplicity, we
concentrateondiagonaloperatorsin abasis0 . If thebasis0 givesasparsesignal
representation,DonohoandJohnstone[167] provethatanearlyoptimalnon-linear
estimatoris obtainedwith asimplethresholding:

U: L T S L > ^ 1

1êï 0

W�X B Þ S J ��1#à E ��1 O
Thethresholdingfunction WEX BJY"E setsto zeroall coefficientsbelow Z :

W�X BJY�E L 0 if � Y � É ZY
if � Y �   Z O

In awaveletbasis,sucha thresholdingimplementsanadaptivesmoothing,which
averagesthedata

S
with akernelthatdependson theregularityof theunderlying

signal Q .

ò�Æ�Â�¸»Ç�ø"¸�½%ÇT¿�ÇeÃÅ¶ À�¶ ·ÅÆ[-
To optimize the estimationoperatorT , one must take

advantageof any prior informationavailableaboutthesignalQ . In aBayesframe-
work, Q is consideredasa realizationof a randomvector : , whoseprobability
distribution Z is known a priori. ThomasBayeswasa XVII centuryphilosopher,
whofirstsuggestedandinvestigatedmethodssometimesreferredas“inverseprob-
ability methods,” whicharebasicto thestudyof Bayesestimators.TheBayesrisk
is theexpectedrisk calculatedwith respectto theprior probabilitydistribution Z
of thesignal: V B T J Z E L\?�] R V B T J : E S O
Optimizing T amongall possibleoperatorsyieldstheminimumBayesrisk:

V ä B Z E L_^a`cbd�e egf V B T J Z E O
Complex signalssuchas imagesare clearly non-Gaussian,and thereis yet no
reliableprobabilisticmodel that incorporatesthe diversity of structuressuchas
edgesandtextures.
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In the1940’s,Waldbroughtanew perspectiveonstatistics,throughadecision

theory partly importedfrom the theory of games. This point of view offers a
simpler way to incorporateprior information on complex signals. Signalsare
modeledaselementsof a particularset h , without specifyingtheir probability
distribution in this set. For example,largeclassesof imagesbelongto thesetof
signalswhosetotalvariationis boundedby aconstant.To controltherisk for anyQ G h , wecomputethemaximumrisk

V B T J h E L �Ricjk Uml
V B T J Q E O

Theminimaxrisk is thelowerboundcomputedoverall operatorsT :

V ä B h E L_^a`cbdne egf V B T J h E O
In practice,thegoalis to find anoperatorT thatis simpleto implementandwhich
yieldsa risk closetheminimaxlowerbound.

Unless h hasparticularconvexity properties,non-linearestimatorshave a
muchlowerrisk thanlinearestimators.If

´
is awhitenoiseandsignalsin h have

asparserepresentationin 0 , thenChapter10showsthatthresholdingestimatorsare
nearlyminimaxoptimal. In particular, therisk of waveletthresholdingestimators
iscloseto theminimaxrisk for wideclassesof piecewisesmoothsignals,including
boundedvariationimages.Thresholdingestimatorsareextendedtomorecomplex
problemssuchassignalrestorationsanddeconvolutions. The performanceof a
thresholdingmayalsobeimprovedwith abestbasissearchor apursuitalgorithm
that adaptsthe basis 0 to the noisy data. However, more adaptivity doesnot
necessarilymeanslessrisk.��'��]'cÒ h����o%����V�����û�C�
Limitedstoragespaceandtransmissionthroughnarrow band-widthchannelscreate
a needfor compressingsignalswhile minimizing their degradation. Transform
codescompresssignalsby decomposingthemin anorthonormalbasis.Chapter
11 introducesthebasicinformationtheoryneededto understandthesecodesand
optimizetheir performance.Bayesandminimaxapproachesarestudied.

A transform code decomposesa signal Q in an orthonormalbasis 0 LR ��1#S 0 ; 1=<�> :

Q L > ^ 1

1êï 0

Þ Q J ��1#à���1 O
The coefficients Þ Q J ��1#à are approximatedby quantizedvalues p B Þ Q J ��1#à E . A
signal

UQ is restoredfrom thesequantizedcoefficients:

UQ L > ^ 1

1êï 0

p B Þ Q J ��1#à E ��1 O
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A binarycodeis usedto recordthequantizedcoefficients p B Þ Q J ��1#à E with s bits.
Theresultingdistortionis

_ B s J Q E Lt7 Q � UQ 7 2 O
At thecompressionratescurrentlyusedfor images,_ B s J Q E

hasahighlynon-linear
behavior, whichdependsontheprecisionof non-linearapproximationsof Q from
a few vectorsin thebasis0 .

To computethedistortionrateoverawholesignalclass,theBayesframework
modelssignalsasrealizationsof arandomvector: whoseprobabilitydistributionZ is known. Thegoalis thento optimizethequantizationandthebasis0 in order
to minimize the averagedistortion rate _ B s J Z E Lt? ] R _ B s J : E S . This approach
appliesparticularlywell to audiosignals,which arerelatively well modeledby
Gaussianprocesses.

In theabsenceof stochasticmodelsfor complex signalssuchasimages,the
minimaxapproachcomputesthemaximumdistortionby assumingonly that the
signalbelongsto aprior set h . Chapter11describestheimplementationof image
transformcodesin waveletbasesandblockcosinebases.Theminimaxdistortion
rateis calculatedfor boundedvariationimages,andwavelet transformcodesare
provedto benearlyminimaxoptimal.

Forvideocompression,onemustalsotakeadvantageof thesimilarityof images
acrosstime. The mosteffective algorithmspredicteachimagefrom a previous
oneby compensatingfor the motion,andthe error is recordedwith a transform
code.MPEGvideocompressionstandardsaredescribed.�%'�$ de-�Ôvu�0�ÿN6�+./17n0
�%'�$]'��)-C�(%����C����þ��xw�¬��Öh��C� %���­%��­%��������¬�Õêþ»���V��þ��
The book coversthe whole spectrumfrom theoremson functionsof continuous
variablesto fastdiscretealgorithmsandtheir applications.Section1.3.1argues
thatmodelsbasedoncontinuoustimefunctionsgiveusefulasymptoticresultsfor
understandingthe behavior of discretealgorithms.Yet, a mathematicalanalysis
aloneis often unableto predict fully the behavior andsuitability of algorithms
for specificsignals. Experimentsarenecessaryandsuchexperimentsought in
principlebereproducible,just likeexperimentsin otherfieldsof sciences.

In recentyears,the ideaof reproduciblealgorithmicresultshasbeencham-
pionedby Claerbout[127] in explorationgeophysics. The goal of exploration
seismologyis to producethe highestpossiblequality imageof the subsurface.
Part of thescientificknow-how involved includesappropriateparametersettings
that lead to good resultson real datasets.The reproducibility of experiments
thusrequireshaving the completesoftwareandfull sourcecodefor inspection,
modificationandapplicationundervariedparametersettings.

Donohohasadvocatedthereproducibilityof algorithmsin waveletsignalpro-
cessing,throughthedevelopmentof aWAVELAB toolbox,which is a largelibrary
of MATLAB routines.HesummarizesClaerbout’s insightin aslogan: [105]
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An article aboutcomputationalsciencein a scientificpublicationis
not thescholarship itself, it is merely advertisingof thescholarship.
Theactualscholarshipis thecompletesoftwareenvironmentandthe
completesetof instructionswhich generatedthefigures.

Following this perspective,all waveletandtime-frequency toolspresentedin this
bookareavailablein WAVELAB. Thefigurescanbereproducedasdemosandthe
sourcecodeisavailable.TheLASTWAVE packageoffersasimilarlibraryof wavelet
relatedalgorithmsthatareprogrammedin C, with a user-friendly shell interface
andgraphics.AppendixB explainshow to retrieve thesetoolboxes,andrelates
their subroutinesto thealgorithmsdescribedin thebook.��'�$]'cb -C�����ë9Å��%
Sectionsarekeptasindependentaspossible,andsomeredundancy is introduced
to avoid imposinga linearprogressionthroughthebook. Theprefacedescribes
severalpossiblepathsfor agraduatesignalprocessingor anappliedmathematics
course.A partialhierarchy betweensectionsis providedby a level number. If a
sectionhasa level numberthenall sub-sectionswithoutnumberinherit this level,
but ahigherlevel numberindicatesthatasubsectionis moreadvanced.

Sectionsof level 1 introducecentralideasandtechniquesfor waveletandtime-
frequency signalprocessing.Thesewould typically betaughtin an introductory
course.Thefirst sectionsof Chapter7 on waveletorthonormalbasesareexam-
ples. Sectionsof level 2 concernresultsthat areimportantbut which areeither
moreadvancedor dedicatedto anapplication.Waveletpacketsandlocal cosine
basesin Chapter8 areof thatsort. Applicationsto estimationanddatacompres-
sionbelongto this level, including fundamentalresultssuchasWienerfiltering.
Sectionsof level 3 describeadvancedresultsthatareat thefrontierof researchor
mathematicallymoredifficult. Thesesectionsopenthebookto researchproblems.

All theoremsareexplainedin thetext andreadingtheproofsis not necessary
to understandtheresults.Proofsalsohavealevel index specifyingtheirdifficulty,
aswell astheir conceptualor technicalimportance.Theselevels have beenset
by trying to answerthequestion:“Shouldthis proof betaughtin anintroductory
course?”Level 1 meansprobably, level 2 probablynot,level 3 certainlynot. Prob-
lemsat theendof eachchapterfollow thishierarchy of levels. Directapplications
of thecourseareat the level 1. Problemsat level 2 requiremorethinking. Prob-
lemsof level 3 areoften at the interfaceof researchandcanprovide topics for
deeperprojects.

Thebookbeginswith Chapters2 and3, which review theFourier transform
propertiesand elementarydiscretesignal processing.They provide the neces-
sarybackgroundfor readerswith no signalprocessingexperience.Fundamental
propertiesof local time-frequency transformsare presentedin Chapter4. The
wavelet and windowed Fourier transformsare introducedand compared. The
measurementof instantaneousfrequenciesis usedto illustratethe limitations of
their time-frequency resolution.Wigner-Ville time-frequency distributionsgivea
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globalperspectivewhichrelatesall quadratictime-frequency distributions.Frame
theory is explainedin Chapter5. It offers a flexible framework for analyzing
thepropertiesof redundantor non-linearadaptivedecompositions.Chapter6 ex-
plainstherelationsbetweenthedecayof thewavelet transformamplitudeacross
scalesandlocal signalproperties.It studiesapplicationsinvolving thedetection
of singularitiesandanalysisof multifractals.

Theconstructionof waveletbasesandtheir relationswith filter banksarefun-
damentalresultspresentedin Chapter7. An overdoseof orthonormalbasescan
strikethereaderwhile studyingtheconstructionandpropertiesof waveletpackets
andlocal cosinebasesin Chapter8. It is thusimportantto readin parallelChap-
ter 9, which studiesthe approximationperformanceof orthogonalbases. The
estimationanddatacompressionapplicationsof Chapters10 and11 give life to
mosttheoreticalandalgorithmicresultsof thebook. Thesechaptersoffer a prac-
tical perspective on therelevanceof theselinearandnon-linearsignalprocessing
algorithms.


