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* Find vectors of decision variables,
X= (xl,xz, ---,xn)ES

* Subject to certain constraints,
xEF,FCS

* Simultaneously optimizing two or more
performance criteria expressed as a vector of
objective functions.

Decision space

Feasible solutions

Objective space

Maximize £(x)=(f,(x), £,(x), £, (x))

641

@ Basic concepts
e Multi-, many-objective optimization

e Scalability issues and fundamentals of many-
objective optimization

e Various approaches to many-objective
optimization

e Conclusions
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& Dominance
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¢ Dominance
me{1,2,---M}
x dominates y (f(x) = f(y)) iff
Vm ()= f,0) A
Im f,(x)> 1,.0)

& Pareto-Optimal Solutions (POS)

° P={zcF|-ycF fly = flz)}

non-dominated solutions

fi Performance
criterion

o

4 Genetic Representation

4 Fitness
4 Variation Operators

Multi-objective
Optimization problems

1@ =4, A0, 1, ()

BB Population

”””””””””””””” ! Variation

Offspring
Population
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Pareto Front

(trade-off solutions) Find a good approximation of
(¢} the Pareto Optimal Set in a
®e single run!
° + Convergence
AN + Spread
ﬂ © # Distribution
//" O \\
= o 5}
i© o o] |:">
4 Good for
-2 convex,
concave, and
Initial discontinuous
Population Pareto fronts
6
True Pareto Front
e Fitness
@
Diversity °
Ranking
= —t—
Primary Diversity
Convergence  Secondary
Survival
N
Population @
Mating




__Find a representative set

° /7 of trade-off solutions
o o ® e
|| o0g 00 e T Analysis
O o ',"'>\\‘
e} o5 / )
[©) - -
009 0o o o .~ Decision making
o o e} ° o Choose best compromise
0O © o © (based on preference information)

fi

+ Decision making before search: define a single objective
o Decision making after search: find/approximate Pareto set first

+ Decision making during search: guide search interactively

e Evolutionary multi-objective optimization
where the number of objectives to optimize
is more than 3

/’/ Many-objective \\ Very-many
/ Optimization 5 3\ optimal
/ e \ solutions
f / Multi-objective \\ |
Optimization | ]
\ / A number of
2, 3 optimal
solutions

e Evolutionary algorithms are quite effective for
2 and 3 objective-problems

® MOEAs do not scale up well on many-objective
problems

Reasons?
What do we need to fix?

e Multiple objective functions
- Nonlinear, multimodal, discontinuous
- Objective function evaluation is very expensive
e Extraction of useful design knowledge is
important

- Design knowledge is more appreciated than
“exact” optimal design parameter values




Design Problem

[Oyama, 2011]

e Orbit largely inclines with the ecliptic plane (40 deg.)
e Llarge delta-v (20km/s) is required

prrig

Ecliptic Plane

View from
Lat. 40degN

Obayashi
[ t Iy 2005] Response Surface
et. al, Apprommahon
Multi-objective Design
e MOEA
Optimization
. —
. . o
[ Pareto-Optimal Designs ] Designer(DM)
S Correlation
Data Mining of :g’\';"
Pareto-Optimal Designs POD
i —
[ Useful Design Knowledge "
J
©@Nondominated designs [Ovama, 2011]
1000 (ODominated designs
[ Nominal design
900

S More than 50kg payload increase
= g More than 1km/s final velocity
%, Increase -> one year saving
'g 800 , {0 the final trajectory
T
=
i .

700 Nominal design

Minimum distance from the Sun(AU)
07 0.7880992
[ ee——

600

[

NSGA-II (128x 150) 15 16 17 18 19 20 21 22 23
Two months using 4 PCs J Final velocity (km/s)

e MODE has been used successfully for 2 and 3
objective problems

< -

e Demands for MODE applicable to large scale
many-objective problems




Problem Characteristics | Algorithm’s implications

Various formulations: Handle within a single framework: Any-

- Multi-, many-objectives  objective optimizer

- Few, many variables - Scalability in objective space

- Scalability in decision space

- Good approx. of the Pareto optimal
set: convergence, spread, distribution

- A large number of solutions

Extract
design knowledge

- Few generations

- Parallelization

- One shot (one run): Adaptive, low
standard deviations

Expensive
fitness evaluation

~ Many-objective
Optimization > 3

Multi-objective
Optimization 2, 3

Single- 1
objective

Scalable in decision space

Algorithm
Development

Fundamentals

2

* Survival Selection | .. y 4
¢ Mating Selection —
* Recombination
* Mutation

* Population Size y

* Landscape Analysis

[ J
e Scalability issues and fundamentals of many-
objective optimization




FO=0£0),..

Fitness of string x in i-th objective
1 < i,j i,] i,j
=33 bt )
Jj=

f;"j ZBKi+l _>§R

o fu()): B® R

M, number of objectives

B={0,1}

N, number of bits

[Kauffman, 1993]
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K; bits interacting with X;

Fitness contribution of bit X;

Random number [0.0,1.0]

Jj=1

K;=0

m  One peaked, smooth, highly
correlated i-th landscape

Varying K; from 1 to N-1

m Increasingly rugged multi-
peaked i-th landscape

S o2l o, )

~
K; bits interacting with X;
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X

3 M=2, N=8, K=2
x 0 1@0& 1 100
Z](l,s)x3 Zgl.:&) Z](z,z) x, Z£z,3)
x 01001 100 x 01001100
g g

21X3%) fia 21X3% fa
000 0.83 Fitness 000 021
001 0.34 contribution of 1 0.48
010 0.68 bit x. 010 081
011 0.10 / 011 0.23
100 0.67 Random number 100 0.19
101 024 [0.0,1.0] 101 0.44

110 0.60 110 030 .
111 0.64 111 0.72

e Enumerate MNK-landscapes
e M: 2-10 objectives
e N: 10, 15, 20 bits
e K: 0,5,15,25,35,50 (%N) bits

e Rank solutions by non-dominated sorting

e Average on 30 landscapes: L1-L30




Non-dominated Soriing

Goldberg
- NSGA-II, Deb et.al

Performance

criterion
e Front 1:rank 1

# Classifies a population in
fronts of non-dominated
solutions

S
o]

o) : #Ranks solutions by their
o non-domination front

Front 2 : rank 2

fi Performance
criterion

Effects of Number of Objectives
Number of Non-Dominated Selutions and Fronis

[Aguirre and Tanaka, MNK-Landscapes, 2004]
Solutions per Front (N=20)
Solutions

100000 —r ; . . Implications?
forall K
10000
Objective Space
a0 1000k | Selection
s dominance
100 4 diversity estimation
x10"
e 1of 1 Variable Space
1L Variation Operators
i 1.0 160 10‘00 10000 crossover
# Solutions per front Jj-th Front mutation
increase with M x107! x107!
forallk  M=5 <:| M=3 <:| M=2
¢ Number of fronts 2

decrease with M
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Effects of Number of Objectives
Number of Non-Doeminaied Selutions and Fronis

[Aguirre and Tanaka, MNK-Landscapes, 2004]
Solutions per Front (N=20)

Solutions

100000

forall K
10000 -

|:f>%

x10' 1000

T
# Solutions per front

increase with M
forall K

|
10 1000 10000

100
J-th Front
x107! x107!
M=5 <:| M=3 <:| M=2
& Number of fronts
decrease with M

Selutions
per Frong

suopnjos

08

N=20, K=1
Freguency
of 1s
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=
=}
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T
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variables

T T T T
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fronts

variables




Solutions : M=4 M=5
per Front
o
gr.
N=20, K=4 o - AP S
Coloeker fronts fronts
° Yue variables variables

Freguency
of 1s

sjuouy

Solutions iy .~ -  M=é M=7

per Front_

150000
L

100000
L

suonnjos
0 doitd ern

50000
L

N=20, Ksi

fronts fronts
O Ve variables variables
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ofls _
]
=1
@

Selutions -
per Front_ -

suonn|os
w00 100000

N=20, Ks1

Frequency
of 1s

sjuouy

s
fronts

variables

s s
fronts

variables

Secalability Issues
Explorations on MNK Landscapes
M=2-10, N=20, K=1

Population
Size

Variation J
Operators
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e Population Distribution by True Rank

e Non-dominated and True Pareto Optimal
Solutions

= ——w : = ——w
= = = =z
=i=: = ==

PopSize = 200

PopSize = 200 e

54 == =
— 1 25 o — 25
S S
N=20, K=1 L . §

: . | E: | \
s _J.k@N . QAN
§ w1 | i | s
7 2 26 18 56
. B 3 152 330 376
w 5 4 1,554 1,349 2,014
£ §‘ 5 6,265 4,701 3,846
% g 6 16,845 11,177 11,673
8 7 36142 45806 13,714
: g 8 41,836 34,655 50,646
’ 9 47,203 73,691 80,539
= : . il 10 202,001 235,812 112,945
2 . . 8 10
Number Otieives

36
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Population

Rank One
Solutions

True Pareto
Optimal
Solutions

— -
37
PopSize = 50
1 W
é
S |
4
s 5 |
M = 3 objectives £ 8 f,
o
|POS| = 152 8 'ﬂé
H] o Lose optimal solutions
Rediscover or find new ones
Py
° 4
. o - =@ First Front == True Front
Y T T T T T T
% 0 20 40 60 80 100
E S
z Generation
C w6 e m w C m e 6w o 39
corera coreraon
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M = 3 objectives
|POS| =152

PopSize=s 100

PopSize = 50

PopSize= 200

- |POS| increase with M, but

- Capacity of selection to retain optimal solutions

in the population reduces with M

M=5

|POS| = 6,265

——— e —

100

Numberof Soiutons

Generat

M=6 |POS| = 16,845

200

- m . —

s’

- e FirstFront == Trs Font




e Ranking
e Based on current population

e Does not completely capture true order in
objective space

e Lost of optimal solutions

e Many more solutions are required to

represent the Pareto front

e Larger populations can support better the

evolutionary process

Number of Solutions

M = 5 objectives M = 6 objectives
|POS| = 6,265 |POS|= 16,845

B

Number of Solutions

M = 3 objectives M = 4 objectives
|POS| =152 |POS| = 1,554
160 e B T T T ™ ool T T T T T
— 200
40F —— 100 1 1400}
— 50 2
20F B E1200+
E
00F L T B £1000
Z
=]
80 E 5 800
2
|
60 - 2 600
s0F i 200k frormtnr ]
AFY [P Ffyo P
20k 200 200k —— 2000 ---a-- 2000
-------- —— 1000 e 1000
ol 50 ok —— 500 -~ 500 ]
h . \ ! | | h | 1 ! ! |
0 20 40 60 80 100 0 20 40 60 80 100
Generation Generation 43

T T T 18000 — T T T T T

AFT P FYyo P

AR, P

—— 8000 --a-- 8000 20001 22600 -8+ 22600
— 2000 e 2000 — 11200 e 11200
—— 4000 o 4000 of 5600 o 5600
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Non-dominated
sorting

uo,
Fl

£
£

#1P=100

@ F1® F20 F3@ F40 F5

number of individual

number of individual

P=1000

@ F1® F20 F3@ F40 F5

1n8te 0 mm M ™ mmm e 0w
generation

1o 8 te 0 m m ™ mmm e 0w
generation

{p=2000

number of individual

number of individual

P=5,000

generation

generation LY
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h= g TLL coslyin/2)
Fnmater = (L 9) [T cos(yim /Dsin(ns —msrm/2)

far = (1+ g)sin(yim/2)
\_ 9= Y- 05)

DTLZ3

DTLZ2

fir=(+9 L5 coslyim/2)
Fuzaaror = (L4 9) [IL cos(yim/Dsin(yas —ms17/2)
(

far = (14 g)sin(yi7/2)

S 9= 100[k+ X5 (=i - 0.5)% = cos(20m (= - 0.5))]
L
DTLZ4 i = (L T Yeos(uem/2)
Fm=aas-1 = (1+ )T cos(yem/2)sin(yns —m17/2)
fu =1+ g)sin(yr'n/2)
0=Yk (5 - 05)2 “

* Measures convergence of solutions

* Smaller values of Ip indicate that the population P is closer
to the true Pareto front

Convergence
ood ) )
bad How close is the set obtained by
the algorithms to POS ?
POS

Proximity Indicator }

1
m 2

S U@ -1

i=1

I, = median fn : objective function
xzEP




Variables: n=m+9
» NSGA-Il (DTLZ2)

Good convergence

@ P1=100

74| @ 1PI1=1000
® 1P1=2000
@ |71 =5000

Ip

0.01 4

1 L 1 1 I
0 1000 2000 3000 4000 5000

number of individual 1581 20 2632 3 44 © 45 62 63 74 W 85
generation

Objectives: m=5 50

00 1000 5000
number of individual
Large population - 49
3 3
1 ol
1+ o - 1
of . ¢ i 0
7 i 3
fi
m=5,|P|=100 m=5,|P|=1000 m=5,|P|=5000

* Solutions tend to concentrate along the axis

*  When the population increases the solutions tends to cluster
towards the central regions of objective space

* Non-dominated solutions in many-objective problems
cover a larger portion of objective and variable space

¢ Difference between individuals in the instantaneous
population is expected to be larger.

* Recombining two very different individuals could be
too disruptive.




* Calculates the distance between individuals in
objective space and keeps a record of the |P|xRn
closets neighbors of each individual

* We set the parameter Rn to 2% 5% 10%

Neighbor |P|*Rx individual

Q—— 0 0000

Non-dominated sorting by
&-Box domination

Measure distances
between individual

Variables: Position within the front

2 ®1ri=100
@ PI=1000
°

Variables: Distance to POS

Unrestricted
Recombination <

159 M m o2 w0 @ 1Ee M mw e m e
generation generation

Neighborhood ° ‘ 1% ‘
Recombination < g

1581 M ;o2 W s w0 @ 159 m ;w2 s 7m0 @ s
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Recombination
0.01 4

Db b b b 1
3 0747066 5000"3000""**4600"***5600
111 number of individual

15

generation
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Distribution

) 3 3
Selutions -
Objective ;- i
Space : '
(NR) e
[} [}
: 8
N E
2 23
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3" 3,
2 2
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g
T eneration e eneration T "

81 p= B1p=
Ante P=100 P=1000
Fronts
Distributions' 3!
z z
(NR) £ £
2 2
£ £
Non-dominated BB &
sorting
R=RUQ
£
generation generation
#{ p-2000 Fp=s,000
— B —
2 5 z i
F £ 3
sl 2
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Scalability Issues
Explorations on DTLZ Test Functions

Population
Size

Variation LJ
Operators

Distribution Search

e Find solutions with good convergence and well distributed,
according to a desired distribution

Selection |_J}> Adaptive g-Ranking
dominance Three linear mapping
diversity estimation functions to bias selection

Variation Operators |$ Recombination rate
crossover To properly guide the
mutation algorithm towards the

distribution we seek to find




& Dominance

x dominates y iff

Vi f,()= f,(»)

3i f,(0) > f;(»)

A

& ¢-Dominance
x e-dominates y iff
S (%)
Vi f[()=fi(») A

f=Ll2oem 3 £l > £,
A A e-dominance
rcg/ion f'x)
fix) J P
1) p-=-e/ 1) eSO ¥
Si(x) fx) SAx) f®
Paret L7 Paret ol
dominzr:c(e) //’ domina;cz y
region > region >
S fix) S0) S i)

dominance region

by £(x) %)
hl

dominance region

by f'(x) fx)
<

area petween
fandf(x) fix)
""" g

1

filx) £
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S f(x)

e Various functions have been used
v Logarithmic
v Multiplicative
v Additive

[Leummans et al.] [Deb] [Aguirre, Tanaka]
[Leummans et al.] [Aguirre, Tanaka]

[Leummans et al.]

e In this work we study three additive linear functions
e Additive Constant
e Expansion from the Center
e Contraction from the Center

area between f (x) and f (x)

ﬁ(x)=f,-(x)+€, j

— il m M m m m m m m
i=1....m

fl

distributions of solutions evenly spaced
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area between f (x) and f (x)

£1(0) = f()+e+6,
i=1...,m 1
1)~
-y 2077 ] |
Eﬁ -fi |

— 1 . 2 ' . . ©

solutions spaced by a distance that increases

linearly from the center towards the extremes of objective space .

fl(x)=fi(x)+€e+9,

area between f (x) and £ (x)

| iy

Non-dominated sorting Adaptive Crowding distance
R=RUQ, R .
e-Ranking 5.
Parent Parent
12
population - |:> ! population
Offspring £
population
FF

i=1,....m .
fi(x)> f;
o
5 ‘ F0)- ‘
" }/ 1 max min )
=
Otherwise : : ;
. min 2 4 10
5oy | £~ 1,
' l e _ pmin solutions spaced by a distance that decreases
2 . linearly from the center towards the extremes
66
extreme A X
A solution (@ Sampled solution keep their rank
2 0 . and becomes the sole represen-
|---9 e-dominance i i X
| region of sampled  tative of their area of influence
"""'f solution 1

e-dominated by
sampled solution 1

« Area of influence: e-dominance

f)H* f(x)

» Rank of e-dominated solutions

is reduced

__'0<_extrcmc
1
1

solution
S

>

fi




® in F
AN
Sl g0 4
_i_____’ 3 e-Sampling
1
g [T
""" g ®inS OinD
IL-O higher demoted
i rank rank
i ‘2
| Induce the distribution of
-0 . . s .
i solutions implicit in the mapping
1 . .
Ly function used for e-dominance
1
] S & ol
> f(x)-" f(x)
ﬁ 69
Non-dominated sorting Adaptive Crowding distance
R=PU .
—rhuo F &-Ranking .
Parent Parent
population = |:> “I' population
Offspring i)
population F,
£ £y
Adaptation rule
#|F7| = 1P|
£ < 0.0 A<—Ax2
' E<— &+ A
A step of adaptation rsoir | < 1P
A < [Amin, A max ] esez_/‘ ! ‘<‘ |
A<—A=2
E<—&e—A
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N N
£]--e0 f2l--0
.'____, .'____,
-9 (1+¢) f2(x) => g
(1+¢) f2(x)>] Lo L.
o) -yt )= !
e e
g=g,>0 LT 8-82>81>0"’=
...I ".I
) )
7~ 7, TN
Six) - (1+¢) fi(x) Six) (1+s)ﬁ(x{
fewer solutions in the sample
Larger ¢ fewer solutions with rank 1 N
® Problems

DTLZ2, DTLZ3, DTL4 functions

- 6 objectives
- Number of variables, nVar 10, 30, 50
e Algorithm Parameters
- SBX Crossover, Polynomial Mutation
- Crossover rate per variable, Pcv 0.5, 0.1
- Three mapping functions for e-dominance, Additive,

Expansion, Contraction

- Population size 300
- Number of generations 500




e Convergence
e Generational Distance (GD) to True Pareto Front

e Distribution of Solutions
e Scatter Plots
e Hexagonal Binning Plots

GD

nVar =50
Pcv =0.5

- Nsgaii —0-

Additive
Generation 50

T T T T T
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Generation
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nVar =50
Pcv=0.5

Pcv=0.1

GD
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100 200 300 400 500

Generation
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Expansion S30
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Generation 500 00 00
Generation
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Generation 500
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Various approaches to many-objective
optimization
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e In many-objective continuous problems a
smaller recombination rate per variable can
increase substantially convergence of
solutions.

e Selection alone without considering a proper
recombination rate cannot induce the
distribution we seek to achieve.

e Pareto Dominance Extensions
e Scalarazing Functions

e Decomposition

e Performance Indicators

e Objective space partitioning
e Dimensionality reduction




* Survival Selection

— Eliminate inferior solutions: Dominance

— Get a well distributed sample: Adaptive e-Sampling

— Reduces dropping of optimal solutions: Improves selection
* Mating Selection

— Create e-Neighborhoods: Adaptive e-Hood

— Balance search effort: More reproductive opportunities to
under-represented regions

* Recombination
— Within the e-Neighborhood
— Improves effectiveness of recombination

® Non-dominated in
population

662

Non-dominated

" e-Sampling random
R =PUQ, sorting

Parent Parent
2
population |:> ! population
Offspring
population
Adaptation rule
- < 0.0 X &
f2 T, ‘ i|Fe| = 1P|
, - A step of adaptation
S 200~ - ] A< Ax2
f(x)™> "[’I( A< [Amln,Amax] f et A
f@=fm+e, “r 5 .
e>0 !T elseif ‘Fl ‘ <|P|
iy A<—A+2
LN
YN —-A 8
07 i) 1 i .
Fl

® Non-dominated in
population

. . —
® Non-dominated in £ : o :
population ~ - .
@ Superior in the : :
landscape ~ egmmnnnn s nn e
© L ]
o [ ]

g-Sampling reduces dropping of superior solutions




MATING

RECOMBINATION

Neighbor Random MUTATION
Parent hoods within Hood Offspring
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e Adaptive e-Sampling & Adaptive
e-Hood (AeSeH)

e Adaptive e-Box with
Neighborhood Recombination
(Ae-Box NR) [LION 06]

Problems:
e DTLZ2, DTLZ3, DTLZ4

e Performance measures
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e Have a better understanding of the problems
associated to many-objective optimization

e Progress on the fundamentals for many-objective
optimization

e A number of algorithms that are considerably
better than conventional multi-objective
optimizers

e Many-objective optimizers are being used as a
practical tool

e Still a lot of challenges ahead
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Thank you for listening
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