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Abstract—A robust adaptive fuzzy control approach is
proposed in this paper for a class of uncertain bilinear systems
with unknown dead-zone. Dead-zone is one of the most important
nonsmooth nonlinearities encountered in actuators, such as DC
servo systems, pressure control systems, machine tools, and
power amplifiers. In most practical motion systems, the dead-
zone parameters are poorly known and may severely limit system
performance. Therefore, the design of the robust adaptive fuzzy
controller in this paper provides robustness not only to
uncertainties of the system, but also to the unknown dead-zone.
Based on Lyapunov stability theorem, the proposed robust
adaptive fuzzy controller would have the capability to ensure the
successful achievement of the asymptotic stabilization of the
whole close-loop system. Simulation results are included to
illustrate the effectiveness of the proposed control scheme.

Keywords—uncertain bilinear systems; dead zone; robust
adaptive fuzzy control; Lyapunov stability theorem

I. INTRODUCTION

The research on the development of nonlinear process
control methods has been examined in depth during the past
few years. Throughout the research, bilinear systems are
considered as the simplest nonlinear system that carries the
important theoretical value. Many papers and monographs
have been proposed and a variety of control designs, including
adaptive control [1-2], robust control [3-4], output feedback
control [5], and sliding mode control [6-7], have been used in
practical systems.

Some nonsmooth nonlinearities, which include dead-zone,
saturation and backlash are encountered in the actuators of real
systems, such as DC servo systems, pressure control systems,
machine tools, and power amplifiers [8-11, 23-24]. Because
these nonsmooth nonlinearities are usually unacquainted and
time-variant, the dead-zone traits in actuators will reduce the
system performance such that the system output can not meet
the requirements. In [8], the robust adaptive control was
developed to cope with nonlinear systems with unknown dead-
zone. The sliding mode controller was presented in [9] to
robustly stabilize a nonlinear uncertain system, containing dead
zone or backlash in the actuator devices. Lin et al. [10]
presented a robust adaptive dead-zone compensation method
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for a DC servo-motor control system. Based on dead-zone
compensation, the robust fuzzy logic control approach [12] was
proposed to tackle the stabilization problem of a class of
nonlinear uncertain systems in the presence of an unknown
dead-zone. An adaptive control method was proposed by Su et
al. [13] to treat nonlinear systems with non-symmetric dead-
zone input. Many of existing control methods use a dead-zone
inverse to handle the effects of dead-zone [14-15]. Therefore,
in this paper, the controller will be constructed to cope with the
robust control problem for bilinear systems including unknown
dead-zone.

Due to the existence of uncertain elements, including
parameter variations, modeling errors, unmodelled dynamics
and external disturbances, it is difficult to describe a real
system based on an exact mathematical model. Those
uncertainties may affect the stability of the systems. The
stabilization of a class of uncertain homogenous bilinear
systems under the sliding mode control was given in [16].
Huang and Lam [17] provided the linear controller to cope
with the uncertain bilinear system. In [18], the robust adaptive
controller for nonlinear uncertain system was presented. In the
case of the bilinear systems with high-order perturbation
uncertainties, the robust adaptive controller was discussed in
[19].

In recent years, the fuzzy control techniques have been
successfully used in many control problems [20-22]. The
fuzzy If-Then rules build up the fuzzy logic system to make it
useful to approximate the unknown nonlinear functions and
uncertainties in the nonlinear systems. Yang and Ren [20]
designed the adaptive fuzzy robust tracking control to deal
with uncertain nonlinear systems. The adaptive controller
employs fuzzy systems to approximate the dynamics of
nonlinear systems such that the tracking performance could be
achieved in [21]. Takagi-Sugeno (T-S) fuzzy model [22] was
utilized to approximate the unknown uncertain function in the
nonlinear systems. In this paper, the fuzzy logic system is used
to approximate the uncertainties in the bilinear systems.

The main focus of this paper is on the design of robust
adaptive fuzzy control for a class of uncertain bilinear systems
including unknown dead-zone. The description of a dead-zone
feature is used to estimate the properties of the dead-zone
model intuitively and mathematically. A common feature in



previous works [14-15] is the construction of a dead-zone
inverse to handle the effects of dead-zone. However, the dead-
zone inverse can be applied only when the dead-zone
nonlinearity are completely known. In this paper, the robust
adaptive fuzzy controller is published without constructing the
dead-zone inverse. The fuzzy logic systems can be applied to
approximate the nonlinear uncertainties by means of the
adaptive laws. Moreover, the proposed robust adaptive fuzzy
control approach can guarantee the robust stability of the
whole closed-loop system based on the Lyapunov stability
theorem.

This paper is organized as follows. In Section II, the form
of the uncertain bilinear system with unknown dead-zone is
described, and a detailed description of fuzzy logic systems
and fuzzy basis functions are introduced. Section III presents
the robust adaptive fuzzy control and its stability analysis.
Simulation results of two examples are illustrated to show the
performance of the proposed robust adaptive fuzzy controller
in Section I'V. Finally, a conclusion is given in Section V.

II.  PROBLEM STATEMENT AND PRELIMINARIES

A. Problem Statement

Consider a class of the following uncertain bilinear system
with an unknown dead-zone of the form:

q
X = Ax+BZ(u(t))+ Z N.XZ. (1, (1)) + AD(x) ,

i=1

(M

where x=[x,x,,--,x,] € R" is the system state vector
which is assumed to be available for measurement,
u(t) =[u,(t),-,u, (] € R" is the input of the system,
Z(u(t))=[Zl(ul(t)),---,Zq(uq(t))]T € R? is the output of the
dead-zone model with input u(z), A€ R™, Be R"™, and
N, e R™ Vi are assumed to be known constant matrices and

A®(x)e R" is the unknown uncertainty.
Eq. (1) can be rewritten as

q

X = Ax+ Z(bi +N,X)Z, (u; (1)) + AD(x) ,
i=1

b, is the ith column of matrix B .That is,

B=[b,...b,]. Z,(u,(1)): R —> R is the output of the dead-

2

where

zone model with the input u, () .
Assumption 1: ||A<I>(x)||£h(x) , where A(x) is an unknown

positive smooth continuous function and can be estimated by
an adaptive law in the later.
To clarify the dead-zone nonlinear input function Z, (), the

dead-zone with input u,(¢) and output w;(¢) is described by
m, (u,(1)—c,) foru(t)=c,,
w,(t)=Z.(u,(t))=40
my, (u,(1)—c,)

forc, <u(t)<c,, (3)

foru, (1) <c,,
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where ¢, >0, ¢, <0 and m, >0, m, >0 are parameters
and slopes of the dead-zone, respectively. In order to
investigate the key features of the dead-zone in the control
problems, we have the following assumptions:

Assumption 2: The dead-zone output w,(¢) is not available.

Assumption 3: The dead-zone slopes are same, i.e.
m, =m, =m=m,, fori=l,---,q.
Assumption 4: There exist known constants ¢, ., ¢, . »

€l min > € max > M » My SUch that the unknown dead-zone
parameters ¢, , ¢, , and m, are bounded, i.e.
C[r € [Cr min’cr max] ’ Cil € [cl min’cl max] ’ and mi € [mmin’mmax] :

Based on the above assumptions, the expression (3) can be
represented as

w, (1) = Z,(u; (1)) = mu, (1) + z,(u; (1)),
where z,(u,(¢)) can be calculated from (3) and (4) as

“)

—mc, foru,(t)=c,,
z,(u; () =y—mu,(t) forc, <u(t)<c,,
—mc, for u,(t) < c,.
)

From Assumptions 3 and 4, one can conclude that z,(u,(t))
is bounded, and satisfies

|z, ()| < p,
where p is the upper-bound, which can be chosen as

where ¢, ., is a negative value.

(6)

Control Objective: Design the controller for (2) such that the
system states x(z) would converge to zero.

B. Description of Fuzzy Logic Systems
The fuzzy logic system performs a mapping from U < R"
toVcR. Let U=Ux-xU, where U c R, i=1,2,---,n .

The fuzzy rule base consists of a collection of fuzzy IF-THEN
rules:

RY . IF X, is Fl” and x, is leo and - and, x, is F,f
THEN y is G', forl=12,---,M.

in which x=[x],x2,~'-,xn]TeU and ye ) c R are the input

()

and output of the fuzzy logic system, £’ and G' are fuzzy sets

in U, and V', respectively. The fuzzifier maps a crisp point

x=[x.,x,,--,x, | into a fuzzy set in U . The fuzzy inference

engine performs a mapping from fuzzy sets in U to fuzzy sets
in /', based upon the fuzzy IF-THEN rules in the fuzzy rule
base and the compositional rule of inference. The defuzzifier
maps a fuzzy set in J/ to a crisp pointin V.

The fuzzy systems with center-average defuzzifier, product
inference and singleton fuzzifier are of the following form:



>e(ITm ), 8)

y(x) = —
2T, ()

I=1
where ¢' is the point at which fuzzy membership function
u, () achieves its maximum value, and we assume that

u, (6')=1- Eq. (8) can be rewritten as

y(x)=0"¢(x)
0=[6.6°.6']

)

where is a parameter vector, and

£(x) =[§l(x),.‘.,§.w (x)]r is a regressive vector with the regressor

&' (x), which is defined as fuzzy basis function

£ () oLt ) (10)
2T ()
III. CONTROLLER DESIGN AND STABILITY

ANALYSIS

In this section, we using expression (4), system (2)
becomes

q q
x=Ax+ Z(bi + N;x)mu; () + Z(bi +Nx)zZ; (u; (1)) +A®(x)  (11)
i=1

where the state variables of the control problem become linear
to the input signal u,(f) . It is very important to note that

i=1

z,(u,(t)) is uniformly bounded, and A, b, and N, are known

constant matrices, A® are unknown uncertainties with
unknown upper bound functions and satisfies the assumption

1 ie., |A®||< A(x).
First, let the nonlinear function 4(x) can be approximated,
over a compact set Q_, by the fuzzy logic systems as follows:
h(x(8,) = B7E(x), (12)
where §(x) is the fuzzy basis vectors and O, is the

corresponding adjustable parameter vectors of each fuzzy
logic system. It is assumed that ©, belong to compact

set Q , which is defined as
Q, ={0,e R :]0,[< N <o}, (13)

where N is the designed parameter, and M is the number of
fuzzy inference rules. Let us define the optimal parameter

vectors @, as follows:

0, =arg erhlgg; {il,g) h(x)—i;(x|9h) }, (14)
where 0, is bounded in the suitable closed set Qy . The
parameter estimation errors can be defined as

éh=eh_e;’ (15)
and

lo| <@ (16)
where
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@, = (h(x)~h(x]6})) (17)
as the minimum approximation errors, which correspond to
approximation errors obtained when optimal parameters are
used.

Secondly, we define

p=0—¢

D=0-w

(18)
(19)
where ¢f is an estimate of ¢ , which is defined as
¢=(m)"' . & is an estimate of @ .

Based on the given plant and dead-zone models under the
Assumptions 1-4, consider the following controller:

U, = Uy +uy, FUy +u, i, (20)
where
- ~(x"P(b, +N0))[x T(A™P +2PA)X||’ o
Miyin 'q"XTP(b,. + Nix)"
-k (x"P(b, +Nx))
"2 = P, + N 22)
w, = ~(x"PO, +Nf"))"f’3'||"rpz||"5("|°h), 23)
g|x"P(b, +N,x)|
- ~(x"P(b, +N,X)).||xTP||2~(2) ’ o
My X P(b, + N )|
= PO N0 ] 25)

g[x"P(b, +Nx)|

where k"2 p/m ., p is defined in (6), and >0 is a

positive constant, P is a symmetric positive definite matrix,
and the parameter update laws are as follows:

0, =7, |x"P|-éx0, (26)
b=7,- o], @
o=n-|x"P|-h(x[p,). (28)

where the scalar y,, 7, and 77

determining the rates of adaptations.

Remark 1: Without loss of generally, the adaptive laws used in
this thesis are assumed that the parameter vectors are within
the constraint sets or on the boundaries of the constraint sets
but moving toward the inside of the constraint sets. If the
parameter vectors are on the boundaries of the constraint sets
but moving toward the outside of the constraint sets, we have
to use the projection algorithm [25] to modify the adaptive
laws such that the parameter vectors will remain inside of the
constraint sets. The proposed adaptive law (26) can be
modified as the following form:

nxPlex@), if (]8,] < N) or

are positive constants,

eh =

(HO,,H =N and HxTP

07E(x(1)<0), (29)

xPlecx)], i (j6, =V and [x"P[6]E(x()>0),

P{y,



where P{ 7,

xTPHé(x(t))} is defined as

v p[

Py ¥ Plexxn} =7 [xPlex) - 7, |x L), (30)

o,

The main result of the robust adaptive fuzzy control
scheme is summarized in the following theorem.

Theorem 1: Consider the uncertain bilinear system (2) with an
unknown dead-zone input (4) and unmatched uncertainties. If
Assumptions 1-4 are satisfied, then the proposed robust
adaptive fuzzy controller defined by (21)-(25) with adaptation
laws (26)-(28) ensures that all signals of the closed-loop
system are bounded, and the system states can converge to
Zero.

Proof: Consider the Lyapunov function candidate

y=Ll Ly Ty +_16§6h+l¢32+ @2} (31)
m m-y, n Muin Yo

Differentiating the Lyapounov function ¥ with respect to
time, we can obtain

V':L,"
2m

(32)

0.

TPX+LX Tps+ 1
2m m-yy

ég;éh +l¢?& +
n Mmin * Yo

From (11) and by the fact éh = 9,1, ¢7 =(3 and @=a the

above equation becomes

T
q q9
v :i[Ax + Z(bi +Njx)mu; () + Z(bi +Nxz; (4 (1)) + Acb(x)} Px

i=1 i=1

i=1 i=1

q q
+jx Tp {Ax + Z(bi + Nx)mu; (£) + Z(bi +Njx)z; (1)) + A(I)(x):l

1

a0,

~Téh +l&¢?+
n

Mpin * Yo

! (x TP(b,.+N,-x))T (1)

X T(ATP + PA)x+

2m
i=1
N 2 (u ®,
+Z(x Th(b, + N;x )) ) TPA(D(X)
i=1
i T
0, +—do+ @0. (33)

m-yp n Mmin * Yo

Applying Assumption 1 to (33) yields

VsﬁxT(ATNPA)Hi(x TP(bi+N,.x))Tu,-(t)
+i}( x (b, +N,x)) H' 0], “ TPA®(x)|
! 070, +—q5¢5+;d)a*),
m-yy n Myin Vo

Sﬁx T(ATP+PA)X+Zq:(x TP (b, +N,.x))T u; (1)
i=1
(x oo, +N,)) | kwam o L
! 070, +l¢5¢;+—1 )
m-yy n Mpin * Vo

(34)
Substituting (12) into (34), we have
V< zix T(ATP+PA)X+Zq:(x Tp, +Nix))T u; (f)
m i=1
(x (b, +N,x )) REICIO))] (t))| ” TPH h(x0,)
+%Hx o[- () -(x[0,) )+ ~héh+%¢3¢§
+;d)&
Myin Yo
=5 T(ATP + PA)x + Zq:( T, + Nix))T u; (1)
3 (x T, +N;x )) L) (’))l || TP" h(x[0,)

i=1
+%“x TP“ (83" e0 -] gn) + %“x TP“ : (h(x) - h(x‘(f;))
1

m-yp Mmin * Yo

Applying (15)-(17) to (35) yields

a0, (35)

870, +-do +
n

V< Lx
2m

q
2
i=1

ol TP\\-(‘*’L’&(x)—eiqx))ﬁux ] 0

T(ATP + PA)x+ qu:(x T, + Nix))T u;(£)

(x b, +N,x )) JEICIO)] (t))|

U ion

~7- 1~ 1 ~ A
070, +—gp+—— i,
n Min * Yo

m-yy

1
<
2m

q
2
i=1

—i“x |- 8fe0 +i“x -0
m m

X T(ATP + PA)x + Zq:(x T, + Nix))T u; (£)
i=1

iG] (r))l

(x T, +Nx )) “ TP“ h(x[6;)

1 b
m-yy Mmin * Yo
According to adaptive laws (26), (36) can be rewritten as

070, +l¢3¢§+ (36)
n
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V< ﬁx T(ATP+PA)X+§(X Tp(p, +Nix))T u; (1)

q
2
i=1

1 1 -4
+—“x TP“ O+—Pp+
m n Min * Ve
Using the control law (21)-(25), (37) can be rewritten as

(x e, +Nix))T M+
m

ey

1 - A
o,

37

y<lx T(ATP + PA)x
2m

X T(ATP + PA)x

T
2, (x b, +Nx)| x"P(b; +N;x)-
2

i=1 m

2

i=1

min 4

(x b, +Nw)

* T
K+ (x P, +Nx)) X P, +Nx)

(x e, +N,x))

T ~ ~
(x T, + N x"P(b, +Npx) - “x TP“~h(x|0h)
2

M-

i

(x b, +N ;)

1 q

T
(x T, +N)) x"Pb, +Nx): “x TP“ @

2

“

]
—_

1 m

(x b, +N;x))

min ~ 9

(oo, + Nl.x))T (P, +N) |

i=1

D

i=

2
q“xTP(bi + N,.x)“

|z G (0] 1

(x oo, + N[x))T
m m

“x TP” . it(xl@h)

1

Min * Yo

o0,

+L“x TP“ o+Ldp+
m n

=Lx T(ATP + PA)X—
2m min

q q
+2 *2
i=1 i=1

—u||x||—¢”.“x TP”.;}(x|eh) +4- “x TP“ h(x]0,) -

X T(ATP + PA)X

m

(x P, +N,.x))T L@
m

(x T, +Nv)

1

Mpin

xTP“-(?)

1 - A
.

+i (38)
m

X TP“ : a)+l¢5¢3+
n Mmin * Yo

According to (18)-(19), we obtain

14 SLX T(ATP+PA)1K—
2m m

q
p3
i=1

1

Mpin

X T(ATP + PA)x

min

(x Tob, + Nix))”[k* _@] _5.“,‘ TP” h(x]0,)

1

Myin " Yo

0,

| [ @~ #||x||+%¢3¢3+

924

<Ly T(ATP +PA)x—
2m

X T(ATP + PA)x

Mnin

5| |- s, - | -—

x|
Mpin

1

Min * Yo

00}

+l¢3¢§+ (39)
n

According to adaptive laws (27)-(28), we have

V< %x T(ATP+PA)x— ml Hx T(A™P+ PA)XH

m

min

~-[x"P|-(x(0,) - x| - ml_

min

HXTP 0]

+3-|x P (x[6,)+ ——[x P|- @
My

<t AP PR

<0. (40)

Therefore, it can be concluded that V' <0 from (40), and the
closed-loop system is asymptotically stable based on
Lyapunov synthesis approach. This completes the proof.

IV. AN EXAMPLE AND SIMULATION RESULTS

In this section, simulation results of the second-order

bilinear system are illustrated to demonstrate the effectiveness

of the proposed control method.
Consider the second-order system, described by

x = Ax+BZ(u(t)) + ZZ: N.xZ, (u, (1)) +AD(x)

(41)
i=l
where
302 1 0
A_ Py = s
2 % 0 100
1 0 1 0
N, = > 2= 5
0 10 0 10
(A
AD = Q},
Ag,
and

A, (x)=0.1-x, -sin(t),

A@,(x)=0.3-x, -sin(?),
Z(u(?)) is an output of a dead-zone. Ag(x)=0.1x, sin(¢),
Ag,(x) =0.3x, sin(¢) are unknown uncertainties. The control
objective is to maintain the system states x, and x, converge

to zero.
In the simulation, the parameters of the dead-zone are
¢, =0.5, ¢, =-0.6, fori=1,2. And their bounds are

> Yir > il
chosen as m =15, m =06, c .. .=09,c .. =01,

=-0.1, and ¢, ,, =—0.8 . In the implementation, six

m, =1
r min

T max

CI max



fuzzy sets are defined over interval [-3, 3] for both x, and x,,

with labels F1, F2, F3, F4, F5, and F6, and their membership
functions are

My (x;) = )9 ll’lFZ(xi):eXp(_(xi+1'5)2)’

1+exp(5(xl. +2)
2

Uy (x,) = exp(—(x,. +0.5 ) s Upy(x)= exp(—(x,. -0.5)" ) ,
Hps(x;) = exp(_(xi _1~5)2 ) >

1
1+exp(=5(x, -2)) ’

In this section, we apply the robust adaptive fuzzy control
approach in Section 3 to deal with an uncertain second-order
bilinear system with unknown dead-zone.

Choose a symmetric positive definite matrix as follows:

525 0.25
025 0275

Let the sampling time be 0.01, and the initial values are

Meo(x)= for i=1, 2.

chosen as X(O):[S,—3]T . The other values are selected as
¢?(0):0.85 , (0)=0, y,=2.0, y,=0.1, 7=05, g=2,
k=25, u=1. The control scheme is shown to suffer from
chattering which is an expected behavior due to the presence
of the switching function sgn(xTP(b,. +Nix)). The effect of
chattering can be abated by replacing the switching function
x"P(b, + N x)

where
X'P(b, +Nx)|+&

with the continuous approximation |

£>0. The controller () with £=0.02 is shown to be able

to stabilize the system in Fig. 1. Fig. 2 illustrates the
effectiveness of the proposed control law, where it is clear to
see the trajectories towards the origin. Finally, Figs. 3-4
explain that the chattering is mitigated in the control action
when the system is in steady state.

V.

The dead-zone characteristics in the actuators of practical
control systems are often poorly known and severely limit
system performance. In this paper, a robust adaptive fuzzy
control scheme is proposed for a class of uncertain bilinear
systems with unknown dead-zone. By utilizing a description
of a dead-zone feature and by investigating the properties of
the dead-zone model intuitively, this paper suggests a feasible
robust adaptive fuzzy control scheme without constructing a
dead-zone inverse. Based on Lyapunov stability theorem, the
proposed robust adaptive fuzzy controller is able to ensure the
successful achievement of the asymptotic stabilization of the
whole close-loop system. The simulation results are provided
to demonstrate the validity of the proposed control method.

CONCLUSION
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