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1 Introduction: a demo-genetic model

This paper is motivated by concerns in conservation biology and more specifically by
assessing conditions for the maintenance of biodiversity in populations facing extinc-
tion. Classical population genetics models like the Wright—Fisher model, the Moran
model or the Wright—Fisher diffusion for instance assume a constant population size,
which is then introduced as a key parameter of these models. In contrast, when con-
servation biology issues, one needs to understand the behaviour of populations facing
extinction or composed with only a few individuals. Notably, specific phenomena such
as inbreeding (Byers and Waller 1999) and mutational meltdown (Lynch and Gabriel
1990), or changes in interactions between individuals (Svanbck and Bolnick 2007)
are observed in small populations. To study these kinds of phenomena one therefore
needs to consider models that allow to take into account and study the joint dynamics
of both the demography and the genetic composition of a population. Our aim in this
paper is more specifically to understand the impact of demography, and in particular
of extinction, on allele extinction (or fixation).

We first study the dynamics of the progressive loss of genetic diversity in a classical
population genetics context (constant population size) and second the impact of the
fluctuations of population demography on genetic diversity. We consider a population
composed of hermaphroditic diploid individuals characterized by their genotype at one
locus presenting L possible alleles. The dynamics is modeled by a multi-dimensional
diffusion process. The first study (Sect. 2) concerns the L-allelic diploid Wright—
Fisher diffusion (see Ethier and Kurtz 1986, Chap. 10). We prove (Theorem 1) that in
this model the alleles disappear successively until the fixation of a single last allele.
Therefore fixed population size induces a progressive loss of genetic diversity. The
proof is done by induction on L and is based on successive time changes and a criterion
for perpetual integrals finiteness.

The rest of the article focuses on the impact of demography on genetic diversity.
We introduce a diffusion process (N (¢), Xz(t), X3@),..., Xt (t))s>0 giving the joint
behavior of the population size and the proportions of types 2,3, ..., L. Note that
X'=1- Zfzz X' is the proportion af allele 1. This diffusion is derived from a slow-
fast rescaling of a diploid multi-type birth and death process (see “Appendix A”). This
individual-based model includes Mendelian reproduction, competition, and selection
on birth, natural death and competition parameters. Since individuals are diploid, their
genotypes are of the form ij where i, j € {l,..., L}.

The infinitesimal generator of the considered diffusion process is given for
(n,x2,...,x1) €10, +00) x {(x2,...,x1) € [0,1];x2 +--- +x7 < 1} and any
function f € C2([0, +00) x {(x2,...,x1) € [0, 1]y x2 +--- +x, < 1}, R) by

Lifn,xy, ..., Xp) =n (p —oan + Z (s,-j —n Z Cij,klxkxl) x,-xj)

l=i,j<L 1<k,<L
af 2
—m,x2,..., X n—5m,x,..., x
oy 1 X2 Lty 8n2( 2 L)
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L L L
+Z X Z ijxk (sik — 8jK) —n Z (Cik,ml = €jk,m)XmX]
=2 j=lk=1 1<l,m<L
ad
X l(ns X2, ) xL)
8xi
L 2 2
xi(1—x;) 07 f xjxj o°f
LD e e AR SRR | _Z Y T iy L)
i=2 i i#je[2.N]
()
Here x; = 1 — xp — --- — x. is the proportion of allele 1, p € R is the natural
growth rate of genotype 11 and s;; quantifies the selective advantage of genotype
ij fori, j e {1,..., L} (the higher is s;;, the more advantageous is genotype ij);

s11 = 0 by convention. The parameter « + ¢;j 7 > 0 quantifies the competition
pressure of genotype k/ on genotype ij (for example due to limitation of resources)
and cy1,11 = 0 by convention. The allelic diffusion parameter y > 0 scales the speed
at which birth-and-death events occur. The existence and uniqueness properties of
this process are given in “Appendix A”. The Model (1) dramatically generalizes the
classical genetic models by considering an arbitrary number of alleles under different
types of selection. Let us note the interplay between allelic repartition and demography
through differences in competition parameters. In the mean field case with constant
competition pressure (¢;; x; = Oforany i, j, k, 1), this model is a stochastically varying
population size version of the general Wright—Fisher model introduced in Ethier and
Kurtz (1986).

If s;j = Oforalli, j > 1, the model is neutral, since alleles are exchangeable.

Ifs;; = %(s,- +s;) foralli, j, which corresponds to additive selection, the generator
becomes

Lifn,xy,....,xp)=n —om—i—Zs,x, (n X2, ..., XL)
af
+WW("’X2’“"XL)+Z)C" Zx]s] (n X2,...,x1)

2 Y

+Z x,(l o xi) {; ];( S XDy e, X)) — . Z y xl;:lj 83,-8];j (n,x2,...,xL).

i=2 i#je[2,N]

)

Let us note that this generator is close to the one we would obtain in an haploid

case, except that the denominator 27 in the diffusion coefficients would be n, which
changes the dynamics.

What is more, the system (1) writes as (2) with any s; replaced by S; defined by

L
Si = Zs,-kxk —n Z Cik,mi Xm X1 Xf-
k=1

1<k,l,m<L
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The coefficient S; is the true selective advantage of allele i in our general framework.
It takes into account both diploid individual (genetic) selection and environmental
pressure between individuals.

In Model (1), population size goes almost-surely to O in finite time. We prove
(Theorem 4) that, almost surely, the fixation of a (non given) single allele occurs
before the extinction time and after the successive extinctions of the other alleles.
The proof of this result is deduced from that of Theorem 1 using time changes and
multi-dimensional Girsanov’s transform.

The diffusion processes defined in (1) comes from a specific scaling in the
individual-based initial model linking the population size and the demographic param-
eters in an allometric scale explained by the metabolic theory which relates the
individuals characteristics and their mass (cf. Brown et al. 2004; Salminen and Yor
2005; Foucart and Hénard 2013). This leads in the limit to systems in which the
organisms with short lives and fast reproduction create a demographic stochasticity
modeled by the diffusion (cf. Byers and Waller 1999). In the case where some specific
density-dependence impacts the birth and death rates, we can obtain a different scal-
ing leading to different population size diffusion coefficients. In Sect. 4 we explore
the impact of the demography on allele fixation and therefore on the maintenance
of biodiversity. In particular, we exhibit examples of population size dynamics for
which extinction occurs before fixation of alleles with positive probability (Theorem
6; Figs. 1, 2). This result implies a maintenance of genetic diversity at all times, for the
considered population, and shows the main influence of demographic stochasticity on
biodiversity.

Our proofs and results repeatedly rely on the study of quantities of the form

0T° f(Zs)ds (which are referred to as perpetual integrals Salminen and Yor 2005),
for a nonnegative (one-dimensional) diffusion process Z and Ty its hitting time of O,
or fOTOATl f(X,)ds, for a diffusion process X € [0, 1] and Tp, T its hitting times of
0 and 1. More specifically, we need to know whether such integrals are finite or not.
In “Appendix B”, we state and prove a general criterion involving a necessary and
sufficient condition based on the scale function and speed measure of the nonnegative
(one-dimensional) diffusion process Z, which ensures that the integral fOTO f(Zs)ds
is finite almost surely or infinite almost surely.

Notation

— In the following the state space will be denoted by

S:]O,+OO)X{(xz,...,)CL)E[O,l];x2+"-+XLSl}

and its interior will be denoted by S.
— We denote by T the hitting time of z € [0, +00) by the process Z:

T, =inf{t > 0, Z; = z}.
When the process Z has to be specified, this time will be denoted TZZ .
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2 Successive fixations for the multi-allelic neutral Wright-Fisher
diffusion

In this section we consider a neutral L-type Wright—Fisher diffusion (Ethier and Kurtz
1986, pp. 435-439) describing the dynamics of the respective proportions of L alleles
in a population with fixed size. We are interested in the study of alleles extinctions in
this model.

Let us define by X! the proportion of allele i in the population at time ¢. Since by
definition X ,1 4+ 4+ X IL = 1 for any time ¢, it is enough to study the dynamics of
the process (X ,1, X ,L _1) ¢>0- The Wright-Fisher diffusion (see for example Ethier
and Kurtz 1986, Chap. 10) is a stochastic diffusion whose infinitesimal generator £
is defined for all (x1,...xz—1) € {(x1, ..., x1—1) € [0, 11"y + -+ xp_1 < 1}
and for all function f € C2({(x1,...,xz—1) € [0, 11E7" sy + -+ x7_1 < 1}, R)
by

L—1 82f
LifGr,..oxpon) =Y xi(l—x) a—z(m,...,xL_l)
i=1 *i 3)
f
- Z XiXj ax-ax'(xl’ ce XL—1).
i#je[1,L—1] gl

Our aim is to prove the following theorem:

Theorem1 (i) One of the L alleles is fixed almost surely in finite time, i.e. the

random variable max;e(1,... 1) X' is absorbed at 1 in finite time almost surely.

(ii) Till that time, the population experiences successive (and non simultaneous)
allele extinctions.

The proof of this theorem is based on an induction argument and relies on two lemmas.

Lemma2 Let Y be the process solution of

dY; = yYi(1 =Yi)dBi; Yo € (0, 1),

where (B, t > 0) is a standard Brownian motion. Then, setting Ty = inf{t > 0, Y; =
1}, we have for any y € (0, 1)

P /Tl ! ds =+ 1 4)
, =400 ) =1.
! o 1-Y *

Proof Tt is well known that Y reaches O or 1 in finite time a.s.. The grocess is on
natural scale and the speed measure on (0, 1) is given by m(dy) = dy Setting

y(I=y)"
f() =1/(1—y), we have flf(s(l) —s(y)) f(y)m(dy) = 400 and Theorem 12
of “Appendix B” yields

T
Py<{/ 1_1YdSZ-{-OO}ﬂ{Tl<To})=]P)y(T1<T0).
0 s
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Since {T} = +oo} = {Tp < T1}and 1/(1 —Y;) = 1 for all r > Tp, we get the
result. 0

Lemma3 Let (X' (1), ..., XL71(t))1>0 be a L — 1-dimensional Wright—Fisher diffu-
sion process, let 1 — Xtoy=x'©)+---+ XL_I(I) for all time t > 0, and define

the time change t on [0, +00) such that fr(t) = (Y)ds =tforallt > 0 (see Lemma

2). Now let
1 y2 L2 X! L2
Y,Y,...,Y_> = —7x®),..., ——(t(t
(vhrev?) (1_XL(r<>> L1 ))>,>o
The stochastic process (Ytl, Y,z, e, Ythz),Zo is a L —2-dimensional Wright—Fisher

diffusion process.

Proofof Lemma 3 Let us denote by L the inﬁnitesimal generator of the L — 1-
dimensional diffusion process ( <7 (t) XL 0, ..., %(t), 1-— XL(t)),zo. For
any real-valued twice dlfferentlable functlon f defined on {(X1,...,Xr—2,1 —x1) €
[0, 11571 %) + -« 4+ X1 5 < 1}, we may write for x; # 1,

Lf(R1,... . &2, 1 —x1)=L1(fog)(x1yen, XL 1),

where (X1,...,Xr—2,1 —x1) = g(x1,...,xp—1) and, for any (x1,...x7_1) €
[0, 115 ' such that 0 < x; + -+ 4+ x7_; < 1

glx xXL—1) al N2
1o XL—1) =
B B e . | Xp 4o+ XL

,X1+---+XL—1)-

Therefore, we obtain from Eq. (3) that for x;, # 1,

N L2 s -5 02f
Lf&1, %2, ... X2, 1 —x1) =j; yi_knjaﬂ (X1, %2, ..., X2, 1 —x1)
XiXx O - .
- Z %8&8{? (¥1, %2, ..., X2, L —xL)
Jj#ke[1,L-2] L 9Xj0%k
% f .

+yxp(l—xp )ﬁ( 15 X2, .00y Xp—2, 1 —xr)

which gives the result since dz(t) = (1 — XL (¢))dt. o

Proof of Theorem 1 We prove both results by induction on L. (i) is a well known result
in the case L = 2. Now for L alleles, note that the proportion of allele 1 follows a
1-dimensional Wright—Fisher diffusion. Therefore allele 1 gets fixed or disappears
almost surely in finite time. If allele 1 gets fixed then one of the L alleles gets fixed.
If allele 1 gets lost then from its (almost surely finite) extinction time, the population
follows a L — 1-type Wright—Fisher diffusion, therefore one of the L — 1 remaining
alleles gets fixed almost surely in finite time, using the induction assumption.
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1 —
TxT ds = +00

from Lemma 2. Let us consider the time change t(¢), defined for all ¢ € [0, +00) by

fof(t) ﬁds = t. Note that for ¢ € [0, +00), X1.(t (1)) < 1.

Therefore we can define the stochastic process ¥, = (Ytl, e, YtL _2) >0 such that
Y,i = %(r(r)) forall 1 <i < L — 2 and for any ¢ € [0, 400). From Lemma 3,

L
We now prove (ii) (which is trivial when L = 2). We have fOT'

the stochastic process (Y,l, le, e, Y;sz)zzo is a L — 2 dimensional Wright—Fisher
diffusion process. By induction assumption, this diffusion process experiences L — 2
successive and non simultaneous extinctions, at times denoted by § 1Y << S{fz <
+00. Therefore r(Sly) << T(S{_z) < 1(+00) = TlL. Under the event { TIL <
400}, the times t(Sf), e, t(S{_z) and TIL correspond to the L — 1 extinction times
experienced by the population, which gives the result, since IP’(Ul.L: l{Tli <+oo}) =1
from (7). m]

3 Long time behavior of the diffusion process (1)

In this section, we focus on the stochastic diffusion process (N (t), X 2([), X3@,...,
Xt (t))s>0 whose infinitesimal generator is given in (1) and whose existence is obtained
by the scaling limit of a multi-type birth-and-death process (see “Appendix A”, Theo-
rem 9 for existence and uniqueness). Here the genetic dynamics of the population
depends on both the selection and the competition between individuals, and the
population size dynamics depends on the allelic repartition. The following theorem
generalizes the results obtained in Theorem 1, to this very general class of demogenet-
ics models. The main intuition (for the proof) is that the speed of allelic extinctions is
inversely proportional to population size. So we introduce an appropriate time change
to compensate the population size variability.

Theorem4 (i) The population size process (N(t));>o is absorbed at 0 (extinction
of the population) almost surely in finite time.
(ii) One of the allele will eventually get fixed before the extinction of the population,
almost surely.
(iii) Till that time, the population experiences successive (and not simultaneous)
allele extinctions.

Proof (i) From (1), using thatx; € [0, 1] for all i, and setting p = supi,j{,o +s;j} and
a = inf; j ¢ /{o+cij 1}, one can easily see that the process (N (t));>0 is stochastically
dominated by the logistic Feller diffusion process (N (1)) t>0 satisfying dN, =N, (p—

gﬁt)dt + 4/ 2yﬁ,d B; which is known to reach 0 almost surely in finite time (Ikeda
and Watanabe 1989, Chapter VI1.3).

(i) and (iii). We first use a multi-dimensional Girsanov transform to reduce the
study to the neutral diffusion process (for which s;; = ¢;j iy = 0 forall i, j, k, [). We
introduce an appropriate time change to compensate the population size variability.
That allows us to deduce the long time behavior of the diffusion process (1) from that
of the classical Wright—Fisher diffusion process, obtained in Theorem 1.
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m The infinitesimal generator (1) writes

223

s Lif(n,x2,....x)=n|p—oan+ Z sij—n Z Cij Xk Xp | Xix;
E I<i,j<L l<k<L

o af 2

S X ——(n,x2,...,x1) +yn_—5(n,x2,...,X1)

= on on

=]

<

L 5f
+ Zb,-(n,xz, ...,xL)a—xi(n,xz, ..., XL)
i=2

1Y =T )
— aln,xa, ..., xp)ij ———(n, x2, ..., X1),
) 2 Lt/axiaxj 2 L

i,je[2.N]
24 where the diffusion matrix a(n, x2, x3, ..., x) satisfies for i # j
xi(1—x;) XiX;
225 a(n, X2, X3, ..., xL)ii =y and a(n, X2, X3, ..y xL)ij ==y —.
n

26 Remark that this matrix is related to the covariance matrix of a L — 1-dimensional multi-

27 nomial (n, x2,x3,...,x1) vector Y: a(n,xy,...,x1) = yCov((Ya,...,Yr)/n).
28 Therefore it is a symmetric positive semi-definite matrix. The vector b is defined
229 by
L L
w0 bi(n,x2,...,x1) =X Z ijxk (Sik = Sjk) —n Z (Cikml = Cjk,mi)XmX1
j=1k=1 1<l,m<L

° . . .
231 We first prove that for all (n, x2,...,x2) € S, a(n, x3,...,x) is an invertible
232 matrix.

23 Lemma5 Assume that n # 0, then

L L
1
234 det(a) = F 1-— 2)6,‘ -l_gx,'.
i= i=

25 Proof It is well known that det(a) is a polynomial of degree less than 2L — 2. It is
26 obvious that any x;,7 = 2, ...,L, is a factor of det(a). Moreover adding all columns,
;37 we also obtain that (1 — ZiL:2 x;) = x1 factorizes det(a). The derivative of det(a) is
28 of degree one in any variable x;, since it is a multilinear form on its columns whose
29 derivatives are of degree one. The conclusion follows by computing the determinant
0 with x; = 1/L (which allows us to check that the value of the dominating constant is
P o

@ Springer

'é: Journal: 285 Article No.: 1283 [ ] TYPESET [__|DISK [_|LE [ CP Disp.:2018/8/21 Pages: 29 Layout: Small-Ex




G
]
]
S
(=W}
-
o
=
+—
=
<

242

243

244

245

246

247

248

249

250

251

252

253

254

255

256

257

258

259

260

261

262

263

Impact of demography on extinction/fixation events

We remark that a(n, x2, ..., x7) = a(xz, ..., xr)/n where the second derivative
of a is bounded. Then from Theorem 5.2.3 of Stroock and Varadhan (2007), there

exists a Lipschitz square root ¢ of the matrix a.
Let us note that b; (n, xp, ..., x1) = x; (S; — 21;22 S;x;) where

L
Si(n. X2, XL) =D SikXk =N Col ik XmXIXk-
k=1 k.l,m

We have the remarkable identity: If X' denotes the vector of coordinates S; (n, x3, . . .,

xr),i =2,...,L,then

a(n,x,...,x1).2 = Zb(n,xz,...,xL). 5)
n
Then for (n, x) € S,
lo ™ (n, x2, .. x0)b(n, x2, . x )|
= <b(n,xz,-.-,xL),a_l(n,xz, ...,XL)b(n,xz,..-,xL)>
n
=—(b(n,x2,...,x1), X).
14
Therefore there exists a constant C > 0 such that for all (n, xp,...,x7) € S,
-1 2 2
Ho (n,x2,...,xp)b(n, x2, .. .,xL)H < C(1+n%). (6)
Let (N, X 20X L) be solution to the stochastic differential system
1 L 2 L i
dN; = /yN;dB N, — aN, S;(N¢, X2, ..., X)) XL ) de o
t Y Nt ; +Ne | p at+i§2 i (N t [) ¢ . (No, Xo) € S
dX; = o (Nt, X¢) dBy + b(Ny, Xp)dt
(7N
where X = (X 2, o X L) and B! and B are two independent Brownian motions

respectively one and L — I-dimensional. The system is well defined as soon as the

. .o . 1 2 L
solutions stay in S and then for any time t < T;Y A TX ATE A--- AT, where

X'=1-x?>—-... - XL

We now use the following L-dimensional Girsanov transformation (Ikeda and
Watanabe 1989, p. 192). Let us introduce k € N and define 7z = TON A TkN A

T¥ " A TOX2 A AT " We introduce the exponential martingale & (M), Az, Where
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forany t < 1,

L t N
M, =—(<ZS,» (Ns,xf,...,xf)f X! /-“) dB!
i=2 0 4
L
+Z/ o (NS,XE,...,XSL> b(NS,Xf,...,XSL)st).
i= 70

For each k, the martingale £(M); »r, is uniformly integrable, thanks to (6). Under the
probability Q such that %U} = E(M);, the process (B',B) = (B'—(B', M), B —
(B, M)) is a L-dimensional Brownian motion, and the process (N, X2, ..., XLy is
solution to the stochastic differential system
~ i
{dN, = VYN dB! + Ni(p —aNp) di . N ®

dX; =o(Ny, X;)dB,

fort < 1.
The end of the proof of (ii) and (iii) consists in using a time change in order to
apply Theorem 1 (i) and (ii). Using Example 2 in Section B, we know that

Ty v
/ ds = 400
0 2Ns

a.s. Hence we can define the time change t(¢) defined for all # € [0, +00) as the
unique positive real number satisfying

(1) y
/ ds =t. ©)]
0 2N;

In particular, 7 is increasing and, under Q, the process defined for any 7 by X, =X (1)
is a Markov process whose generator is given in (3).
Since (-) is increasing, we deduce that, Q-almost surely,

X AT A AT =X AT A AT
and that, up to a Q-negligible event,
[T AT A AT < = {1 AT A AT < ool
Using Theorem 1, we deduce that
X! X2 Xk N
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Hence, one has

P(TE AT A AT < 1Y)

- kETOOP(TOXl ATE A ATE < TV A TON)

— 1 Q _
_kETwE ITOXI/\TOXZA»--/\TOXL<TkN/\TON5( M) ar

v

tim E® (L _px E(=M)gp g )

k— 00

= lim P(1) <7¥)=1.

k—+o00

Using the same induction argument as in the proof of Theorem 1, this concludes the
proof of (ii) and (iii) and hence of Theorem 4. O

4 Demography and maintenance of biodiversity

The general demogenetics model (1) was obtained from a specific scaling of the param-
eters in the individual-based model. Other scalings will lead to different coefficients.
In particular we can generalize the linear form of the size diffusion coefficient (Feller
diffusion). Our aim in this section is to emphasize the importance of the variance
effects, both in the demographic and in the genetic part of the system, on the long time
behavior. The main question is whether one allele gets fixed almost surely before the
population goes extinct. We will see that it depends on the behavior of the diffusion
coefficient near extinction in the equation satisfied by the population size. The next
theorem notably highlights the major effect of the demography on the maintenance of
genetic diversity by giving a necessary and sufficient criterion ensuring almost sure
fixation before extinction.

For simplicity we consider in this section the bi-allelic framework.

Let us consider the process (N;, X;);>0 solution to the system of stochastic differ-
ential equations

dN; =0 (Ny)dB; + Ni(p —aNy)dt, No >0, >0 - (10)
/ — , < S
dX[ - %dwt 0+

where B, W are independent one-dimensional Brownian motions, o : (0, +00) —
(0, 400) is locally Lipschitz and f : (0, +00) — (0, +00) is locally bounded away
from 0 and where
N ._ 1; N
T0+ T HETOO Tl/n.
Note that lim inf,_,o f(x) can be null or not, nevertheless the former case is more
interesting and biologically motivated (see Coron 2016). Note also that the system
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admits a pathwise unique strong solution, as will be explained in the proof of the
following theorem (if o is only locally Holder continuous, an adaptation of our proof
leads to the weak existence and pathwise uniqueness of a solution to this system, so
that the following result remains valid).

Theorem 6 Fixation occurs before extinction with probability one if and only if

y
——dy = . 11
/o+<72(y)f(y) Y=o (1

In particular, if f is the identity function, the behavior of o (V) near extinction plays
a main role. Whereas for the usual demographic term o (N) = VN (studied in the
previous sections), fixation occurs almost surely before extinction, a small perturbation
of this diffusion term, taking for example o (N) = N (1=8)/2 o< 0, leads to extinction
before fixation with positive probability. An example of trajectory for which fixation
does not occur before extinction is given in Fig. 1, and the effect of ¢ on the probability
of extinction before fixation is numerically studied in Fig. 2.

Note that the demographic term o (N) = +/N can be explained from an individual-
based stochastic system in a case of large size combined with accelerated birth and
death. This corresponds to population dynamics with allometric demographies whose
time scale is explained by the metabolic theory which relates the individuals charac-
teristics and their mass (cf. Brown et al. 2004; West et al. 1999; Gillooly et al. 2001).
This leads in the limit to systems in which the organisms with short lives and fast
reproduction create a demographic stochasticity modeled by the Brownian part (cf.
Champagnat et al. 2006). In the case where some specific density-dependence impacts
the birth and death rates, we can obtain, in the limit of large population, a demographic

T T T T T T T T T T T T T T 1
05 055 06 085 07 075 08 08 09 0985 1 105 11 115 12

09

°71 h Fy [N
06 {,4\ vii_ f " | l
|

I
051 ‘H

0.4+ W | |
03 V [v‘l‘l I 1

02+ Y

0.1 T T 3 ™ ™ ™ T u ™ T T T T T T ) T J
005 01 015 02 025 03 035 04 045 05 055 06 065 07 075 08 08 09 09 1 105 11 115 12

Fig.1 We plot a trajectory of the 2-dimensional diffusion process (N, X) such that dN; = 4/ N[( ! _E)dB; +

Ni(p — aNpdt and dX; = | X15=XD aw;, with e = 0.4, p = —1 and « = 0.1. For this trajectory,
fixation does not occur before extinction
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=
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Fig. 2 For different values of ¢, we simulate 10,000 trajectories of the 2-dimensional diffusion process

(N, X) such that dN; = \/N{' " dB} + N, = eNpydr and dX; = J¥GHD with r = —1 and

¢ = 0.1. We plot the number of simulations for which fixation does not occur before extinction

term of the form o(N) = NU=9/2 ¢ > 0. For the mathematical statement of such
limits, we refer to Bansaye and Méléard (2015).

Proof Letus first prove that the system (10) admits a unique (strong) solution up to time
TO’YF, which in particular implies the strong Markov property used in the sequel. Given B
and W, forall n > 1, there exists a pathwise unique strong solution N to the equation
dN]' =0 (N')dB;+N/'(p—aN/")dt for all timet < Tllyn :=inf{s >0, NI <1/n}
[this is an immediate consequence of Theorem 3.11 p.300 in Ethier and Kurtz (1986)].
Setting N; = N/ for all t € [T, f}’n, Tf}’” +1), one obtains a pathwise unique strong

solution to dN; = o (N;) dB; + Nt (p — aN;)dt up to time Toji [in the case where o
is only Holder continuous, weak existence holds true, see for instance in Section 12.1
of Champagnat and Villemonais (2018)].

We define the random number

r /T°”+ Ly,
= R)
" o F(N)

and the time change t(¢), for all ¢ € [0, Tj,4x), as the unique positive real number

satisfying
(1) 1
ds =t.
/o J(Ny)

In particular, t is increasing and TOZYF = t(Thnax)-

We define W, := Or(t) md Wy for all t < T4 (Which is a standard Brownian

motion), and consider X, the unique strong solution to

dX; =\ X,(1 = X)dW,, Xo=Xo, 1 €I0, Tnax)

@ Springer

'é: Journal: 285 Article No.: 1283 [ TYPESET [__|DISK [_]LE [_] CP Disp.:2018/8/21 Pages: 29 Layout: Small-Ex




S
o
o
il
[a W
-
o
=
+—
=
<

368

369

370

37

372

373

374

375

376

377

378

379

380

381

382

383

384

385

386

387

388

389

390

391
392

393

394

395

396
397
398
399

400

401

402

403

404

C.Coron etal.

[strong existence and pathwise uniqueness of such a solution is a consequence of
Proposition 2.13 p.291 of Karatzas and Shreve (1991)]. Then the process X; := Xe-1(p)

is a strong solution to dX; = ,/ % dW; for all t < TO]YF Pathwise uniqueness

up to time T{}’n,n = inf{t > 0, N; ¢ [1/n,n]} for all n > 1 is proved using the

same approach as in the proof of Theorem 3.8 p.298 of Ethier and Kurtz (1986), using
the fact that inf ye(q/n,0) f(y) > 0. Since lim,,— 4 T{}’n’n = Toji almots surely, one
concludes that the system (10) admits a pathwise unique strong solution.

We denote by Tr = inf{r > 0, X; € {0, 1}} the (possibly infinite) absorption time
of X.

Assume first that f0+ dy = +oo. In this case, using (21), we note that

Yy
a2 ) A
5(y) ~y—0 ys'(y). Hence T},4x = 400 by Corollary 2, and X reaches 0 or 1 in finite
time almost surely. Then, Tr = r(f" ) < T(Thax) = TOIY|r (i.e. fixation occurs before
extinction) almost surely.
)7

Assume now that [, o0

ability one by Corollary 2. Let W’ be a Brownian motion independent from B and

consider X’ the solution to the SDE d)A({ = ,/)A(;(l — }A(;) dW,’, )A(f) = Xo. We define
fort < TOIYr the time changed X, = )A(’r,l(l), so that (N, X') is solution to the SDE

system (10) and hence, by uniqueness in law of the solution to this system, (N, X’)
and (N, X) have the same law. Since (N, )'d )and (N, X ) can be obtained as the same
function of (N, X’) and (N, X) respectively, we deduce that they share the same law
up to time 7}, . Then we have

dy < 4o00. In this case Tjqr < +00 with prob-

P(X, € (0,1) ¥t < Ty and X _ exists in (0, 1)
%
=P(X, € (0,1) Vt < Tppoy and X7, existsin (0, 1))
=P(X, € (0,1) Vt < Tyax and X} existsin (0, 1)) > 0,

since N and X' are independent and X'isa Wright—Fisher diffusion. This concludes
the proof, since {X; € (0, 1), Vt < Toli and XTON_ exists in (0, 1)} C {TOIYF < Tr},
+

therefore IP’(TOIX_ <TfF) > 0. O
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Appendix A: Derivation of the generator (1) from an individual-based
model

Appendix A.1: The model

We consider a population of diploid hermaphroditic organisms, characterized by their
genotype at one locus. There exist L versions (alleles) of the gene at this locus and we
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denote by 1, 2, ..., L, these alleles. Individuals can then have genotype ij for all i and
j in [[1, L] (genotypes ij and ji are not distinguished), and we study the dynamics
of the respective numbers of individuals with each genotype. We introduce a scaling
parameter K € N\{0} that scales the initial population size and goes to infinity. The
population is then represented at any time ¢ > 0 by a symmetric positive matrix with
size L, whose coefficients belong to Z /2K :

NE () = (nE )

1<ij<L’

where foralli € [1, L], nX (1) € Z, /K is the number of individuals with genotype ii
at time ¢, divided by K and foralli # j € [1, L], n{j(t) +n§§.(t) = 2n{§(z) eZ,/K
is the number of individuals with genotype ij at time ¢, divided by K. For any time ¢,
and for all K, NX(¢) belongs to the space ST ([0, +00)) of symmetric matrices with
positive real-valued coefficients.

Notation 7 For any matrix v = (v;j)1<i j<L € SE([0, +00)), we define Viiiy = Vi
and viijy = 2v;j forall i # j.

We assume that the population follows a non-linear birth-and-death process with
Mendelian reproduction and competition whose jump rates will be given later.
The following quantities play a main role in this study:

- N¥@1) = > /e[[l 7] nllj(t) is the rescaled population size at time ¢,

K (=2 Z =1 nK (1) is the rescaled number of occurrences of allele i at time ¢,

Koy Z, ,J()
2NK@) — an(z)

xiK (1) = is the proportion of alleles i at time ¢,

K
.
- xiK- @) = A‘,’f(’ o) is the proportion of genotypes ij at time ¢,
K
( ).

ek HOE xK (t)xK () — “4— is called the deviation of the population from Hardy-
Wemberg structure for genotype ij withi # j.

Foralln = (n;;); jeqi.2] € S*([0,400)) \ 0, we set for all i # j,

(X i) (i min) My
2 P
(Zz ; nl]) 2 Mij

vij(n) = € =

We obtain the following result:

Lemma8 Foralln = (”ij)i,je[[l,L]] € SE([0, 400)) \ 0, let us define

2n
¢1(n) = z,zln”’ ¢i(m) = S

(Pr+1(), ..., drL+1y2m) = ((Y1;M)1<j<r, W2jM)2<j<L, - ., Y—1)L(0))

foralli € [2,L],
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The function

¢+ SE([0, +00)) \ 0 — ¢ (SE ([0, +00)) \ 0)
n g = (g1, ... pruon )

is a bijection.

Proof Setting x; = 1 —xp — x3 — --- — x, we get that
(n, x2,x3, ..., XL, (€1j)1<i<j<L, (€2j)2<i<j<Ls---» €L-1)L) = P(X)
if and only if

nij =n(xix; — ;) foralli # j, and

nii = n(x;)? + Z €ijs which gives the result.
J#
O

Foralli, j € [1, L], wenow denote by ¢; ; the square matrix with size L such that for
stkD 4 skl

allk,l € [1,L], e kD) = w Individuals experience panmictic Mendelian

reproduction. Therefore, for all i < j € [1, L], as long as the total population size

lei, j<pMij =n # 0, the rate )»5 (m) (resp. k{f (m)) at which the stochastic process

NX jumps fromn = (”ij)i,je[[l,L]] e SE([0, +00)) ton + ejj/K (resp.n+e;; /K) is
given by:

A (%) = 2Kbfs nxix;

(12)
)Ll-lf x) = Kbilgnx?,

where bilj(. € [0, +o0) forall i < j € [1, L]. These birth rates are naturally all equal
to0ifn =0.

Each individual can die either naturally or due to the competition with other indi-
viduals. More precisely, for alli < j € [1, L], the rate ,uilj (x) at which the stochastic

process XX jumps from x = (Xij)ije[1.L] € SE([0, +00)) tox —¢;j /K , is given by

Mﬁ(X):K d{]{—i—K Z cin,klxkl X{ij}s (13)
1<k,i<L

where dilj € [0, +00) is the intrinsic death rate of an an individual with genotype ij,

and cllj( w € 10, +-00) is the rate at which a given individual with genotype ij dies due
to the competition with a given individual with genotype k! (we have used Notation
7). We obviously assume that Ci[](',kl = ci’](.’lk = cﬁ’kl foralli, j, k, and [, since the two
genotypes ij and ji are indistinguishable.

Note that for all K € N\{0}, the pure jump process XX is well-defined for all
time ¢ € [0, +00). Indeed, the process (N K@), t > 0)is stochastically dominated
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by a logistic birth-and-death process N with birth, intrinsic death and competition

parameters respectively equal to sup biI]{. < 400, inf dl.lj and ‘i.nlf 1 c,§ i > 0, which,
i,j L] i,],k, !

from Chapter 8 of Anderson (1991), does not explode, almost surely.

The stochastic process (XX (1), t > 0) is therefore a pure jump process with values
in SE(R,) (endowed with the distance r such that r(x,y) = max |x;; — yij|, for
L]

instance), absorbed at 0, and defined for all # > 0 by

t t
K _ yK ¢ij ij _ ¢ij ij
Xt 5| e ) = [ a0 |

I<i<js<L

where the measures n;cj fori < j € [1,L] and k € {1, 2} are independent Poisson
point measures on [0, +oo)2, with intensity dsd6. For all K, the law of XX is then
a probability measure on the space of trajectories D([0, +00), SE(10, +00))) which
is the space of cad-lag functions, from [0, +00) to S% ([0, +00)), endowed with the
Skorokhod topology. The extended generator LX of (XX (1), > 0) satisfies, for all
measurable function f from S ([0, +00)) to R, and for all x € S ([0, +00)):

cFroo= Y [#heo (f(x+ L) = @) +ufeo (£ (x=2) - fo)].
l<i<j<L
(14)
where the rates )»5 (x) and ,ug (x) have been defined in Egs. (12) and (13) foralli < j.

Appendix A.2: Slow-fast dynamics

We now study the convergence of the sequence of stochastic processes (XX (1), 1 >
0) k en\ (0} toward a slow-fast stochastic diffusion dynamic, as done in Coron (2016).
To this aim, demographic parameters must be properly rescaled, according to the
following assumptions, for y > 0:

bfi = yK +Bij €10.4+00), dff =yK +8; €[0.+00), and

Kk Yijk
Cijkl = K

€ 10, +00).
Besides, we assume that

there exists a constant C < oo such that sup ]E((NK(O))3) <C. (15)
K

Then, from Lemma 1 of Champagnat (2006) and the proof of Theorem 5.3 of Fournier
and Méléard (2004):

(1) There exists a constant C > 0 such that

sup sup E(N X (1))*) < C.
K IZO
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(i) Forall T < +o0, there exists a constant C7 such that

sup E (sup (NK(1))? ) Cr.

t<T

The following proposition gives the convergence of the fast variables
((el.lf. (t)1<i<j<L,t = 0) toward 0 and is an extension of Proposition 3.2 of Coron
(2016) for a larger number of alleles. The proof of this result can be found in Coron
(2013), Chapter 4, “Appendix A”.

Proposition 1 Under the Hypothesis (15), for all times s,t > 0 and for all i # j €
[1,L], sup E((ek(u)) ) — 0 when K goes to infinity.
(<ust+s

We next study the asymptotic behavior of the sequence of stochastic processes con-
stituted of the remaining variables (NX (1), xX (1), xX (1), ..., xX (£));0 introduced
in Lemma 8, when K goes to infinity. For more 31mplicity, we first consider the
sequence of stochastic processes ((n]K(t), n§ ), ..., nf(t)),zo)KeN\{o} giving the
respective numbers of occurrences of the different alleles, whose dynamics are sim-
pler. The proof of the following can be found in Coron (2013), Chapter 4, “Appendix
A” and is a generalization of the proof of Theorem 1 in Coron (2016).

Theorem 9 Under (15), if the sequence (n1 0), n§ 0, . nf (0)) k eny {0} converges
in law toward a random variable (n1(0), n(0), ..., nL(O)) e [0, +oo)L when
K goes to infinity, then for all T > 0, the sequence of stochastic processes
(@), nK@),....nK @), t € [0, T]) converges in law in D([0, T1, [0, +0c0)*)
when K goes to infinity, toward a time-continuous diffusion process ((n1(t), na(t), ...,
nr(t)),t € [0, T)) starting from (n1(0), n2(0), ..., nr(0)), which is the unique con-
tinuous solution of the martingale problem:

gy (1), na(1), ..., n (1)) — g(n1(0), n2(0), ..., nL(0))

. (16)
—/é Lgmi(s),n2(s),...,np(s))ds

is a martingale for all function g € Cg([O, +00)l, R) where L satisfies
L L

ag nin; nin;
£gnr,.om) =Y =) | 3 | By — 8y - Za,,kz2z ” Zlk,;k

i=1 ! Jj=1

(n) Znn]
+y Z 2(n)[ +n,}+yza - <>[ank]

7)

for all pointn = (ny,...,nr) of [0, —l—oo)L.

Note that the diffusion coefficients of the generator £ go to 0 when the total ), ng
goes to 0. The system of Egs. (16) and (17) admits a unique strong solution up to
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time 7¢ = inf{r > 0,n1(t) + n2(t) + --- + np(t) > €}. Then from Theorem 6.2,
Chapter 4 of Ethier and Kurtz (1986), it admits a unique strong solution up to time
To+ = lime 0 7.

From Theorem 9, we deduce for all ¢ > 0 the convergence of the sequence of
stochastic processes (NK (@), sz (1), x3K (1), .. .xf (t))1=0 stopped when NE@) <€,
toward a L-dimensional diffusion process (N (.), x2(.), ..., x1(.)) AT, stopped when
N(t) <e:

Corollary 1 Foralle > 0 and T > 0, let us define TGK =inf{r € [0, T]: NX@r) <
€). If the sequence of random variables (NX(0), sz 0), x3K 0, .. .xllf ) €
[e, +00[x[0, 11E7! converges in law when K goes to infinity, toward a random
vector (N (0), x2(0), x3(0), ...x7(0)) €le, +0o[x[0, 1157, then the sequence of
stopped stochastic processes {(NK@ A TGK), sz (t A TEK), x3K (A TGK), e, xf (t A
TGK))OftST}Kzl converges in law in D([0, T], [€, oo[x [0, 1]L_1) when K goes to
infinity, toward a continuous diffusion process (N(t N T¢), x2(t AN Te), ..., xp(t A
T:))o<i<r Sstopped at time T = inf{t € [0,T] : N; = €}, starting from
(N(0), x2(0), x3(0), ...x1(0)) and whose infinitesimal generator L is defined for
all function f € C3([e, co[x[0, 11-71, R) by

Lifn,xa,...,xL1)

af
=n E Bij — 8ij — E o kINXEX] | XiXj —8n(n,xz,-..,xL)
1<i,j<L 1<k,I<L

+ Vna_n‘];(nv X2y ot ,.XL)

L L L
* Z i Z ijxk ((Bik — Bjx) — Gik — 8jx)

i=2 j=1k=1
af
— Y ikt — k)X X1 o X200 XL)
1<l,m<L !
L 2
xi(1—x;)d°f
+ ZyTﬁ(n’x27 . 'a-xL)
i=2 i

xix; 0%f
- Z y#—(ns-x?v"'sx[,)

i;éje[[Z,N]] 2n 3)6,'3)61‘

The link with the generator (1) can be seen by setting p = B11 — 811, sij =
(Bij — 8ij) — (B11 — 811), @ = aq1,11 and ¢k = j g — @11,11-
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Appendix B: Integrability properties for diffusion processes

Proofs of Theorems 1, Lemmas 2, 3 and Theorem 4 rely on the integrability of paths
of diffusion processes. This section is devoted to the statement and the proof of a
criterion for such integrability (Theorem 11). More precisely, this result states that,
depending on the behavior of the diffusion and drift coefficients near absorption, the
integral of the paths of diffusion processes are either almost surely finite or almost
surely infinite. This 0-1 law criterion has already been proved by various methods,
using a combination of the local time formula and Ray—Knight Theorem (Engelbert
and Tittel 2002; Mijatovic and Urusov 2012; Khoshnevisan et al. 2006) (see also
Engelbert and Senf 1991; Foucart and Hénard 2013 for proofs in particular settings).
We give a simpler proof of this criterion, which also provides explicit bounds for
the moments of perpetual integrals and can be easily extended to more general one
dimensional Markov processes. Then, we extend this result to a diffusion taking values
in a compact subset and finally to non-homogeneous processes by the use of Girsanov’s
transform.

Appendix B.1: General diffusion processes on [0, +00)

Let us consider a general one-dimensional diffusion process (Z;,t > 0) (thatis a
continuous strong Markov process) with values in [0, +00). We denote by T the
hitting time of z € [0, 4+-00) by the process Z:

T, =inf{t >0, Z, = z}.

When the process Z has to be specified, this time will be denoted TZZ.

Let us denote by P, the law of Z starting from z. We assume that Z is regular
(Vz € (0,+00),V¥y € (0,+00), P,(Ty < +00) > 0). This implies that for any
a<be(0,+o0)anda <z < b, E, (T, A Tp) < +00 and we can associate with Z
a scale function s and a locally finite speed measure m on [0, +00) (see Revuz and
Yor 1999, Chapter VII). We moreover assume that for all z € (0, 4+-00),

P.(To=To AT, < +00) = 1, (18)

where T, is the explosion time.

Lemma 10 Condition (18) is equivalent to
s(4+00) = +o00; 5(0) > —o0; / (s(y) —s(0))m(dy) < +o0. (19)
0+

Note that Condition (19) is well known in the case where Z is solution of a stochastic
differential equation (cf. Karatzas and Shreve 1991, p. 348; Ikeda and Watanabe 1989,
p- 450).

Proof Assume first that (18) is satisfied. As Z has scale s, s(Z) is a local martin-

gale on (s(0), s(4+00)) such that T:((O? < T;((fgo) a.s.. We deduce that s(0) > —oo
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and s(4+00) = 4o00. The diffusion s(Z) has a natural scale with speed measure
m = m o s~ ! (see Revuz and Yor 1999, Chapter VII). Since it attains s(0) in
finite time almost surely, we deduce using (Rogers and Williams 2000, Theorem 51-
2) that fS(OH(M — 5(0)) m(du) < +oo. As fS(OH(M — 5(0) m(du) < +oo
f0+ (s(y) —s(0)) m(dy) < 400, we obtain (19). Conversely, assume (19). Conditions
s(0) > —oo and s(400) = 400 imply that the local martingale s(Z) doesn’t explode
a.s.. Since [y, (s(y) — 5(0)) m(dy) < +o0, then fs(0)+(u — 5(0)) m(du) < 4+o00 and
the process s(Z) attains s(0) in finite time a.s., so does the process Z. O

Since the function s is defined up to a constant, we choose by convention s(0) = 0
as soon as s(0) > —oo.

The following theorem gives a 0—1 law criterion for the finiteness/infiniteness of
perpetual integrals of diffusion processes, for which we provide a new and simple
proof.

Theorem 11 Let (Z,,t > 0) be a regular diffusion process on [0, +00) with scale
function s and speed measure m on (0, +00) satisfying (19). Let also f be a non-
negative locally integrable function on (0, 400). Then, forall z > 0 and alln > 1,

To n 00 n
1&[(0 f@adQ }SHYCL uwaOmww)

and

To

/ s(y) f(y)ym(dy) < 400 < f(Zs)ds < 400 P,-almost surely
ot 0
To

/ s(y) f(y)m(dy) = +00 f(Zs)ds = 400 P -almost surely.
0+ 0

Proof Because of the non-explosion assumption (19), we have fOTO f(Zgyds <
oo & Vk € N, [0 f(Z)1z,<xds < +o0and [ f(Z,)ds = 400 & Fk € N
such that fOTO f(Z)1z, <k ds = +oo. Hence it is sufficient to prove Theorem 12 for
functions f satisfying faoo f(x)s(x)m(dx) < +oo for all a > 0. We make this
assumption from the rest of the proof.

As Z has scale function s and speed measure m, the process s(Z) is on a natural
scale with speed measure m o s~'. Then it is enough to prove the result for Z on a

natural scale. In particular, we have the following Green formula [see [Chapter 23] of
Kallenberg (2001)]

To
E( ﬂAMO=/ 2(x A y) £ m(dy).
0 (0,+00)
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Noting that

Ty X Tejk+1)
rzyas =y [ 2o,
0 k=1 T,

x/k

one easily checks that, under P, for any x € (0, +00), fOTO f(Zy)ds < 400 satisfies

a 0-1 law. Indeed, the random variables fT]E/L (D f(Zs)ds, k > 1 are non-negative

and independent (strong Markov property) and almost surely finite because of our
assumptions and the Green’s formula applied under P, /x up to time 7'z 1. Hence
the above series is finite with probability zero or one.

Let us now assume that f(0’+oo) y f(y)m(dy) < +o0. Then fOTO f(Z)ds < oo
almost surely and, for alln > 1,

TO n TO TO n—1
Ex |:< f(Zs)dS> :| =E, |:n f(Zy) ( f(Zu)du> dS:|
0 0 s
00 Ty n—1
=n / E, |:1s<T0f(Zs) ( f(Zu)du> j| ds
0 s
To To n—1
=nkE, |: F(Z)Eg, (( f(Zu)dM> ) dS] ,
0 0

where we used the Markov property. We immediately deduce by induction that

To n n
E, [( f(Zs)dS> ] <! ( / 2yf(y)m(dy)> .
0 (0,400)

This concludes the proof of the first part of Theorem 11 (the inequality is trivial when
./(0,+oo) y f(y)m(dy) = +00).

Assume now that f(O’Jroo) y f(y)ym(dy) = +oo and fix x € (0, 4+o0). For all
k> 1, we set

f» ify>1

fk(y):{f(y)/\k ify<1.

In particular, f(o +o0) fx(y) ym(dy) < oo for all k > 1 and hence, using the inequal-

ities established above and then the fact that |, (0.+00) 2yfi(y) m(dy) goes to infinity
and the fact that yf (y)m(dy) is assumed to be finite on neighborhood of 400, we
deduce that for k large enough
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To 2 2
E, [( fk(Zs)dS> } <2 ( / 2y fk(y)m(dy)>
0 (0,+00)

oo 2
<2 </(0 : 2(y Ax) fre(y) m(dy) +/ 2(y —x) f(y) m(dy)>
,+00 X

IA

2 ~ y
4 (/(0 )2(yAx)fk(y)m(dy)> +4</ 2(y—x)f(y)m(dy)>
,+00 .

2 To 2
<5 ( / 2<ym>fk<y>m<dy>) <5 [E( fk<zs>ds)] .
(0,400) 0

We deduce that, for k large enough,

7 B (fy fiZods)\ 4
Pl | fezods = 2 S

Indeed, for any random variable ¥ > 0 such that E(Y 2) < 5]E(Y)2, we have, setting
M =),

S5M? > E(Y?) > E(Y?|Y > M/2)P(Y > M/2) > E(Y | Y > M/2)*P(Y > M/2)
_EQy=mp)? | M4
~P(Y >M/2) TP >M)2)

and hence P(Y > M/2) > 1/20. Now using the fact that fj is increasing in k, we
deduce that, for k large enough,

o B, (fo fi(Zo)ds)
P, f(Zs)ds > 5
0

> 1/20.

Since E, ( fOTO fk(Zs)ds) is not bounded in k, we deduce that

P, (fOTO f(Zy)ds = +oo> > 1/20. This and the fact that {fOTO f(Zs)ds = 400}
satisfies a 0—1 law conclude the proof. O

The equivalences stated in Theorem 11 are particularly useful when Z is solution
of

where B is a one dimensional Brownian motion, and o : (0, +00) — (0, +00) and
b : (0, +00) — R are measurable functions such that /o2 is locally integrable. The
scale function (up to a constant) and speed measure equal to
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5(x) =/xexp (—2/y b@) dz) dy: m(dx) = — 28 1)

o2(2) s'(x) o2 (x)’

(cf. Kallenberg 2001, Chapter 23).

Corollary 2 Assume that Z is solution of (20) with s(+00) = +00 and f0+ s(y)m(dy)
< 400. Let us consider a non negative locally integrable function f on (0, +00). Then,
under P,

To
ot % y=+00 < A f(Zs)ds = 400 almost surely,
To
. sf((y};—f;g) dy <400 <— f(Zs)ds < 400 almost surely.
0 0

Let us give two examples for population size processes.

Example 1T Branching process with immigration. Let us consider the solution of the
stochastic differential equation dN, = o+/N,;dB; + pdt, p > 0. Computing s and
m as in (21), we easily obtain that (18) <= B/0> < 1/2. Applying Corollary 2 with
f() =1/y%, we have

Ty To
ds =400 a.s. < o > 1; / ds < +00 a.s. < a < 1.
/O (Ns)a 0 (Ns)a
(22)

In the particular case o = 1, the authors of Foucart and Hénard (2013) propose an
other approach based on self-similarity properties.

Example 2 Logistic diffusion process. Let us consider the process

dNt:\/NtdBt+Nt (b—CNt)d[, N()>09

Y je2—2b em ey
where ¢ > 0. Then s(y) = [; ¢ *"dz and m(dy) = ———dy and
y

Jo+ s(Im(dy) < +oo, since S,S((yy))y —y—0 1. (Note that if ¢ = 0, the condition

s(400) = +o0 is not satisfied). It is immediate to check that (22) also holds.

Appendix B.2: General diffusion processes on (a, b)

Let us consider a general diffusion process (X, > 0) with scale function s and
locally finite speed measure m on (a, b), with —oco < a < b < +o0. Let us denote
by T, and T} the hitting times of a and b respectively by the process X. We assume
that, for all x € (a, b), P, (T, A T, < +00) = 1. This is the case if and only if one of
the following properties is satisfied
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(i) —oo < s(a) < s(b) < 400; [, (s(y) — s(a)) m(dy) < 400 and fbi(s(b) —
s(y)ym(dy) < +o0;
(i) —oo < s(a) and s(b) = +o00; [+ (s(y) — s(a)) m(dy) < +00;

(iii) s(a) = —oo and s(b) < +00; fb_ (s(b) —s(y))m(dy) < +o0.
Theorem 12 Fixx € (a, b) andlet f : (a, b) — R be alocally bounded measurable

function. Then

N
/ (s(b) —s(y)) f(y)m(dy) = o0
T
o P, ({ " F(Xy)ds = oo} NIT, < Ta}> _ P, (Ty<T,)
0
N
/ (s(5) — s() f(m(dy) < oo

T)
< P, ({ ’ f(X5)ds < oo} N{T, < Ta}> =P, (T, <T,).
0

A similar result holds at the boundary a.

Proof As in the proof of Theorem 11, it is enough to prove the result in the case where
s is the identity function. Without loss of generality, we take (a, b) = (0, 1). Let us
consider x € (0, 1), fix ¢ € (0,1 — x) and consider a locally finite measure m® on
(0, +00) such that the restriction of m® on (0, 1 — &) is equal to the restriction of m
on (0, 1 — ¢). Let X¢ be a diffusion process on natural scale on (0, +00) with speed
measure m® and starting from x, built as a time change of the same Brownian motion
as X. Because of this construction, X and X¢ coincide up to time Ty on the event
{To < T1—}.
Now, by Theorem 11 applied to X¢ and f° : y > f(y)1,<i—., we deduce that

To
f(X{)Ixe<1— ds = +oo almost surely <= / y f(y)m(dy) = +oo,
0+

To
/ f(X{)1xe<1eds < 400 almost surely < / y f(y)m(dy) < +oo.
0 ‘ o+

Since on the event Ty < Tj—, X and X? coincide up to time 7y and Xy < 1 — ¢ holds
for s < Tp, then up to P,-negligible events,

To
/ y f(y)m(dy) = +o0 = f(Xs)ds =400 onTy < Tj_e.
ot 0

To
/ Yy f(ym(dy) < +o0 = f(Xs)ds < +00 onTy < T1—.
ot 0
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The continuity of the paths of X implies that {Ty < T1} = Up<s<1—x{To < T1—-¢},
which yields, up to negligible events,

To

/+ yf(ym(dy) =+00 = f(Xs)ds =400 onTy < T.
0 0
To

/0+ y f(y)m(dy) < +o00 = A f(Xg)ds < 400 onTy < Ti.

This concludes the proof of the direct implications in Theorem 12.

Now, assume for instance that fOTO f(X5)ds = +oo0 on Ty < Ti. Then, a for-
tiori, fOTO f(Xs)ds = +ooon Ty < Ti_, for any ¢ € (0,1 — x). This implies
that fOTO f(X5ds = oo on Ty < Ti—e. But Ty < Ti_, happens with probability
x/(1 — &) > 0 by definition of the natural scale. We deduce from Theorem 11 that
f0+ y f(y)m(dy) < 400 does not hold and hence, because f is non-negative, that
f0+ y f(y)m(dy) = +o0. This provides the first <= implication in Theorem 12. The
second < implication in Theorem 12 is proved using similar arguments.

The result at boundary b is proved similarly. O

Appendix B.3: Extension to non-homogeneous processes by use of Girsanov
transform

We are interested in generalized one-dimensional stochastic differential equations of
the form

dX; =o0(X)dB; + b(X;)dt + q(X;,0:)dt, Xo >0, (23)

where (B;,t > 0) is a Brownian motion for some filtration (F;); and (6;,t > 0)
is predictable with respect to (F;);. The process (6;); can for example model an
environmental heterogeneity.

Assumption (H): We consider real functions ¢ and b such that for any Brown-
ian motion W on some probability space, the one-dimensional stochastic differential
equation dZ; = o(Z;)dW; + b(Z,)dt, Zy > 0 satisfies the assumptions of Corol-
lary 2.

Theorem 13 Let us consider a solution X of (23) where o and b satisfy Assumption
(H). We also assume that Ty = TOX < 400 almost surely and that the sequence
(TkX YkeN+ tends almost surely to infinity as k tends to infinity.

Next, we assume that for any k € N\{0},

LT (X 6)
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Let f be a non negative locally bounded measurable function on (0, +00). We have

T
/0+ fMs(y)m(dy) = +o00 <+— A f(Xs)ds = +o00 almost surely,

TX
/0+ fO)s(y)m(dy) < +o00 <+— /0 ’ f(Xs)ds < +o00 almost surely,

where s and m are defined in (21).

Note that (24) holds true as soon as, for all k € R,

sup |g(x,0)/0(x)| < +oo. (25)
xe(0,k),0

Proof We use the Girsanov Theorem, as stated for example in Revuz and Yor (1999)
Chapter 8 Proposition 1.3.

Let us consider the diffusion process X k on [0, k], absorbed when it reaches 0 or
k, at time 7 ;= TOX A TkX.

The exponential martingale & (L¥),, where Lf = OMT" % d By, is uni-
formly integrable thanks to (24) and Novikov’s criterion. Define for any x > 0 the
probability Q, with ‘;% |7, = E(L);. Then, the process w = B — (B, L) is a Q-
Brownian motion and, under QQ;, X is solution to the SDE dX; = o(X;)dw; +
b(X;)dt. Hence s restricted to (0, k) is the scale function of X* under Q.. Since s and

f are both bounded in a vicinity of k, we deduce from Theorem 12 that

T
/ f(X)dt < 400 a.s.,under Q, (- | TkX < TOX).
0

Note also that, since we assumed that 7} tends almost surely to infinity, we have up
to a P, -negligible event,

To +00 Tk
{ f(X,)dt=+oo} = {f f(X,)dtz-l—oo}
0 0

k=0

and hence

Tt o
Px ( ' f(Xt)dI = +OO> = lim Px ([ ' f(Xt)dt = +oo> .
0 k— 400 0

But, by definition of Q, and by Theorem 12, we have

§ : g, 0)
P, (fo F(Xpdt = +oo) — E® <]1f0rk tdrmtoo € </O md‘”"»

(26)
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0if fo, s(3) f(y)m(dy) < 400
EQx (1T0<Tk g ( o 9(@s.6;) da)s)> otherwise

o (ws)
27
_ JOif fo, s f(y)m(dy) < 400 (8)
P, (To < Ti) otherwise.
Letting k tend to infinity concludes the proof. O

References

Anderson WJ (1991) Continuous-time Markov chains. Springer series in statistics: probability and its
applications. Springer, New York

Bansaye V, Méléard S (2015) Stochastic models for structured populations. Mathematical biosciences.
Institute lecture series 1.4. Springer, New York

Brown JH, Gillooly JF, Allen AP, Savage VM, West GB (2004) Toward a metabolic theory of ecology.
Ecology 85(7):1771-1789

Byers DL, Waller DM (1999) Do plant populations purge their genetic load? Effects of population size and
mating history on inbreeding depression. Annu Rev Ecol Syst 30(1):479-513

Champagnat N (2006) A microscopic interpretation for adaptive dynamics trait substitution sequence mod-
els. Stoch Process Appl 116(8):1127-1160

Champagnat N, Villemonais D (2018) General criteria for the study of quasi-stationarity. e-prints
arXiv:1712.08092

Champagnat N, Ferriere R, Méléard S (2006) Unifying evolutionary dynamics: from individual stochastic
processes tomacroscopic models. Theor Polul Biol 69:297-321

Coron C (2013) Stochastic modeling and eco-evolution of a diploid population. PhD thesis under the
supervision of Sylvie Méléard, Palaiseau, Ecole Polytechnique. http://www.theses.fr/2013EPXX0052

Coron C (2016) Slow-fast stochastic diffusion dynamics and quasi-stationarity for diploid populations with
varying size. J Math Biol 72(1-2):171-202

Engelbert HJ, Senf T (1991) On functionals of a Wiener process with drift and exponential local martingales.
In: Stochastic processes and related topics. Series mathematical research. Akademie-Verlag, Berlin,
Friedrich-Schiller-Univ, pp 45-58

Engelbert HJ, Tittel G (2002) Integral functionals of strong Markov continuous local martingale. In: Buck-
dahn R, Engelbert HJ, Yor M (eds) Stochastic processes and related topics: proceedings of the 12th
Winter School Siegmundsburg, Germany. Taylor & Francis, London

Ethier SN, Kurtz TG (1986) Markov processes. Characterization and convergence. Wiley series in statistics
and probability. Wiley, New York

Foucart C, Hénard O (2013) Stable continuous stat branching processes with immigration and Beta—
Fleming—Viot processes with immigration. Electron J Probab 18(23):1-21

Fournier N, Méléard S (2004) A microscopic probabilistic description of a locally regulated population and
macroscopic approximations. Ann Appl Probab 14(4):1880-1919

Gillooly JF, Brown JH, West GB, Savage VM, Charnov EL (2001) Effects of size and temperature on
metabolic rate. Science 293(5538):2248-2251

Ikeda N, Watanabe S (1989) Stochastic differential equations and diffusion processes, 2nd edn. North-
Holland, Amsterdam

Kallenberg O (2001) Foundations of modern probability, 2nd edn. Springer, New York

Karatzas I, Shreve SE (1991) Brownian motion and stochastic calculus, 2nd edn. Springer, New York

Khoshnevisan D, Salminen P, Yor M (2006) A note on a.s. finiteness of perpetual integral functionals of
diffusions. Electron Commun Probab 11:108-117

Lynch M, Gabriel W (1990) Mutation load and the survival of small populations. Evolution 44:1725-1737

Mijatovic A, Urusov M (2012) Convergence of integral functionals of one-dimensional diffusions. Electron
Commun Probab 17:1-13

Revuz D, Yor M (1999) Continuous martingales and Brownian motion, 3rd edn. Springer, New York

@ Springer

'é: Journal: 285 Article No.: 1283 [ ] TYPESET [__|DISK [_|LE [ CP Disp.:2018/8/21 Pages: 29 Layout: Small-Ex



http://arxiv.org/abs/1712.08092
http://www.theses.fr/2013EPXX0052

G
]
]
S
(=W}
-
o
=
+—
=
<

821
822
823
824
825
826
827
828
829

Impact of demography on extinction/fixation events

Rogers LCG, Williams D (2000) Diffusions, Markov processes and martingales, vol 2, 2nd edn. Cambridge
University Press, Cambridge

Salminen P, Yor M (2005) Properties of perpetual integral functionals of Brownian motion with drift. Ann
Inst Henri Poincaré Probab Stat 41(3):335-347

Stroock DW, Varadhan SRS (2007) Multidimensional diffusion processes. Springer, New York

Svanbck R, Bolnick DI (2007) Intraspecific competition drives increased resource use diversity within a
natural population. Proc R Soc B Biol Sci 274(1611):839-844

West GB, Brown JH, Enquist BJ (1999) The fourth dimension of life: fractal geometry and allometric
scaling of organisms. Science 284(5420):1677-1679

@ Springer

'é: Journal: 285 Article No.: 1283 [ TYPESET [__|DISK [_]LE [_] CP Disp.:2018/8/21 Pages: 29 Layout: Small-Ex




Journal: 285 @ Springer

Atrticle: 1283

the language of science

Author Query Form

Please ensure you fill out your response to the queries raised below
and return this form along with your corrections

G
]
]
S
(=W}
-
o
=
+—
=
<

Dear Author

During the process of typesetting your article, the following queries have arisen. Please
check your typeset proof carefully against the queries listed below and mark the
necessary changes either directly on the proof/online grid or in the ‘Author’s response’
area provided below

Query Details required Author’s response

1. Kindly check and confirm the organi-
zation name and division are correctly
identified for the affiliations 2 and 3.

2. Kindly provide access date for the ref-
erence Coron (2013).

3. Kindly update the reference Engelbert
and Senf (1991).

4. Kindly check and confirm the inserted

year is correct for the reference
Stroock and Varadhan (2007).




