
h"p://www.sigevo.org/gecco-‐2013/	  	  

Copyright	  is	  held	  by	  the	  author/owner(s).	  
GECCO’13	  Companion,	  July	  6–10,	  2013,	  Amsterdam,	  The	  Netherlands.	  
ACM	  978-‐1-‐4503-‐1964-‐5/13/07.	  	  

l  Basic	  concepts	  
l MulP-‐,	  many-‐objecPve	  opPmizaPon	  

l  Scalability	  issues	  and	  fundamentals	  of	  many-‐
objecPve	  opPmizaPon	  

l  Various	  approaches	  to	  many-‐objecPve	  
opPmizaPon	  

l  Conclusions	  

2	

•  Find	  vectors	  of	  decision	  variables,	  	  

•  Subject	  to	  certain	  constraints,	  	  
	  
	  

•  Simultaneously	  opPmizing	  two	  or	  more	  
performance	  criteria	  expressed	  as	  a	  vector	  of	  
objecPve	  funcPons.	  
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Pareto	  Front	  	  	  	  
(trade-‐off	  solu/ons)	  

f1 

f2
 

Ini/al	  
Popula/on	  

u 	  Convergence	  
u 	  Spread	  
u 	  DistribuPon	  

Find	  a	  good	  approximaPon	  of	  
the	  Pareto	  OpPmal	  Set	  in	  a	  
single	  run!	  

	  Good	  for	  
convex,	  
concave,	  	  and	  
disconPnuous	  
Pareto	  fronts	  
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VariaPon	  

Popula/on	  

Evalua/on	  

Selec/on	  

Recombina/on	  

Muta/on	  

Offspring	  
Popula/on	   

Varia/on	  

Problem	

u 	  	  GenePc	  RepresentaPon	  
u 	  	  Fitness	  
u 	  	  VariaPon	  Operators	  

Mul/-‐objec/ve	  	  
Op/miza/on	  problems	
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True	  Pareto	  Front	  
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Popula/on	  

Evalua/on	  
Fitness	

Ranking	

Primary	  
Convergence	

Convergence	

Diversity	

Diversity	  
Secondary	

Selec/on	  

Survival	

Ma/ng	
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Choose	  best	  compromise	  	  	  	  	  	  	  	  	  	  	  	  	  	  
(based	  on	  preference	  informaPon)	  	  

f1 

f2
 

Find	  a	  representa/ve	  set	  
of	  trade-‐off	  solu/ons	  

Decision	  making	  

Analysis	  

u  Decision	  making	  before	  search:	  	  define	  a	  single	  objecPve	  

u  Decision	  making	  a`er	  search:	  	  	  	  	  find/approximate	  Pareto	  set	  first	  

u  Decision	  making	  during	  search:	  	  	  guide	  search	  interacPvely	  
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l EvoluPonary	  mulP-‐objecPve	  opPmizaPon	  
where	  the	  number	  of	  objecPves	  to	  opPmize	  	  	  
is	  more	  than	  3	  

	  
	  

Many-‐objecPve	  	  
OpPmizaPon	  

	  
	  
	  
	  
	  
	  
	  
	  
	  

	  
MulP-‐objecPve	  
OpPmizaPon	  

	  
	

>	  3	

2,	  3	

Very-‐many	  
opPmal	  
soluPons	

A	  number	  of	  
opPmal	  
soluPons	
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l EvoluPonary	  algorithms	  are	  quite	  effecPve	  for	  
2	  and	  3	  objecPve-‐problems	  

l MOEAs	  do	  not	  scale	  up	  well	  on	  many-‐objecPve	  
problems	  

11	

l MulPple	  objecPve	  funcPons	  
•  Nonlinear,	  mulPmodal,	  disconPnuous	  
•  ObjecPve	  funcPon	  evaluaPon	  is	  very	  expensive	  

l  ExtracPon	  of	  useful	  design	  knowledge	  is	  
important	  
•  Design	  knowledge	  is	  more	  appreciated	  than	  
“exact”	  opPmal	  design	  parameter	  values	

12	
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Useful	  Design	  Knowledge	

Pareto-‐Op/mal	  Designs	

Mul/-‐objec/ve	  Design	  
Op/miza/on	

Response	  Surface	  	  
Approxima/on	

Design	  Problem	

Data	  Mining	  of	  	  
Pareto-‐Op/mal	  Designs	

[Obayashi	  	  
et.	  al,	  2005]	

MOEA	

CorrelaPon	  
SOM	  
SPM	  
POD	

Designer(DM)	
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Earth

Sun

Ecliptic Plane

vE ≈ 30km/s

vs ≈ 30km/s
40 deg.

Dv ≈ 20km/svΔ

Spacecraft O
rbit

View from	

l  Orbit	  largely	  inclines	  with	  the	  eclipPc	  plane	  (40	  deg.)	  
l  Large	  delta-‐v	  (20km/s)	  is	  required	  

[Oyama,	  2011]	

14	

NSGA-‐II	  (128x	  150)	  
Two	  months	  using	  4	  PCs	  

[Oyama,	  2011]	

15	

l MODE	  has	  been	  used	  successfully	  for	  2	  and	  3	  
objecPve	  problems	  

l  Demands	  for	  MODE	  applicable	  to	  large	  scale	  
many-‐objecPve	  problems	  	  
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Problem	  Characteris/cs	 Algorithm’s	  implica/ons	
Various	  formulaPons:	  	  
-‐	  MulP-‐,	  many-‐objecPves	  
-‐	  Few,	  many	  variables	  	  	  

Handle	  within	  a	  single	  framework:	  Any-‐
objecPve	  opPmizer	  
-‐	  Scalability	  in	  objecPve	  space	  
-‐	  Scalability	  in	  decision	  space	

Extract	  	  
design	  knowledge	

-‐ 	  Good	  approx.	  of	  the	  Pareto	  opPmal	  
	  	  	  set:	  convergence,	  spread,	  distribuPon	  	  
-‐	  A	  large	  number	  of	  soluPons	

Expensive	  	  
fitness	  evaluaPon	

-‐	  Few	  generaPons	  
-‐ 	  ParallelizaPon	  
-‐ 	  One	  shot	  (one	  run):	  	  	  AdapPve,	  low	  	  	  
	  	  standard	  deviaPons	
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MulP-‐objecPve	  
OpPmizaPon	  

	  
	  
	  
	  
	  
	  
	

Single-‐
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OpPmizaPon	
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Fundamentals	

•  Survival	  SelecPon	  
•  MaPng	  SelecPon	  
•  RecombinaPon	  
•  MutaPon	  
•  PopulaPon	  Size	

Algorithm	  
Development	

•  Landscape	  Analysis	

Many	

MulP	

19	

l  Basic	  concepts	  
l MulP-‐,	  many-‐objecPve	  opPmizaPon	  

l  Scalability	  issues	  and	  fundamentals	  of	  many-‐
objecPve	  opPmizaPon	  

l  Various	  approaches	  to	  many-‐objecPve	  
opPmizaPon	  

l  Conclusions	  
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MN
M Bfff ℜ→⋅⋅=⋅ :))(,),(()( 1 …

( ) ( ) ( ) ( )( )∑
=

=
N

j

ji
K

jiji
jjii i

zzzxf
N

xf
1

,,
2

,
1, ,,,,1

…

Fitness of string x in i-th objective 
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Random	  number [0.0,1.0]	  

B={0,1}	  	  

[Kauffman,	  1993]	
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22	  

Varying	  Ki	  from	  1	  to	  N-‐1	  
n  Increasingly	  rugged	  mulP-‐

peaked	  i-‐th	  landscape	  

Ki	  =	  0	  
n  One	  peaked,	  smooth,	  highly	  

correlated	  i-‐th	  landscape	  
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Ki	  bits	  interac/ng	  with	  	  xj 

23	  

l  Enumerate	  MNK-‐landscapes	  
l  M:	  	  	  2-‐10	  objecPves	  
l  N:	  	  	  10,	  15,	  20	  	  bits	  
l  K:	  	  	  0,	  5,	  15,	  25,	  35,	  50	  	  (%N)	  	  bits	  

l  Rank	  soluPons	  by	  non-‐dominated	  sorPng	  

l  Average	  on	  30	  landscapes:	  L1-‐L30	

24	
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f1 

f2 

Front	  1	  :	  rank	  1	  

Front	  2	  :	  rank	  2	  

u 	  Classifies	  a	  populaPon	  in	  
fronts	  of	  non-‐dominated	  
soluPons	  

u Ranks	  soluPons	  by	  their	  
non-‐dominaPon	  front	  

Performance	  
criterion	

Performance	  
criterion	

Goldberg	
-‐	  NSGA-‐II,	  Deb	  et.al	
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             K
 0
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 10
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M=2

M=3

M=5
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for	  all	  K	  

	  SoluPons	  per	  Front	  (N=20)	  

110−×
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110−×

[Aguirre	  and	  Tanaka,	  MNK-‐Landscapes,	  2004]	
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29	 30	

31	

VariaPon	  
Operators	  

PopulaPon	  
Size	  

SelecPon	  

32	
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l  PopulaPon	  DistribuPon	  by	  True	  Rank	  

l  Non-‐dominated	  and	  True	  Pareto	  OpPmal	  
SoluPons	  

	  

33	 34	

35	

M	 L	  1	 L	  2	 L	  3	

2	 26	   18	   56	  

3	 152	   330	   376	  

4	 1,554	   1,349	   2,014	

5	 6,265	   4,701	   3,846	  

6	 16,845	   11,177	   11,673	

7	 	  36,142	   45,806	   13,714	  

8	 41,836	   34,655	   50,646	  

9	 	  47,203	   73,691	   80,539	  

10	 202,001	   235,812	 112,945	
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PopulaPon	  

	  
	  
	  
	  
	  
	  
	  
	  
	  
	  
	  
	  
	  
	

Rank	  One	  
SoluPons	  

	  
	  
	  
	  
	  
	  
	

True	  Pareto	  
OpPmal	  	  
SoluPons	

37	

M	  =	  3	  objec/ves	  
|POS|	  =	  152	

38	

M	  =	  3	  objec/ves	  
|POS|	  =	  152	

Lose	  op/mal	  solu/ons	  
Rediscover	  or	  find	  new	  ones	

39	

M	  =	  4	  	  	  	  	  |POS|	  =	  1,554	  

M	  =	  5	  	  	  	  |POS|	  =	  6,265	 M	  =	  6	  	  	  	  |POS|	  =	  16,845	

-‐	  |POS|	  increase	  with	  M,	  but	  
-‐	  Capacity	  of	  selec/on	  to	  retain	  op/mal	  solu/ons	  
in	  the	  popula/on	  reduces	  with	  M	

40	
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l  Ranking	  
l  Based	  on	  current	  populaPon	  
l Does	  not	  completely	  capture	  true	  order	  in	  
objecPve	  space	  

l  Lost	  of	  opPmal	  soluPons	  
	  

41	

l Many	  more	  soluPons	  are	  required	  to	  
represent	  the	  Pareto	  front	  

l  Larger	  populaPons	  can	  support	  be"er	  the	  
evoluPonary	  process	  	  
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VariaPon	  
Operators	  

PopulaPon	  
Size	  

SelecPon	  

45	

DTLZ2	  

DTLZ3	  

DTLZ4	  

46	

ttt QPR =

Pt 

Non-‐dominated	  
sorPng	  

Qt F2 
F3 

F1 

P=100	 P=1000	

P=5,000	P=2000	

47	

•  Measures	  convergence	  of	  soluPons	  
•  Smaller	  values	  of	  Ip	  indicate	  that	  the	  populaPon	  P	  is	  closer	  

to	  the	  true	  Pareto	  front	  

fm :	  objecPve	  funcPon	  

Proximity	  Indicator	  

Convergence	  

How	  close	  is	  the	  set	  obtained	  by	  
the	  algorithms	  to	  POS	  ?	  

POS	  

good	  	  
bad	  

48	
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5000
number of individual

Ip

 m=4
 m=5
 m=6

100 1000

0.01

0.1

1

Ø 	  NSGA-‐II	  	  (DTLZ2)	  

Good	  convergence	  

Large	  populaPon	   49	 50	

f 2

f1
0 1 2 3

0

1

2

3

f 2

f1
0 1 2 3

0

1

2

3

f 2

f1
0 1 2 3

0

1

2

3

m=5,|P|=100 m=5,|P|=1000 m=5,|P|=5000 

•  SoluPons	  tend	  to	  concentrate	  along	  the	  axis	  
•  When	  the	  populaPon	  increases	  the	  soluPons	  tends	  to	  cluster	  

towards	  the	  central	  regions	  of	  objecPve	  space	  
51	

•  Non-‐dominated	  soluPons	  in	  many-‐objecPve	  problems	  
cover	  a	  larger	  porPon	  of	  objecPve	  and	  variable	  space	  

•  Difference	  between	  individuals	  in	  the	  instantaneous	  
populaPon	  is	  expected	  to	  be	  larger.	  

•  Recombining	  two	  very	  different	  individuals	  could	  be	  
too	  disrupPve.	  

f1 

f 2
 

f1 

f 2
 

f 3 
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Pt 

Qt 

F1 

F2 

F3 

F4 

F5 

・	
・	
・	

Non-dominated sorting by 
ε-Box domination 

Measure distances  
between individual ＋	

Neighbor |P|×Rn individual 

F1 

F2 

F3 

F4 

F5 

Pt+1 

tournament selection 

tournament selection 

Crossover 

•  Calculates	  the	  distance	  between	  individuals	  in	  
objecPve	  space	  and	  keeps	  a	  record	  of	  the	  |P|×Rn	  
closets	  neighbors	  of	  each	  individual	  

•  We	  set	  the	  parameter	  Rn	  to	  2%	  5%	  10% 

pA 

pB 

53	 54	

Variables:	  PosiPon	  within	  the	  front	 Variables:	  Distance	  to	  POS	

55	 56	
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57	

ttt QPR =

Pt 

Non-‐dominated	  
sorPng	  

Qt F2 
F3 

F1 

P=100	 P=1000	

P=5,000	P=2000	

58	

VariaPon	  
Operators	  

PopulaPon	  
Size	  

SelecPon	  

59	

l  Find	  soluPons	  with	  good	  convergence	  and	  well	  distributed,	  
according	  to	  a	  desired	  distribuPon	  

Selec/on	  
	  	  	  	  	  	  	  	  dominance	  
	  	  	  	  	  	  	  	  diversity	  esPmaPon	  
	  
Varia/on	  Operators	  
	  	  	  	  	  	  	  	  	  crossover	  
	  	  	  	  	  	  	  	  	  mutaPon	  

Adap/ve	  ε-‐Ranking	  
Three	  linear	  mapping	  
funcPons	  to	  bias	  selecPon	  
	  
Recombina/on	  rate	  
To	  properly	  guide	  the	  	  
algorithm	  towards	  the	  	  	  	  
distribuPon	  we	  seek	  to	  find	  

60	
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u  Dominance	  
x	  	  dominates	  	  	  y 	  	  iff	  

u  ε-‐Dominance	  
x	  	  ε-‐dominates	  	  y   iff	  
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l  Various	  funcPons	  have	  been	  used	  
ü  Logarithmic	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  [Leummans	  et	  al.]	  [Deb]	  [Aguirre,	  Tanaka]	  
ü MulPplicaPve	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  [Leummans	  et	  al.]	  [Aguirre,	  Tanaka]	  

ü  AddiPve	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  [Leummans	  et	  al.]	  

l  In	  this	  work	  we	  study	  three	  addiPve	  linear	  funcPons	
l  AddiPve	  Constant	  
l  Expansion	  from	  the	  Center	  
l  ContracPon	  from	  the	  Center	

)()( xfxf ʹ′ε
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ü 	  Rank	  of	  ε-‐dominated	  soluPons	  
is	  reduced	  

③  	  Sampled	  soluPon	  keep	  their	  rank	  
and	  becomes	  the	  sole	  represen-‐
taPve	  of	  their	  area	  of	  influence	  

	  
ü 	  Area	  of	  influence:	  ε-‐dominance	  
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l  Problems	  
•  DTLZ2,	  DTLZ3,	  DTL4	  funcPons	  
•  6	  objecPves	  
•  Number	  of	  variables,	  nVar	  10,	  30,	  50	  

l  Algorithm	  Parameters	  
•  SBX	  Crossover,	  Polynomial	  MutaPon	  
•  Crossover	  rate	  per	  variable,	  Pcv	  0.5,	  0.1	  
•  Three	  mapping	  funcPons	  for	  ε-‐dominance,	  AddiPve,	  
Expansion,	  ContracPon	  

•  PopulaPon	  size	  300	  
•  Number	  of	  generaPons	  500	  
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l  Convergence	  
l GeneraPonal	  Distance	  (GD)	  to	  True	  Pareto	  Front	  

l DistribuPon	  of	  SoluPons	  
l  Sca"er	  Plots	  
l Hexagonal	  Binning	  Plots	  
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nVar	  =	  50	
Pcv	  =	  0.1	Pcv	  =	  0.5	

Addi/ve	  
Genera/on	  50	

Addi/ve	  
Genera/on	  500	
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Pcv	  =	  0.5	 Pcv	  =	  0.1	nVar	  =	  50	
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nVar	  =	  50	
Pcv	  =	  0.1	Pcv	  =	  0.5	

Expansion	  S30	  
Genera/on	  500	
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Pcv	  =	  0.5	 Pcv	  =	  0.1	nVar	  =	  50	
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nVar	  =	  50	
Pcv	  =	  0.1	Pcv	  =	  0.5	

Contrac/on	  S30	  
Genera/on	  500	
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Pcv	  =	  0.5	 Pcv	  =	  0.1	nVar	  =	  50	
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nVar	  =	  50	
Pcv	  =	  0.1	Pcv	  =	  0.5	

Contrac/on	  S30	  
Genera/on	  500	

Addi/ve	  
Genera/on	  500	
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Contrac/on	  Pcv	  =	  0.5	 Addi/ve	  Pcv	  =	  0.5	nVar	  =	  50	
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l  In	  many-‐objecPve	  conPnuous	  problems	  a	  
smaller	  recombinaPon	  rate	  per	  variable	  can	  
increase	  substanPally	  convergence	  of	  
soluPons.	  	  

l  SelecPon	  alone	  without	  considering	  a	  proper	  
recombinaPon	  rate	  cannot	  induce	  the	  
distribuPon	  we	  seek	  to	  achieve.	  	  
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l  Basic	  concepts	  
l MulP-‐,	  many-‐objecPve	  opPmizaPon	  

l  Scalability	  issues	  and	  fundamentals	  of	  many-‐
objecPve	  opPmizaPon	  

l  Various	  approaches	  to	  many-‐objecPve	  
opPmizaPon	  

l  Conclusions	  

83	

l 	  Pareto	  Dominance	  Extensions	  
l 	  Scalarazing	  FuncPons	  

l DecomposiPon	  
l Performance	  Indicators	  

l 	  ObjecPve	  space	  parPPoning	  	  
l 	  Dimensionality	  reducPon	  
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•  Survival	  SelecPon	  
–  Eliminate	  inferior	  soluPons:	  Dominance	  
–  Get	  a	  well	  distributed	  sample:	  AdapPve	  ε-‐Sampling	  
–  Reduces	  dropping	  of	  opPmal	  soluPons:	  Improves	  selecPon	  

•  MaPng	  SelecPon	  
–  Create	  ε-‐Neighborhoods:	  AdapPve	  ε-‐Hood	  
–  Balance	  search	  effort:	  More	  reproducPve	  opportuniPes	  to	  
under-‐represented	  regions	  

•  RecombinaPon	  
– Within	  the	  ε-‐Neighborhood	  
–  Improves	  effecPveness	  of	  recombinaPon	  
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EMyO	  :	  
•  AdapPve	  ε-‐Sampling	  &	  AdapPve	  

ε-‐Hood	  (AεSεH)	  
•  AdapPve	  ε-‐Box	  with	  

Neighborhood	  	  RecombinaPon	  
(Aε-‐Box	  NR)	  	  	  [LION	  06]	  

	  

Problems:	  
l  DTLZ2,	  DTLZ3,	  DTLZ4	  

l  Performance	  measures	  
l  GeneraPonal	  Distance	  GD	  	  
l  Sca"er	  Plots	

Objectives m = 4 - 6 
Variables n = m + 9 
Population size 
 
Ref Hood Size 
  (Num Hoods) 

P = 100-5000 
      (10000, 20000) 
H=20 
 ( N=P / H ) 

Crossover SBX,  ηc = 15 
Crossover rate pc = 1.0 
Crossover rate 
per variable 

pe = 0.5 

Mutation Polynomial, ηc = 20 
Mutation rate pm = 1.0 / n	
Generations 100, 500 
Runs 30 
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l  Have	  a	  be"er	  understanding	  of	  the	  problems	  
associated	  to	  many-‐objecPve	  opPmizaPon	  

l  Progress	  on	  the	  fundamentals	  for	  many-‐objecPve	  
opPmizaPon	  

l  A	  number	  of	  algorithms	  that	  are	  considerably	  
be"er	  than	  convenPonal	  mulP-‐objecPve	  
opPmizers	  

l Many-‐objecPve	  opPmizers	  are	  being	  used	  as	  a	  
pracPcal	  tool	  

l  SPll	  a	  lot	  of	  challenges	  ahead	
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Thank	  you	  for	  listening	
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