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The Realization Problems Related to Weighted Transducers over
Strong Bimonoids

Ping Li, Yongming Li and Shengling Geng

Abstract— In this paper, the concepts of weighted transducers
over strong bimonoids and their input-output-functions are
introduced. Further more, the input-functions and output-
functions induced by the input-output-functions of weighted
transducers over strong bimonoids are given. It is the most
important that the input-functions and output-functions of
weighted transducers over strong bimonoids can be realized
by weighted finite automata over strong bimonoids, and the
realization does not depend on the distributive law, which also
embodies the applications of weighted finite automata over
strong bimonoids.

I. INTRODUCTION

EIGHTED FINITE AUTOMATA over strong bi-

monoids have been Proposed in [1] and [2]. Weighted
finite automata over strong bimonoids are also called fuzzy
transducers valued in strong bimonoids. Strong bimonoids
can be viewed as semirings which might lack distributivity.
Semirings, complete (orthomedular) lattices [3] and lattice
ordered QMV algebras [4] are all the special cases of
strong bimonoids. Therefore, weighted automata is one of the
most extensive uncertain computing models at present. We
know that weighted finite automata and weighted transducers
(weighted finite automata with output) valued in semirings
have both a well elaborated theory as well as practical
applications [5]. It is well known that completed residuated
lattice-valued [6], lattice-ordered monoids [7]-[10] are also
the special cases of semirings. Particularly, the properties
of weighted transducers and their applications at speech
processing are studied in many other papers, such as [11]-
[15].

It is the goal of this paper to study the properties and
applications of weighted transducers over strong bimonoids
(fuzzy automata with output valued in strong bimonoids or
fuzzy transducers valued in strong bimonoids). Concretely
speaking, for some works related to weighted automata
(without output or with output ) over strong bimonoids
which can be solved through using weighted transducers
or weighted finite automata over strong bimonoids. In this
paper, we mainly discuss some realization problems related
to weighted transducers over strong bimonoids. That is, the
input-functions and output-functions induced by the input-
output functions of weighted transducers over strong bi-
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monoids can be recognized by weighted automata (without
output) over strong bimonoids.

The rest of the paper is arranged as follows. In Section
2, we recall some basic notions about strong bimonoids,
give the definition of formal power series over strong bi-
monoids and some properties of them are studied. In Sec-
tion 3, the definition of weighted transducers over strong
bimonoids and their input-output-functions are given. In
Section 4, we proposed the notions of the input-functions
and output-functions induced by the input-output-functions
of weighted transducers over strong bimonoids. And the
realizations of the output-functions and input-functions are
given (see Theorem 1 and Theorem 2 ). That is, for a strong
bimonoid P, we write the input-function f; and output-
function f, induced by the input-output-function of P—WT.
Then we constructed a finite weighted automaton Z over
strong bimonoid (P{(¥*)),+,®,0,¢) such that Rz = f;
and a finite weighted automaton O over strong bimonoid
(P{{(2*)),+,©,0,¢) such that Rp = f,. And an example
is given for displaying the applications of the conclusions.
Section 5 is a summary of this paper, and in this section, we
made some further work prospects.

II. ALGEBRAIC NOTIONS

Here we collect standard definitions concerning strong
bimonoids, semirings, lattice ordered QMYV algebras and so
on. For a more detailed introduction to these concepts we
refer the reader to [1]-[4]

Definition 1: A strong bimonoid P is a set together with
two binary operations + and e, and two constant elements 0
and 1 such that:

(i) (P,+,0) is a commutative monoid;

(ii) (P, e,1) is a monoid,;

(iii) 0ea=ae(0 =0 for any a € P.

As usual, we identify the structure (P, +,e,0,1) with its
carrier set P.

A strong bimonoid P is called commutative if ceb = bea
for any a,b € P.

A strong bimonoid P is called left distributive (right
distributive, resp.) if ae (b+c¢) =aeb+aec((a+b)ec=
aec+bec, resp.) for any a,b,c € P.

A semiring is a strong bimonoid which is left and right
distributive.

A strong bimonoid P is called additively idempotent
(multiplicatively idempotent, resp.) if a+a =a (a®a =a
resp.) for any a € P.

Definition 2: Let (P,<) be a partially ordered set ,
and (P,+,e,0,1) be a strong bimonoid. If P satisfies the
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following conditions,

Ha<b=a+z<b+xforany z € P;

(i) a <b=—=aex <bexand xea < x eb for any
xz € P with 0 < z.

then P is called an ordered strong bimonoid.

Moreover, P is called a positive-ordered strong bimonoid
if 0 < a for every a € P.

Next, we give some important algebras which are the spe-
cial cases of strong bimonoids. The more specific examples
of strong bimonoids cf. [1] and [2].

Example 1: (1) a semiring (S,+,e,0,1) is a strong
bimonoid which is left and right distributive (cf.[1]).

(2) A complete (orthomedular) lattice (L,V,A,0,1) is a
strong bimonoid which is additively idempotent and multi-
plicatively idempotent (cf.[3]).

(3) A lattice ordered QMV algebra & = (E, A, ®,1,0)(
where, we only care for the operations A and @) which is
additively idempotent. Where, A is induced by the two op-
erations @ and / of QMV algebra £ = (E, ®,/,0,1)(cf.[4]).

We noted that, complete (orthomedular) lattices and lat-
tice ordered QMV algebra are all positive-ordered strong
bimonoids. Therefore, strong bimonoids are more general
algebraic structures.

Let U be an nonempty set, a P—valued subset on U is
a mapping A : U — P, where, for every u € U, A(u) is
called the weight of u. A P—valued subset on U is often
written as A = ZuEU AEJ”), if U is a finite set. We write
PU for the set of all P—valued subsets on U, that is PU =
{A|A:U — P}.

Let ¥ be an alphabet, >* denote the set of all words of
finite length over ¥ and ¢ denotes the empty word, and P
be a strong bimonoid. A formal power series over > and P
is a mappings r : ¥* — P. Vs € ¥*, it is usual to write
(r,s) for r(s) and r itself is written as a formal sum

r= Z (r,s)s.

seX*

where, (7, s)s is called a term of r and (r, s) the coefficient
of (r,s)s. In general, if (r,s) = 0, then (r, s)s will be omit.
The collection of all formal power series over ¥ and P is
denoted by P{(X*)).

Given r € P((X*)), the support of r is the set

supp(r) = {s € 5 | r(s) # 0}.

A series 7 € P((X*)) where every coefficient equals 0
or 1 is termed the characteristic series of its support L, in
symbols, 7 = char(L) or r = 1. The subset of P((X*))
consisting of all series with a finite support is denoted by
P(X¥*) are referred to as polynomials. It will be convenient
to use the notations P(3X U {e}), P(3) for the collection of
polynomials having their supports in ¥ U {e}, %.

Examples of polynomials belong to P(X*) are 0 and as,
where a € P and s € ¥*, defined by

(0,s) =0,Vs € &".
(as,s") = { a, s =s,

0, otherwise.

Often, 1s is denoted by s or 1;.

Next, we introduce several operations on P{(3*)). For
r,r1,79 € P({(¥*)), a € P, we define the sum r; + ro, the
(Cauchy) product r; ® re, the Hadamard product r; - ro, and
scalar product ar, ra, each as a seies belonging to P((X*)),
as follows:

(1) (r1 +ra,8) = (r1,8) + (r1, 8).

(2) (r1©re,8) =3, . _,(r1,s1) ®(r2,s2).

(3) (r1-7ra,8) = (r1,5) ® (ra,s).

(4) (ar,s) =ae(r,s).

(5) (ra,s) = (r,s) e a.

ac ©r =r for any a € P and r € P((X*)).

It can be checked that (P((¥*)),+,-,0,¢), (P(¥*),+,
0,¢) and (P({(¥X*)),+,®,0,char(¥X*)) are strong bi-
monoids. Since P does not satisfies the distributive laws
in general, the (Cauchy) product r; ® 75 does not satisfies
the associative law in general. But we have the following
conclusion.

Proposition 1: Let P be a strong bimonoid and ¥ an
alphabet.

() Vr; = S, ainom, € P(S)(i = 1,2,3;N; are
positive integers), it holds that

(ri1Ory) Or3 =110 (r2 ©r3) € P(X").

(i) Vri = S0ty aikoin, € P(SC)(i = 1,2,-++,m; N,
are positive integers), then the value of 1y ©®ro ®---© 1y, is
unique in every way of adding brackets. This value is denoted
by ri @re © - @ ry(€ P(X*)), and

rnOraO---Ory,

= 1k Oty © YRy Gay Oy O+ ®

ZIJC\;::L Unk, Onk,
= Zk11:1 ZkN22:1 T ZkN::1(alkl ® 02k, ®--- @ ank")

O1k102ky * " Onk,
Proof: (i) It is immediate by the definition of the (Cauchy)
product ©.

(i) it followed by (i), the definition of the (Cauchy)
product ® and mathematical induction.

From the definition of scalar product, we have the follow-
ing theorem.

Proposition 2: Let P be a strong bimonoid and ¥ an
alphabet. For any a € P,r = a151 + a2s2 + -+ + ans, €
P(¥*), we have ar and ra € P(X*) and

(1) ar = a(a181 +agsa + -+ aps,) = (aeay)s; + (ae
as)se + -+ (a®ay)s,.

(ii) ra = (a181 +agsa+- -+ apsy)a = (a1 ea)s; + (az®
a)ss + -+ + (an ® a)s,.

By the definitions of the sum +, pruduct ® and proposition
2 , it is straighforward to see the following two conclusions.

Proposition 3: Let P be a strong bimonoid and ¥ an
alphabet. Vr; = a1s,r0 = a8, -+ ,r, = aps € P(X*),
it hold that 7y + 79 + -+ - + 7, € P(X*), and

ri+ret+ 4 =a1s+tas+-ans = (a1 +as +
co 4 an)s.

Proposition 4: For any a,b € P and r € P((¥*)), then

1) acOr =ar.

(i) r ® be = rb.

(iii) ac ® r ® be = (ar)b = a(rd).
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III. WEIGHTED TRANSDUCERS OVER STRONG
BIMONOIDS

Now, we will recall the definition of nondeterministic
weighted finite automata over strong bimonoids without
outputs.

Let P be a strong bimonoid. A nondeterministic weighted
finite automaton over P (which is also called a nondeter-
ministic P—valued weighted finite automaton, P—NFA, for
short) is a five-tuple A = (Q, %, 9, I, F'), where

(i) @ is a non-empty finite set of states, 3 is a non-empty
finite set of symbols.

(i) I : @ — P is a P—valued initial state, F': Q — P
is a P—valued finial (accepted) state.

(iii)) § : @ X X x @ — P is a P—valued transition
function.

The behavior of A in run semantics way is defined as,
Ra€ P Vs=o0q---0, € 3%,

Ra(s) = X
.5(Qn717 On, q'n)

4n€Q I(qo) (g0, 01,q1) ®
® F(gn)

R4 € P ia also been called the P—valued languages
accepted (recognized) by .A.

Next, we will give the formal definition of nondetermin-
istic weighted finite automata over strong bimonoids with
outputs, i.e. weighted transducers over strong bimonoids.

Definition 3: Let P be a strong bimonoid. A weighted
transducer over P (which is also called a P—valued
weighted transducer, P—WT, for short) is a six-tuple 7 =
(Q,%,0,6,1,F), where

(i) @ is a non-empty finite set of states, X is a non-empty
finite set of input alphabet, {2 is a non-empty finite set of
output alphabet.

(ii) I : Q — P is a P—valued initial state, F' : ) — P
is a P—valued finial (accepted) state.

(i) 0 : Q@ X X, X Q. X Q —> P is a P—valued input-
output transition function, where, 3., . denote respectively
YU{e}, Quie}.

Let B = {(p,7,y,q) € Qx X x Q. xQ | d(p, x,y,q) #
0}. For any e = (p,z,y,q) € Er, the weight of e is d(e),
the input-output symbols of e is (x, y), written as alp(e), that
is alp(e) = (z,y), and the input symbol of e is x, written
as Talp(e), the output symbol of e is y, written as Oalp(e).
The current state of e is p denoted by c(e), The successor
state of e is g, denoted by s(e).

Let p(T) = Er U{m | ™ = ere2---en(n > 2),¢; €
Er,i = 1,2,--- ,n and 7 satisfies s(e;+1) = c(e;),i =
1,2---n— 1}

For any m € p(T), = is called a path of 7. For example,
71 = (g3,01,6,q1) and T = (qo,0,€,q1)(q1,€,w,q2) are
two paths of 7, but 73 = (qo,01,¢,q1)(g3, 02, w, ¢2) is not
a path of 7.

For any m = ejez---en(n > 1) € p(T), the inial state of
e denoted by o(e), the finial state of e denoted by d(e). The
weight of e, denoted by w(e), is defined by

w(m) =6(e1) @(ex) ®--- @ d(ey). (1)

The input string and output string of e, denoted by Istr(e)
and Ostr(m)) is defined as follows, respectively.

Talp(e,).
Odlplen). ()

Therefore, the input-output string of e, denoted by str(e),
defined by

Istr(m) = Ialp(ey)Ialp(es) - - -
Ostr(m) = Oalp(e1)Oalp(es) - - -

str(m) = alp(er)alp(es)---alp(ey)
= (lalp(er)Ialp(es)--- Ialp(ey),
Oalp(e1)Oalp(ez2) - - - Oalp(en))

= (Istr(m),Ostr(m)).

Let str(p(T)) = {str(m)|m € p(T)}.

Ostr(p(T)) = {Ostr(n)|m € p(T)}.

Istr(p(T)) = {Istr(m)|m € p(T)}.
V(s1,v1), (82,v2) € X* x QF,

(51,’[}1) = (SQ,’UQ) < S1 = S and V1 = V2.

Hence, V1,72 € p(T),

str(m) = str(me) <= Istr(m) = Istr(ms) and

Ostr(my) = Ostr(ms).

Based the above notations, we will give the related defi-
nitions of P—WT.

Definition 4: Let T = (Q,X,Q,6,1,F) be a P — WT.
The P—valued input-output-function of 7, f7 : ¥*xQ* —
P, defined by V(s,v) € ¥* x QF,

[ a, if 37 € p(T) such that str(n) = (s,v),
fris,v) = { 0, otherwise.
3
Where’ a= ETrEp(T),str(ﬂ'):(s,v) [I(O(ﬂ-)) .w(ﬂ-) .F(d(ﬂ-)ﬂ

It is noted that, fora P-NFA A = (Q, %, 6,1, F'), we may
use the notations similar to those of P—WT. And R 4 € P>’
are written equivalently as

__f b, if 37 € p(T) such that str(m) = s,
Ra(s) = { 0, otherwise. @
Where’ b= Zﬂep(T)7str(7r):s[I(O(7T)) hd ’LU(?T) hd F(d(ﬂ'))]

IV. REALIZATION OF INPUT-FUNCTIONS AND
OUTPUT-FUNCTIONS

Next, we give the definition of input-functions and output-
functions induced by input-output-functions.

Definition 5: Let T = (Q,%,9Q,6,1,F) be a P-WT. The
P—valued input-output-function of 7, fr : ¥* x Q* — P,
induced the following two functions

(1) The output-function: f, : ¥* — P((Q2*)) is defined

by Vs € ¥*,
= Z fT(S,U)’U
veEN*

fo(s) are viewed as the all outputs with input string s.
(2)The input-function: f; : * — P((X*)) is defined by

Yo € QF,
= Z fr(s,v)s

sEX*
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fi(v) are viewed as the all inputs with output string v.
Since the terms with coefficients equal 0 can be omit. f,(s)
and f;(v) can be simplified the following forms, respectively

fos) = > fr(s,ow %)
veOstr(P(T))

fitwy=" Y fris,v)s 6)
s€lstr(P(T))

These simplification forms are help for the realization
of input-functions and output-functions. The realization of
input-functions (output-functions) can be solved through
using the relevant weighted automata over strong bimonoids.
Firstly, we consider the realization of output-functions.

Theorem 1: Let T = (Q,%,9Q,0,I,F) be a P—WT.
There exists a weighted finite automaton over a strong
bimonoid (P((Q2*)),+,®,0,¢) O, such that Rp = fo.

Proof : Let T = (Q,%,9,,I,F) be a P-WT. We
construct a weighted finite automaton over a strong bimonoid
(P<<Q*>>7 +,0,0, 5)’ 0= (Qv 27 5(’)7 I(’)v FO)a as follows

Io(q) = 1(q)e, Fo(q)
Jo: QXL XxQ— P(Q), Vp,qg € Q,x € X,

>

(p.z,y,9)€EET

= F(q)e,for any q € Q,

6O(p7w7q) = 5(]9,1‘72/7(1)#

We will shown that Rp = f, by the following steps.
(1) By the definition of §,, we can give a surjection from
Ey to Ep, ie. ¢: Ey — Ep,Ve € Er

o(e) = (c(e), Ialp(e), s(e)) € Eo.

Veo € Eo, let o7 (eo) = {e € Er | p(e) = eo}, then

p(ET) = “H(Eo) =U

We can verify that
(1-1) Yep € Ep,Ve € o~ (eo),

U66E7¢(6)7 ¥ eoEEOQO_l(e)'

cleo) = cle), s(ep) = s(e),alp(ep) = Talp(e),
Soleo) =Y, d(e)Oalp(e) € P(Q).
c€o1(co)
(1-2) p(ET) = Eo, ¢ ' (Eo) = ET.

(2) ¢ : B+ — E© may induce a homomorphic mapping
from p(O) to p(T) denoted also by . That is o : p(T) —>
p(O),Vr = erex---en € p(T),
en) = pler)p(ea) - plen).
eon € p(O), ¢~ (mo) is defined as

p(m) = p(erez -

Vro = ep1eoz - -

9071(7.['0) = ()071(601602 N 60”)
= ¢ '(eo1)e Heo2) -0 Heon)
= {eiea---en|e; € Hew)i=1,---,n}

{7 | o(m) =70}
@(p(T)) = Unepryp(m)

0~ (p(0)) = Urpepoyp” ' (10)-

And we also can verify that
2-1) Vro € p(O), 7 € o~

Hmo),
o(mo) = o(m),d(ro) = d(m
o

), str(m
(0)) =

01€02 *

o) = Istr(m).
( 7).

-eon, then

(2-2) p(p(T)) = p(0), ¢
(2-3) Vro € p(O), Let 1o

wo(mp) = doleo1) ®do(en2) ® - ®@ do(eon)
= Zeleap 1(eo1) 6(61> a’l (61)
d(e2)Oalp(ez) ©
) 0(en)Oalp(e )
Zelecp 1(eol) e2€p~1(eoa)
Denco1(eon(0(e1) @d(e2) o 0d(en))
(Oalp(e1)Oalp(es) - - - Oalp(ey))
(by proposition 1)

e2Ep~ 1(6@2)

©)

en€p—

261Ecp_l(eo1)7€2€99_1(602)7"' sen€p~(eon)
(w(eres - - e,)O0str(eres - -ep))

= Yrcp-1(ro) W(M)Ostr(m) € P(Q7)
(3) Finally, we shown that R» = f,. In fact, Vs € ¥*,

Ro(s) = Yroep(0)strire)=slo(0(T0)) © wo(mo)®
F(d(mo))]
= Yroep(O).striro)=s L (0(T0)E)®
T€p~ 1 (mo) w(ﬂ—) str ( )) QF(d( ))E]
( by (2-1))

- ZT(@ ep(O),str(mp)=s [Zﬂega—l(ﬂ—o) (I(O(T())O

w(m) @ F(d(m)))Ostr(r)]

(by (2-3) and proposition 1)

ETK‘EU,‘_O ep(0) ¢~ (o), Istr(m)=str(ro)=s

(I(o(m)) e w(m) e F(d(r)))Ostr(r)

(by (2-1))

= Zﬂewl(p(O)),Istr(ﬂ)zs(I(O(W)) o w(m)e
F(d(m)))Ostr(m)

= ZT(EP(T),IStT‘(‘ﬂ')=s (I(O(//T)) b ’lU(T(').
T(d(m)))Ostr(m) (by (2-2))

- EveOstr(p(T))(Eﬂep(T),str(w):(s,v) I(O(ﬂ-)).
w(m) e F(d(m)))v (by proposition 2)

= ZUEOstr(p(T)) fr(s,v)v = fo(s).

That is Ro = fo.
The following theorem will give the realization of input-
functions.

Theorem 2: Let T = (Q,%,Q,6,I,F) be a P—WT.
There exists a weighted finite automaton over a strong
bimonoid (P{(X*)),+,®,0,¢) Z, such that Rz = f;.

proof: Let T = (Q,%,Q,0,1,F) be a P-WT. We
construct a weighted finite automaton over a strong bimonoid
(PU{Z*)),+,0,0,¢), T =(Q, X, 0z, I, Fr), as follows

Iz(q) = 1(q)e, Fz(q)
07:QxQAxQ — P

= F(q)e,for any q € Q,
5>’ vpaq S Qay S QE’

>

(p,x,y,9)EET

5I(p7y7q): 5(]], z,Y,q )
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Then, it is similar to theorem 1 to shown that Rz = f;.

Example 1: Let R = {a € R|a > 0} U {oo}, then P =
(R, A, +,00,0) ais trong bimonoid with coAa = aAoco =
a,00 A oo =00 and a + 0o = 0o + a = oo. It is noted that
P is not distributive. Give a P-TM T = (Q,%,9Q,0,1, F),
where

Q= {(J()7Q1,(J2;CI3}»E = {AaB}vﬂ = {a17a27b}

(5(QO,A7CL17Q1) = 2,(5<QO,A,G2,Q1) = 37
5((]1714»(117(12) 1,5(Q1aA7(117Q3) = 27
5(Q1,Aabaq3) 135((]17371)3 q3) = 23

and § = oo for the rest. We have

fT = 3(AA, (11(11) + 3(AA, (llb) + 4(AB, (Zlb)+
4(AA, azar) + 4(AA, axd) + 4(AB, asd).
and then
fo = (3ara1 + 3a1b+ dasay + dasb)AA+
(4(111) + 5a2b)AB ’
.fi = (3AA)a1a1 + (4AA)CL26L1 + (3AA + 4AB)CI,1b
+(4AA + 5AB)asb '

We construct a weighted finite automaton over a strong
bimonoid (P{{Q*)),+,©®,0,0¢), O = (Q,%,00,lo, Fo),
where

q0 q2 q3
Io = —, F — 4+ —
70779 0e + 0e
5O(q07Aa Q1) = 2@1 + 3(127
do(q1, A, q2) = la,
5O(q17Au CIS) = 20,1 + 1b7
50(‘11737(13) - 2b7

and dp = O for the rest. we can compute that R as follows.

RO(AA) = 5(9((]03147(]1) © 5O(q1aA7q2)+
do(q0, A, q1 ©do(q1, A, q3)
= (2&1 + 3a2) ® lag + (2&1 + SCLQ) ®2b
= (2 + 1)&1&1 + (3 + 1)&2@1 ’
+(242)ar1b+ (3 +2)aqzb
= 3(11(11 + 3alb + 4(12(11 + 4a2b

60((10’ A7 ql) © 60((117 Ba q3>
= (2a; + 3az) ® 2b
(2+2)a1b—|— (3+2)a2b ’
= 4a1b + 5(12()

and R = 0 for the rest. That is Rp = f,.

Similarly, We construct a weighted finite automata
over a strong bimonoid (P((¥*)),+,®,0,0¢), T =
(Q,%,07,1,F), where

0z(qo, a1, q1) = 24,
51((]0, as, CII) = 3A7
dz(q,a1,q2) = 1A

5Z(Q1,a1aQB) = 2Aa
5I(Q1ab7q3) = 1A+ 2B7

and 07 = O for the rest. we can compute that Rz = f;.

V. CONCLUSIONS

In this work, we introduced weighted transducers over
strong bimonoids and solved some realizations problems
related to them. For a strong bimonoid P, we proposed
the notions of the input-function f; and output-function
fo induced by the input-output-function of P—WT. Then
we constructed a finite weighted automaton Z over strong
bimonoid (P{(¥*)),+,®,0,¢) such that Rz = f; and
a finite weighted automaton O over strong bimonoid
(P{(2")),+,®,0,¢) such that Rp = f,. By the realizations
of input-function f; and output-function f,. Next, the further
research on the applications of P—WT in uncertain data
management will be given.
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