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…feel free to ask questions…

papers…
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what to benchmark • what to benchmark

what to benchmark 
and 

experimental setup

measures used 
and presented

data collection

Figure by Tea Tušar, in Hansen et al (2020), COCO: A platform for comparing continuous optimizers 
in a black-box setting. Optimization Methods and Software, published online, Aug 2020.

goals…
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• Understanding algorithms

• Regression testing

• Measuring performance in a systematic way (a 
performance “profile”)

• Running a competition  ranking (or selection)

• Algorithm selection (or ranking), could be automated  
 

→

Benchmarking: Possible Goals

revisiting…
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Automated Benchmarking: Possible Goals

how…

• Understanding algorithms

• Regression testing

• Measuring performance in a systematic way (a 
performance “profile”)

• Running a competition  ranking (or selection)

• Algorithm selection (or ranking), could be automated  
 

→
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Two surprisingly (but not completely) independent issues to address

1. What to benchmark? For example, which collection of test 
problems?

2. How to assess performance?

• experimental setup

• data collection

• measures used

Benchmarking: The Global Picture

suites…
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• Functions are

• Based on known (analytical) functions, modelling a “known” difficulty

• Comprehensible
aiding human interpretation, however, in science, comprehensible is invariably superior to incomprehensible

• Scalable

• Difficult (also: non-separable)
compared to the “typical standard” (at that time)

• Quasi-randomized as instances
with arbitrary shifts and smallish irregularities to avoid artificial exploits and mitigate overfitting, emulates repetition of experiments

• Come sometimes in pairs
to observe the effect of a single property

• Require to define target values (function instance + target = problem)
natural targets in the discrete search domain are known fitness levels and the global optimum, we may need experiments to define useful targets 

What to benchmark: COCO/BBOB Test Suite(s)

revisiting…
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• Functions should be

✓Difficult (also: non-separable)
compared to the “typical standard” (at that time)

✓Quasi-randomized as instances
with arbitrary shifts and smallish irregularities to avoid artificial exploits and mitigate overfitting, emulates repetition of experiments

• Scalable

- Based on known (analytical) functions, modelling a “known” difficulty

- Comprehensible
aiding human interpretation, however, in science, comprehensible is invariably superior to incomprehensible

- Come sometimes in pairs
to observe the effect of a single property

• Require to define target values (function instance + target = problem)
natural targets in the discrete search domain are known fitness levels and the global optimum, we may need experiments to define useful targets 

representative …

What to automated benchmark                         .
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✓Difficult (also: non-separable)
compared to the “typical standard” (at that time)

✓Quasi-randomized as instances
with arbitrary shifts and smallish irregularities to avoid artificial exploits and mitigate overfitting, emulates repetition of experiments

• Scalable

- Based on known (analytical) functions, modelling a “known” difficulty

- Comprehensible
aiding human interpretation, however, in science, comprehensible is invariably superior to incomprehensible

- Come sometimes in pairs
to observe the effect of a single property

• Require to define target values (function instance + target = problem)
natural targets in the discrete search domain are known fitness levels and the global optimum, we may need experiments to define useful targets 

• Benchmark suites “ultimately define the anticipated purpose” of the 
benchmarked algorithms and hence should (must?) be representative

assessment…
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“quality indicator” versus “time” 
convergence graphs 

 
 

is all we have

COCO/BBOB: Performance Assessment

time means…
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• time: we use number of function evaluations
the number is comparable across publications and invariant under changes of  

computer hardware, programming language, compiler, OS,…

• quality indicator:

• single-objective: affine transformation of the function value (to be 
minimized)

different for each instance

• multi-objective: negative hypervolume value after objective-wise 
affine transformation (to be minimized)

Affine transformations are considered as part of the function definition 
(benchmark suite definition)

they also affect the target values that define a problem: target precisions are defined identical for all functions in a suite

Specifically

two possibilities to collect comparable…



Nikolaus Hansen, Inria & Institute Polytechnique de Paris                                                                                                                                                                                  Revisiting COCO with automated benchmarking in mind13

• vertical (by evaluation) is a natural discretization
for wall clock or CPU time we would need to determine discretization intervals

•  evaluations are the independent variable
function value (or its attainment fraction) is the dependent variable, the measurement

⟹

Discretization: Two Possibilities
● a convergence graph  
● lower envelope (a monotonous graph)



Nikolaus Hansen, Inria & Institute Polytechnique de Paris                                                                                                                                                                                  Revisiting COCO with automated benchmarking in mind14

• horizontal appears to be an “unnatural” discretization
we need to determine discretization values

• function “target” values (or attainment fractions) are the independent variable
time is the dependent variable, the measurement

• both discretizations recover the original data (in the limit)
a time measurement for each discretization function value, these measurements can be plotted as ECDF 

•

Discretization: Two Possibilities
● a convergence graph  
● lower envelope (a monotonous graph)

resulting measurements…
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The resulting measurement

• Vertical discretization = fixed budget design measures quality indicator values  
and/or their attainment fractions

• Horizontal discretization = fixed target design measures evaluations, aka runtime
Runtime, when measured in number of evaluations,

Source:  Hansen et al. 2021

COCO/BBOB: Fixed Target(s) versus Fixed Budget(s)
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Source:  Hansen et al. 2021
automated…

COCO/BBOB: Fixed Target(s) versus Fixed Budget(s)

and the value itself can even be a somewhat arbitrary level set annotation1

1

The resulting measurement

• Vertical discretization = fixed budget design measures quality indicator values  
and/or their attainment fractions

• Horizontal discretization = fixed target design measures evaluations, aka runtime
Runtime, when measured in number of evaluations,
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Automated BBOB: Fixed Target(s) versus Fixed Budget(s)

Source:  Hansen et al. 2021

 
 
 
 
 
                                                                                                                     
                                                          
                                                     

we only use…and the value itself can even be a somewhat arbitrary level set annotation1

1

• ggregates over a collection of values in a meaningful way.a

The resulting measurement

• Vertical discretization = fixed budget design measures quality indicator values  
and/or their attainment fractions

• Horizontal discretization = fixed target design measures evaluations, aka runtime
Runtime, when measured in number of evaluations,
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uses (almost) always 

horizontal discretization  

COCO/BBOB

example…
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𝟣𝟢𝟢 𝟣𝟢𝟣 𝟣𝟢𝟤 𝟣𝟢𝟥 𝟣𝟢𝟦

evaluations

From a Convergence Graph to the Empirical Runtime Distribution

fu
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e
(e

rro
r)

Hansen et al. 2022. Anytime performance assessment in blackbox 
optimization benchmarking. IEEE Trans. on EC, 26(6).

discretization…
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𝟣𝟢𝟢 𝟣𝟢𝟣 𝟣𝟢𝟤 𝟣𝟢𝟥 𝟣𝟢𝟦
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“target” values

From a Convergence Graph to the Empirical Runtime Distribution

(e
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Hansen et al. 2022. Anytime performance assessment in blackbox 
optimization benchmarking. IEEE Trans. on EC, 26(6).

stars…
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Hansen et al. 2022. Anytime performance assessment in blackbox 
optimization benchmarking. IEEE Trans. on EC, 26(6).

bars…
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𝟣𝟢𝟢 𝟣𝟢𝟣 𝟣𝟢𝟤 𝟣𝟢𝟥 𝟣𝟢𝟦
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Hansen et al. 2022. Anytime performance assessment in blackbox 
optimization benchmarking. IEEE Trans. on EC, 26(6).

drop…
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Hansen et al. 2022. Anytime performance assessment in blackbox 
optimization benchmarking. IEEE Trans. on EC, 26(6).
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𝟣𝟢𝟢 𝟣𝟢𝟣 𝟣𝟢𝟤 𝟣𝟢𝟥 𝟣𝟢𝟦

evaluations
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e

From a Convergence Graph to the Empirical Runtime Distribution

for the remaining 
construction, 

we could use any 
runtimes, for 
example, from 
different runs or 
different functions

(e
rro

r)

Hansen et al. 2022. Anytime performance assessment in blackbox 
optimization benchmarking. IEEE Trans. on EC, 26(6).

empirical distribution…
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𝟣𝟢𝟢 𝟣𝟢𝟣 𝟣𝟢𝟤 𝟣𝟢𝟥 𝟣𝟢𝟦

evaluations

fu
nc

tio
n 

va
lu

e

fra
ct

io
n 

of
 p

ro
bl

em
s

From a Convergence Graph to the Empirical Runtime Distribution

(e
rro

r)

Hansen et al. 2022. Anytime performance assessment in blackbox 
optimization benchmarking. IEEE Trans. on EC, 26(6).
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Hansen et al. 2022. Anytime performance assessment in blackbox 
optimization benchmarking. IEEE Trans. on EC, 26(6).

two curves…
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𝟣𝟢𝟢 𝟣𝟢𝟣 𝟣𝟢𝟤 𝟣𝟢𝟥 𝟣𝟢𝟦

evaluations

From a Convergence Graph to the Empirical Runtime Distribution

Hansen et al. 2022. Anytime performance assessment in blackbox 
optimization benchmarking. IEEE Trans. on EC, 26(6).

flip…
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𝟣𝟢𝟢 𝟣𝟢𝟣 𝟣𝟢𝟤 𝟣𝟢𝟥 𝟣𝟢𝟦

evaluations

𝟣𝟢𝟢 𝟣𝟢𝟣 𝟣𝟢𝟤 𝟣𝟢𝟥 𝟣𝟢𝟦

evaluations

From a Convergence Graph to the Empirical Runtime Distribution

Hansen et al. 2022. Anytime performance assessment in blackbox 
optimization benchmarking. IEEE Trans. on EC, 26(6).
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𝟣𝟢𝟢 𝟣𝟢𝟣 𝟣𝟢𝟤 𝟣𝟢𝟥 𝟣𝟢𝟦

evaluations

𝟣𝟢𝟢 𝟣𝟢𝟣 𝟣𝟢𝟤 𝟣𝟢𝟥 𝟣𝟢𝟦

evaluations

From a Convergence Graph to the Empirical Runtime Distribution

Hansen et al. 2022. Anytime performance assessment in blackbox 
optimization benchmarking. IEEE Trans. on EC, 26(6).
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𝟣𝟢𝟢 𝟣𝟢𝟣 𝟣𝟢𝟤 𝟣𝟢𝟥 𝟣𝟢𝟦

evaluations

𝟣𝟢𝟢 𝟣𝟢𝟣 𝟣𝟢𝟤 𝟣𝟢𝟥 𝟣𝟢𝟦

evaluations

From a Convergence Graph to the Empirical Runtime Distribution

Hansen et al. 2022. Anytime performance assessment in blackbox 
optimization benchmarking. IEEE Trans. on EC, 26(6).
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𝟣𝟢𝟢 𝟣𝟢𝟣 𝟣𝟢𝟤 𝟣𝟢𝟥 𝟣𝟢𝟦

evaluations

From a Convergence Graph to the Empirical Runtime Distribution

when we maximize 
(instead of minimize), 
the graph can be 
considered as an 
empirical runtime 
distribution as is

Hansen et al. 2022. Anytime performance assessment in blackbox 
optimization benchmarking. IEEE Trans. on EC, 26(6).

horizontal bars…
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From a Convergence Graph to the Empirical Runtime Distribution

𝟣𝟢𝟢 𝟣𝟢𝟣 𝟣𝟢𝟤 𝟣𝟢𝟥 𝟣𝟢𝟦

evaluations

the runtime distribution 
represents the ordered 
runtimes depicted as 
horizontal bars

Hansen et al. 2022. Anytime performance assessment in blackbox 
optimization benchmarking. IEEE Trans. on EC, 26(6).

two readings…
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From a Convergence Graph to the Empirical Runtime Distribution

𝟣𝟢𝟢 𝟣𝟢𝟣 𝟣𝟢𝟤 𝟣𝟢𝟥 𝟣𝟢𝟦

evaluations

the runtime distribution 
represents the ordered 
runtimes depicted as 
horizontal bars

López-Ibáñez, et al. 2024. Using the empirical attainment function 
for analyzing single-objective black-box optimization 
algorithms. IEEE Trans. on EC, 29(2).

area…

Two readings of ECDFs (CDFs) 
Conventional:

  attainment fractions (probabilities)

My (strong) preference:

  runtime values
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#solved
#all

#evals = ∫
#solved

#all

0
#evals(Δf ) dΔf

#solved
#all

#evals = ∫
#solved

#all

0
#evals(Δfi(r)) dr

𝟣𝟢𝟢 𝟣𝟢𝟣 𝟣𝟢𝟤 𝟣𝟢𝟥 𝟣𝟢𝟦

evaluations

#evals =
#all

#solved ∫
#solved

#all

0
log(#evals(Δfi(r))) dr

The Area Above the Empirical Runtime Distribution

Hansen et al. 2022. Anytime performance assessment in blackbox 
optimization benchmarking. IEEE Trans. on EC, 26(6).

the area above the runtime 
distribution represents a 
(truncated) average runtime

Specifically, the logarithm of the 
truncated geometric average 
equals the bright orange area 
divided by the truncation fraction

formula…
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#solved
#all

#evals = ∫
#solved

#all

0
#evals(Δf ) dΔf

#solved
#all

#evals = ∫
#solved

#all

0
#evals(Δfi(r)) dr

𝟣𝟢𝟢 𝟣𝟢𝟣 𝟣𝟢𝟤 𝟣𝟢𝟥 𝟣𝟢𝟦

evaluations

#evals =
#all

#solved ∫
#solved

#all

0
log(#evals(Δfi(r))) dr

The Area Above the Empirical Runtime Distribution

Hansen et al. 2022. Anytime performance assessment in blackbox 
optimization benchmarking. IEEE Trans. on EC, 26(6).

the area above the runtime 
distribution represents a 
(truncated) average runtime

Specifically, the logarithm of the 
truncated geometric average 
equals the bright orange area 
divided by the truncation fraction

formula…
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#solved
#all

#evals = ∫
#solved

#all

0
#evals(Δf ) dΔf

#solved
#all

#evals = ∫
#solved

#all

0
#evals(Δfi(r)) dr

𝟣𝟢𝟢 𝟣𝟢𝟣 𝟣𝟢𝟤 𝟣𝟢𝟥 𝟣𝟢𝟦

evaluations

#evals =
#all

#solved ∫
#solved

#all

0
log(#evals(Δfi(r))) dr

The Area Above the Empirical Runtime Distribution

Hansen et al. 2022. Anytime performance assessment in blackbox 
optimization benchmarking. IEEE Trans. on EC, 26(6).

the area above the runtime 
distribution represents a 
(truncated) average runtime

Specifically, the logarithm of the 
truncated geometric average 
equals the bright orange area 
divided by the truncation fraction Geometric average runtime and runtime difference

truncation…
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#solved
#all

#evals = ∫
#solved

#all

0
#evals(Δf ) dΔf

#solved
#all

#evals = ∫
#solved

#all

0
#evals(Δfi(r)) dr

𝟣𝟢𝟢 𝟣𝟢𝟣 𝟣𝟢𝟤 𝟣𝟢𝟥 𝟣𝟢𝟦

evaluations
Hansen et al. 2022. Anytime performance assessment in blackbox 
optimization benchmarking. IEEE Trans. on EC, 26(6).

The Area Above the Empirical Runtime Distribution

#evals =
#all

#solved ∫
#solved

#all

0
log(#evals(Δfi(r))) dr

We may choose a dynamic 
truncation budget for 
automated benchmarking

the area above the runtime 
distribution represents a 
(truncated) average runtime

Specifically, the logarithm of the 
truncated geometric average 
equals the bright orange area 
divided by the truncation fraction

comparing graphs…

Geometric     ff
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difference area…
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Geometric average runtime and runtime difference
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Geometric average runtime and runtime difference
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fixed target vs budget properties…

Geometric average runtime and runtime difference
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COCO/BBOB: Fixed Target(s) versus Fixed Budget

• The fixed budget (vertical) design is (much) easier to set up
choosing a budget is simpler than choosing a target and we need to chose a maximal “timeout” budget either way                                                .

• For the (very) same reason, results from the fixed target (horizontal) design are (much) simpler to interpret and 
more conclusive

without specific insight, a function value is impossible to interpret beyond ordering

• Fixed target results

• can’t miss a big fitness change (improvement)
whereas with budget (vertical) discretization catching a fitness jump timely entirely relies on a fine discretization

• are “budget-free” even for a single target
we can compare results from runs with different maximal “timeout” budgets

• can be meaningfully aggregated in ECDFs and geometric averages
whereas function values from different functions are not commensurable

• can give different weights to different problems to make the geometric average more representative, as in

∑
i

wi log(RTi)
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COCO/BBOB: Fixed Target(s) versus Fixed Budget

• The fixed budget (vertical) design is (much) easier to set up
choosing a budget is simpler than choosing a target and we need to chose a maximal “timeout” budget either way                                                .

• For the (very) same reason, results from the fixed target (horizontal) design are (much) simpler to interpret and 
more conclusive

without specific insight, a function value is impossible to interpret beyond ordering

• Fixed target results

• can’t miss a big fitness change (improvement)
whereas with budget (vertical) discretization catching a fitness jump timely entirely relies on a fine discretization

• are “budget-free” even for a single target
we can compare results from runs with different maximal “timeout” budgets

• can be meaningfully aggregated in ECDFs and geometric averages
whereas function values from different functions are not commensurable

• can give different weights to different problems to make the geometric average more representative, as in

∑
i

wi log(RTi)
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COCO/BBOB: Fixed Target(s) versus Fixed Budget

• The fixed budget (vertical) design is (much) easier to set up
choosing a budget is simpler than choosing a target and we need to chose a maximal “timeout” budget either way                                                .

• For the (very) same reason, results from the fixed target (horizontal) design are (much) simpler to interpret and 
more conclusive

without specific insight, a function value is impossible to interpret beyond ordering

• Fixed target results

• can’t miss a big fitness change (improvement)
whereas with budget (vertical) discretization catching a fitness jump timely entirely relies on a fine discretization

• are “budget-free” even for a single target
we can compare results from runs with different maximal “timeout” budgets

• can be meaningfully aggregated in ECDFs and geometric averages
whereas function values from different functions are not commensurable

• can give different weights to different problems to make the geometric average more representative, as in

∑
i

wi log(RTi)
automated…
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• The fixed budget (vertical) design is (much) easier to set up
choosing a budget is simpler than choosing a target and we need to chose a maximal “timeout” budget either way                                                .

• For the (very) same reason, results from the fixed target (horizontal) design are (much) simpler to interpret and 
more conclusive

without specific insight, a function value is impossible to interpret beyond ordering

• Fixed target results

• can’t miss a big fitness change (improvement)
whereas with budget (vertical) discretization catching a fitness jump timely entirely relies on a fine discretization

• are “budget-free” even for a single target
we can compare results from runs with different maximal “timeout” budgets

• can be meaningfully aggregated in ECDFs and geometric averages
whereas function values from different functions are not commensurable

• can give different weights to different problems to make the geometric average more representative, as in

∑
i

wi log(RTi)
simulated runtimes…

Automated BBOB: Fixed Target(s) versus Fixed Budget
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Solving the fast-versus-successful comparison dilemmaSolving the fast-versus-successful comparison dilemma  
Converting Positive Success Probabilities into Runtimes

We construct runtimes with simulated restarts

runtimes are drawn uniformly at random until the first success,  
 is hence a random variable

Their expected runtime is

 

If , the inequality  gives an estimate of a 
runtime lower bound

RTsim = RTsucc
j +

N

∑
i=1

RTfail
i ≈ (1 + N) × RTaverage

N ≥ 0

ERT =
average evaluations to target of all runs

psuccess
=

∑i RTi

# successes

psuccess = 0 psuccess ≤ 1/Nruns

𝟣𝟢𝟢 𝟣𝟢𝟣 𝟣𝟢𝟤 𝟣𝟢𝟥 𝟣𝟢𝟦

evaluations

ERT…
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Solving the fast-versus-successful comparison dilemmaSolving the fast-versus-successful comparison dilemma  
Converting Positive Success Probabilities into Runtimes

We construct runtimes with simulated restarts

runtimes are drawn uniformly at random until the first success,  
 is hence a random variable

Their expected runtime is

 

If , the inequality  gives an estimate of a 
runtime lower bound

RTsim = RTsucc
j +

N

∑
i=1

RTfail
i ≈ (1 + N) × RTaverage

N ≥ 0

ERT =
average evaluations to target of all runs

psuccess
=

∑i RTi

# successes

psuccess = 0 psuccess ≤ 1/Nruns
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Thank you
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Time for discussion

We construct runtimes with simulated restarts

runtimes are drawn uniformly at random until the first success,  
 is hence a random variable

RTsim = RTsucc
j +

N

∑
i=1

RTfail
i ≈ (1 + N) × RTaverage

N ≥ 0


