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Abstract. The aim of this paper is to justify in dimensions two and three the ansatz of
Caracciolo et al. stating that the displacement in the optimal matching problem is essen-
tially given by the solution to the linearized equation i.e. the Poisson equation. Moreover,
we prove that at all mesoscopic scales, this displacement is close in suitable negative
Sobolev spaces to a curl-free Gaussian free field. For this we combine a quantitative
estimate on the difference between the displacement and the linearized object, which is
based on the large-scale regularity theory recently developed in collaboration with F. Otto,
together with a qualitative convergence result for the linearized problem.

1. Introduction

The optimal matching problem is one of the classical random optimization problems
which has received constant attention in the probability and mathematical physics liter-
ature over the last 30 years, e.g. [1, 25, 28, 26, 15, 14, 12, 11, 3, 2, 20, 21, 9]. We are
interested in one of its simplest and most studied variants: Let X1, X2, . . . be iid uniformly
distributed random variables on the torus QL = [−L

2
, L

2
)d and put

µR,L =
1

Rd

(RL)d∑
i=1

δXi .

Notice that the typical distance between points is 1/R. The optimal matching problem is
then

(1.1) CR,p,d = E
[

inf
π∈Cpl(µR,L,Leb QL)

∫
QL×QL

|x− y|pdπ
]
,

where Cpl(µ, ν) denotes the set of all couplings between µ and ν. By now, the asymptotic
behaviour of the expected cost CR,p,d is well understood, e.g. [1, 6, 14, 3, 18], see also [15]
for deviation estimates. We refer to [22] for a fluctuation result of the transport cost in
H−1. In dimension one, the behaviour of the optimal transport cost is very well understood
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also beyond the case of uniformly distributed points. The main reason is that the optimal
couplings –the minimizers of (1.1)– are explicit, see [8].

Turning to the asymptotic behaviour of the optimal coupling itself, respectively the
displacement under the optimal coupling, not much is known, see [19] for a global existence
result on invariant couplings between the Lebesgue measure and a Poisson point process.
In this article, we focus on the quadratic case p = 2 and show that at all mesoscopic
scales the averaged displacement converges to a Gaussian field. At the macroscopic scale,
a related result has been obtained in [2]. To explain our result we need to introduce some
notation.

We fix p = 2 and consider the QL-periodic version of (1.1). Denote the QL-periodic
optimal coupling between µR,L and Leb QL by πR,L. We define the distribution ZR,L by

ZR,L(f) = R
d
2

∫
QL×Rd

f(x)(y − x)dπR,L.

Notice that if T is the optimal transport map from Leb to µR,L, i.e. πR,L = (T, Id)#(Leb QL),
and if Ai = {y : T (y) = Xi} are the corresponding Laguerre cells then

(1.2) ZR,L = R
d
2

(RL)d∑
i=1

(∫
Ai

(y −Xi)dy

)
δXi .

For d ≥ 3 and f ∈ C∞c (Rd,Rd) let ϕ∞ be the unique solution in L2(Rd) ofi

−∆ϕ∞ = ∇ · f in Rd.

We then define the curl-free Gaussian free field ∇Ψ (see Remark 2.2 for the connection
with the standard Gaussian free field) by requiring

Law(∇Ψ(f)) = N
(

0,

∫
(ϕ∞)2

)
,

so that, denoting by W white noise on Rd, Ψ formally solves

∆Ψ = W in Rd.

For γ > 0, p ≥ 1, we denote the local fractional Sobolev space by W−γ,p
loc , see Section 2.2.

We then have the following result:

Theorem 1.1. For d = 3, p ≥ 2, γ > d
(

1− 1
p

)
, and any sequences R,L → ∞ the

distribution ZR,L converges in law in W−γ,p
loc to ∇Ψ. Moreover, for every fixed ` ≥ 1, ZR,L

has bounded moments of arbitrary order in W−γ,p(B`).

This result is indeed about mesoscopic scales since, up to rescaling, the macroscopic
scale corresponds to L = 1, R → ∞ while the microscopic scale is seen in the opposite
regime L→∞ and R = 1. Let us point out that up to the appropriate modification in the
definition of the Gaussian field ∇Ψ our result could be easily extended to the macroscale
(see also Remark 1.3). We leave the details to the reader. The microscopic behavior is more

iwe use the notation ∇ · f for the divergence and ∆f = ∇ · (∇f) for the Laplacian.
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subtle to analyze and of fundamentally different nature. We refer to [16] for preliminary
results in this direction.
We expect Theorem 1.1 to hold also for d > 3. However, central to our proof are the
deterministic quantitative estimates from [17] which are not precise enough to conclude in
d > 3. In d = 2, Theorem 1.1 cannot hold since ∇Ψ does not exist. However, ∇Ψ(f) is
well defined in d = 2 for functions f with

∫
f = 0. Said differently, ∇Ψ is well defined only

up to a constant. Hence, to obtain a version of Theorem 1.1 some kind of renormalization
is needed. To this end, we fix a smooth radial cutoff function η ≥ 0 with

∫
η = 1. Define

ϕ∞ to be the L2(R2) solution of

−∆ϕ∞ = ∇ ·
(
f − η

∫
f

)
in Rd.

We then define ∇Ψ−∇Ψ1(0) by requiring

Law((∇Ψ−∇Ψ1(0))(f)) = N
(

0,

∫
(ϕ∞)2

)
.

To identify the correct renormalization on the level of the displacement ZR,L we introduce
as an approximation of white noise

WR,L = R
d
2

(
µR,L − 1

)
and let uR,L be the QL-periodic solution to ∆uR,L = WR,L with

∫
QL
uR,L = 0. We put

∇uR,L1 (0) =
∫
η∇uR,L. We then have

Theorem 1.2. For d = 2, p ≥ 2, γ > d
(

1− 1
p

)
, and any sequences R,L → ∞ the

distribution ZR,L − µR,L∇uR,L1 (0) converges in law in W−γ,p
loc to ∇Ψ −∇Ψ1(0). Moreover,

for every fixed ` ≥ 1, it has bounded moments of arbitrary order in W−γ,p(B`).

Regarding the behavior of the logarithmically diverging shift ∇uR,L1 (0), using the Green
function representation of uR,L together with the quantitative CLT in [10] we show in

Lemma 3.5 that setting σ2 = 1
2
E[|∇uR,L1 (0)|2], we have σ2 ∼ logL and for any p ≥ 2ii

Wp

(
Law

(
∇uR,L1 (0)

)
,N
(
0, σ2Id

))
.

1

R log
1
p L

.

Notice that if we define ∇ΨL as the QL−periodic analog of the curl-free Gaussian free field
∇Ψ, this may be equivalently written as

Wp

(
Law

(
∇uR,L1 (0)

)
, Law

(
∇ΨL

1 (0)
))
.

1

R log
1
p L

.

iiWe denote by Wp the p−Wasserstein distance . The notation A� 1, which we only use in assumptions,
means that there exists an ε > 0 only depending on the dimension, the fixed cutoff function η and the
parameters p and γ, such that if A ≤ ε then the conclusion holds. Similarly, the notation A . B, which
we use in output statements, means that there exists a global constant C > 0 depending on the dimension,
the fixed cutoff function η and the parameters p and γ such that A ≤ CB.
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The proof of Theorems 1.1 and 1.2 will be done in two steps. In Section 3, we show the
linear part, the distributional convergence of ∇uR,L in W−γ,p

loc to ∇Ψ (with the appropriate
renormalization when d = 2). Let us point out that this result holds in any dimension
and could be of independent interest. The main ingredient is to show tightness which
follows from careful moment estimates together with an estimate of the negative Sobolev
norm through convolutions in Theorem 2.7 which seems to be new. Then, we only have to
identify the limit wich follows by mimicking the proof of the CLT.

The second step consists of two parts, carried out in Section 4.1 and 4.2. First we need to
adapt the results of [17] to the present setup. This yields (see Theorem 4.1) a quantitative
deterministic estimate of the local average of the displacement under an optimal coupling
between µR,L and Leb to the local average of the gradient of the solution to the Poisson
equation ∆uR,L = µR,L − 1. Secondly, we show that one can use the results of [3] and [18]
to show that the assumptions for Theorem 4.1 are satisfied for a random radius r∗,L with
stretched exponential moments independent of L, see Theorem 4.5. Combining these two
parts, writing ηr(x) = 1

rd
η
(
x
r

)
, we obtain for 1 ≤ r � L, p ≥ 1 the annealed estimate (see

Proposition 4.8) between the displacement under the optimal coupling and the solution to
the linearized problem ∇u1,L

r (0) =
∫
ηr(x)∇u1,L(x)

E
[∣∣∣∣∫ ηr(x)(y − x−∇u1,L

r (0))dπ1,L

∣∣∣∣p] 1
p

.
β(r)

r
,

where β(r) = 1 in d ≥ 3 and β(r) = log(1 + r) in d = 2. We remark that this estimate
is a quantitative justification of the linearization ansatz of Caracciolo et al. in [11] from a
macroscopic scale down to a microscopic scale (see Proposition 4.7 for a quenched version).

Finally, we can combine these two steps to prove Theorem 1.1 and Theorem1.2. Addi-
tionally, we prove a variant of these two theorems where we can relax the condition on γ
to γ > d

2
− 1 which is the natural condition for ∇Ψ, cf. Remark 2.9. However, in order to

achieve this we have to ignore or average out the microscopic scales at which µR,L has no
better regularity than Dirac measures. We refer to Theorem 4.12 for the precise statement.

Remark 1.3. Another way to deal with the global non-existence of ∇Ψ in d = 2 would
be to keep L fixed and let only R tend to ∞. Upon changing notation and adapting the
definition of ∇Ψ to live on the torus QL our estimates in Sections 3 and 4 allow to deduce
such a result for d = 2, 3. We leave the details to the reader.

However, in dimension one for L being fixed, based on the explicit form of the optimal
coupling one can directly argue the convergence of the properly rescaled displacements to a
Brownian bridge, see e.g. [12, 13]. The key observation is that the solution to the optimal
matching problem on [0, 1) with n iid uniform points X1, . . . , Xn maps the interval [ i−1

n
, i
n
)

to the i-th point in the ordered tuple X̃1 ≤ X̃2 ≤ . . . ≤ X̃n. The random variable X̃i

follows a Beta(i, n − i + 1) distribution from which one can derive convergence of the

rescaled displacements
√
n
(
X̃i − i

n

)
to a Brownian bridge.

Remark 1.4. Essentially identical results to Theorem 1.1 and Theorem 1.2 hold if we
replace µR,L by a Poisson point process of intensity Rd, i.e. we replace the deterministic
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number of iid points by a random number N of iid uniformly distributed points in QL where
N is Poisson distributed with parameter (RL)d. On a technical side, this requires to add
several additional estimates to account for the fluctuation of N around its mean (RL)d

which can be dealt with using Chernoff bounds similar to, e.g., [18].

2. Preliminaries

Throughout the paper we will use the following notation. We write QL =
[
−L

2
, L

2

)d
and

denote the ball or radius ` by B`. The indicator function of a set A will be denoted by
χA. We fix a radially symmetric η ∈ C∞c (B1) and for ε > 0 we write ηε(x) = 1

εd
η
(
x
ε

)
. For

convolution with ηε we will use the shorthand notation ηε ∗ u = uε. For a random variable
U we write Law(U) for its distribution. If Σ is a symmetric and positive definite matrix we
write N (0,Σ) for the centered Gaussian distribution with covariance matrix Σ. For two
measure µ, ν on Rd of the same finite mass we denote the set of all couplings between µ
and ν by Cpl(µ, ν) and the Lp Wasserstein distance by

Wp(µ, ν) = inf
π∈Cpl(µ,ν)

(∫
|x− y|pdπ

) 1
p

.

The L2 Wasserstein distance on the torus will be denoted by Wper. For a set B ⊂ Rd we
write

(2.1) WB(µ, κ) = W2

(
µ B,

µ(B)

Leb(B)
Leb

)
,

where Leb denotes the Lebesgue measure. We usually write dx for integration with respect
to Leb.

The notation A� 1, which we only use in assumptions, means that there exists an ε > 0
only depending on the dimension, the fixed cutoff function η and the parameters p and γ,
such that if A ≤ ε then the conclusion holds. Similarly, the notation A . B, which we use
in output statements, means that there exists a global constant C > 0 depending on the
dimension, the fixed cutoff function η and the parameters p and γ such that A ≤ CB. We
write A ∼ B if A . B . A.

2.1. Curl-free GFF. For L,R > 0, we let µR,L be a normalized Binomial point process
of intensity Rd, i.e.

(2.2) µR,L =
1

Rd

(RL)d∑
i=1

δXi ,

where Xi are iid random variables uniformly distributed on QL. In particular, here and in
the rest of the article we always assume that (RL)d ∈ N. We often identify µR,L and its
QL periodic extension to Rd. We define the QL−periodic measure

(2.3) WR,L = R
d
2

(
µR,L − 1

)
.

We consider uR,L the QL−periodic solution with average zero of

(2.4) ∆uR,L = WR,L.
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Notice that formally we have the rescalingiii

(2.5) WR,L(x) = R−
d
2W 1,LR(Rx) and ∇uR,L(x) = R

d
2
−1∇u1,LR(Rx).

Moreover, due to periodicity quantities like µR,Lε (x),∇uR,Lε (x),WR,L
ε (x) will all be station-

ary. If W is the white noise on Rd we formally consider the solution Ψ to

∆Ψ = W in Rd.

The curl-free Gaussian free field (or curl-free GFF) is then, still formally, the random
distribution ∇Ψ. More precisely if d ≥ 3, ∇Ψ is a random distribution such that for every
f ∈ C∞c (Rd,Rd),

(2.6) Law(∇Ψ(f)) = N
(

0,

∫
(ϕ∞)2

)
where ϕ∞ is the unique L2(Rd) solution to

(2.7) −∆ϕ∞ = ∇ · f in Rd.

When d = 2, in general solutions of (2.7) are not in L2 unless
∫
f = 0 and thus some

renormalization is needed. Let η be our usual smooth cut-off function with
∫
η = 1. We

define ∇Ψ − ∇Ψ1(0) as follows: for every f ∈ C∞c (Rd;Rd) let ϕ∞ be the unique L2(R2)
solution of

(2.8) −∆ϕ∞ = ∇ ·
(
f − η

∫
f

)
in Rd,

which exists since
∫

(f − η
∫
f) = 0. We then require

Law ((∇Ψ−∇Ψ1(0))(f)) = N
(

0,

∫
(ϕ∞)2

)
.

Notice that at least formally, this notation is consistent with our convention ∇Ψ1(0) =∫
η∇Ψ.

Remark 2.1. Let us point out that the existence of the curl-free GFF may be seen as a
consequence of our convergence result Theorem 3.4 below.

Remark 2.2. If Wi,j are independent white noises and Wi = (Wi,1, · · · ,Wi,d), we can
define h = (h1, · · · , hd) the vector GFF as the solution of (see for instance [4, 7])

∆hi = ∇ ·Wi ∀i = 1, · · · d.

It is then not hard to see that ∆Ψ = ∇·h and thus in terms of Hodge decompositions, ∇Ψ
corresponds to the curl-free part of h (see also [5, Th. 1.2.5]).

We close this section with two estimates which will be used in Section 4.

iiiHere and in the rest of the article we use the obvious coupling of the stochastic quantities. We will
do so without explicitly mentioning this anymore.
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Lemma 2.3. For every p ≥ 2, L� r > 0 and x ∈ QL,

(2.9) E
[
|W 1,L

r (x)|p
] 1
p .

1

r
d
2

(
1 +

1

r
d(p−2)

2p

)
.

Proof. By stationarity, it is enough to prove (2.9) for x = 0. If Xi are iid random variables
uniformly distributed in QL,

W 1,L
r (0) =

Ld∑
i=1

(
ηr(Xi)−

1

|QL|

)
.

Letting Yi = ηr(Xi)− 1
|QL|

and using Rosenthal’s inequality [24, Th. 3] for sums of centered

iid random variables (recall
∫
η = 1), we obtain

E
[
|W 1,L

r (x)|p
] 1
p .

(
LdE

[
|Yi|2

]) 1
2 +

(
LdE [|Yi|p]

) 1
p

Now by definition, we have for every p ≥ 1

LdE [|Yi|p] =

∫
QL

∣∣∣∣ηr − 1

|QL|

∣∣∣∣p . 1

rd(p−1)
+

1

Ld(p−1)
.

1

rd(p−1)
,

which concludes the proof. �

2.2. Negative Sobolev spaces. Fix p ≥ 1 and γ > 0 with γ = k+s, k ∈ N and s ∈ (0, 1).
Let us stress the fact that we only consider here the case γ /∈ N since this will be enough
for our purpose thanks to Sobolev embedding, see Remark 2.4. The case γ ∈ N is special
and would require to be treated a bit differently, see [4, Prop. D.1]. For u : Rd → Rn, we
define the homogeneous W γ,p semi-norm of u by

[u]pW γ,p =

∫
Rd×Rd

|∇ku(x)−∇ku(y)|p

|x− y|d+sp

and then the W γ,p norm as

‖u‖pW γ,p =
k∑
i=0

∫
|∇iu|p + [u]pW γ,p .

For every ` > 0, we define by duality (here p′ is the Hölder conjugate of p i.e. 1
p

+ 1
p′

= 1),

(2.10) ‖u‖W−γ,p(B`) = sup

{∫
uv : v ∈ C∞c (B`), ‖v‖W γ,p′ ≤ 1

}
.

We say that a sequence of random distributions (un)n≥1 converges in law in W−γ,p
loc to a

limit distribution u if for every ` > 0 and every F ∈ C0
b (W−γ,p(B`),R)

lim
n→∞

E[F (un)] = E[F (u)].

For fixed p, γ and `, we say that the sequence (un)n≥1 has bounded moments of arbitrary
order in W−γ,p(B`) if for every q ≥ 1,

sup
n

E[‖un‖qW−γ,p(B`)
] <∞.
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Remark 2.4. Notice that by Sobolev embedding we have for γ′ < γ and q ≥ p

‖u‖W−γ,p(B`) ≤ C‖u‖W−γ′,q(B`)
for a constant C > 0 depending on γ, γ′, p, q, `. Therefore, in order to control arbitrary
large q−moments in W−γ,p(B`) norms, it is enough to bound E[‖u‖pW−γ,p(B`)

] for every
p ≥ 1.

We now give a characterization of negative Sobolev norms in terms of averages. Similar
characterizations are widely used in the literature (see the book [27] and an example of
applications in SPDEs [23]) but we could not find exactly what we needed. In particular,
classically the regularization is through a semi-group or a kernel having enough cancel-
lations (see (2.11) below). Here we use instead a standard (positive) convolution kernel.
This is due to the fact that we are only interested in negative Sobolev norms and not in
a unified characterization for both positive and negative regularity exponents. Another
difficulty is that we need a characterization of local Sobolev spaces where the situation is
more subtle than in the whole space case. We follow the general strategy of [4, Prop. D5].
Our starting point is the following variant of [4, Prop. D3]:

Lemma 2.5. Let γ > 0 with γ = k + s with k ∈ N and s ∈ (0, 1). Then, if ρ ∈ C∞c (Rd) is
rotationally invariant with

(2.11)

∫
xliρ(x)dx = 0 ∀i ∈ [1, d] and l ∈ [0, k],

theniv

(2.12)

∫ ∞
0

ε−γp
∫
Rd
|u ∗ ρε|p

dε

ε
. [u]pW γ,p .

Note that necessarily the function ρ in Lemma 2.5 cannot have a constant sign due to
condition (2.11).

Proof. For a j tensor A and ξ ∈ Rd, we denote A(ξ⊗j) = A(ξ, · · · , ξ). By Taylor formula,
for every x ∈ Rd,

u ∗ ρε(x) =

∫
Rd
ρε(x− y)u(y)dy

=

∫
Rd
ρε(x− y)

[
u(x) +

k−1∑
j=0

1

j!
∇ju(x)((y − x)⊗j)

+

∫ 1

0

1

k!
∇ku(x+ t(y − x))((y − x)⊗k)(1− t)k−1dt

]
dy

(2.11)
=

1

k!

∫
Rd
ρε(x− y)

∫ 1

0

[∇ku(x+ t(y − x))−∇ku(x)]((y − x)⊗k)(1− t)k−1dtdy.

iv Here with a slight abuse of notation, ρε = ε−dρ(·/ε)
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Therefore, using Jensen’s inequality we find∫
Rd
|u ∗ ρε|p .

∫ 1

0

∫
Rd×Rd

|x− y|pkρε(x− y)|∇ku(x+ t(y − x))−∇ku(x)|p(1− t)(k−1)p.

Since ρ is rotationally invariant writing ρ̄1(t) = ρ(t x|x|) we have∫ ∞
0

ε−pγρε(x− y)
dε

ε
=

1

|x− y|d+pγ

∫ ∞
0

t−d−pγ ρ̄1(1/t)
dt

t
.

1

|x− y|d+pγ
.

Thus, recalling that γ = k + s,∫ ∞
0

ε−pγ
∫
Rd
|u ∗ ρε|p

dε

ε
.
∫ 1

0

(1− t)(k−1)p

∫
Rd×Rd

|∇ku(x+ t(y − x))−∇ku(x)|p

|x− y|d+p(γ−k)

=

∫ 1

0

(1− t)(k−1)p

∫
Rd×Rd

|∇ku(x+ t(y − x))−∇ku(x)|p

|x− y|d+ps

=

∫ 1

0

td+ps(1− t)(k−1)p

∫
Rd×Rd

|∇ku(x+ t(y − x))−∇ku(x)|p

|t(y − x)|d+ps

z=t(y−x)
=

∫ 1

0

tps(1− t)(k−1)p

∫
Rd×Rd

|∇ku(x+ z)−∇ku(x)|p

|z|d+ps

. [u]pW γ,p .

�

Remark 2.6. In the case p = 2, (2.12) may be also obtained via Fourier transform.

We may now prove the main result of this section. We recall that we fixed a radial
cut-off function η and that we use the notation uε = u ∗ ηε.
Theorem 2.7. For every γ > 0 with γ /∈ N and p ≥ 1, if `� 1 then

(2.13) ‖u‖pW−γ,p(B`)
.
∫ 1

0

εpγ
∫
B2`

|uε|p
dε

ε
.

Proof. Let k = d−γe. Choose then ε̄ ∈ (1/2, 1) such that (which exists by the mean value
theorem)

(2.14)

∫
B2`

|uε̄|p .
∫ 1

0

εpγ
∫
B2`

|uε|p
dε

ε
.

For a fixed function f ∈ C∞c (B`) we let

F (ε) =

∫
Rd
u(ηε ∗k+1 ηε) ∗ f

where ηε ∗k+1 ηε = ηε ∗ · · · ∗ηε (ηε convolved k+1 times with itself). Our aim is to estimate
F (0). For this we use Taylor expansion and write

(2.15) F (0) =
k−1∑
j=0

(−ε̄)j

j!

dj

dεj
F (ε̄) +

(−1)k

(k − 1)!

∫ ε̄

0

εk−1 d
k

dεk
F (ε)dε.
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We claim that for every j ∈ [0, k],

εj
∂j

∂εj
(ηε ∗k+1 ηε) = ηε ∗ ρjε.

For some kernel ρjε(x) = 1
εd
ρj1(x/ε) with ρj1 satisfying (2.11) for l ∈ [0, j] and such that

Spt ρj1 ⊂ Bk. Indeed,

εj
∂j

∂εj
(ηε ∗k+1 ηε) =

∑
∑k+1
i=1 αi=j

(εα1
∂α1

∂εα1
ηε) ∗ · · · ∗ (εαk+1

∂αk+1

∂εαk+1
ηε).

Since αi are integers and j < k + 1, for every (α1, · · · , αk+1) there is always at least some
i such that αi = 0. Therefore, if we can prove that for every α,

εα
∂α

∂εα
ηε = ρ̃αε

for some ρ̃α1 satisfying (2.11) for l ∈ [0, α] and Spt ρ̃α1 ⊂ B1 then the claim would follow
either looking in Fourier space or using that uε ∗vε = ((u∗v)ε)ε. The fact that Spt ρ̃αε ⊂ Bε

is immediate since Spt ηε ⊂ Bε. Looking in Fourier space we have

̂(
εα

∂α

∂εα
ηε

)
(ξ) = ∇αη̂(εξ)(εξ, · · · , εξ)

and the claim follows letting ρα1 = (∇αη̂(ξ)(ξ, · · · , ξ))∨ recalling that
∫
f = f̂(0).

We may now estimate the various terms in (2.15). For every j ≤ k, we have

εj
dj

dεj
F (ε) =

∫
Rd
u

(
εj
∂j

∂εj
(ηε ∗k+1 ηε) ∗ f

)
=

∫
B2`

uε(f ∗ ρjε).

In particular, for j < k,

(2.16)

∣∣∣∣ djdεjF (ε̄)

∣∣∣∣ . ‖uε̄‖Lp(B2`)‖f ∗ ρ
j
ε̄‖Lp′ (B2`)

. ‖uε̄‖Lp(B2`)‖f‖Lp′ (B2`)

(2.14)

.

(∫ 1

0

εpγ
∫
B2`

|uε|p
dε

ε

) 1
p

‖f‖Lp′ .
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We now estimate the last term as∫ ε̄

0

εk−1 d
k

dεk
F (ε)dε =

∫ ε̄

0

∫
B2`

u(ηε ∗ ρkε ∗ f)
dε

ε

=

∫ ε̄

0

∫
B2`

uερ
k
ε ∗ f

dε

ε

≤
∫ ε̄

0

(∫
B2`

|uε|p
) 1

p
(∫

B2`

|f ∗ ρkε |p
′
) 1

p′ dε

ε

≤
(∫ ε̄

0

εpγ
∫
B2`

|uε|p
dε

ε

) 1
p
(∫ ε̄

0

ε−p
′γ

∫
B2`

|f ∗ ρkε |p
′ dε

ε

) 1
p′

(2.12)

.

(∫ 1

0

εpγ
∫
B2`

|uε|p
dε

ε

) 1
p

[f ]W γ,p′ .

Putting this together with (2.16) yields (2.13). �

Remark 2.8. In the whole space case, (2.13) may be either obtained by a simple compu-
tation using Fourier transform when p = 2, or a more involved one using Littlewood-Paley
decompositions for general p (see [27]). However, it is not clear to us how to obtain the
local version (2.13) using computations in the spectral domain.

As a first illustration of the use of (2.13) we may show:

Remark 2.9. On the one hand, a Dirac mass is in W−γ,p ifv γ > d(1− 1
p
). On the other

hand, the white noise W on Rd satisfies E[‖W‖pW−γ,p(B`)
] < ∞ for every γ > d

2
and every

1 ≤ p < ∞. In particular, convergence in law in W−γ,p of WR,L (recall (2.3)) to white
noise cannot hold under the mere assumption γ > d

2
. The two possible solutions are either

to impose stronger conditions on (p, γ) or to ignore the microscopic scales at which WR,L

has no better regularity than Dirac masses. The same observation applies when considering
the convergence of ∇uR,L (recall (2.4)) to the curl-free GFF

Proof. The computation for the Dirac mass is immediate and we leave it to the reader. As
for the white noise W , by (2.13) and stationarity we have

E[‖W‖pW−γ,p(B`)
] .

∫ 1

0

εpγ
∫
B2`

E[|Wε|p]
dε

ε
= |B2`|

∫ 1

0

εpγE[|Wε(0)|p]dε
ε
.

Now since Wε(0) = W (ηε) = N (0, ‖ηε‖2
L2) and since Gaussian random variables satisfy a

reverse Hölder inequality, we have

E[|Wε(0)|p] . E[|Wε(0)|2]
p
2 . ‖ηε‖pL2 .

1

εp
d
2

.

vIt is actually also a necessary condition as one can directly see from definition (2.10).
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Finally,

E[‖W‖pW−γ,p(B`)
] . |B2`|

∫ 1

0

εp(γ−
d
2

)dε

ε
,

which is indeed finite if γ > d
2
. �

The previous remark motivates the following simple but useful lemma.

Lemma 2.10. For every p ≥ 1, γ > 0 with γ /∈ N, `� 1 and t ∈ (0, 1),

(2.17) ‖ut‖pW−γ,p(B`)
. tpγ

∫
B3`

|ut|p +

∫ 1

t

εpγ
∫
B3`

|uε|p
dε

ε
.

Proof. By (2.13),

‖ut‖pW−γ,p(B`)
.
∫ 1

0

εpγ
∫
B2`

|u ∗ ηt ∗ ηε|p
dε

ε
.

Observe that for every v and every ρ with Spt ρ ⊂ B1 and
∫
ρ = 1∫

B2`

|v ∗ ρ|p ≤
∫
Rd
|(vχB3`

) ∗ ρ|p
Young

.
∫
B3`

|v|p.

Using this observation with v = u ∗ ηt, ρ = ηε if ε ∈ (0, t) and v = u ∗ ηε, ρ = ηt if ε ∈ (t, 1)
concludes the proof of (2.17). �

3. Linear theory

The aim of this section is to prove the distributional convergence of ∇uR,L (recall the
definition (2.4)) to ∇Ψ, the curl-free GFF. When d = 2, this convergence holds only

after subtracting the logarithmically diverging (random) constant ∇uR,L1 (0). The proof is
divided in three steps. The first is to obtain moment bounds for the single observables
∇uε(x). With the help of Theorem 2.7 and Lemma 2.10, these imply tightness in the
appropriate negative Sobolev spaces which by Prokhorov yield convergence in law to some
limit distribution. The last step is to identify this limit distribution as Law(∇Ψ).

3.1. Moment bounds. Recall the definition (2.4) of uR,L.

Lemma 3.1. For every p ≥ 2, L� r > 0 and x ∈ QL,

(3.1) E
[
|∇u1,L

r (x)|p
] 1
p .

(
1 +

1

r
d(p−2)

2p

)
1

r
1
2 (d−2)

if d ≥ 3

log
1
2

(
L
r

)
if d = 2.

Moreover, if d = 2, for every p ≥ 2, L� R ≥ r > 0, and x, y ∈ QL,

(3.2) E
[
|∇u1,L

r (x)−∇u1,L
R (y)|p

] 1
p
.

(
1 +

1

r
p−2
p

)(
log

1
2

(
R + |x− y|

r

)
+ 1

)
.
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Proof. We first recall some properties of the Green function of the Laplacian in the periodic
domain QL. Let GL be the QL−periodic solution of average zero of

∆GL = δ0 −
1

|QL|
.

By scaling we have GL(x) = 1
Ld−2G

1
(
x
L

)
. We let GRd be the Green function of the Laplacian

on Rd and fix χ a smooth cut-off function with compact support in Q1 and such that χ = 1
in a neighborhood of zero. We identify χGRd with its Q1−periodic extension. Using that
∆(G1 − χGRd) is a smooth periodic function, we find that we may write,

∇G1 = χ∇GRd + h

in QL for some smooth function h. This yields

(3.3) ∇GL = χ(·/L)∇GRd +
1

Ld−1
h(·/L).

We now start the proof of (3.1). If (Xi)i are iid random variables uniformly distributed

in QL, we have ∇u1,L(x) =
∑Ld

i=1∇GL(Xi− x). If we introduce for each fixed r and x, the
iid random variables

(3.4) Yi,r(x) =

∫
QL

ηr(y − x)∇GL(Xi − y)dy,

we thus have ∇u1,L
r (x) =

∑Ld

i=1 Yi,r(x). Using Rosenthal’s inequality as in the proof of
(2.9), we get

E
[
|∇u1,L

r (x)|p
] 1
p .

(
LdE[|Yi,r(x)|2]

) 1
2 +

(
LdE[|Yi,r(x)|p]

) 1
p .

The proof of (3.1) is concluded provided we can show that for every p, d ≥ 2 and every
x ∈ QL,

(3.5)
(
LdE[|Yi,r(x)|p]

) 1
p .

{
1

r
d−1− dp

if (p, d) 6= (2, 2)

log
1
2

(
L
r

)
if (p, d) = (2, 2).

By stationarity, we may assume that x = 0. Since Xi is uniformly distributed, we have

(
LdE[|Yi,r(0)|p]

) 1
p =

(∫
QL

∣∣∣∣∫
QL

ηr(y)∇GL(X − y)dy

∣∣∣∣p dX) 1
p

.

Recalling the decomposition (3.3) of ∇GL and observing that since |h| . 1,

(3.6)

(∫
QL

∣∣∣∣∫
QL

1

Ld−1
ηr(y)h

(
X − y
L

)
dy

∣∣∣∣p dX) 1
p

.
1

Ld−1− d
p

≤ 1

rd−1− d
p

,
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it is enough to prove (3.5) with χ(·/L)∇GRd instead of ∇GL. Using that 0 ≤ χ ≤ 1 and
∇GRd(x) = C x

|x|d , we have

(∫
QL

∣∣∣∣∫
QL

ηr(y)χ

(
X − y
L

)
∇GRd(X − y)dy

∣∣∣∣p dX) 1
p

.

(∫
B2r

(∫
QL

ηr(y)
1

|X − y|d−1
dy

)p
dX

) 1
p

+

(∫
QL\B2r

(∫
QL

ηr(y)
1

|X − y|d−1
dy

)p
dX

) 1
p

.

For the first term we use that for everyvi X ∈ Rd,

(3.7)

∫
QL

ηr(y)
1

|X − y|d−1
dy .

∫
QL

ηr(y)
1

|y|d−1
dy .

1

rd−1

to obtain

(3.8)

(∫
B2r

(∫
QL

ηr(y)
1

|X − y|d−1
dy

)p
dX

) 1
p

.
1

rd−1− d
p

.

For the second term we use that if y ∈ Br and X ∈ Bc
2r, then

1

|X − y|d−1
.

1

|X|d−1

to obtain similarly

(3.9)

(∫
QL\B2r

(∫
QL

ηr(y)
1

|X − y|d−1
dy

)p
dX

) 1
p

.

(∫
QL\B2r

1

|X|p(d−1)
dX

) 1
p

.


1

r
d−1− dp

if (p, d) 6= (2, 2)

log
1
2

(
L
r

)
if (p, d) = (2, 2).

This concludes the proof of (3.5).

We now turn to (3.2). In light of (3.1), we may assume that |x−y| � L. By stationarity
we may further assume that y = 0. Using the notation introduced in (3.4), we have

∇u1,L
r (x)−∇u1,L

R (0) =
Ld∑
i=1

(Yi,r(x)− Yi,R(0))

so that once again by Rosenthal’s inequality,

E
[
|∇u1,L

r (x)−∇u1,L
R (0)|p

] 1
p
.
(
LdE[|Yi,r(x)− Yi,R(0)|2]

) 1
2 +

(
LdE[|Yi,r(x)− Yi,R(0)|p]

) 1
p .

viNotice that if η is assumed to be radially decreasing, then the left-hand side is actually maximized at
X = 0.
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For p > 2, using triangle inequality and (3.5) we have(
LdE[|Yi,r(x)− Yi,R(0)|p]

) 1
p .

(
LdE[|Yi,r(x)|p]

) 1
p +

(
LdE[|Yi,R(0)|p]

) 1
p

.
1

r1− 2
p

+
1

R1− 2
p

.
1

r1− 2
p

.

So that we are left with the proof of

(3.10)
(
LdE[|Yi,r(x)− Yi,R(0)|2]

) 1
2 . log

1
2

(
R + |x|

r

)
+ 1.

Notice first that since Xi is uniformly distributed,

(
LdE[|Yi,r(x)− Yi,R(0)|2]

) 1
2 =

(∫
QL

∣∣∣∣∫
QL

(ηr(y − x)− ηR(y))∇GL(X − y)dy

∣∣∣∣2 dX
) 1

2

.

By (3.6), it is enough to prove (3.10) with χ(·/L)∇GRd instead of ∇GL. We now impose
as a further constraint on χ that χ = 1 in B 1

2
so that(∫

QL

∣∣∣∣∫
QL

(ηr(y − x)− ηR(y))χ

(
X − y
L

)
∇GRd(X − y)dy

∣∣∣∣2 dX
) 1

2

.

∫
QL\BL

2

(∫
QL

|ηr(y − x)− ηR(y)| 1

|X − y|
dy

)2

dX

 1
2

+

(∫
Rd

∣∣∣∣∫
QL

(ηr(y − x)− ηR(y))
X − y
|X − y|2

dy

∣∣∣∣2 dX
) 1

2

.

Since max(|x|+ r, R)� L, arguing as for (3.9) we may bound the first term by a constant
and we are left with the estimate of the second term. We split it as follows:

(3.11)

(∫
Rd

∣∣∣∣∫
QL

(ηr(y − x)− ηR(y))
X − y
|X − y|2

dy

∣∣∣∣2 dX
) 1

2

.

(∫
Bc

3(R+|x|)

∣∣∣∣∫
QL

(ηr(y − x)− ηR(y))
X − y
|X − y|2

dy

∣∣∣∣2 dX
) 1

2

+

(∫
B3(R+|x|)

(∫
QL

ηr(y − x)
1

|X − y|
dy

)2

dX

) 1
2

+

(∫
B3(R+|x|)

(∫
QL

ηR(y)
1

|X − y|
dy

)2

dX

) 1
2

.
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Arguing as for (3.8) and (3.9), the last two terms are estimated as(∫
B3(R+|x|)

(∫
QL

ηr(y − x)
1

|X − y|
dy

)2

dX

) 1
2

+

(∫
B3(R+|x|)

(∫
QL

ηR(y)
1

|X − y|
dy

)2

dX

) 1
2

. log
1
2

(
R + |x|

r

)
+ log

1
2

(
R + |x|
R

)
+ 1 . log

1
2

(
R + |x|

r

)
+ 1.

We finally turn to the first term in (3.11). Since on the one hand∫
QL

(ηr(y − x)− ηR(y))
X

|X|2
dy = 0

and on the other hand, for y ∈ BR+|x| and X ∈ Bc
3(R+|x|),∣∣∣∣ y −X|y −X|2

− X

|X|2

∣∣∣∣ . |y|
|X|2

,

we find(∫
Bc

3(R+|x|)

∣∣∣∣∫
QL

(ηr(y − x)− ηR(y))
X − y
|X − y|2

dy

∣∣∣∣2 dX
) 1

2

.

(∫
Bc

3(R+|x|)

(∫
QL

|ηr(y − x)− ηR(y)| |y|
|X|2

dy

)2

dX

) 1
2

.

(∫
Bc

3(R+|x|)

(R + |x|)2

|X|4
dX

) 1
2

. 1.

This concludes the proof of (3.10). �

Remark 3.2. Using Fourier series together with combinatorial arguments instead of the
Green kernel representation, bounds similar (albeit weaker) to (3.1) have been obtained in
the case p = 4 in [9].

We now combine Lemma 3.1 with Theorem 2.7 and Lemma 2.10 to obtain moment
estimates for ∇uR,L in appropriate negative Sobolev spaces.

Proposition 3.3. For every d ≥ 3, p ≥ 2, γ > d(1− 1
p
)− 1, L� `� 1 and R� 1,

(3.12)
1

|B`|
E[‖∇uR,L‖pW−γ,p(B`)

] . 1.
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Moreover, if p ≥ 2 and γ > d
2
− 1, L� `� 1 and R� 1,

(3.13)
1

|B`|
E[‖∇uR,L1

R

‖pW−γ,p(B`)
] . 1.

If d = 2, p ≥ 2, γ > 1− 2
p
, L� `� 1 and R� 1,

(3.14)
1

|B`|
E[‖∇uR,L −∇uR,L1 (0)‖pW−γ,p(B`)

] . log
p
2 `.

Finally, if p ≥ 2 and γ > 0, L� `� 1 and R� 1,

(3.15)
1

|B`|
E[‖∇uR,L1

R

−∇uR,L1 (0)‖pW−γ,p(B`)
] . log

p
2 `.

Proof. We start by noting that by Sobolev embedding (see Remark 2.4), we may assume
without loss of generality that γ /∈ N. We will only prove (3.12) and (3.15) since the proof
of (3.13) and (3.14) is very similar.
We start with (3.12). Using (2.13) we have

1

|B`|
E[‖∇uR,L‖pW−γ,p(B`)

] .
1

|B`|

∫ 1

0

εpγ
∫
B2`

E[|∇uR,Lε (x)|p]dε
ε
.

Using the scaling relation (2.5) the estimate (3.1) turns into

E
[
|∇uR,Lε (x)|p

] 1
p .

(
1 +

1

(εR)
d(p−2)

2p

)
1

ε
1
2

(d−2)

so that we can estimate

1

|B`|
E[‖∇uR,L‖pW−γ,p(B`)

] .
∫ 1

0

εpγ

(
1 +

1

(εR)
d(p−2)

2

)
1

ε
p
2

(d−2)

dε

ε

.
1

R
d(p−2)

2

∫ 1
R

0

εpγ
1

εp(d(1− 1
p

)−1)

dε

ε
+

∫ 1

1
R

εpγ
1

ε
p
2

(d−2)

dε

ε
.

For the first integral to be finite we need γ > d(1− 1
p
)−1 (which implies γ > 1

2
(d−2) since

p ≥ 2 so that the second integral is also finite). Under this condition we indeed find that

1

R
d(p−2)

2

∫ 1
R

0

εpγ
1

εp(d(1− 1
p

)−1)

dε

ε
+

∫ 1

1
R

εpγ
1

ε
p
2

(d−2)

dε

ε
. 1 +

1

Rp(γ− 1
2

(d−2))
. 1

and (3.12) follows.
We now turn to (3.15). As above we use the scaling relation (2.5) and (3.2) to obtain

E
[
|∇uR,Lε (x)−∇uR,L1 (y)|p

] 1
p
.

(
1 +

1

(εR)
p−2
p

)(
log

1
2

(
1 + |x− y|

ε

)
+ 1

)
.
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This estimate together with (2.17) from Lemma 2.10 implies,

1

|B`|
E[‖∇uR,L1

R

−∇uR,L1 (0)‖pW−γ,p(B`)
] .

1

Rpγ|B`|

∫
B3`

E[|∇uR,L1
R

(x)−∇uR,L1 (0)|p]

+
1

|B`|

∫ 1

1
R

εpγ
∫
B3`

E[|∇uR,Lε (x)−∇uR,L1 (0)|p]dε
ε

.
1

Rpγ
log

p
2 (`R) +

∫ 1

1
R

εpγ log
p
2

(
`

ε

)
dε

ε

. log
p
2 `.

�

3.2. Convergence. We can now prove the main result of this section, namely the conver-
gence of ∇uR,L to the curl-free GFF.

Theorem 3.4. Let p ≥ 2 and γ > d(1 − 1
p
) − 1. If d ≥ 3 (respectively d = 2), ∇uR,L

(respectively ∇uR,L − ∇uR,L1 (0)) converges in law in W−γ,p
loc to ∇Ψ (respectively ∇Ψ −

∇Ψ1(0)) as R,L→∞.

Under the weaker assumption γ > d
2
− 1, the same conclusion holds with ∇uR,L1

R

instead of

∇uR,L. Moreover, for every ` ≥ 1, all these random distributions have bounded moments
of arbitrary order in W−γ,p(B`).

Proof. Let ξR,L = ∇uR,L − χd=2∇uR,L1 . By Proposition 3.3, and the compactness of the
Sobolev embedding W−γ,p(B`) ⊂ W−γ′,q(B`) for γ′ < γ and q ≤ p, we have tightness of

ξR,L and ξR,L1
R

under the above hypothesis on γ. By Prokhorov, this implies convergence in

law up to subsequence. It thus only remains to identify the limit.
By density and the Cramer-Wold lemma, it is enough to prove that for every f ∈ C∞c (B`,Rd),

the real valued random variables ξR,L(f) and ξR,L1
R

(f) both converge in law to ∇Ψ(f) −
χd=2∇Ψ1(f). We first note that

|ξR,L(f)− ξR,L1
R

(f)| = |ξR,L(f − f 1
R

)| ≤ ‖ξR,L‖W−γ,p(B2`)‖f − f 1
R
‖W γ,p′

and ‖f − f 1
R
‖W γ,p′ → 0 as R →∞. Hence, using Proposition 3.3 we see that it is enough

to identify the limit of ξR,L. Moreover, letting

f̃ =

{
f if d ≥ 3

f −
∫
ηf if d = 2,

we have using integration by parts,

ξR,L(f) = ∇uR,L(f̃) = WR,L(ϕL)

where ϕL is the QL−periodic solution with average zero of

−∆ϕL = ∇ · f̃ in QL.
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Recalling (2.6), it is therefore enough to prove thatWR,L(ϕL) converges in law toN
(
0,
∫

(ϕ∞)2
)

where ϕ∞ is the L2(Rd) solution of (cf. (2.7))

−∆ϕ∞ = ∇ · f̃ in Rd.

For instance by Fourier analysis it follows that on the one hand
∫
QL

(ϕL)2 and
∫

(ϕ∞)2 are

both finite using for d = 2 that
∫
f̃ = 0 (cf. discussion around (2.8)) and on the other hand

that
∫
QL

(ϕL)2 →
∫

(ϕ∞)2. Moreover, by the Green function representation of ϕL it follows

that ‖ϕL‖∞ . 1 (we stress that the constant is independent of L ≥ 1).
We now mimic the classical proof of the central limit theorem and show that for every

λ > 0,

(3.16) E[exp(λWR,L(ϕL))]→ exp

(
λ

2

∫
(ϕ∞)2

)
.

By definition of WR,L (see (2.3)) and the fact that
∫
QL
ϕL = 0, we have with N = (RL)d

WR,L(ϕL) = R−d/2
N∑
i=1

ϕL(Xi)

where (Xi)
N
i=1 are iid random variables uniformly distributed on QL. Therefore, by inde-

pendence

E[exp(λWR,L(ϕL))] =

(
1

|QL|

∫
QL

exp(λR−d/2ϕL)

)N
.

By the uniform boundedness of ϕL, we have by Taylor expansion

exp(λR−d/2ϕL) = 1 + λR−d/2ϕL +
λ2

2
R−d(ϕL)2 +Oλ(R

−3d/2)(ϕL)3/2.

Integrating and using that
∫
QL
ϕL = 0, we get

E[exp(λWR,L(ϕL))] =

(
1 +

λ2

2N

∫
QL

(ϕL)2 +
1

Ld
Oλ(R

−d/2)

)N
.

We conclude the proof of (3.16) by sending R,L→∞. �

We close this section showing that in d = 2 the shift ∇uR,L1 (0) is itself quantitatively
close to a Gaussian.

Lemma 3.5. Let σ2 = 1
2
E[|∇uR,L1 (0)|2]. Then σ2 ∼ logL and for every p ≥ 2,

Wp

(
Law

(
∇uR,L1 (0)

)
,N
(
0, σ2Id

))
.

1

R log
1
p L

.

Proof. If X is a uniformly distributed random variable on QL and Y is given by (recall
(3.4))

Y = (Y (1), Y (2)) =

∫
η(y)∇GL(X − y)dy,
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then ∇uR,L1 (0) = 1
R

∑(RL)2

i=1 Yi for some iid copies Yi of Y (cf. Section 3.1). In order to
apply [10, Th. 1], let us first compute the covariance matrix of Y (actually of LY ). We

start by observing that E[Y ] = 0 and by independence, E[|Y |2] = 1
L2E[|∇uR,L1 (0)|2] = 2σ2

L2 .

Now by symmetry, we have that Y (1) and Y (2) have the same distribution and that the law
of Y is invariant under rotations preserving the cube so that in particular (Y (1), Y (2)) has
the same law as (−Y (2), Y (1)). Therefore, E[Y (1)Y (2)] = −E[Y (1)Y (2)] = 0 and E[Y Y T ] =
1
2
E[|Y |2]Id = σ2

L2 Id.
We now show that σ2 ∼ logL. Using the defining property of GL and

∫
GL = 0, we have

indeed

σ2 ∼ L2E[|Y |2] =

∫ ∫ ∫
η(y)η(z)∇GL(X − z) · ∇GL(X − y)dydzdX

= −
∫ ∫

η(y)η(z)GL(y − z)

= −
∫ ∫

η(y)η(z)G1

(
y − z
L

)
∼ log(L),

Notice that the upper bound σ2 . logL was actually already proven in (3.5).

Setting Zi = σ−1LYi, we have E[ZiZ
T
i ] = Id and ∇uR,L1 (0) = σ

RL

∑(RL)2

i=1 Zi. By [10, Th.
1] and Cauchy-Schwarz, we have

Wp

Law

 1

RL

(RL)2∑
i=1

Zi

 ,N (0, Id)

 . 1

RL

(∥∥E [Z1Z
T
1 |Z1|2

]∥∥ 1
2

HS
+ E

[
|Z1|p+2

] 1
p

)

=
1

RL

(
L2

σ2

∥∥E [Y Y T |Y |2
]∥∥ 1

2

HS
+

(
L

σ

) p+2
p

E
[
|Y |p+2

] 1
p

)

.
1

R

(
1

σ2
E
[
L2|Y |4

] 1
2 +

1

σ
p+2
p

E
[
L2|Y |p+2

] 1
p

)
(3.5)

.
1

R

(
1

σ2
+

1

σ
p+2
p

)
.

1

R log
p+2
2p L

.

Using Wp(Law(aU), Law(aV )) = aWp(Law(U), Law(V )) for two random variables U, V and
a > 0 this implies

Wp

Law

 1

R

(RL)2∑
i=1

Yi

 ,N (0, σ2Id)

 . σ

R log
p+2
2p L

.
1

R log
1
p (L)

.

�

4. Convergence of the displacement
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4.1. Deterministic input. We first need to adapt the main result of [17] to the periodic
setting. To this end, we define the following rate function encoding the speed of convergence
for the Euclidean matching problem

(4.1) β(r) =

{
1 d ≥ 3

log(1 + r) d = 2
.

However, we would like to stress that the following theorem also holds for more general
rate functions satisfying the assumptions of [17].

Theorem 4.1. Let L � r∗ � 1 and µ be a QL−periodic measure such that µ(QL) = Ld.
Let u be a QL−periodic solution of the Poisson equation

(4.2) ∆u = µ− 1 in Rd

and define for every r > 0,

(4.3) hr =

∫
ηr∇u.

Assume thatvii

(4.4)
1

Ld
W 2
QL

(µ, 1) ≤ r2
∗β

(
L

r∗

)
and (recall notation 2.1)

(4.5)
1

|Qr|
W 2
Qr (µ, κ) ≤ r2

∗β

(
r

r∗

)
∀r ∈ [r∗, L], dyadic,

hold. Then, letting π be the QL−periodic optimal transport plan for Wper(µ, 1) we have for
every r & r∗,

(4.6)

∣∣∣∣∫
Rd×Rd

ηr(x)(y − x− hr)dπ
∣∣∣∣ . r2

∗

β
(
r
r∗

)
r

and

(4.7) sup
{
|x− (y − hr)| : (x, y) ∈ Spt π ∩ ((Br × Rd) ∪ (Rd ×Br(hr))

}
. r

r2
∗β
(
r
r∗

)
r2


1
d+2

.

Proof. As noticed in [17, Rem. 1.3], by scaling we may assume that r∗ = 1. The idea of the
proof is now to apply [17, Th. 1.2] on very large balls. Let us start with a few preliminary
observations and set up notation.

viinotice that W 2
per(µ, 1) ≤W 2

QL
(µ, 1)
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If π is the optimal transport plan for Wper(µ, 1), we can identify it with a transport plan
on Rd × Rd which is QL−periodic and we have

W 2
per(µ, 1) =

∫
QL×Rd

|x− y|2dπ =

∫
Rd×QL

|x− y|2dπ.

Let us point out a consequence of this fact. Since the Lebesgue measure is invariant under
translation, for any ξ ∈ Rd, the plan π(x, y − ξ) is admissible and thus by minimality,

W 2
per(µ, 1) = min

ξ∈Rd

∫
QL×Rd

|x− y + ξ|2dπ.

Minimizing in ξ we find as expected that

(4.8)

∫
QL×Rd

(x− y)dπ = 0.

Let us also point out that by the characterization of minimality for Wper, the coupling π
has cyclically monotone support on Rd. In particular, defining for r > 0, the coupling πr

by setting πr(Ω1 × Ω2) = π((Ω1 ∩ Qr) × Ω2), this is the optimal transport plan between
µ Qr and λr = πr2. If now r is a multiple of L, we have by periodicity of π,

(4.9)
1

rd

∫
|x− y|2dπr =

1

Ld

∫
QL×Rd

|x− y|2dπ
(4.4)

≤ β(L).

For t ∈ [0, 1], we define the flux-density pair (ρ, j) as

(4.10)

∫
ξ ·djt =

∫
ξ((1−t)x+ty) ·(y−x)dπ and

∫
ζdρt =

∫
ζ((1−t)x+ty)dπ

so that both j and ρ are QL−periodic (we see them here as defined in Rd). We then let

(ρ̄, j̄) =
∫ 1

0
(ρt, jt) be their integrals in time.

S tep 1: Application of [17, Th. 1.2].
Let

β̃(r) =

{
β(r) if r ≤ L

β(L) if r ≥ L.

We claim that if either r is dyadic with L ≥ r ≥ 1 or r ∈ LN, then

(4.11)
1

rd
W 2
Qr(µ, κ) ≤ β̃(r).

By (4.5), there is nothing to prove for r ≤ L. Now if r ∈ LN, we may decompose Qr in

boxes which are translates of QL and use as competitor (on Qr) a concatenation of |Qr||QL|
translates of π̂, where π̂ is the (Euclidean) optimal transport plan for WQL(µ, 1) and obtain
(in this case κ = 1)

1

rd
WQr(µ, 1) ≤ 1

Ld
WQL(µ, 1) ≤ β(L) = β̃(r).



A FLUCTUATION RESULT FOR THE DISPLACEMENT IN THE OPTIMAL MATCHING PROBLEM23

Using [17, Lem. 2.10 & Rem. 2.11], we may find a sequence of approximately geometrical
radii rk ≥ 1 (with rk →∞ as k →∞) for which

1

|Brk |
W 2
Brk

(µ, κ) . β̃(rk).

By periodicity of πr, we see that for every r � L, there exists r̄ ≤ r with r ∼ r̄ such that
λr Br̄ = dx Br̄ (and moreover if (ρr, jr) are defined as in (4.10) with π replaced by πr,
(ρr, jr) = (ρ, j) in Br̄ × [0, 1]). We are thus in a position to apply [17, Th. 1.2] to find a
diverging sequence r̄k such that if we define uk as the mean zero solution of (here ν denotes
the outward normal to Br̄k)

(4.12) ∆uk = µ− 1 in Br̄k and ν · ∇uk = j̄ · ν on ∂Br̄k

and such that defining

hkr =

∫
ηr∇uk,

then for r̄k ≥ r & 1,

(4.13)

∣∣∣∣∫
Rd×Rd

ηr(x)(y − x− hkr)dπ
∣∣∣∣ . β̃(r)

r

and

(4.14)

sup
{
|x− (y − hkr)| : (x, y) ∈ Spt π ∩ ((Br × Rd) ∪ (Rd ×Br(h

k
r))
}
. r

(
β̃(r)

r2

) 1
d+2

.

Before proceeding further, let us recall that the choice of r̄k is such that (see [17, Prop 3.6,
(3.47)])viii

(4.15)
1

r̄d−1
k

∫
∂Br̄k

|j̄ · ν| . β̃1/2(r̄k).

Since by (4.19) below, the solution u of (4.2) satisfies

(4.16)
1

Ld

∫
QL

|∇u| . L,

by periodicity of u, we also have for r � L that

1

|Br|

∫
Br

|∇u| . L

and we can thus assume that r̄k was chosen so that

(4.17)
1

r̄d−1
k

∫
∂Br̄k

|∇u · ν| . L.

S tep 2. We now argue that ∇uk → ∇u in C∞loc(Rd) as k → ∞. Passing to the limit in

viiiHere we use with the notation of [17],
∫
∂Br̄k

|j̄ · ν| =
∫
∂Br̄k

|ĝ|.
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(4.13) and (4.14), this would yield (4.6) and (4.7).
Let ϕk = uk − u. As a first step, we will show that ∇ϕk is bounded. By harmonicity,
this will imply that ∇ϕk → ∇ϕ in C∞loc(Rd) for some harmonic and bounded function. By
Liouville’s theorem, this will imply that ∇ϕ = ξ is constant.

To show boundedness of ∇ϕk observe that by harmonicity we have for every r > 0 and
every k large enough

sup
Br

|∇ϕk| .
1

r̄dk

∫
Br̄k

|∇ϕk|.

Arguing as in the proof of Lemma 4.2 below we can further estimate

1

r̄dk

∫
Br̄k

|∇ϕk| .
1

r̄d−1
k

∫
∂Br̄k

|ν · ∇ϕk| ≤
1

r̄d−1
k

∫
∂Br̄k

|ν · ∇uk|+
1

r̄d−1
k

∫
∂Br̄k

|ν · ∇u|.

Using (4.15) and (4.17) (and the fact that β̃(r̄k) = β(L)), shows that ∇ϕk is bounded and
converges to the constant ξ.

We finally want to prove that ξ = 0. By harmonicity of ∇ϕk,

ξ = lim
k→∞
∇ϕk(0) = lim

k→∞

1

|Br̄k |

∫
Br̄k

∇ϕk.

To conclude the proof it is enough to show that both 1
|Br̄k |

∫
Br̄k
∇uk and 1

|Br̄k |

∫
Br̄k
∇u tend

to zero. Let us start with the easier term. Since u is QL−periodic, we have∫
QL

∇u = 0.

Covering Br̄k−CL with translates of QL we have∣∣∣∣∣
∫
Br̄k

∇u

∣∣∣∣∣ ≤
∫
Br̄k\Br̄k−CL

|∇u| . Lr̄d−1
k

∫
QL

|∇u|
(4.16)

. Ld+1r̄d−1
k

from which ∣∣∣∣∣ 1

|Br̄k |

∫
Br̄k

∇u

∣∣∣∣∣ . Ld+1

r̄k

k→∞→ 0.

We now turn to the second term. Since ∇uk− j̄ has divergence zero in Br̄k with ν · (∇uk−
j̄) = 0 on ∂Br̄k , ∫

Br̄k

∇uk =

∫
Br̄k

j̄.

Let Mk =
(
β̃(r̄k)/r̄

2
k

) 1
d+2

=
(
β̃(L)/r̄2

k

) 1
d+2

. By the L∞ bound [17, Lem 2.9 (2.32)], we have

for every (x, y) ∈ Spt π ∩Br̄k ×Br̄k ,

(4.18) |x− y| . r̄kMk.
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Notice that Mk → 0. For z ∈ (LZ)d, let Qz
L = QL+z. From (4.18), we deduce that if Qz

L ⊂
B(1−Mk)r̄k then for every (x, y) ∈ (Qz

L×Rd)∩Spt π, and every t ∈ [0, 1], (1− t)x+ ty ∈ Br̄k .
We deduce that∫

Br̄k

j̄ =
∑

z∈(L/Z)d

∫ 1

0

∫
QzL×Rd

χBr̄k ((1− t)x+ ty)(y − x)dπdt

=
∑

z∈(L/Z)d,QzL⊂B(1−Mk)r̄k

∫
QzL×Rd

(y − x)dπ

+
∑

z∈(L/Z)d,QzL*B(1−Mk)r̄k

∫ 1

0

∫
QzL×Rd

χBr̄k ((1− t)x+ ty)(y − x)dπdt

(4.8)
=

∑
z∈(L/Z)d,QzL*B(1−Mk)r̄k

∫ 1

0

∫
QzL×Rd

χBr̄k ((1− t)x+ ty)(y − x)dπdt.

We conclude that∣∣∣∣∣ 1

|Br̄k |

∫
Br̄k

j̄

∣∣∣∣∣ . Mk

Ld

∫
QL×Rd

|y − x|dπ .Mkβ
1/2(L)→ 0.

This shows that ξ = 0 and thus putting all together, we proved that ∇uk → ∇u in C∞loc(Rd)
as k →∞. �

Lemma 4.2. Let L� 1 and µ be a QL-periodic measure such that µ(QL) = Ld. Let u be
the QL-periodic solution with zero average to

∆u = µ− 1 in Rd.

Then, for p ∈
[
1, d

d−1

)
(

1

Ld

∫
QL

|∇u|p
) 1

p

. L.(4.19)

Proof. We fix p ∈ (1, d
d−1

) so that its dual q = p
p−1

> d. We will argue by the dual

representation of the Lp-norm of ∇u. To this end, let ψ ∈ Lq(QL) be given and let ω be
the QL-periodic solution with average zero of the dual problem

∆ω = ∇ · ψ.
We then have by integration by parts

1

Ld

∫
QL

∇u · ψ = − 1

Ld

∫
QL

ωd(µ− 1) .

(
µ(QL)

Ld
+ 1

)
sup
QL

|ω| = 2 sup
QL

|ω|.

Now by Sobolev embedding (recall that q > d) and the Poincaré inequality,

sup
QL

|ω| .q L
(

1

Ld

∫
QL

|∇ω|q
) 1

q

.
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Using finally Calderon-Zygmund estimates we have(
1

Ld

∫
QL

|∇ω|q
) 1

q

.q

(
1

Ld

∫
QL

|ψ|q
) 1

q

leading to (
1

Ld

∫
QL

|∇u|p
) 1

p

.p L.

Finally, the case p = 1 follows by Hölder’s inequality. �

We close this section with a Lemma estimating |hr − hr′ |. This is very similar to [17,
Lem. 4.3] so we only sketch the proof.

Lemma 4.3. For 0 < r ≤ r′, let u be a solution of

∆u = µ− 1 in Br′ .

Then, for every α ∈ (0, 1)∣∣∣∣∫ (ηr − ηr′)∇u
∣∣∣∣2 .α (r′r

)2(d+α)
1

|Br′ |
W 2
Br′

(µ, κ).

Proof. By scaling we may assume that r′ = 1. We now argue exactly as in [17, Lem. 4.3]
and consider the solution of

∆ω = ∂1(η1 − ηr) in B1, and ω = ν · ∇ω = 0 on ∂B1

and remark that by Schauder estimates, [ω]C1,α(B1) .α [η1 − ηr]C0,α(B1) .
1

rd+α
. �

4.2. Stochastic input. In this section, we will show that there is a random radius r∗,L with
stretched exponential moments independent of L such that the assumptions of Theorem
4.1 are satisfied with µ = µ1,L and r∗ = r∗,L.

To this end, recall the notation Qr = [− r
2
, r

2
)d and write µ1,L = µ. We aim to control

W 2
Qr

(µ, κ) for 1 � r < ∞. This will be a rather direct consequence of [3] for d = 2 and
[18] for d ≥ 3. To state their result and to adapt it to our setup we need to introduce some
notation.

For n ≤ L we define the probability measure Pn with associated expectation operator
En by

Pn [F ] =
P [F ∩ {µ(Qr) = n}]

P [µ(Qr) = n]
,

Since µ =
∑Ld

i=1 δXi for iid uniform random variables (Xi)i it follows that µ(Qr) is Binomi-
ally distributed with parameter (Ld, rd) so that

pn = P [µ(Qr) = n] =

(
Ld

n

)(
rd

Ld

)n(
1− rd

Ld

)Ld−n
(4.20)

which converges for L→∞ to exp(−rd) rdn
n!
.
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Equipped with this probability measure, µ Qr can be identified with n uniformly iid
random variables Xi on Qr. Recall β from (4.1). A simple rescaling shows that

1

r2n1− 2
dβ(n)

En
[
W 2
Qr

(
µ,
µ(Qr)

rd

)]

is independent of r. Arguing as in [3, Rem. 4.7] and [18, Rem. 6.5] and using the fact
that the uniform measure on [0, 1] satisfies a log-Sobolev inequality to replace exponential
bounds by Gaussian bounds, it follows that there exists c0 > 0 such that for every M � 1
(since we pass from a deviation to a tail estimate) and n large enough uniformlyix in r,

(4.21) Pn

[
1

r2n1− 2
dβ(n)

W 2
Qr

(
µ,
µ(Qr)

rd

)
≥M

]
≤ exp(−c0Mn1− 2

dβ(n)).

We now show how (4.21) can be turned into the desired control of W 2
Qr

(µ, κ).

Lemma 4.4. For each L ≥ 1 let µ1,L be a Binomial point process of intensity 1 on QL.
Then, there exists a universal constant c > 0 (independent of L, r and M) such that for
r ≥ 1,M � 1,

P
[

1

rdβ(rd)
W 2
Qr

(
µ,
µ(Qr)

rd

)
≥M

]
≤ exp(−cMrd−2β(rd)) .(4.22)

Proof. We start by noting that by Chernoff bounds there exists a constant c independent
of L such that

(4.23) P
[
µ(Qr)

rd
/∈
[

1

2
, 2

]]
≤ exp(−crd),

and for M � 1 a (different) constant c independent of L such that

(4.24) P
[
µ(Qr)

rd
≥M

]
≤ exp(−crdM).

ixNotice that the left-hand side of (4.21) actually does not depend on r.
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For 1 ≤M . rd

rd−2β(rd)
= r2

β(rd)
, by definition of Pn

P
[

1

rdβ(rd)
W 2
Qr

(
µ,
µ(Qr)

rd

)
≥M

]
≤ P

[
µ(Qr)

rd
/∈
[

1

2
, 2

]]
+

∑
n∈[rd/2,2rd]

pnPn
[

1

rdβ(rd)
W 2
Qr

(
µ,
µ(Qr)

rd

)
≥M

]
(4.23)

≤ exp(−crd) +
∑

n∈[rd/2,2rd]

pnPn

[
1

r2n1− 2
dβ(n)

W 2
Qr

(
µ,
µ(Qr)

rd

)
≥ rd−2β(rd)

n1− 2
dβ(n)

M

]
(4.21)

≤ exp(−crd) +
∑

n∈[rd/2,2rd]

pn exp(−c0Mrd−2β(rd))

≤ exp(−crd) + exp(−c0Mrd−2β(rd)) ≤ exp(−cMrd−2β(rd)),

while for M � r2

β(rd)
, using the estimate W 2

Qr

(
µ, µ(Qr)

rd

)
≤ dr2µ(Qr) together with (4.24),

we obtain

P
[

1

rdβ(rd)
W 2
Qr

(
µ,
µ(Qr)

rd

)
≥M

]
≤ P

[
µ(Qr)

rd
≥ M

d

β(rd)

r2

]
≤ exp(−cMrd−2β(rd)).

�

By giving up a bit of integrability we can strengthen (4.22) into a supremum bound.

Theorem 4.5. For each L ≥ 1 let µ1,L be a Binomial point process on QL of intensity
one. Then there exists a universal constant c > 0 and a family of random variables (r∗,L)L
such that

sup
L

E
[
exp

(
c
r2
∗,L

β(r∗,L)

)]
<∞

and for every dyadic r with r∗,L ≤ r ≤ L

(4.25)
1

rd
W 2
Qr

(
µ,
µ(Qr)

rd

)
≤ r2

∗,Lβ

(
r

r∗,L

)
.

Proof. We first prove that there exist a constant c̄ > 0 independent of L and for each
L ≥ 1 a random variable ΘL with supL E

[
exp(c̄ΘL)

]
<∞ such that for all dyadic r with

L ≥ r ≥ 1,

(4.26)
1

rdβ(rd)
W 2
Qr

(
µ,
µ(Qr)

rd

)
≤ ΘL.

For k ≥ 1, let rk = 2k and put

(4.27) ΘL
k =

1

rdkβ(rdk)
W 2
Qrk

(
µ,
µ(Qrk)

rdk

)
, ΘL = sup

rk≤L
ΘL
k .
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We claim that the exponential moments of ΘL
k given by Lemma 4.4 translate into expo-

nential moments for ΘL. Indeed fix 1� c̄ > 0. Then, we estimate for some fixed m� 1

E[exp(c̄ΘL)] ≤ exp(c̄m) +
∑
M≥m

P[ΘL ≥M ] exp(c̄(M + 1))

≤ exp(c̄m) +
∑
M≥m

exp(c̄(M + 1))
∑
rk≤L

P[ΘL
k ≥M ]

(4.22)

≤ exp(c̄m) + exp(c̄)
∑
k≥1

∑
M≥m

exp(−M(crd−2
k β(rdk)− c̄))

rk=2k& c̄�1

. exp(c̄m) + exp(c̄)
∑
k≥1

exp(−ck) <∞.

Hence, ΘL has exponential moments and (4.26) is satisfied. Moreover, the bound on
E[exp(c̄ΘL)] is independ of L so that also supL E[exp(c̄ΘL)] <∞.

Without loss of generality, we may assume that ΘL ≥ 1. For d ≥ 3 we set r2
∗,L = ΘL.

For d = 2 we observe that β(rd) ∼ β(r) for r ≥ 1 and define r∗,L ≥ 1 via the equation

(4.28)
r2
∗,L

β(r∗,L)
=

ΘL

β(1)
,

which has a solution since r∗,L 7→ r2
∗,L/β (r∗,L) is monotone on (0,∞). Since r 7→ β

(
r

r∗,L

)
/β(r)

is a non decreasing function, we have for r ≥ r∗,L,

β(r) ≤ β(r∗,L)

β(1)
β

(
r

r∗,L

)
.

This together with (4.28) gives for every dyadic r ≥ r∗,L,

ΘLβ(r) ≤ r2
∗,Lβ

(
r

r∗,L

)
,

from which we see that (4.26) implies (4.25). �

Remark 4.6. We defined the random radius r∗,L for the Binomial point process µ1,L of
intensity one. Similarly, we could define a random radius rR∗,L for a Binomial point process

µR,L of intensity Rd. They are connected by the scaling relation

r∗,RL = RrR∗,L.

After this preparation we obtain our main quenched result:

Proposition 4.7. Let π1,L be the QL−periodic optimal transport plan for Wper(µ
1,L, 1). In

the event r∗,L < L we have for every r ≥ r∗,L,

(4.29)

∣∣∣∣∫
Rd×Rd

ηr(x)
(
y − x−∇u1,L

r (0)
)
dπ1,L

∣∣∣∣ . r2
∗,L

β
(

r
r∗,L

)
r
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and

(4.30) sup
{∣∣x− (y −∇u1,L

r (0)
)∣∣ : (x, y) ∈ Spt π1,L ∩ ((Br × Rd)

}
. r

r2
∗,Lβ

(
r

r∗,L

)
r2


1
d+2

.

If instead r ≤ r∗,L, then for every α ∈ (0, 1),

(4.31)

∣∣∣∣∫
Rd×Rd

ηr(x)
(
y − x−∇u1,L

r (0)
)
dπ1,L

∣∣∣∣ .α r∗,L (r∗,Lr )2d+α

.

Proof. Applying Theorem 4.1 to µ1,L, we obtain (4.29) and (4.30) for r & r∗,L.
To simplify notation we let hr = ∇u1,L

r (0). By (4.25) and [17, Lem. 2.10], we can find
r̄ ∼ r∗,L large enough for (4.29) and (4.30) to hold and such that

(4.32)
1

|Br̄|
W 2
Br̄(µ

1,L, κ) . r2
∗,L.

By Lemma 4.3 we have for r ≤ r̄ and α ∈ (0, 1),

(4.33) |hr − hr̄| .α
( r̄
r

)d+α

r∗,L .α
(r∗,L
r

)d+α

r∗,L.

Using this for r = r∗,L together with the triangle inequality, this extends (4.30) to all
r ≥ r∗,L. We now claim that it also implies that for r ≤ r̄ and α ∈ (0, 1)

(4.34)

∣∣∣∣∫
Rd×Rd

ηr(x) (y − x− hr) dπ1,L

∣∣∣∣ .α r∗,L (r∗,LR )2d+α

.

Using this first for r∗,L ≤ r ≤ r̄ would extend the validity of (4.29) to all r ≥ r∗,L. The
case r ≤ r∗,L would give (4.31). In order to prove (4.34), we first write∫

ηr(x) (y − x− hr) dπ1,L =

∫
ηr(x) (y − x− hr̄) dπ1,L +

∫
ηr(x) (hr̄ − hr) dπ1,L

and estimate separately both terms. For the first one we use (4.30) for r̄ together with the
fact that Br ⊂ Br̄ and r̄ ∼ r∗,L to get∣∣∣∣∫ ηr(x)(y − x− h1,L

r̄ )dπ1,L

∣∣∣∣ . r∗,L

∫
ηrdµ

1,L.

For the second term we use (4.33) and r̄ ∼ r∗,L to get∣∣∣∣∫ ηr(x)(hr̄ − hr)dπ1,L

∣∣∣∣ .α r∗,L (r∗,Lr )d+α
∫
ηrdµ

1,L.

Finally, we can argue ∫
ηrdµ

1,L ≤
( r̄
r

)d ∫
ηr̄dµ

1,L .
(r∗,L
r

)d
,
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where the second inequality follows from [17, (4.58) Lem. 4.4]. Since
r∗,L
r
& 1, this ends

the proof of (4.31). �

We may now prove the main annealed result of this section:

Proposition 4.8. For every L� r ≥ 1 and p ≥ 1

(4.35) E
[∣∣∣∣∫ ηr(x)(y − x−∇u1,L

r (0))dπ1,L

∣∣∣∣p] 1
p

.
β(r)

r
.

Proof. Let p ≥ 1 be fixed. We start by observing that we have the deterministic bound∣∣∣∣∫ ηr(x)(y − x−∇u1,L
r (0))dπ1,L

∣∣∣∣p . |µ1,L
r (0)|p

(
Lp + |∇u1,L

r (0)|p
)
.

Since P[r∗,L ≥ L] . exp
(
−c L2

β(L)

)
and since we have control on arbitrary high moments

of µ1,L
r (0) and ∇u1,L

r (0) by Lemma 2.3 and Lemma 3.1, we may restrict ourselves to the
event r∗,L < L. We now estimate

E
[∣∣∣∣∫ ηr(x)

(
y − x−∇u1,L

r (0)
)
dπ1,L

∣∣∣∣p] 1
p

≤ E
[
χ{r∗,L≤r}

∣∣∣∣∫ ηr(x)(y − x−∇u1,L
r (0))dπ1,L

∣∣∣∣p] 1
p

+ E
[
χ{r∗,L≥r}

∣∣∣∣∫ ηr(x)(y − x−∇u1,L
r (0))dπ1,L

∣∣∣∣p] 1
p

(4.29)&(4.31)

.
1

r
E
[
r2p
∗,Lβ

p

(
r

r∗,L

)] 1
p

+ E
[
χ{r∗,L≥r}

(
r∗,L

(r∗,L
r

)2d+α
)p] 1

p

.

By the stretched exponential moment of r∗,L, we have

1

r
E
[
r2p
∗,Lβ

p

(
r

r∗,L

)] 1
p

+ E
[
χ{r∗,L≥r}

(
r∗,L

(r∗,L
r

)2d+α
)p] 1

p

.
β(r)

r
,

which concludes the proof. �

4.3. Main convergence result. We now use Theorem 2.7 and Lemma 2.10 to obtain a
quantitative bound on the distance between the displacement and ∇uR,L in appropriate
negative Sobolev spaces. We recall that if πR,L is the QL−periodic optimal transport plan
between µR,L and 1, we introduced the distribution ZR,L defined by

ZR,L(f) = R
d
2

∫
QL×Rd

f(x)(y − x)dπR,L.

As already observed in Section 3 we expect a different behavior for scales larger or smaller
than 1

R
. For the large scales ZR,L will be close to ∇uR,L and thus essentially Gaussian

while at small scales it has no better regularity than Dirac masses, recall (1.2). It is thus
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natural as in Theorem 3.4 to consider both the behavior of ZR,L and ZR,L
1
R

. We start with

the latter since the analysis is simpler.

Theorem 4.9. For every d ≥ 3, p ≥ 2, γ > 0 with γ /∈ N, L� `� 1 and R� 1 we have

(4.36)
1

|B`|
E[‖ZR,L

1
R

−∇uR,L1
R

‖pW−γ,p(B`)
] .

1

R
p
2

(4−d)

(
1 +Rp(1−γ)

)
.

If d = 2, p ≥ 2, γ > 0, with γ /∈ N, L� `� 1 and R� 1 we have

(4.37)
1

|B`|
E
[∥∥∥ZR,L

1
R

− µR,L1
R

∇uR,L1 (0)−
(
∇uR,L1

R

−∇uR,L1 (0)
)∥∥∥p

W−γ,p(B`)

]
.

(
logR`

R

)p (
1 +Rp(1−γ)

)
.

Proof. We start with (4.36). We claim that for ε ∈
[

1
R
, 1
]

and x ∈ B3`,

(4.38) E
[∣∣ZR,L

ε (x)−∇uR,Lε (x)
∣∣p] 1

p .
1

R
1
2

(4−d)ε
.

Using (2.17) of Lemma 2.10 this would yield (4.36). In order to prove (4.38) we notice that
by stationarity and rescaling (recall (2.5)), it is enough to prove that for L� r ≥ 1,

(4.39) E
[∣∣Z1,L

r (0)−∇u1,L
r (0)

∣∣p] 1
p .

1

r
.

Using triangle inequality we have

E
[∣∣Z1,L

r (0)−∇u1,L
r (0)

∣∣p] 1
p ≤ E

[∣∣Z1,L
r (0)− µ1,L

r (0)∇u1,L
r (0)

∣∣p] 1
p

+ E
[∣∣(1− µ1,L

r (0))∇u1,L
r (0)

∣∣p] 1
p .

For the first term we use

E
[∣∣Z1,L

r (0)− µ1,L
r (0)∇u1,L

r (0)
∣∣p] 1

p = E
[∣∣∣∣∫ ηr(x)(y − x−∇u1,L

r (0))dπ1,L

∣∣∣∣p] 1
p (4.35)

.
1

r
.

For the second one we use Hölder’s inequality to get

E
[∣∣(1− µ1,L

r (0))∇u1,L
r (0)

∣∣p] 1
p ≤ E

[∣∣(1− µ1,L
r (0))

∣∣2p] 1
2p E

[∣∣∇u1,L
r (0)

∣∣2p] 1
2p

(2.9)&(3.1)

.
1

rd−1
.

1

r
.

This concludes the proof of (4.39).
We now turn to (4.37). We claim that for ε ∈

[
1
R
, 1
]

and x ∈ B3`,

(4.40) E
[∣∣∣ZR,L

ε (x)− µR,Lε (x)∇uR,L1 (0)−
(
∇uR,Lε (x)−∇uR,L1 (0)

)∣∣∣p] 1
p

.
log(R`)

Rε
.
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As above, using (2.17) of Lemma 2.10 this would give (4.37). By scaling, in order to prove
(4.40), it is enough to prove that for 1 ≤ r ≤ R� L and x ∈ QL

(4.41)

E
[∣∣∣Z1,L

r (x)− µ1,L
r (x)∇u1,L

R (0)−
(
∇u1,L

r (x)−∇u1,L
R (0)

)∣∣∣p] 1
p

.
log(|x|+ 2) + logR

r
.

For this we write that by triangle inequality,

E
[∣∣∣Z1,L

r (x)− µ1,L
r (x)∇u1,L

R (0)−
(
∇u1,L

r (x)−∇u1,L
R (0)

)∣∣∣p] 1
p

≤ E
[∣∣Z1,L

r (x)− µ1,L
r (x)∇u1,L

r (x)
∣∣p] 1

p + E
[∣∣∣(1− µ1,L

r (x))(∇u1,L
r (x)−∇u1,L

R (0))
∣∣∣p] 1

p

.

For the first term we use stationarity to infer

E
[∣∣Z1,L

r (x)− µ1,L
r (x)∇u1,L

r (x)
∣∣p] 1

p = E
[∣∣Z1,L

r (0)− µ1,L
r (0)∇u1,L

r (0)
∣∣p] 1

p

= E
[∣∣∣∣∫ ηr(x)(y − x−∇u1,L

r (0))dπ1,L

∣∣∣∣p] 1
p

(4.35)

.
log(r + 1)

r
.

For the second term we use as above, Hölder’s inequality in combination with (2.9) and
this time (3.2) to obtain

E
[∣∣∣(1− µ1,L

r (x))(∇u1,L
r (x)−∇u1,L

R (0))
∣∣∣p] 1

p

.
1

r

(
log

1
2

(
R + |x|

r

)
+ 1

)
.

log (R + |x|+ 1)

r
.

�

Remark 4.10. If we assume that R is a not too slowly diverging sequence in terms of L

(more precisely if R� log
1

2γ L), it can be proven using the same kind of computations that

E
[
‖(µR,L1

R

− 1)∇uR,L1 (0)‖pW−γ,p(B`)

]
is small and thus replace (4.37) by an estimate on the

simpler quantity E
[
‖ZR,L

1
R

−∇uR,L1
R

‖pW−γ,p(B`)

]
.

We finally consider also the small scales ε ≤ 1
R

(the analog of Remark 4.10 of course also
holds).

Theorem 4.11. For every d ≥ 3, p ≥ 2, γ > d
(

1− 1
p

)
with γ /∈ N, L � ` � 1 and

R� 1 we have

(4.42)
1

|B`|
E[‖ZR,L −∇uR,L‖pW−γ,p(B`)

] .
1

R
p
2

(4−d)
.
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If d = 2, p ≥ 2, γ > 2
(

1− 1
p

)
with γ /∈ N, L� `� 1 and R� 1 we have

(4.43)
1

|B`|
E
[∥∥∥ZR,L − µR,L∇uR,L1 (0)−

(
∇uR,L −∇uR,L1 (0)

)∥∥∥p
W−γ,p(B`)

]
.

(
logR`

R

)p
.

Proof. Within this proof we use the shorthand notation A . f(p+) if for any 1 � δ > 0,
A .δ f((1 + δ)p).

We start with (4.42). In light of (2.13) of Theorem 2.7 and (4.38), it is enough to prove
that for ε ∈ (0, 1

R
) and x ∈ B2`,

(4.44) E
[∣∣ZR,L

ε (x)−∇uR,Lε (x)
∣∣p] 1

p .
1

(εR)
1+

d(p+−2)

2p+

1

ε
1
2

(d−2)
.

Indeed, this would give for γ > d
(

1− 1
p

)
> 1

1

|B`|
E

[∫ 1
R

0

∫
B2`

εpγ
∣∣ZR,L

ε (x)−∇uR,Lε (x)
∣∣p dxdε

ε

]
.
∫ 1

R

0

εpγ
1

(εR)
p+ p

p+

d(p+−2)

2

1

ε
p
2

(d−2)

dε

ε

.
1

Rp(γ− d−2
2 )
.

1

R
p
2

(4−d)
.

We thus prove (4.44). Since we are considering scales for which the linearization ansatz
is not expected to be relevant, we use triangle inequality, (3.1), stationarity and rescaling
to reduce the estimate to show for 0 < r < 1

(4.45) E
[∣∣∣∣∫ ηr(x)(y − x)dπ1,L

∣∣∣∣p] 1
p

.
1

r
d
2

1

r
d(p+−2)

2p+

.

Let q = (1+δ)p with 0 < δ � 1. Recalling the definition of the random radius r∗,L = r∗ ≥ 1
(dropping the L for the rest of the proof) from Section 4.2, notice first that thanks to its
stretched exponential moments, the deterministic bound |x − y| . L for (x, y) ∈ Sptπ1,L

and the moment bound (2.9) for µ1,L
r (0), we may reduce ourselves to the event r∗ < L. In

this event, we use the triangle inequality to write

E
[∣∣∣∣∫ ηr(x)(y − x)dπ1,L

∣∣∣∣p] 1
p

. E
[∣∣∣∣∫ ηr(x)(y − x−∇u1,L

r∗ (0))dπ1,L

∣∣∣∣p] 1
p

+ E
[∣∣∣µ1,L

r (0)(∇u1,L
r∗ (0)−∇u1,L

1 (0))
∣∣∣p] 1

p

+ E
[∣∣∣µ1,L

r (0)∇u1,L
1 (0)

∣∣∣p] 1
p

.



A FLUCTUATION RESULT FOR THE DISPLACEMENT IN THE OPTIMAL MATCHING PROBLEM35

For the first term we use (4.30) for r = r∗ together with the fact that Br ⊂ Br∗ (since
r ≤ 1 ≤ r∗) to obtain

E
[∣∣∣∣∫ ηr(x)(y − x−∇u1,L

r∗ (0))dπ1,L

∣∣∣∣p] 1
p

. E
[∣∣µ1,L

r (0)r∗
∣∣p] 1

p

Hölder

≤ E
[∣∣µ1,L

r (0)
∣∣q] 1

q E
[
r
p(1+δ)
δ

∗

] δ
p(1+δ)

(2.9)

.δ
1

r
d
2

1

r
d(q−2)

2q

.

For the second term we usex (4.33) to obtain

E
[∣∣∣µ1,L

r (0)(∇u1,L
r∗ (0)−∇u1,L

1 (0))
∣∣∣p] 1

p

.α E
[∣∣µ1,L

r (0)rd+α+1
∗

∣∣p] 1
p

(2.9)

.δ
1

r
d
2

1

r
d(q−2)

2q

.

Finally the last term is estimated thanks to Hölder’s inequality as

E
[∣∣∣µ1,L

r (0)∇u1,L
1 (0)

∣∣∣p] 1
p ≤ E

[∣∣µ1,L
r (0)

∣∣q] 1
q E
[
|∇u1,L

1 (0)|
p(1+δ)
δ

] δ
p(1+δ)

(2.9)&(3.1)

.δ
1

r
d
2

1

r
d(q−2)

2q

.

This proves (4.45).

We finally show (4.43). As above, from (2.13) and (4.40), it is enough to prove that for
ε ∈ (0, 1

R
), x ∈ B`

(4.46)

E
[∣∣∣ZR,L

ε (x)− µR,Lε (x)∇uR,L1 (0)−
(
∇uR,Lε (x)−∇uR,L1 (0)

)∣∣∣p] 1
p

.
1

(εR)
1+

p+−2

p+

log
1
2 (R`).

Using the triangle inequality, (3.2) and rescaling, we are left with the proof of

(4.47) E
[∣∣∣∣∫ ηr(y − x)dπ1,L − µ1,L

r (0)∇u1,L
R (0)

∣∣∣∣p] 1
p

.
1

r

1

r
p+−2

p+

log
1
2 (R`)

Fix q = (1 + δ)p with 0 < δ � 1. As before, we may reduce ourselves to the event r∗ < L.
We use triangle inequality to write

E
[∣∣∣∣∫ ηr(y − x)dπ1,L − µ1,L

r (0)∇u1,L
R (0)

∣∣∣∣p] 1
p

≤ E
[∣∣∣∣∫ ηr(y − x−∇u1,L

r∗ (0))dπ1,L

∣∣∣∣p] 1
p

+ E
[∣∣∣µ1,L

r (0)(∇u1,L
r∗ (0)−∇u1,L

1 (0))
∣∣∣p] 1

p

+ E
[∣∣∣µ1,L

r (0)(∇u1,L
1 (0)−∇u1,L

R (0))
∣∣∣p] 1

p

.

xUp to adding yet another intermediate radius r′ ∼ r∗ and using triangle inequality we may assume
that (4.32) holds for r̄ = r∗.
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The first term is bounded exactly as before using (4.30) and (2.9):

E
[∣∣∣∣∫ ηr(y − x−∇u1,L

r∗ (0))dπ1,L

∣∣∣∣p] 1
p

. E
[∣∣µ1,L

r (0)r∗
∣∣p] 1

p .δ
1

r

1

r
q−2
q

.

As above, we obtain a similar upper bound for the second term using (4.33). For the third
term we use Hölder’s inequality and (3.2) to get

E
[∣∣∣µ1,L

r (0)(∇u1,L
1 (0)−∇u1,L

R (0))
∣∣∣p] 1

p

. E
[∣∣µ1,L

r (0)
∣∣q] 1

q E

[∣∣∣∇u1,L
1 (0)−∇u1,L

R (0)
∣∣∣ p(1+δ)

δ

] δ
p(1+δ)

.δ
1

r

1

r
q−2
q

log
1
2 R.

This concludes the proof of (4.47). �

Combining the estimates from Theorem 3.4, Theorem 4.9, and Theorem 4.11 we obtain
our main result including Theorems 1.1 and 1.2.

Theorem 4.12. A) Let p ≥ 2, γ > d
(

1− 1
p

)
. If d = 3, ZR,L converges is law in W−γ,p

loc

to ∇Ψ as R,L → ∞. If d = 2, ZR,L − µR,L∇uR,L1 (0) converges in law in W−γ,p
loc to

∇Ψ−∇Ψ1(0) as R,L→∞.

B) Let p ≥ 2, γ > d
2
− 1. If d = 3, ZR,L

1
R

converges in law in W−γ,p
loc to ∇Ψ as R,L→∞.

If d = 2, ZR,L
1
R

− µR,L1
R

∇uR,L1 (0) converges in law in W−γ,p
loc to ∇Ψ−∇Ψ1(0) as R,L→∞.

Moreover, under these assumptions, for every ` ≥ 1, these random distributions have
bounded moments of arbitrary order in W−γ,p(B`).
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(MICHAEL GOLDMAN) UNIVERSITÉ DE PARIS, CNRS, LABORATOIRE JACQUES-LOUIS
LIONS (LJLL), FRANCE

Email address: MICHAEL.GOLDMAN@U-PARIS.FR

(MARTIN HUESMANN) UNIVERSITÄT MÜNSTER, GERMANY
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