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Motivations
[ ]

Surfactants

® Amphipathic structure

® Examples of surfactants: soap, cell membrane

Use of surfactants:

® Applications in microfluidics (Liu and

air Zhang 2010) Figure: Nicolson and Mattos
surfactant ) ) ) 2021
+ ® Micro-cellular imaging
® Drug delivery
6  oo0 (11} -
O O ® Controlled release or protection of }Hydrophlllc

certain ingredients (probiotics)

water
(Zychowski 2015)
A
/ ® Modeling the spread of cancer cells Hydrophobic
 bubb! (Cahn Hilliard + Navier Stokes) (Elbar
alr bubbie and Poulain 2023)
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Modelling
[ le]

The model

We seek ¢ : (0,T) x 2 — R that satisfies

O = Ap, in (0,7) x Q
1 .
p=—€pAp+ af(;(qﬁ), in (0,7) x Q
Vo-it=Vu-n=0, on (0,T) x 09
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Modelling
0
The model

We seek ¢ : (0,7) x 2 — R and ¢: (0,7) x @ — R, such that
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0,6 = A, in (0,T
H=—csDb+ %f@(qﬁ» in (0,7
Orc = An, in (0,7
n=—cBet fife), in (0.7
V¢-ﬁ=Vc~fi:VCu-ﬁ:Vn~ﬁ:O, on (0,T) x 02
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Modelling
0
The model

We seek ¢ : (0,7) x 2 — R and ¢: (0,7) x @ — R, such that

Ord = Ap, in (0,7) x Q

p=—€sAp+ éf;)(qs), in (0,7) x Q

Orc = An, in (0,7) x Q

n=—eAc+ elfé(c), in (0,T) x Q
Vqﬁ-ﬁ:Vc-fi:VCu-ﬁ:Vn.fi:O, on (0,7) x 09

where fy and f. are the classical Cahn-Hilliard double well potential,

Figure: ¢ potential Figure: ¢ potential
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Modelling
[ le]

The model

We seek ¢ : (0,T) x 2 = Retc:(0,T) x @ — R, such that

O = Ap
1
H= oot —Fy(6) + BF (0.0
Oyc = An

1
n= _GCAC—’_ 6—fé(0)+(9¢F(¢7c)
Vo-i=Ve-i=Vu-t=Vn-i=0,

where fy and f. are the classical Cahn-Hilliard double well potential,

Figure: ¢ potential Figure: ¢ potential
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Modelling
(o] J
The model

We seek ¢ : (0,T) x 2 — R and ¢: (0,7) x Q@ — R, such that

016 = Ap
j= —csDp+ éﬁ;(qﬁ) + 9y F(9.0)
Oic = Ang
0= —eAc+ ei £1() + 0uF (6, )

where F' is the coupling potential,

F(¢,¢) = Bo*c — yd°c — a|Vo|*c+ 5| V|
< 04 F (¢, ¢) = 2Bpc — 3ydpc + 2aV - (Vo) — 6V - (V¢)?,
< 0 F (¢, ¢) = —a|Ve|* + Bo* — 7¢°.
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j= —csDp+ éﬁ;(qﬁ) + 9y F(9.0)
Oic = Ang
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Modelling
[ ]

Energy of the system

Definition of the free energy

E:HY(Q) x H(Q) —R

(6,0) — /Q<%¢IV¢I2+%EIVC|2>+/Q(if¢(¢)+éfc(6)>
+/F(¢,c).
Q

Dissipation of energy over time

d
GE@.0 =M [ VP~ N [ Vil <0
Q Q
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Modelling
[ ]

Energy of the system

Definition of the free energy

EHY(Q) x H(Q) —R

3eg 5  Bec 2 12 1
(6,0)— /Q(Tw + %1 >+/Q<;f¢(¢)+;fc(0)>

+/(—a|V¢|2c+5¢2c—v¢3c+6|w\4).
Q
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Modelling
[ ]

Energy of the system

Definition of the free energy

EHY(Q) x H(Q) —R

3eg 5  Bec 2 12 1
(6,0)— /Q(Tw + %1 >+/Q<;f¢(¢)+;fc(0)>

+/(—a|V¢|2c+5¢2c—v¢3c+6|w\4).
Q

not bounded from below!

(0% 04202

—a|VoPe+6|Vel' = 5(|Ve|* — 30)2 -

Margherita Castellano CJC 2024 CMAP - école polytechni

Discrete Duality Finite Volumes scheme for Cahn-Hilliard equations with surfactants



Modelling
[ ]

Energy of the system

Definition of the free energy

EHY(Q) x H(Q) —R

3eg 5  Bec 2 12 1
(¢,¢) — /Q<T|V¢| +?|VC| >+/Q (;f¢(¢)+;fc(c)>

+/(—a|V¢|2C+B¢20—7¢3C+5|V¢\4)~
Q

not bounded from below!

a?c?

]

(67

—a|VoPe+6|Vel' = 5(|Ve|* — 30)2 -

Dissipativity hypothesis:

[fc(c) > -1y, 1 >0,7> 0.]
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Finite volumes discretization
000000

Discrete duality finite volumes (DDFV): why this method?

@ Good approximation of the gradient
® Definition of a discrete divergence operator in duality

© Possibility of non conforming mesh

=

Figure: Mesh with two Figure: Locally refined
interfaces mesh

Figure: Mesh with Figure: Mesh with
deformed quadrangles hexagons
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Finite volumes discretization
0Oe00000

Discrete Duality Finite Volumes (DDFV)

The unknowns are piece-wise constant functions.
Unknowns at the centers of the control volumes
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Finite volumes discretization
0Oe00000

Discrete Duality Finite Volumes (DDFV)

X x*

The unknowns are piece-wise constant functions.
Unknowns at the centers of the control volumes and on the vertices.
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Finite volumes discretization
0Oe00000

Discrete Duality Finite Volumes (DDFV)

X x*

The unknowns are piece-wise constant functions.
Unknowns at the centers of the control volumes and on the vertices.

® Primal mesh: M Vector of unknowns:
® Dual h: M*
ual mesh: M ur =, MOKEM ) e RNT ien T = M U M*
T (uge*) o* e pm ’ '
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Finite volumes discretization
0Oe00000

Discrete Duality Finite Volumes (DDFV)

X x*

The unknowns are piece-wise constant functions.
Unknowns at the centers of the control volumes and on the vertices.
Approximate solution:

up ;:% Z ’U,KﬂK-i-% Z upx L.

KeM KeM*
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Finite volumes discretization
0Oe00000

Discrete Duality Finite Volumes (DDFV)

The unknowns are piece-wise constant functions.
Unknowns at the centers of the control volumes and on the vertices.
The discrete gradient V2 is defined on the diamond mesh ®.
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Finite volumes discretization
[e]e] lelele]e]

Definition of the meshes

[ ] [ ] [ ] [ ]
e Primal unknown u,
° ° ° ° — Primal control vol. Kk € M
[ ] [ ] [ ) [
[ ] [ ) [ [ )
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Finite volumes discretization
[e]e] lelele]e]

Definition of the meshes

1 1 1 1

1 1 1 1

1 1 1 1

1 1 1 1

e

1 1 1 1

1 1 1 1

r— i

1 1 1 1

L

1 1 1 1

1 1 1 1

l . ®m Dual unknown u,~
1 1 1 1

p-1-P 1 ®-1-®---- - - Dual control vol. k* € M*
1 1 1 1

T DT BTN

1 1 1 1

L A
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Finite volumes discretization
[e]e] lelele]e]

Definition of the meshes

MW -~ Diamond cells D € ®
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Finite volumes discretization
[e]e]e] lelele]

Discrete gradient of a scalar field

VP RNT - (R%)®,  where T = MUM*

V2ur = (VPur)peo

ur - (Tp —Tg) =urp — UK,

We define (VP h that
€ define ( UT)DEQ sue 2 VD’LLT' (xL* —.IK*) =Ur* —UK*.
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Finite volumes discretization
[ee]ele] Tele]

Discrete divergence of a vector field

/dlvfgz/ 5@7_7:: Z mUED-ﬁKL VK.
K oK

DE@K
div7 : (R?)® — RNT

div7 € = ((divién) ken, (divE €n)kren)
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Finite volumes discretization
[ee]ele] Tele]

Discrete divergence of a vector field

/di\/g@:/ fp 7= Z mobp - Axr VK.
K oK

DE@K
div7 : (R?)® — RNT

div7 € = ((divién) ken, (divE €n)kren)

Definition

1
VK € M, diVKé'@ = — E meép - KL,
mE
DeD g

* 1
VK* e M*,  divE ¢p = — E Morbp - Tgenp
K DED g«
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Finite volumes discretization
00000e0

Green's theorem (homogeneous Neumann B.C.)

Discrete duality property

For all (én,u7) € (R2)® x RNT, we have

/ div" éour = [ div7 €0, ur]T = — (€0, Vour)o = — / o - Vour.
Q Q

® Scalar product on RN7:
[ur, o7l = 3 (3 ket MEUKVE + D jer e pge ME= UK VK )

® Scalar product on R®: (£5,vp)0 = ZD€® mpép - Yp.
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Finite volumes discretization
0O00000e

The discrete problem

Knowing (¢%,c) € RNT x RNT, find

(ontt, uitt ent gntty € RNT x RNT x RNT x RNT, such that

Pitt — o7

3e
pitt = _T¢ div7 (VEg5th) + = df¢ (6%, 65

MyAt divT (V2 i),

+d§ (¢’%,¢;+1,c’+,c;+l),

cgfl —cr = McAL divT(Vgn?fI),
1
ntt = —fe. divT (Vo) + e—dfc(cT BN 4 df (g, ).
c

+ discrete B.C.
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Discrete results
@000

Discrete energy estimation

Proposition (Discrete energy estimation)

Let ¢7 € RNT , € RNT . Suppose there exists a solution
(¢"+1,,u,$+1,c'7l—+1 ;‘—'H) € RNT x RNT x RNT x RNT to the discrete problem.

Then, for all time step At, the following equality holds

M¢At||v9 "+1|\©+M6Atnv© "+1||9+ST(¢”+1, Ity —er (o, o)

+ —uv (o5t —

1 2
D entt —ell%

< = (1470 63, 05, 60 = 93y — U 63, 1717 + Lo (03, 1717)

+— ([[csz(cg,cTJr1

€c

)t = By = Le(ept), 177 + [fe(e), 17)7)
([[d¢ (@7, o5 S e, o = 9R 1 + 1] (o7, o7 o T, T ey

+ [-F(ehtt, eIt + F(g%, ), 17’]]7') =0
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Discrete results
[o] le]e}

Discrete energy estimation

Proposition (Discrete energy estimation)

Let ¢7 € RNT , € RNT . Suppose there exists a solution
(¢"+1,,u,?+1,c'7l—+1 ;‘—'H) € RVT x RN7T x RNT x RNT to the discrete problem.
Then, for all time step At, the following equality holds

M¢At||v9 "+1|\©+M6Atnv© ”+1||9+€T(¢”+1, Ity —er (o, o)

+ X292 (o5t — - M

(oot
Jr12 (ﬂdf¢(qb ¢n+1> ¢'n,+1 ¢'n,]] _ n+1 1 ny g
- e Flr = [ (5 Ly + e (6F), 1717)

1 .
+ = (ndfcw%., ) BT = B = Lfe(el ), 17l + [fe(cF), wr)

+ (nd£<¢%¢;“,c“¢,c"“> R L o e e a a

+ [-F(ehtt, eIt + F(g%, ), 17’]]7') =0
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Discrete results
[e]e] le}

Discretization of the derivatives of the potentials

We define, for any K € T = M U M*,

winy _ o0 = Fo(07) Wy el = foleh)
di? (@, 3t = "’(qsnﬂ_é)’{, dl (che, i) = zrﬂrl—_cr;()CK

o dI (S SO — 8% — Fo(63) + Fo(8) = 0

o dfe (A, I (Y — ) — () + felclk) = 0.
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Discrete results
[e]e] le}

Discretization of the derivatives of the potentials

We define, for any K € T = M U M*,

o dJ? (B, OB — B5) — Fa () + (@) =0

s dle (T — ) — fe(e™) + felcy) = 0.

c (CTIL(’

a5 (B, o3, e, (T — ) + df (B, o3 e, D (et -

(¢T[L{+11 n+1) +F(¢n ch)

4
= > mo(VPE - (VPG
my
DeD g
4 D n+1,2 D n+1 D n |2
o D molVPSRHPIVP G - VPG,
DeD g

k)
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Discrete results
[e]e] le}

Discretization of the derivatives of the potentials

We define, for any K € T = M U M*,

o dJ? (B, OB — B5) — Fa () + (@) =0

s dle (T — ) — fe(e™) + felcy) = 0.

c (CTIL(’

a5 (B, o3, e, (BT = %) + df (B, o3 e, D (T — )

(¢T[L{+11 n+1) +F(¢n ch)

4
= i mp (VP — VP o3 ?)?
mi
DeD g
4 D nt112|oD 4ntl D n |2
+M Z mp|VZ g IFIVE o = VE ok |" = 6(Th + T2).
DeDg
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Discrete results
[e]ele] ]

Discrete energy estimation

Proposition (Disrete energy estimation)

Let ¢7 € € RNT, cr € RNT . Suppose there exists a solution
(¢n+1,l¢;+17 ?-H, n?’l) € RNT x RNT x RNT x RNT to the discrete problem.

Then, for all time step At, the following equality holds
Md,mnv@ PG + Mear| v "“nD + Er (@, Y — e (6%, )

+ —uv 2 entt — |3 eptt

gl
(udf¢<¢T o), ntt - ¢>$qu 1665, 1717 + 1o (63, 1717)

+ = ([[dfC(c;

€c

BN T — Sl — Lol 17y + [fe(eR), 17)7)
(Hd(;) <¢T7¢n+1 CTvc"+1) ¢n+1 ¢T]]’T n |Id (¢T’¢"+1 CT,Cn+1), n+l 6771]]7-

+ [-F(eitt, ety + F(g%, ), 17117) =0.
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Discrete results
[e]ele] ]

Discrete energy estimation

Proposition (Disrete energy estimation)

Let ¢7 € RNT, cr € RNT . Suppose there exists a solution
(¢"+1,p.;+1, 7}+1, Y e RNT x RNT x RNT x RNT to the discrete problem.
Then, for all time step At, the following equality holds

MyAt|V® ult 2 + M ALVE 2 + E7 (o0, B — (877, )

36 Oe
¢ V2 (@5 — )13 + —CIIVQ( T — )% + 0(T1 + To) = 0.
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Discrete results

Existence of discrete solutions

Proposition (Existence of a discrete solution)

Let (¢%,cl) € RNT x RNT. We suppose that
® fy(¢) and fc(c) satisfy the dissipativity condition: lim|;|_, o inf f"(z) >0,
° did’, dle, d? and dE? satisfy the polynomial growth hypothesis,
® the following conditions on the parameters hold,
T1 202

4
— ———20, e <—, and e <
2¢ec 1) ¥

=N

Then, there exists at least one solution

((b’}*l,yﬁrl,cgfl, ngfl) € RVT x RNT x RNT x RNT to the discrete problem.
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Discrete results

Topological Degree

[ P : Find u € W such that F(u) = 0. J

For any p € [0,1], let P, be such that:
0P ="
® for p =0, the problem Py has a solution in W,
® 3R > 0 such that, for all p € [0,1],

w is a solution of P, and |wljw < R = |wl|jw # R.

~> A priori estimates.

Then, there exists at least one solution to problem P;.
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Discrete results

A priori estimates

To bound the solutions, we need the stability term

dp
—ap Y mpept VPSP + T mp|VPe !

De® De®

2
=S i (192 - 22 ) P S (e,

De® De®

we can bound this thanks to the dissipativity hypothesis: 974 > 0,
79 > 0, such that f.(c) > 11¢? — 72. The following condition arises

2
o207
2¢, o -
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Convergence
e0

Convergence

(Work in progress)

First step:

Proposition (Existence of the limits)

© There exist functions ¢, ji, ¢, and n € L*(Q) such that (up to
a subsequence) we have ¢ — ¢, pr — u, ey — ¢, and
nr—mn

@® Moreover, these functions are in H'(Q), and we have the

following convergence for the gradients: V¢ — V¢,
Vur — Vu, Ver — Ve, and Vnr — Vn, in (L2(Q))%.

Margherita Castellano CJC 2024 CMAP - école polytechnique

Discrete Duality Finite Volumes scheme for Cahn-Hilliard equations with surfactants



Convergence
e0

Convergence

(Work in progress)

First step:

Proposition (Existence of the limits)

© There exist functions ¢, j1, ¢, and 1 € L*(Q) such that (up to
a subsequence) we have ¢ — ¢, uT — p, e — ¢, and
nr—n.

@® Moreover, these functions are in H'(Q), and we have the

following convergence for the gradients: V¢ — V¢,
Vur — Vu, Ver — Ve, and Vnr — Vn, in (L*(Q))%.

Second step: passing to the limit
~ For the classical Cahn-Hilliard terms, ok.
~ Difficulty: coupling terms.
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Convergence
o] ]

Convergence of the coupling terms

Passing to the limit for the coupling terms:

0yF (9, ¢) = 2B¢c — 3y¢°c +2aV - (V) = 6V - (Vo|Vo[?),
OcF(¢,¢) = —alVo[* + f¢* — 7¢°.
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Convergence
o] ]

Convergence of the coupling terms

Passing to the limit for the coupling terms:

DF(9,¢) = 26¢c — 3y¢%c +[ 20V - (cV9) |- 6V - (Vo[ V]?),
0cF(6,0) = —a|Vo[ + Bg? — 76

For ¢ € C*

‘/fﬁTV®T~V1/J—/cV¢-Vw‘ = ‘/(C’T_C)V¢'V¢+/CT(V¢T_V¢)'V7/)
Q Q Q Q
1/2 1/2
< IVY oo </ cT|2> </ |V¢T—V¢2)
Q Q
N—————

—)O

<c
1/2 1/2
+ 1199 0o (/ V¢|2> (/(cT - c)2)
Q Q
<c — 0
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Convergence
o] ]
Convergence of the coupling terms

Passing to the limit for the coupling terms:
9y F (¢, ¢) = 2B¢c — 3y¢°c +2aV - (V) = 6V - (Vg|Vg|?),

0eF(6,¢) = +o? —0”,

For ¢ € C*

[ vor-Voru— [ 9o o] < 1wl (16730 - ||v;s||iz(m) .
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Convergence
o] ]

Convergence of the coupling terms

Passing to the limit for the coupling terms:
9y F (¢, ) = 2B¢c — 3yp°c + 2aV - (cV¢)| =6V - (Vo|V¢|?) |
0cF (¢, 0) = —a|Vo|* + B¢ — 76°.

L* bound (energy estimation): 3C > 0 s.t. IVéllLaay, IVoTllLa@) <C

For ¢ € C2°

/\V¢TFV¢T~vw—/|v¢|2v¢~vw
Q Q

/|V¢T\2<V¢T—V¢)-vw+/<|wﬂ2— IVoI>) Ve - Vi
Q Q

< 1V¥lloo [I\V¢I\L4 Vo7 = VoIl L4 (o) | Vo7 — WHLQ(Q)} + 1V ¥lloo IVET N L4 VoT = VIl 12
— 0 — ——0

<c <c <C
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Simulations numériques
[ le]e}

Numerical simulations - spinodal decomposition

Figure: Water - air separation, model without

Figure: Water - air separation, model with surfactants
surfactants
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var ocgs=host.getOCGs(host.pageNum);for(var i=0;i<ocgs.length;i++){if(ocgs[i].name=='MediaPlayButton0'){ocgs[i].state=false;}}




var ocgs=host.getOCGs(host.pageNum);for(var i=0;i<ocgs.length;i++){if(ocgs[i].name=='MediaPlayButton1'){ocgs[i].state=false;}}



var ocgs=host.getOCGs(host.pageNum);for(var i=0;i<ocgs.length;i++){if(ocgs[i].name=='MediaPlayButton2'){ocgs[i].state=false;}}


var ocgs=host.getOCGs(host.pageNum);for(var i=0;i<ocgs.length;i++){if(ocgs[i].name=='MediaPlayButton3'){ocgs[i].state=false;}}



Simulations numériques
(o] lo}

Numerical simulations - one air bubble in water

Figure: An air bubble in water Figure: Surfactants dynamics around an air bubble
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var ocgs=host.getOCGs(host.pageNum);for(var i=0;i<ocgs.length;i++){if(ocgs[i].name=='MediaPlayButton4'){ocgs[i].state=false;}}



var ocgs=host.getOCGs(host.pageNum);for(var i=0;i<ocgs.length;i++){if(ocgs[i].name=='MediaPlayButton5'){ocgs[i].state=false;}}



Simulations numériques
[efe] ]

Numerical simulations - air bubbles i

Figure: Phase separation, water with bubbles Figure: Surfactants dynamics in water with bubbles

erita Castellano 2024 cole polytechnique

Discrete Duality Finite Volumes scheme for Cahn-Hilliard equations with surfactants 24 | 24



var ocgs=host.getOCGs(host.pageNum);for(var i=0;i<ocgs.length;i++){if(ocgs[i].name=='MediaPlayButton6'){ocgs[i].state=false;}}



var ocgs=host.getOCGs(host.pageNum);for(var i=0;i<ocgs.length;i++){if(ocgs[i].name=='MediaPlayButton7'){ocgs[i].state=false;}}
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