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ABSTRACT

The differential evolution (DE) algorithm is equipped with
the recently proposed adaptive encoding (AE) which makes
the algorithm rotationally invariant. The resulting algo-
rithm, DEAE, should exhibit better performance on non-
separable functions. The aim of this article is to assess what
benefits the AE has, and what effect it has for other func-
tion groups. DEAE is compared against pure DE, an adap-
tive version of DE (JADE), and an evolutionary strategy
with covariance matrix adaptation (CMA-ES). The results
suggest that AE indeed improves the performance of DE,
particularly on the group of unimodal non-separable func-
tions, but the adaptation of parameters used in JADE is
more profitable on average. The use of AE inside JADE is
envisioned.

Categories and Subject Descriptors

G.1.6 [Numerical Analysis]: Optimization—global opti-
mization, unconstrained optimization; F.2.1 [Analysis of
Algorithms and Problem Complexity]: Numerical Al-
gorithms and Problems

General Terms
Algorithms

Keywords

Benchmarking, Black-box optimization, Differential evolu-
tion, Evolution strategy, Covariance matrix adaptation, Adap-
tive encoding

1. INTRODUCTION

Differential evolution (DE) [9] is a population-based op-
timization algorithm, popular thanks to its simplicity and
good results on many practical problems. To create an off-
spring individual, it uses a mutation operator followed by a
crossover. The mutation operators are usually rotationally
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invariant, however, the crossover is not. On separable func-
tions, the crossover helps to properly mix the good values of
solution components in the population. On non-separable
functions, however, it mostly only destroys the potentially
good combinations of values generated by the mutation.

There are several possibilities how to overcome the cross-
over issue for non-separable functions. (1) Turn off the
crossover operator completely. The DE then relies on the
mutation operator only and may have worse performance
on (partially) separable functions. (2) Choose the suitable
operators adaptively. There are several algorithms [8, 1, 10]
able to choose suitable DE operators and their parameters
during the optimization run. For non-separable functions,
they may actually find that the use of crossover is not prof-
itable at all and may switch it off effectively. (3) Use adap-
tive encoding. If we were able to perform the crossover in
a suitable coordinate system, we may enjoy the benefits of
crossover even for the non-separable functions.

In this article, the last listed possibility is explored. We
chose the recently proposed adaptive encoding (AE) proce-
dure [2] which adapts the coordinate system in a step-wise
manner during the search. The goal of this paper is to assess
how AE affects the DE algorithm, what benefits and what
downsides it has, and also to compare the potential of pa-
rameter adaptation as used in JADE on the one hand, and
encoding adaptation brought by AE on the other hand.

The rest of this article is organized as follows. Section 2
reviews the DE algorithm, and describes the use of AE inside
DE, i.e. the proposed DEAE algorithm. Section 3 describes
the experiment carried out, together with the COCO bench-
marking framework. The results are presented in Sec. 4 and
discussed in Sec. 5. Sec. 6 concludes the paper and points
out some directions for future work.

2. ALGORITHMS

The following paragraphs review the DE algorithm and
the AE procedure, introduce the DEAE algorithm and shortly
describe the reference algorithms used in this paper.

Differential evolution (DE) [9] is a simple and easy-to-
implement optimization algorithm (see the unshaded lines in
Alg. 1). DE mutation operators create the donor individuals
v; as a linear combination of several individuals randomly
chosen from the current population.

(1)

Eq. 1 describes the so called “best/1” mutation operator, a
highly exploitative mutation variant, where F' is the muta-
tion factor (a positive number typically chosen from [0.5, 1]).

Vi = Xbest + F - (X7-1 - XT'2)7



The crossover creates the offspring u; by taking some so-
lution components from the parent x; and other components
from the donor v;. Eq. (2) describes the binomial crossover.

It creates the offspring individual w; = (us1,...,u:i,p) as
follows:
S Vi, j if T S CRZ or ] = ji,rand7
Wi, _{ x;; otherwise, (2)

where r; is a random number uniformly distributed in [0, 1],
CR; € [0,1] is the crossover probability representing the
average proportion of components the offspring gets from
its donor, and j;rand is the randomly chosen index of the
solution component surely donated from the donor.

Due to the crossover, DE is biased towards separable func-
tions, and is not rotationally invariant. This bias, however,
can be controlled with the parameter CR. The tuning of CR
is part of many adaptive DE variants which try to find the
right operators and/or parameter values [8, 1, 10] to make
the resulting algorithm more robust.

DE and adaptive encoding. The adaptive encoding
(AE) framework [2] is a general method that makes an op-
timization algorithm rotationally invariant. It maintains a
linear transformation of the coordinate system—the candi-
date solutions are evaluated in the original space, but the
offspring creation takes place in a different space given by
the linear transformation. Alg. 1 shows a simple combina-
tion of the basic DE algorithm with AE, i.e. the DEAE
algorithm, first proposed in [6]. The shaded lines are the
modifications needed for AE.

Algorithm 1: DE with Adaptive Encoding
NP
i=1-

1 Initialize the population P < {x;}
2 Initialize the transformation matrix B € RP*P
3 while stopping criteria not met do

4 Transform P: P’ « {x}|x; + B~ 'x;}.

5 for i <~ 1 to NP do

6 v; < mutate(i, P') (Eq. 1)

7 uj < crossover(x}, v;) (Eq. 2)

8
9

Transform offspring back: u; < Bu;.
if f(us) < f(xs) then

10 ‘ X; < u;

11 end

12 end

13 B < update(B, X(l),...,X(H))
14 end

The forward and backward linear transformations are im-
plemented by matrix multiplication (using the transforma-
tion matrix B). The procedure for updating B is crucial
for the algorithm success. We adopted the method derived
from the CMA-ES algorithm (we refer the reader to [2] for
more details).

Reference algorithms. JADE [10] serves as a reference
adaptive DE algorithm. It was chosen because it was re-
ported [10] to have a better performance than other adaptive
DE variants. JADE uses a special mutation strategy called
“current-to-pbest”, but most importantly it adapts the cross-
over probability C'R and mutation factor F' to values which
turned out to be beneficial in recent generations. This algo-
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rithm thus does not adapt the coordinate system, does not
adaptively select the operators it uses, but thanks to the
adaptation of C'R, it can effectively turn off the crossover.

CMA-ES, evolution strategy with covariance matrix adap-
tation [5] was chosen for the comparison because the AE
procedure is largely based on this algorithm. The algorithm
samples new candidate solutions from a multivariate Gaus-
sian distribution and adapts its mean and covariance ma-
trix (i.e. it actually uses the adaptation of the coordinate
system). The algorithm CMA-ES used in this paper is a
conventional multistart version.

3. EXPERIMENT DESIGN

In the experiments, we compare DE, DEAE, JADE, and
CMA-ES. By comparing DE to DEAE, we can assess the
performance boost the DE algorithm can gain using AE. By
comparing DEAE with CMA-ES, we can get some insight if
the sampling process of CMA-ES (drawing points from nor-
mal distribution) is more suitable than the sampling process
of DE (using mutation and crossover). The comparison of
DEAE with JADE shall reveal which of the two different
types of adaptation is more suitable for which kinds of func-
tions.

Each of the algorithms was run on 15 instances of all
the 24 functions in dimensions 2, 3, 5, 10, 20, and 40.
The evaluations budget was set to 5 - 10*D for each run.
All algorithms were restarted when they stagnate for more
than 30 generations and the population diversity measure
L3P Var(X;) < 107,

The multistart CMA-ES algorithm was benchmarked anew
with its default settings using the BBOB 2012 procedure.

For most parameters of DE and JADE, default values
from the literature were used. For DE: the binomial cross-
over with CR = 0.5, the “best” mutation strategy with F' ~
U(0.5,1) (sampled anew each generation). For JADE: initial
per = 0.5, initial pr = 0.5, the parameter of the “current-
to-pbest” mutation is p = 0.1, the archive size |A| = 0.1NP.
The population size was set to NP = 5D for both algo-
rithms after a small systematic study performed on JADE
and DE using the values (3,4, 5,6, 8,10, 15,20)-D. Values of
NP lower than 5D gave erratic behavior even on uni-modal
functions, values larger than 5D wasted evaluations on uni-
modal functions and did not bring significant advantages on
multi-modal functions.

The DEAE algorithm inherited the parameters of DE. The
AE part of DEAE uses a learning rate parameter a. = 8 cho-
sen after testing the values 1, 4, 8, 10, 15, and 20 (increasing
the learning rate from 1 to 8 brought significant speedups,
further increase provided questionable advantage only).

4. RESULTS

Results from experiments according to [3] on the bench-
mark functions given in [4] are presented in Figures 1, 2 and
3 and in Tables 1 and 2. The expected running time
(ERT), used in the figures and table, depends on a given
target function value, f; = fopt + Af, and is computed over
all relevant trials as the number of function evaluations exe-
cuted during each trial while the best function value did not
reach f;, summed over all trials and divided by the number
of trials that actually reached f; [3, 7]. Statistical signifi-
cance is tested with the rank-sum test for a given target A f
(1078 as in Figure 1) using, for each trial, either the number



of needed function evaluations to reach Af; (inverted and
multiplied by —1), or, if the target was not reached, the best
A f-value achieved, measured only up to the smallest num-
ber of overall function evaluations for any unsuccessful trial
under consideration.

4.1 CPU Timing Experiments

The timing experiments were carried out with fs on a
machine with Intel Core 2 Duo processor, 2.4 Ghz, with
4 GB RAM, on Windows 7 64bit in MATTLAB R2009b 64bit.
The average time per function evaluation in 2, 3, 5, 10, 20,
40 dimensions was about 52, 35, 21, 12, 8, and 7x107¢ s for
DE, about 70, 45, 28, 16, 9, 10x107% s for JADE, and 68,
45, 27, 15, 9, 10 for DEAE, i.e. the cost of AE updates is
negligible.

S. DISCUSSION

Considering the comparison of DEAE and DE, it can be
stated that the application of AE to DE generally helps the
DE algorithm to solve a higher percentage of problems, i.e.
to find more precise optima of the functions, and to solve
them faster, especially in the group of non-separable uni-
modal functions (for the ill-conditioned functions, speedup
factors of 10 are observed in 5D, the percentage of solved
problems arose from about 20 % to 100 % in 20-D), which
is an expected result. In case of multi-modal functions, the
difference is not that large, but DEAE is only seldom worse
than the pure DE. The only exception in this comparison is
the group of separable functions (namely f3 and f4), where
the application of AE actually destroys the initially ideal
coordinate system and prevents the DEAE algorithm from
solving these functions.

The comparison of DEAE to CMA-ES reveals that on
the group of unimodal functions, the multistart CMA-ES is
usually faster than DEAE (about 2 to 5 times faster, de-
pending on dimensionality), probably thanks to its much
smaller population. The exception are the functions f3 and
fa (where neither of the 2 algorithms is competitive), and f7
and fi3 (where the DEAE profits from its larger population
size). On the group of multi-modal functions with adequate
structure, DEAE performs better (larger population), while
on the group of weakly structured functions, CMA-ES is
comparable or better (thanks to larger number of restarts).

Comparing DEAE to JADE, the first observation is that
JADE has an advantage in case of separable functions. For
non-separable unimodal functions, DEAE is (up to 5 times)
faster. For multimodal functions, the results are quite mixed.
In general (and especially in higher dimensions), JADE is ex-
pected to solve a larger proportion of functions than DEAE.

6. SUMMARY AND CONCLUSIONS

The search space representation is a key issue when de-
signing a well performing optimization algorithm. In this
work, the AE procedure was applied to the DE algorithm.
The resulting DEAE algorithm was compared with a con-
ventional DE algorithm, JADE, an adaptive version of DE,
and with CMA-ES.

The application of AE significantly improved the perfor-
mance of the DE algorithm for moderate and ill-conditioned
unimodal functions, as expected, but also had a positive (al-
though less pronounced) effect on multimodal functions.

JADE (with a different kind of adaptation than DEAE)
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also showed quite competitive results. The two forms of
adaptation are based on different principles and are in fact
complementary. Implementing the AE procedure inside JADE
may be very profitable: JADE may adapt the probability of
applying AE in a similar way it adapts the CR and F' pa-
rameters. The evaluation of such approach remains a topic
for the future work.
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JADE | 6.1(1) 5.1(0.8)  5.0(0.8)  5.4(0.7)  4.8(0.5)  5.1(0.5) |15/15 JADE [2.1(1) 3.4(3) 8.0(11)  12(18) 16(27) 17(30) 15/15
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f12 108 268 371 461 1303 1494 15/15 f24 1622 2.2e5 6.4e6 9.6e6 1.3e7 1.3e7 3/15
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Table 1: Expected running time (ERT in number of function evaluations) divided by the respective best ERT
measured during BBOB-2009 (given in the respective first row) for different Af values in dimension 5. The
central 80% range divided by two is given in braces. The median number of conducted function evaluations
is additionally given in italics, if ERT(1077) = o0. #succ is the number of trials that reached the final target
fopt + 1078, Best results are printed in bold.
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A fopt [Lel 1e0 le-1 le-3 le-5 le-7 #suce Afopg |lel 1e0 le-1 le-3 le-5 le-7 #succ
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Afopt [Lel 1e0 le-1 le-3 le-5 le-7 #suce Afopg [Lel 10 le-1 le-3 le-5 le-7 #suce
o (1716 3102 3277 3455 3594 3727 15/15  f21 |561 6541 14103 14643 15567 17589 15/15
CMAES| 4.5(1)**  5.0(0.7)*% 5.4(0.6)*% 5.5(0.6)*% 5.5(0.6)*% 5.5(0.6)*4[15/15 CMAES| 5.4(4) 9.4(10) 5.5(6) 5.3(6) 5.0(5) 4.5(5) 15/15
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JADE [36(3) 30(3) 32(3) 33(2) 33(2) 33(2) 15/15 JADE [ 7.2(2) 33(62) 21(38) 20(34) 19(34) 18(31) 13/15
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JADE [19(4) 20(15) 28(15) 28(10) 13(3) 14(3) 15/15 oo n oo o o hot o s o/15
DEAE [22(1) 14(3) 14(4) 14(3) 6.1(1) 6.4(1) [15/15

Table 2: Expected running time (ERT in number of function evaluations) divided by the respective best ERT
measured during BBOB-2009 (given in the respective first row) for different Af values in dimension 20. The
central 80% range divided by two is given in braces. The median number of conducted function evaluations
is additionally given in italics, if ERT(10_7) = 0. #succ is the number of trials that reached the final target
Sopt + 10~%. Best results are printed in bold.
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