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Abstract—This paper presents a hierarchical fuzzy sliding
mode control scheme for a class of uncertain nonlinear under-
actuated systems. First, the sliding surface of one subsystem is
selected as the first layer sliding surface. Hence, we further
construct a second layer sliding surface from the first layer
sliding surface and the sliding surface of another subsystem till
all the subsystem sliding surfaces are included. The fuzzy system
and some adaptive laws are applied to approximate the unknown
nonlinear functions and estimate the upper bounds of the
unknown uncertainties, respectively. By means of Lyapunov
stability theorem and the theory of sliding mode control, the
proposed control scheme ensures the robust stability of the
uncertain nonlinear under-actuated systems. Finally, simulation
results show the validity of the proposed method.
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In recent years, there has been growing interest in control
problems of under-actuated systems [1-4]. Under-actuated
systems are commonly encountered in mechanical systems
which are fewer actuators than degrees-of-freedom to be
controlled. The applications are used widely in practical
systems such as free-flying space robots, underwater robots,
manipulators with structural flexibility, overhead crane, etc.

Many papers on the control of under-actuated systems have
been proposed in [5-8]. In [5], the hybrid switching control
strategy was developed to cope with a class of nonlinear and
under-actuated mechanical systems. The optimal control of
nonholonomic, under-actuated mechanical systems was
studied in [6]. The research [7] introduced a motion planning-
based adaptive control method in under-actuated crane
systems. In the case of the under-actuated surface ship with
rudder actuator dynamics under external disturbances, the
adaptive fuzzy controller was developed in [8]. Thus, the
analyses and control of nonlinear under-actuated systems have
been an important research area.

The sliding mode control (SMC) [9-10] has shown to be
one of the effective nonlinear robust control strategies to
tackle systemic parameters and external disturbances for
nonlinear systems. SMC has some advantages such as
insensitivity to system parameter variations, invariance to
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external disturbances, good transient performance, and fast
response, etc. In [11], the sliding-mode controller on the basis
of the incremental hierarchical structure and aggregated
hierarchical structure were used to treat the under-actuated
system. The work [12] was developed a hybrid sliding-mode
controller for under-actuated systems. SMC laws usually
consist of two parts: switching controller design and
equivalent controller design. First, the switching controller
design drives the system states toward the sliding surface.
Then, when the system states are on the sliding surface, the
equivalent controller design guarantees the system states to
keep on the sliding surface and converge to zero along the
sliding surface.

The fuzzy control methods [13-14] have been adopted
widely to treat the problem of under-actuated systems with
unknown nonlinear functions. Especially, the decoupled
fuzzy adaptive SMC method has been applied to the control of
under-actuated systems with mismatched uncertainties [15].
According to the universal approximation theorem, fuzzy
systems, which are constructed from a collection of fuzzy If-
Then rules, are employed here as a way to approximate the
unknown nonlinear functions of the system. Moreover, the
adaptive laws are used to adjust the parameters of the fuzzy
model. Thus, the adaptive schemes guarantee all signals to be
bounded, and the tracking error of the closed-loop system will
asymptotically track our desired trajectory and achieve the
desired tracking performance.

The main object of this paper is on the design of the robust
hierarchical fuzzy sliding mode control for uncertain nonlinear
under-actuated systems. The fuzzy system and some adaptive
laws are applied to approximate the unknown nonlinear
functions and estimate the upper bounds of the unknown
uncertainties, respectively. Furthermore, by Lyapunov
stability theorem and the theory of sliding mode control, the
presented hierarchical fuzzy sliding mode controller can not
only guarantee the convergence to zero of each sliding
surface, but also ensure the robust stability of the uncertain
nonlinear under-actuated system.

This paper is organized as follows. First, the control
problems of the uncertain under-actuated system and the
concept of fuzzy system are introduced in Section II. The
hierarchical fuzzy sliding mode control is proposed to deal



with the control problem for uncertain under-actuated systems
in Section III. The simulation results are illustrated to show
the validity of the proposed control method in Section IV.
Finally, a conclusion is given in Section V.

II.  PROBLEM STATEMENT AND PRELIMINARIES

A. Problem Statement

Consider a single-input-multi-output uncertain nonlinear
underactuated system expressed as follows:

X =X,
Xy = [(X)+b (Xu+d,(X,1)
fC3 :.X4

X4 = LX) +b,(X)u+d,(X,1) "

x2n—l =Xy
Xy, = [, (X)+b,(Xu+d, (x,1)

y(t)=[x1,x3,---,x2n,l]T

T .
where x =[x,x,,":-,x,,] € R is the system state vector

which is assumed to be available for measurement, u e R'is
the control input, ye R" is the system output,
f1(x), f,(x),-++, f,,(x) and b (x),b,(X),"--,b,(x) are unknown
real continuous nonlinear functions, and
d\(x,t),d,(x,t),---,d,(x,t) are unknown external bound

uncertainties.  Without loss of generality, the following
assumptions are made for the controller design:

Assumption 1 : 0S|fi(x)|SFi < oo, 0<|bi(x)|SBi<oo,
for xeT',i=12,--,n,

where F; and B; are known positive constants, and I" is a
set given as follows

r={x[l-xl,, <4}

Here o is a set of weight, and A is a positive constant which

@)

denotes all state variables’ boundary. x,e R*" is a fixed

point, and ||x||p ., 1s a weighted p-norm, which is defined as

2 p VP
bl ~| [ ) 8
If p=co,
I @

If p=2, w=1, ||x||p’w will denote Euclidean norm "X" .

0<|d,(x,0)| < pi(x)<eo , for xeT ,
i=1,2,---,n , where p;(x) are unknown bounded positive
smooth continuous functions.

Assumption 2 :
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Control Objective: Design a controller for (1) such that the
system states x(¢) would converge to zero as ¢ — co.

B. Description of Fuzzy Logic Systems
The fuzzy logic system performs a mapping from U c R”
toV cR. Let U=U,x---xU, whereU, c R, i=1,2,---,n. The

fuzzy rule base consists of a collection of fuzzy IF-THEN
rules:

RY: IF X, is F}l, and x, is Fz’, and --- and
THEN y is G', forl/=1,2,---, M.

in which x:[xl,xz,---,xn]TeU and yeV c R are the input

x, is F!

> n

©)

and output of the fuzzy logic system, F' and G’ are fuzzy sets

in U, and V', respectively. The fuzzifier maps a crisp point

x=[x,x,,---,x,] into a fuzzy set in U . The fuzzy inference

engine performs a mapping from fuzzy sets in U to fuzzy sets
in ¥, based upon the fuzzy IF-THEN rules in the fuzzy rule
base and the compositional rule of inference. The defuzzifier
maps a fuzzy set in J/ to a crisp pointin .

The fuzzy systems with center-average defuzzifier, product
inference and singleton fuzzifier are of the following form:

o 20 M ), (6)

Z(H;;ﬂl’,’ (xl ))

I=1
where ¢' is the point at which fuzzy membership function
u, (¢') achieves its maximum value, and we assume that

uy(6')=1- Eq. (6) can be rewritten as
y(x)=0"¢(x)

0=[6.¢". .07
£()=[ (x)..&" (3)]
& (x), which is defined as fuzzy basis function

M

,Z(H'”:l'uﬁ’ (x"))

=1

(7

where is a parameter vector, and

T

is a regressive vector with the regressor

8
£ (x) (®)

III. CONTROLLER DESIGN AND STABILITY

ANALYSIS
In view of (1), let the sliding surfaces be defined as follows:
S; =Xy +Xy;, fori=12,....n )
where c¢; are positive constants. Differentiating s; with
respect to time ¢, we have
§; = CiXo; g T Xy
=Xy + f;(X) +b;(X)u +d; (X, 1) (10)
According to the equivalent control method, the equivalent
control law of the subsystems can be obtained as

Upy = — (20 + ;X)) /b, (x) for i=1,2,--,n. (11)
Without loss of generality, the subsystem sliding surface s, is

selected as S, .



nonlinear functions
n, can be approximated,

First, let the unknown
f; (X)a bi (X)s and pi (X)s for i= 19 29 cees

over a compact set _, by the fuzzy systems as follows:

fixlo =058, (12)
b,(x[8,) =6} E(x) | (13)
pi(x[6,)=8,5(%) (14)
where &(x) is the fuzzy basis vector, eﬁ , 91;,. , and
epi, for i=12,...,n, are the corresponding adjustable

parameter vectors of each fuzzy systems. It is assumed that
0 E Gbl_ , and 6/7,- belong to compact sets th , th’ , and

er , respectively, which are defined as

Q,, :{9./; e R" :"9./; ||SN./; <°°}’ (15)

Q, ={0,e R :0<5<|o,| <N, <=},
( 1 6 )
Q, ={6, c8":[0, <N, <o}, (7)
where N_/;_ , le , and NM for i=1,2,...,n, are the

designed parameters, and M is the number of fuzzy inference
rules. We require "9,)‘ ” to be bounded from below by J >0

because from (28) we see that l;i (x‘eb) must be nonzero.

Let us define the optimal parameter vectors 9}, 0, , and

e>.’<

b for i=12,...,

n, as follows:

0/ =arg min {sup ‘f(x‘ef) f(x)‘}

0,0 0 (xeQ
(18)
Gb =arg min {sup b(x‘eb) bi(X)‘},
€ oy | x€Q
( 1 9 )
6, =arg_min 1 sup [3,(x[6,) -5, (0]}, (20)
' 0,69, |xeQ, '

where 92, 92‘, and 9;_ for i=1,2,...,n, are bounded in the

Q

suitable closed sets Q 0, >

O,i 4

and erv , respectively. The

parameter estimation errors can be defined as

0,=0,-0, ,
21)

0, 0, -0, ,
(22)

ép‘ =0, - 9;,
(23)
and

[wi] +[wa| < w (24)

where

XL

a j]{[f;(x)—.ﬁ(xlef}; )|+ [0, (x/05, )}}

(25)

i ; ]
" Z:; [H jr®
are the minimum approximation errors, which correspond to
approximation errors obtained when optimal parameters are
used.
Then, we define
w=w-w 27

where W be as the estimate of w .

Based on the fuzzy systems, the equation (11) can be
replaced as the following controller:

oy = (e, + 1 x[0 ) /B (x [0y ) for i = 1,2, (28)

| £r(0= 5,0} (26)

eqi
The ith-layer sliding surface S; and its control law u; can be
defined as follows.

S =4S +s, 29)
ui = Z'{ifl +u’\eqi +ﬁswi (30)
Here A, i=(12,...,n) is a constant; 4, =S,=0 u,=0

U, for i=(L2,.

layer sliding surface.
(30), we have

S, =,Z:1:(H;:raj)sr (31)

..,n) is the switching control of the ith-
From the recursive formulas (29) and

u[ = ;(umfw +ueq;) (32)
Here for a given i, a, :/1j (j#i) is a constant,
a,=1 (j=i), and u=u, for i=(1,2,--,n).
where
o Z{Z 1(]_[ J>5r(x|eb,_>1&eqz
n r#l
Uei = u

=1 ;(Hlj:ra : )l;r(x|9b,. )

p,<x|e )

(k;S;) +sgn(S;)w

T,

a_/)é,,(x|e,,r) a_/)é,,(x|9,,r)

(33)
where £; is a positive constant, and the parameter update laws
as follows:

Bf =}/f,,Si(Hj - ,)‘;(X)

(34)



eb, = }/b,vSi (H, - ,)é(x)“
e/’r = }/pr |Sl|‘Hl]:r

ﬁj:?’w Si|’
where Vi Voo Vs for r=12,...,

(35)
aj &(X)a

(36)
(37

i, and ¥, are positive

constants.

Remark 1: Without loss of generality, the adaptive laws used
in this paper are assumed that the parameter vectors are within
the constraint sets or on the boundaries of the constraint sets
but moving toward the inside of the constraint sets. If the
parameter vectors are on the boundaries of the constraint sets
but moving toward the outside of the constraint sets, we have
to use the projection algorithm to modify the adaptive laws
such that the parameter vectors will remain inside of the
constraint sets. Readers can refer to reference [17]. The
proposed adaptive laws (34)-(37) can be modified as the
following form:

", [H/z fJSi€<x>, it (o, <y ) o

0y = ["eﬁ"—Nfr and [H;_raj]s,’eii(x)so}
. Jos, =y, ana
P{m [H.f—r JSF’(X)} [Hl aj]SiQT Ex)>0| ey
j=r Ir
where P{y . [H’ a jjsig(x)} is defined as
j=r

P{}’f; (Hij:ra/’]sﬁ(x)} =7t {H;zra,’]Sﬁ(X)

i 0,0 f
~7f, 5. (39
vf, [Hj:,“ ] " eﬁ (39)
", [Hij:,a- ; JSiF,(x)u, if (" o, || <N, ) or
ébr = [" 0p, ":Nb, and [H;—rajjsiei &(x)uSO],
i " O, ":Nbr and
P{;/b, [Hj_r Jsi(x)u} [Hl aj]S[BZ su0| (40)
j=r -

where P{Vb, {H’ a j]sig(x)u} is defined as
j=r
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P{?’b,. [H;:ra J zﬁ(x)u}—%,. (H;:r“jjsiﬁ(x)u
; 0p eT
—n,,[ aq ]S CEou (4])
H./—r " 0,
Yo, [Hij_raj]s,- g, it [op, [<np, Jor
0, = [""p,- ||:Npr and [H;:rajjsi eirg(x)so],
. ||9pr||:Npr and
P{yp, [Hf—"aj}g[ g(X)}, ' [H;_rajjS[ Biri(xbo L@
where P{ypr [H;:ra j]S,- g(x)} is defined as
P{?’pr {H;:rajjsi ﬁ(x)}=7p,_ [Hizrajjsi E(x)
~7p, [H}za ]S E O E(X). (43)
0,

The main result of the robust adaptive tracking control
scheme is summarized in the following theorem.

Theorem 1: Consider the single-input-multi-output
uncertain under-actuated system (1). If Assumptions 1-2 are
satisfied, then the proposed adaptive fuzzy sliding mode
controller defined by (32) with adaptive laws (34)-(37)
guarantees that all signals of the closed-loop system are
bounded, and the system states x(¢) will converge to zero as

t—> oo,
Proof: Consider the Lyapunov function candidate
Vi; 52+Z—9Te +z 6rd, +Y 670+t @)
r. =es = Y

Differentiating the Lyapunov function V' with respect to

time, we can obtain
07 0 +Z—070 + L (45)
7,

SS+Z 070, +Z
r=1 p w

r=1 }7
From (31) and by the fact Oﬁ =e.ﬂ , Gbl_ :éb,.s éﬂ, =pr ,

and W= 12/ the above equation becomes
V=5 2(IT e )s } Zfefe +Zfefe +Z—9’9 +7—ww
<52 (T a few +[ 4007640+ [ 700, .0, )]+ 7.0,

r=l

+[b, (X)u — };r (x‘()z’ )u] + [};r (x‘();r Ju— };r (x‘(),,r )u] + };r (x‘(),,r )u}

+[/ 2T o

+Z—9T 0, + Zfefe +Z—9T 0+
Y, I8

Accordmg to (12)—(14), (46) becomes

[p.00-p,(xl0,)]+[ 5.(x[6,,) - 5,(x[0,) |+ 5, (x]o,, )}

(46)



nes3IT.
+5, Z( 1. )07 e-0E0]+s, Z(H” )00 —0} &00u |
\H‘,, 4,
+S, Z( a [ 500- 7.0+ b, o, (x]6] e}
ST ol

a, {exs, + 7x[0,)+5,(x[0, yu} +\S,.\Zi:‘H _a
=

XC

[0,76(x) - 0] &%) ]

[p,0-5,(x]6;)]

Z—efe Z 0,0, +Z—979 +7iww (47)
Accordmg to (21)-(23) and (25)—(26), we have
v, SSLZIJ(Hi:,“f){C"xzf +ﬁ,(x‘6/’ )+i3,(x‘0bl )u}+‘Si‘Z‘H;:ra/_ ﬁ,(x‘ﬂp’)
—SZ(H/, 0 )8,200-5 3 (T )5 3| s
—efe +Z—e 0, +Z—GTG +7ww (48)
Let us deﬁne VeV ,andv as follows.
v, ==5, Z(H, ) j)ef §(x)+Z—BT (49)
v, =—S,-Z(H a,)8; <x>u+2 6,6, (50)
r=1 b,
:_|S|Z‘H” a0’ g(x)+z—9T 1)

If the condition in the first line of (38) is true, substituting (34)
into (49), we have

v, == X108+ 5 X(IT. 0 )F 50 =0
r=1
If the condition in the second line of (38) is true, we have
— i T
10,1, o (T, 507800
Then, substituting (39) into (49), we have

*; z}(Hir a,)s9;

(52)

L1 [N 1
A R IR A s
(53)
By the fact that "9./‘; ||:Nfr, “"2 <Ny . and [Hl a j]sief E®)>0,
j=r v
the above equation becomes
v, <0. (54)

Using the same method, we can prove that v, <Oandv, <0
for all £>0. To show “ 0, “ >J, we see from (40) that if
“ 0, “ =9, then éb, > 0; hence, we can guarantees “ 0, “ 20.

By applying (54), (37), and v, <Oandv, <0 into (48), it
yields
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V<sy

r=1

i .
/T

Using the control law (28) and (32), the above equation can be
rewritten
as

Ty RN N0 YRR Y |

(IT...a {ex + 7|0, ) +,(x(0, )

(55)

p,(x[0,,)+]S, [

b, (56)
By applying (33), K can be obtained as follows:
V;S_kisiz
L1 SR [ 51 ~ 1
=—kS? - 000, —>—0/0,->—00 ——
;27/; f,- ;27;), i r=l 27;7,. e 27»«
+IZL9T0 +ziefe +'ziefe L
r=1 ;/fl e r=1 2}/17’ i r=1 2}/;7[' e 27/w
(57)
N . Loloa, RS (O, 1,
Let u=Y" 0, +> —0,0, +>—000, +—W
r=l1 7/,_ r=1 b, ' r:12 pr 2}/‘4
V<—ksz—2iefe —iiefe —ZL* L@
B 27/ (s =1 27@ b = 27,0, e 2y,
L1 S R T 1
=—kS?— —070, — 076, — 070 —— W +u
257 0 2y W02 O oy
L=y, &, L1-7, = S1-7, o s -7, -2
+ ~0,0, + ~0,0, + ~0,0 W
;27,; /AR ;27,; b, b, ;27,; LA 27,3‘
Ll P T TR Lt 7 T T
Let L= 0 "0, 0 "' 00 x
. LA (RSO 1
V.<—kS’-> —070, ->—0/0 —-0780, —— W +L
= sz " ;Zf "% "2
oo, v 1 s &1 s a7 G <
<—|=8+)—06.0 +>—0,0,+> —0 +—W |[+L
AT, T T,
where ¢ =min 2ki,L,i,L,i . Then,
7/_ 1 7/[7, yp, yw,
V.<—cV,+L. (58)
Based on (58), we obtain
, L
V() <—eV,(0)+—. (59)
c

Then the tracking error converges to a region exponentially.

+u, ) and letting i=n,

eqr

Substituting u,,; into u, = Z (u,,,
r=1
we can obtain the hierarchical sliding mode control law



n
u
1=1

(H a,)b,(x0,, )i,

uswn eql

g L ek, S,)+ sen(s, )
T a0b.x[0,) DT a)6.(x]8,)
r=1 r=1
sen(S) [T, ,|.x0,,)
- (60)

Z(H; _a)b,(x]0,)

where u=u,.

Remark 2: Note that the control law is discontinuous when the
states across the sliding surface. Since the discontinuities in
the control (60) give rise to chatter in the system, it has been

proposed that the switching functions sgn(S;) will be

replaced by a continuous approximation in an &-width region

of S, . Thus, replacing sgn(S,) with sat(S,/€) , the
sat(S,/€) is described by

1 ifS, > e
sar(s,/e)=15/ if|s|se. Ve>o. (61)

-1 if §;, <-¢

IV. AN EXAMPLE AND SIMULATION RESULTS

In this section, the inverted pendulum system is used to

verify the performance of the proposed controller.
Consider the inverted pendulum system described by

X =X,

Xy = LX) +H (X)u+d (X,1)

X3 =X,

Xy = f(X) + by (X)u+dy (x,1)

v =[x, %]

(62)
where
_ mgsinx; —m,Lsinx cOSs X, X3
S =
L-\—m—m, cos’ X
3
COS X
b (x) =
2
L-(?)m,—mp cos xlj
—mpLxg sinx; +m,gsin x; cos x
fHr(x)=

—m,—m COSzx
3 t 2 1
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4

3,[:% —-m, cos’ xlj

m,=m,+m,

by(x) =

and x; =0, x,=6, x3=x and x4 =x represent the angle of the

pendulum with respect to the vertical axis, the angular velocity
of the pendulum with respect to the vertical axis, the position
of the cart and the velocity of the cart, respectively. m_ =1kg

is the mass of cart, m,=0.05kg is the mass of pole,

L =0.5m is the half-length of pole, and g =9.8 m/s2 is the
acceleration due to the gravity. # is the force input to move
the cart. d,(x,?),and d,(X,t), are the external uncertainties.
The control objective is to maintain the system states x()

converge to zero.

In the implementation, six fuzzy sets are defined over
interval [-3, 3] for x,,x,,x, and x,, with labels NB, NM, NS,
PS, PM, and PB, and their membership functions are

1
s (%) = 1+exp(5(x, +2))
Hona (%) = l
e l+exp(—(xl.+l.5)2)’
Hos (%) = 1
w 1+exp(—(xi+05)2)’
1
U X )= 5
rs () l+exp(—(x,.—0.5)2)
1
Hpne (x,) =
e (%) l+exp(—(xl.—l 5))
Uy (x,) = ! i=1,2,3,4.

1+exp(—5(x,-2))

A case is simulated in this inverted pendulum system, and
we apply the hierarchical fuzzy sliding mode controller in
Section 3 to deal with the control problem. In this case, the
sliding surfaces are selected as s =c¢x +x, and
8y =Cyx3+x, , where ¢, =4 and ¢, =1, the hierarchical

sliding surfaces are constructed as S, =s;, S, =a;5,+s, ,

where a; =1.1 The initial values are chosen as
7 T

x(0)=[—€,0,0,0] , 0,(0)=0 , 0,(0=0 , 0,(0)=5,

0,,(0)=5, 0,(0)=0, 0, (0)=0, and w(0)=0. The other

parameters are selected as k=10, =05, 7, =05, yp, =05,

%, =0.5, 75 =05, 7, =05, and 7,=02, and the boundary
layer £=0.03. d(x, t)— xz, and d,(x,f) = ‘xlxg‘, are external

uncertainties. The 51mu1at10n results are shown in Figs. 1-5.



Figs. 1-2 reveal that the state trajectories of the states x, and

X.

., respectively. From these simulation results, it is easily

shown that the proposed controller ensures that the state
trajectories converge asymptotically to zero. The performance
of sliding dynamics and the control signal are shown in Figs.
3-4 and Fig. 5, respectively. The simulation results verify the
effectiveness of the proposed robust hierarchical fuzzy sliding
mode controller.

V. CONCLUSION

In this paper, a hierarchical fuzzy sliding mode controller is
constructed to deal with the problems for a class of SIMO
under-actuated systems with uncertainties. ~ Within the
scheme, the fuzzy logic systems and some adaptive laws are
used to approximate the unknown nonlinear functions and the
unknown upper bounds of uncertainties. Based on Lyapunov
stability theorem and the theory of sliding mode control, the
presented controller can not only guarantee the convergence to
zero of each sliding surface, but also ensure the robust
stability of the uncertain nonlinear under-actuated system.
Finally, some simulation results are illustrated to confirm the
effectiveness of the proposed control method.
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