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Surface Active agents 

Industrial applications

• Microfluidics applications

• Multiple emulsions for the controlled release or protection of some 

ingredients (probiotics)

Common example

What are surfactants
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Finite volume scheme

Numerical results
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Find ϕ : (0,T ) × Ω → ℝ and c : (0,T ) × Ω → ℝ such that 

F(ϕ, c) = βϕ2c − γϕ3c − α |∇ϕ |2 c

Fi

+ δ |∇ϕ |4

Fs

.

↪ ∂ϕF(ϕ, c) = 2βϕc − 3γϕ2c + 2α∇ ⋅ (c∇ϕ) − δ∇ ⋅ (∇ϕ)3,

↪ ∂cF(ϕ, c) = − α |∇ϕ |2 + βϕ2 − γϕ3 .

Coupling potential F(ϕ, c)

The model

ϵϕ

Finite volume framework
• Space discretization

dK,L

• Time discretization

Let N ∈ ℕ* and T ∈ ]0, + ∞[ .

Time step: Δt =
T
N

⇒ tn = nΔt, ∀n ∈ [[0,N ]] .

We consider a mesh ℳ that verifies the orthogonality condition:
[xK, xL] ⊥ σ = K |L .

Nv = number of control volumes.

• Discrete unknowns

• Discrete H1 seminorm

For n ∈ [[0,N ]]
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The discrete setting
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Energy estimate and construction of the semi-implicit discretization.

Definition of the discrete energy

Existence of a discrete solution: 
For all ϕ0

ℳ, c0
ℳ ∈ ℝNv,  supposing that the double-well potentials

fϕ and fc satisfy a dissipativity hypothesis, and supposing that 
the following condition is satisfied, 
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there exists at least one solution ((ϕn
ℳ, μn

ℳ, cn
ℳ, ηn

ℳ))n to the
discrete problem.

Tools for the proof: topological degree theory (a priori estimates).

Convergence? 

1. Existence of limits 
There exists ϕ, μ, c, η ∈ L2(Ω) such that (up to a subsequence)
we have ϕℳ → ϕ, μℳ ⇀ μ, cℳ → c and ηℳ ⇀ η.

These fonctions are H1(Ω) and the following weak convergence
hold ∇ϕℳ ⇀ ∇ϕ, ∇μℳ ⇀ ∇μ, ∇cℳ ⇀ ∇c, ∇ηℳ ⇀ ∇η ⇀ η  in (L2(Ω))d .

Surfactants distribution 
around one air bubble
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Surfactants distribution around multiple air bubbles
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Semi-implicit discretization for the stabilization 

⇒ energy estimate unconditionally stable ∀Δt .

Semi-implicit discretization for the double-well potential and the interaction 
df*

* (x, y)(y − x) − f*(y) + f*(x)=0, where f* = {fϕ, fc, Fi} and  * = {ϕ, c}.

→ F(ϕℳ, cℳ) is the discrete coupling potential
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The continuous case
Theoretical results
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Definition of the free energy of the system

Energy dissipation
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2. Passing to the limit
For ψ ∈ 𝒞∞

c (Ω)

∫Ω
2α∇⋅(cℳ ∇ϕℳ)ψ = −∫Ω

2αcℳ ∇ϕℳ ⋅ ∇ψ.

∫Ω
− α∇ϕℳ ⋅ ∇ϕℳψ = ∫Ω

2αϕℳ ∇⋅(∇ϕℳψ).

∫Ω
− δ ∇⋅(∇ϕℳ|∇ϕℳ|2)ψ = ∫Ω

δ|∇ϕℳ|2 ∇ϕℳ ⋅ ∇ψ.

Possible solutions: [2] or DDFV (Discrete Dual Finite Volume).


