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  Abstract- A noticeable progress has been found in decision 
making problems since the introduction of soft set theory by 
Molodtsov in 1999. It is found that classical soft sets are not 
suitable to deal with imprecise parameters whereas fuzzy soft 
sets (FSS) are proved to be useful. Use of intuitionistic fuzzy 
soft sets (IFSS) is more effective in environment, where 
arguments are presented using membership and non-
membership values.    In this paper we propose an algorithmic 
approach for multiple attribute group decision making 
problems using interval-valued intuitionistic fuzzy soft matrix 
(IVIFSM). IVIFSM is the matrix representation of interval-
valued intuitionistic fuzzy soft set (IVIFSS), where IVIFSS is a 
natural combination of interval-valued intuitionistic fuzzy set 
and soft set theory. Firstly, we propose the concept of IVIFSM. 
Then an algorithm is developed to find out the desired 
alternative(s) based on product interval-valued intuitionistic 
fuzzy soft matrix, combined choice matrix, and score values of 
the set of alternatives. Finally, a practical example has been 
demonstrated to show the effectiveness of the proposed 
algorithm. 

Keywords- Multiple attribute group decision making, interval-
valued intuitionistic fuzzy soft matrix, interval-valued 
intuitionistic fuzzy soft set, choice matrix. 
 
 

I. INTRODUCTION 

Soft set theory [1] was introduced by Molodtsov in 1999 
as a generic mathematical tool for dealing with uncertain 
problems which cannot be handled using traditional 
mathematical tools. A soft set can be used for approximate 
description of objects without any restriction. Due to this 
absence of restriction on the approximate description, soft 
set theory has been emerging as a convenient and easily 
applicable tool in practice [2]. Since its introduction, this 
theory has been successfully applied in many different fields 
such as decision making [3]-[9], data analysis [10], 
forecasting [11], simulation [12], optimization [13], texture 
classification [14], etc.  
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Maji et al. [15] presented some operations for soft sets 
and also discussed their properties. They presented the 
concept of fuzzy soft set (FSS) [16] which is based on a 
combination of the fuzzy set and soft set models. Yang et al. 
[17] introduced the concept of the interval-valued fuzzy soft 
set (IVFSS) by combining the interval-valued fuzzy set and 
soft set and then proposed a decision making algorithm 
based on IVFSS. Decision making problems were solved 
first by Maji and Roy [8] using soft sets. Roy and Maji, in 
[9], proposed a soft set theoretic approach to deal with 
decision making and introduced the concept of choice value. 
Cagman and Enginoglu [3], [4] proposed the concept of soft 
matrix to represent a soft set. Xu et al. [18] discussed the 
properties of vague soft sets.  Jiang et al. [19] introduced 
interval-valued intuitionistic fuzzy soft sets by combining 
interval-valued intuitionistic fuzzy set and soft set theory 
and discussed their properties. Jiang et al. [6] presented an 
adjustable approach to intuitionistic fuzzy soft sets based 
decision making by using level soft sets of intuitionistic 
fuzzy soft sets.  Feng et al. [20] extended the level soft sets 
method to interval-valued fuzzy soft sets. Qin et al. [21] 
generalized the approaches introduced by Feng et al. [20] 
and Jiang et al. [6]. Qin et al. [21] also defined the notion of 
reduct intuitionistic fuzzy soft sets and presented an 
adjustable approach for decision making based on interval-
valued intuitionistic fuzzy soft set. Zhang et al. [22] 
investigated the decision making problems based on 
interval-valued intuitionistic fuzzy soft sets. They developed 
an adjustable approach to interval-valued intuitionistic fuzzy 
soft sets based decision making using level soft sets. 
Concept of fuzzy parameterized interval-valued fuzzy soft 
set theory has been introduced by Alkhazaleh et al. [23]. 
They studied their operations, then developed aggregation 
operator to deal with decision making problems. Mao et al. 
[24] presented the concept of intuitionistic fuzzy soft matrix 
(IFSM) and applied it in group decision making problems. 
Recently, Das and Kar [25], [26] have introduced the 
concept of intuitionistic multi fuzzy soft set and hesitant 
fuzzy soft set, and also applied them in decision making 
problem.  

The goal of multiple attribute decision making (MADM) 
is to select better alternative(s) from a set of alternatives 
based on a set of attribute values. The novelty of this paper 
is to introduce the concept of interval-valued intuitionistic 
fuzzy soft matrix and present an algorithmic approach for 
multiple attribute group decision making using IVIFSM. In 
our algorithm, a group of decision makers suggest their 
opinions regarding a set of alternatives and their attributes 
using interval-valued intuitionistic fuzzy soft sets which are 
represented by IVIFSMs. Interval-valued intuitionistic fuzzy 
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sets are found to be useful, where decision makers are not 
sure about a particular value rather they would like to rely 
on an interval to represent linguistic information. To 
facilitate our approach we use combined choice matrix for 
individual decision maker by incorporating the choice 
parameters of the set of experts. Next, for each decision 
maker, we multiply the combined choice matrix with the 
individual IVIFSM to produce the product IVIFSM of that 
expert. Summation of product IVIFSMs of all decision 
makers compute the resultant IVIFSM, where the 
membership and non-membership values of each alternative 
are added to generate the corresponding weight. Finally, 
score and accuracy values are calculated to yield the desired 
alternative(s).   

Rest of the paper is organised as follows. In section 2 we 
briefly review some basic notions and background of soft 
sets, fuzzy soft sets, interval-valued fuzzy soft sets, and 
interval-valued intuitionistic fuzzy soft sets. Section 3 
presents interval-valued intuitionistic fuzzy soft matrix 
followed by the proposed algorithmic approach in section 4. 
A case study has been illustrated in section 5 to verify the 
practicability and effectiveness of the proposed method. 
Finally, conclusions are drawn in section 6.  

 
II. PRELIMINARIES 

 

This section briefly reviews some basic concepts related 
with this article. 
 

Definition 1 [1]. Let U be an initial universe, E be a set of 
parameters, P(U) be the power set of U, and A E⊂ . A pair 
( , )F A is called a soft set over U, where F is a mapping 

: ( )F A P U→ . In other words, a soft set over U is a 
mapping from parameters to P(U), and it is not a set, but a 
parameterized family of subsets of U. For any parameter

, ( )e A F e∈  may be considered as the set of e-approximate 
elements of the soft set ( , ).F A  
Definition 2 [16]. Let U  be an initial universe and E  be a 
set of parameters (which are fuzzy variables). Let ( )P U  

denotes the set of all fuzzy sets of U and .EA ⊂  A pair 

( , )AF E  is called a Fuzzy Soft Set ( FSS ) over U , where 

AF  is a mapping given by, : ( )AF E P U→  such that 

( ) =AF e φ  if ,e A∈/  where φ~  is a null fuzzy set. 
Remark 1. A fuzzy soft set is a parameterized family of 
fuzzy subsets of U. Its universe is the set of all fuzzy sets of 
U, i.e., P(U). A fuzzy soft set can be considered a special 
case of a soft set because it is still a mapping from 
parameters to a universe. The difference between fuzzy soft 
set and soft set is that in a fuzzy soft set, the universe to be 
considered is the set of fuzzy subsets of U. 
 

Definition 3 [17]. Let U be an initial universe and E be a set 
of parameters. ( )IVF U  denotes the set of all interval-

valued fuzzy sets of U. Let ⊆A E . A pair ( , )F A is an 

interval-valued fuzzy soft set over U, where F  is a 

mapping, given by : ( ).F A IVF U→  An interval-valued 
fuzzy soft set is a parameterized family of interval-valued 
fuzzy subsets of U, thus, its universe is the set of all interval-
valued fuzzy sets of U, i.e., ( ).IV F U  
 

Remark 2. The combined result of fuzzy set and soft set 
theory is defined as fuzzy soft set. However, it is found that 
in many real applications, the membership degree in a fuzzy 
set cannot be absolutely confirmed. It is more reasonable to 
give an interval-valued data to describe membership degree. 
From such point of view, Zadeh [30] proposed the concept 
of interval-valued fuzzy set. Combining interval-valued 
fuzzy set with soft set, Yang et al. [17] introduced IVFSS. 
 

Defintion 4 [27]. Atanassov and Gargov (1989) introduced 
interval-valued intuitionistic fuzzy set (IVIFS). Let X be a 
universal set. An interval-valued intuitionistic fuzzy set A in  
X  is expressed as  

{ ,[ ( ), ( )],[ ( ), ( )] | },l r l r
A A A AA x x x x x x Xμ μ ν ν= < > ∈  

where 
[ ( ), ( )] [0,1]l r

A Ax xμ μ ∈  and [ ( ), ( )] [0,1]l r
A Ax xν ν ∈  are 

respectively the interval-valued degrees of membership and 
non-membership of an element x X∈ to A, which are more 
or less independent on each other. The only requirement is 
that the sum of upper bunds of these two interval-valued 
degrees is not greater than 1, i.e., 0 ( ) ( ) 1.r r

A Ax xμ ν≤ + ≤  

If ( ) ( )l r
A Ax xμ μ=  and ( ) ( ),l r

A Ax xν ν= ,x X∀ ∈  then 
the IVIFS  

{ ,[ ( ), ( )],[ ( ), ( )] | }l r l r
A A A AA x x x x x x Xμ μ ν ν= < > ∈  

is reduced to Atanassov’s IFS, denoted by 
 { , ( ), ( ) | },A Ax x x x Xμ ν< > ∈  

where 
 ( ) ( ) ( )l r

A A Ax x xμ μ μ= =  and ( ) ( ) ( )l r
A A Ax x xν ν ν= = . 

So, we can say Atanassov’s IFS is a special case of IVIFS. 
 

For a fixed ,x X∈  an object 

[ ( ), ( )],[ ( ), ( )]l r l r
A A A Ax x x xμ μ ν ν  is called interval-valued 

intuitionistic fuzzy number (IVIFN). Let [ , ],[ , ]a b c dα =
be an IVIFN. The score function [28] S of α  is defined as 

( ) ( )( ) ,
2

a c b dS α − + −=
 

where ( ) [0,1].S α ∈  The 

accuracy function [29] H of α  is defined as 
( ) ( )( ) ,

2
a c b dH α + + +=

 
where ( ) [0,1].H α ∈  

 

Definition 5 [19]. Let U be an initial universe and E be a set 
of parameters. ( )IVIF U  denotes the set of all interval-

valued intuitionistic fuzzy sets of U. Let ⊆A E . A pair 

( , )F A is an interval-valued intuitionistic fuzzy soft set 

over U, where F  is a mapping, given by 
: ( ).F A IVIF U→  An interval-valued intuitionistic 
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fuzzy soft set is a parameterized family of interval-valued 
intuitionistic fuzzy subsets of U, thus, its universe is the set 
of all interval-valued intuitionistic fuzzy sets of U, i.e., 

( ) .IVIF U , ( )A Fε ε∀ ∈  is an interval-valued 

intuitionistic fuzzy set of U. ( )F ε  is expressed as: 

( ) ( ) ( ) ( )( ) { ,[ ( ), ( )],[ ( ), ( )] | }.l r l r
F F F FF x x x x x x Xε ε ε εε μ μ ν ν= < > ∈

 

Definition 6. Choice Matrix is a square matrix whose rows 
and columns both indicate parameters. If β  is a choice 
matrix, then its element ( , )i jβ  is defined as follows:  

th th

th

th

(1, 1),(1,1) when i  and j  parameters are
 both choice parameters of the decision makers

( , )
(0, 0),(0,0) otherwise, i.e., when at least one of the i  
or j  parameters is not under choiceof the

Pi jβ =

 decision makers.

⎧
⎪
⎪
⎨
⎪
⎪⎩  

In combined choice matrix, rows indicate choice 
parameters of single decision maker, where columns indicate 
combined choice parameters (obtained by the intersection of 
parameters sets) of decision makers.   
 

III. INTERVAL-VALUED INTUITIONISTIC FUZZY SOFT 
MATRIX 

Let ( , )AF E  be an interval-valued intuitionistic fuzzy 
soft set over the initial universe U. Let E be a set of 
parameters and .A E⊆  Then a subset of EU ×  is 

uniquely defined by = {( , ) : , ( )},AAR u e e A u F e∈ ∈

which is called a relation of ( , ).AF E  The membership 
function of AR  is written as  : ([0,1])

AR U E Intμ × →    
and defined by 

( ) ( ) ( ) ( )
{[ ( ), ( )],[ ( ), ( )]

( , ) =
[0,0], ,A

l r l r
F e F e F e F eA A A A

R

u u u u if e A
u e

if e A

μ μ ν ν
μ

⎧ ∈⎪
⎨

∈⎪ /⎩
where ([0,1])Int  stands for the set of all closed 

subintervals of [0,1]  and 
( ) ( )

[ ( ), ( )]l r
F e F eA A

u uμ μ  and 

( ) ( )
[ ( ), ( )]l r

F e F eA A
u uν ν

 
respectively denote the interval-

valued intuitionistic fuzzy membership and non-membership 
degrees of the object u  associated with the parameter e . 
If 1 2= { , , ..., }mU x x x  and 1 2= { , , ..., }nE e e e , then AR  
is represented as shown below.  
  For simplicity, if we take the [ ]thij  entry of the relation F  
as

( ) ( ) ( ) ( )
{[ ( ), ( )],[ ( ), ( )]},l r l r

ij i i i iF e F e F e F eA A A Aj j j j
a x x x xμ μ ν ν=

then the matrix is defined as  

11 12 1

21 22 2

1 2

[ ] = .

n

n
ij m n

m m mn

a a a
a a a

a

a a a

×

⎡ ⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎣ ⎦

 
The above matrix is called an interval-valued intuitionistic 
fuzzy soft matrix of  order nm ×  corresponding to the 

interval-valued intuitionistic fuzzy soft set ( , )AF E  over 
.U  

 

Example 1. Let U be the set of five diseases, given by, 
1 2 3 4 5= { , , , , }U D D D D D  and  E the set of five symptoms, 

given by, 1 2 3 4 5= { , , , , }.E S S S S S  Let 1 2 3 5={ , , , } .A S S S S E⊂  

Now suppose that, : ( )AF E P U→  describe the possible 
diseases corresponding to a set of symptoms and the 

interval-valued intuitionistic fuzzy soft set ( , )AF E  is  
given by 

1

1 2

3 4 5

( , ) = { =
{ /[.4,.6],[.3,.4], /[.7,.8],[.1,.2],

/[.4,.5],[.3,.4], /[.3,.6],[.2,.4], /[.2,.3],[.4,.6]},

AF E diseases involved with S
D D
D D D

2

1 2

3 4 5

=
{ /[0,.1],[.5, .7], /[.7, .9],[0,.1],

/[.3, .4],[.3., 6], /[.4, .6],[.1, .3], /[.2, .5],[.1, .4]},

diseases involved with S
D D

D D D  

( ) ( ) ( )
( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( )1 1 2 2

( ) ( ) ( ) ( ) ( ) ( )1 1 2 2

(

1 2

1 1 1 1 1 1 1

1 1 1 1 1 1

2

( ), ( ) , ( ), ( ) , ( ), ( ) ,

( ), ( ) ( ), ( ) ( ), ( )

F e F e F e F e F e F en n

F e F e F e F e F e F enn

F e

n

l r l r l r

l r l r l r

e e e

x x x x x x x

x x x x x x

x
F

μ μ μ μ μ μ

ν ν ν ν ν ν

μ
=

( ) ( ) ( )
( ) ( ) ( )

) ( ) ( ) ( ) ( ) ( )1 1 2 2

( ) ( ) ( ) ( ) ( ) ( )1 1 2 2

( ) ( )1 1

2 2 2 2 2 2

2 2 2 2 2 2

( ), ( ) , ( ), ( ) , ( ), ( )

( ), ( ) ( ), ( ) ( ), ( )

( ),

F e F e F e F e F en n

F e F e F e F e F e F en n

F e F e

l r l r l r

l r l r l r

l
m m

x x x x x x

x x x x x x

x x

μ μ μ μ μ

ν ν ν ν ν ν

μ μ( ) ( ) ( )
( ) ( ) ( )

( ) ( ) ( ) ( )2 2

( ) ( ) ( ) ( ) ( ) ( )1 1 2 2

( ) , ( ), ( ) ( ), ( )

( ), ( ) ( ), ( ) ( ), ( )

F e F e F e F en n

F e F e F e F e F e F en n

r l r l r
m m m m m

l r l r l r
m m m m m m

x x x x x

x x x x x x

μ μ μ μ

ν ν ν ν ν ν

⎛ ⎞
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟⎜ ⎟
⎝ ⎠
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3

1 2

3 4 5

=
{ /[.3,.5],[.2,.5], /[.4,.5],[.1,.4],

/[.6,.8],[0,.1], /[.1,.2],[.5,.8], /[.3,.5],[.2,.4]},

diseases involved with S
D D

D D D

5

1 2

3 4 5

=
{ /[.5,.7],[.2,.3], /[.3,.7],[.1,.2],

/[.1,.2],[.6,.7], /[.4,.6][.2,.4], /[.7,.8],[.1,.2]}

diseases involved with S
D D

D D D

 

Hence, the IVFSM [ ]ija  is written as,        
[.4,.6],[.3,.4] [0,.1],[.5,.7] [.3,.5],[.2,.5] [0,0],[0,0] [.5,.7],[.2,.3]
[.7,.8],[.1,.2] [.7,.9],[0,.1] [.4,.5],[.1,.4] [0,0],[0,0] [.3,.7],[.1,.2]

[ ] = [.4,.5],[.3,.4] [.3,.4],[.3,.6] [.6,.8],[0,.1] [0,0],[0,0ija ] [.1,.2],[.6,.7] .
[.3,.6],[.2,.4] [.4,.6],[.1,.3] [.1,.2],[.5,.8] [0,0],[0,0] [.4,.6],[.2,.4]
[.2,.3],[.4,.6] [.2,.5],[.1,.4] [.3,.5],[.2,.4] [0,0],[0,0] [.7,.8],[.1,.2]

⎛ ⎞
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎝ ⎠

 

Product of Interval-Valued Intuitionistic Fuzzy Soft 
Matrix and Choice Matrix can be implemented if the 
number of columns of interval-valued intuitionistic fuzzy 

soft matrix A  be equal to the number of rows of the choice 

matrix β . Then A  and β  are said to be conformable for 

the product ( )A β⊗  and the product ( )A β⊗  becomes 
interval-valued intuitionistic fuzzy soft matrix. The product 

( )A β⊗  is also denoted simply by Aβ . 

 If [ ]ij m nA a ×=  and [ ] ,jk n pβ β ×=  then [ ] ,ik m pA cβ ×=
 

where 

1 1

1 1

[max min{ , }, max min{ , }],
.

[min min{ , }, min min{ , }]
ij ijjk jk

ij ijjk jk

n l l n r r
j ja a

ik
n l l n r r
j ja a

c
β β

β β

μ μ μ μ

ν ν ν ν

= =

= =

⎧ ⎫
⎪ ⎪= ⎨ ⎬
⎪ ⎪⎩ ⎭

 
Two interval-valued intuitionistic fuzzy soft matrices A  

and B  are said to be conformable for addition, if they are 
of the same order and after addition, the obtained sum is also 

an IVIFSM  of the same order. Now if both = ( )ijA a  

and = ( )ijB b  be the same order nm × , then the addition 

of A  and B  is denoted by A B⊕  and is defined by

[ ] [ ] [ ],

[max{ , },max{ , }],
= , .

[min{ , },min{ , }]

ij ij ij ij

l l r r
a b a bij ij ij ij

l l r r
a b a bij ij ij ij

c a b where c

i j
μ μ μ μ

ν ν ν ν

= ⊕

⎧ ⎫
⎪ ⎪∀⎨ ⎬
⎪ ⎪⎩ ⎭

 

Complement of an IVIFSM ( )ij m na ×  is denoted by 

( ) ,c
ij m na × where ( )ij m na × is the matrix representation of the 

interval-valued intuitionistic fuzzy soft set ( , )AF E . 

( )c
ij m na ×  is the matrix representation of the interval-valued 

intuitionistic fuzzy soft set ( , )
c

AF E¬ and defined as  

( ) ( ) ( ) ( )( ) , , ,

[1 ,1 ],[1 ,1 ].

ij ij ij ij

ij ij ij ij

c c c c
c l r l r

ij m n a a a a

r l r l
a a a a

a μ μ ν ν

μ μ ν ν

×
⎡ ⎤ ⎡ ⎤= ⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦

= − − − −
 

 

IV. ALGORITHMIC APPROACH 
 

Step 1: Opinions of a set of experts / decision makers 

1 2{ , ,..., }kP P P P=  for a given set of alternatives 

1 2{ , ,..., }mD d d d=  and a set of attributes 

1 2{ , ,..., }nS s s s=  are represented using interval-valued 
intuitionistic fuzzy soft matrices. 
 

Step 2:  Choice matrix ( , )Pi jβ and combined choice 

matrix ( , ) CPi jβ  of each of the decision makers

1 2{ , ,..., }kP P P P=  are computed in the context of 
interval-valued intuitionistic fuzzy set based on their choice 
parameters / attributes.   
 
Step 3: Product ( )IVIFSMIVIFSM P  for each decision 

maker is calculated by multiplying each IVIFSM with its 
combined choice matrix. 
 

Step 4: Summation of these product IVIFSMs  is the 
resultant IVIFSM  ( IVIFSMR ). 
 

Step 5: Weight ( )iW d  of each alternative 

{ 1,2,..., }id i m=  is estimated by adding the membership 
and non-membership values of the entries of the respective 
row (ith row). 
 

Step 6: id D∀ ∈ , compute the score ( )iS d  of ,id  such 

that, ( ) = {( ) ( )}/ 2, .l l r r
i i i i i iS d d D iμ ν μ ν− + − ∈ ∀  

Step 7: If ( ) ( ) ,i j jS d S d d D> ∀ ∈
 
then alternative id  is 

selected. If ,j∃  such that, ( ) ( ),i jS d S d=
 
where ,i j≠

for highest score value, then decision is made according to 
their accuracy values described in step 8.

  
 

Step 8: Accuracy value ( ){ 1,2,..., },iH d i m=  is defined 
as  

( ) = {( ) ( )}/ 2, .l l r r
i i i i i iH d d D iμ ν μ ν+ + + ∈ ∀  

If ( ) ( )i jH d H d j> ∀  for which ( ) ( ),i jS d S d=  

defined in step 7, alternative id  is selected. If

( ) ( ),i jH d H d=
 

for any ,j  then id and jd
 

are 
selected. 
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V. CASE STUDY 

 
Let { }1 2 3 4 5, , , ,D d d d d d=  be the set of five stages 

of heart disease (Stage ‘I’, Stage ‘II’, Stage ‘III’, Stage ‘IV’, 
and Stage ‘V’). Patients belonging to Stage ‘I’ are assumed 
not to be affected by heart disease. Patients belonging to 
Stage ‘II’ are in initial stage, patients belonging to Stage 
‘III’ are in more unsafe stage than stage ‘II’ and so on. 
Patients belonging to Stage ‘V’ are in the last stage of heart 
disease which is unrecoverable.  Let E be the set of five 
symptoms (Chest pain, Palpitations, Dizziness, Fainting, 

Fatigue) given by E ={ }1 2 3 4 5, , , ,s s s s s . Suppose that a 

group of three experts P = {P1, P2, P3} are monitoring the 
symptoms as per their knowledgebase to reach a consensus 
about which disease is more likely to appear for the patient, 
where expert P1 is aware of symptoms (s1, s2, s3, s4), P2 is 
aware of symptoms (s1, s2, s3, s5), and P3 is aware of (s1, s2, 
s4, s5). According to the symptoms or parameters observed 
by the three experts, we assume to have the interval-valued 
intuitionistic fuzzy soft sets 

1 2{ } { }( , ), ( , ),P PF E F E and 

3{ }( , )PF E  for experts  P1, P2, and P3 respectively.  

[Step 1] Let the interval-valued intuitionistic fuzzy soft 
matrices of the interval-valued intuitionistic fuzzy soft sets 

1 2 3{ } { } { }( , ), ( , ), ( , )P P PF E F E F E  are respectively, 

1

(0.3.0.7), (0.3,0.4), (0.5,0.6), (0.5,0.6), (0.0,0.0),
       

(0.1,0.2) (0.4,0.5) (0.2,0.4) (0.2,0.4) (0.0,0.0)

(0.4,0.5), (0.3,0.7), (0.3,0
  

(0.3,0.5) (0.2,0.3)

{ ( , )}p i j

⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞
⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠
⎛ ⎞ ⎛ ⎞
⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

=

.6), (0.3,0.7), (0.0,0.0),
   

(0.1,0.3) (0.1,0.2) (0.0,0.0)

(0.3,0.6), (0.4,0.6), (0.4,0.6), (0.4,0.6), (0.0,0.0),
     

(0.3,0.4) (0.2,0.3) (0.2,0.4) (0.2,0.4) (0.0,0.0)

⎛ ⎞ ⎛ ⎞ ⎛ ⎞
⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠

⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞
⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜
⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝

(0.4,0.8), (0.2,0.5), (0.2,0.5), (0.2,0.5), (0.0,0.0),
     

(0.1,0.2) (0.3,0.4) (0.3,0.4) (0.3,0.4) (0.0,0.0)

(0.3,0.5), (0.2,0.3), (0.2,0.3),
  

(0.2,0.4) (0.4,0.7) (0.5,0

⎟
⎠

⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞
⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠
⎛ ⎞ ⎛ ⎞
⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

,

(0.3,0.4), (0.0,0.0),
   

.6) (0.4,0.5) (0.0,0.0)

⎛ ⎞
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟⎛ ⎞ ⎛ ⎞ ⎛ ⎞
⎜ ⎟⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎜ ⎟⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎝ ⎠  

2

(0.3,0.5), (0.5,0.6), (0.2,0.5), (0.0,0.0), (0.5,0.7),
    

(0.3,0.4) (0.3,0.4) (0.3,0.4) (0.0,0.0) (0.2,0.3)

(0.4,0.5), (0.4,0.7), (0.3,0.5)
  

(0.3,0.5) (0.2,0.3)

{ ( , )}p i k

⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞
⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠
⎛ ⎞ ⎛ ⎞
⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

=

, (0.0,0.0), (0.4,0.5),
(0.2,0.3) (0.0,0.0) (0.3,0.4)

(0.3,0.6), (0.7,0.8), (0.2,0.4), (0.0,0.0), (0.4,0.6),
  

(0.3,0.4) (0.1,0.2) (0.3,0.5) (0.0,0.0) (0.2,0.4)

(0.2,0.

⎛ ⎞ ⎛ ⎞ ⎛ ⎞
⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠

⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞
⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠

6), (0.5,0.7), (0.3,0.6), (0.0,0.0), (0.5,0.6),
  

(0.1,0.2) (0.1,0.2) (0.2,0.3) (0.0,0.0) (0.3,0.4)

(0.4,0.5), (0.2,0.3), (0.4,0.7), (0.
  

(0.2,0.4) (0.4,0.5) (0.1,0.3)

⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞
⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠
⎛ ⎞ ⎛ ⎞ ⎛ ⎞
⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠

,

0,0.0), (0.4,0.5),
(0.0,0.0) (0.3,0.4)

⎛ ⎞
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟⎛ ⎞ ⎛ ⎞
⎜ ⎟⎜ ⎟ ⎜ ⎟⎜ ⎟⎝ ⎠ ⎝ ⎠⎝ ⎠

 

3

(0.3,0.5), (0.2,0.7), (0.0,0.0), (0.3,0.6), (0.2,0.4),
    

(0.3,0.4) (0.1,0.3) (0.0,0.0) (0.3,0.4) (0.5,0.6)

(0.3,0.7), (0.3,0.5), (0.0,0.0)
  

(0.2,0.3) (0.3,0.5)

{ ( , )}p i l

⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞
⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠
⎛ ⎞ ⎛ ⎞
⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

=

, (0.4,0.8), (0.7,0.8),
(0.0,0.0) (0.1,0.2) (0.1,0.2)

(0.5,0.7), (0.5,0.6), (0.0,0.0), (0.5,0.6), (0.4,0.6),
  

(0.1,0.3) (0.3,0.4) (0.0,0.0) (0.3,0.4) (0.3,0.4)

(0.4,0.

⎛ ⎞ ⎛ ⎞ ⎛ ⎞
⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠

⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞
⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠

6), (0.4,0.5), (0.0,0.0), (0.3,0.7), (0.3,0.4),
  

(0.2,0.3) (0.3,0.4) (0.0,0.0) (0.2,0.3) (0.4,0.5)

(0.1,0.2), (0.4,0.6), (0.0,0.0), (0.
  

(0.5,0.7) (0.3,0.4) (0.0,0.0)

⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞
⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠
⎛ ⎞ ⎛ ⎞ ⎛ ⎞
⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠

.

2,0.3), (0.1,0.4),
(0.5,0.6) (0.4,0.5)

⎛ ⎞
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟⎛ ⎞ ⎛ ⎞
⎜ ⎟⎜ ⎟ ⎜ ⎟⎜ ⎟⎝ ⎠ ⎝ ⎠⎝ ⎠  

Here i (1,2,...,5) be the number of alternatives (stages of 
heart disease) and j, k, l (1,2,...,5) be the number of attributes 
(symptoms).

 

[Step 2] The combined choice matrices for P1, P2, and P3 are 
respectively

2 3

1

{ }

{ }

( 1 , 1 ) , ( 1 ,1 ) , ( 0 ,0 ) , ( 0 ,0 ) , ( 1 ,1 ) ,
        

( 1 , 1 ) ( 1 ,1 ) ( 0 ,0 ) ( 0 ,0 ) ( 1 ,1 )

( 1 , 1 ) , ( 1 ,1 ) , ( 0 ,0 ) , ( 0 ,0 ) , ( 1 ,1 ) ,
        

( 1 , 1 ) ( 1 ,1 ) ( 0 ,0 ) ( 0 ,0 ) ( 1 ,1 )

(

P P

P

s

s

Λ

⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞
⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠
⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞
⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠

1 , 1 ) , ( 1 ,1 ) , ( 0 ,0 ) , ( 0 ,0 ) , ( 1 ,1 ) ,
        

( 1 , 1 ) ( 1 ,1 ) ( 0 ,0 ) ( 0 ,0 ) ( 1 ,1 )

( 1 , 1 ) , ( 1 ,1 ) , ( 0 ,0 ) , ( 0 ,0 ) , ( 1 ,1 ) ,
        

( 1 , 1 ) ( 1 ,1 ) ( 0 ,0 ) ( 0 ,0 ) ( 1 ,1 )

( 0 , 0 ) ,
( 0 , 0 )

⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞
⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠
⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞
⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠
⎛ ⎞
⎜
⎝

( 0 ,0 ) , ( 0 ,0 ) , ( 0 ,0 ) , ( 0 ,0 ) ,
        

( 0 ,0 ) ( 0 ,0 ) ( 0 ,0 ) ( 0 ,0 )

⎛ ⎞
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞
⎜ ⎟⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎜ ⎟⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎝ ⎠

     

1 3

2

{ }

{ }

( 1 , 1 ) , ( 1 ,1 ) , ( 0 ,0 ) , ( 1 ,1 ) , ( 0 ,0 ) ,
        

( 1 , 1 ) ( 1 ,1 ) ( 0 ,0 ) ( 1 ,1 ) ( 0 ,0 )

( 1 , 1 ) , ( 1 ,1 ) , ( 0 ,0 ) , ( 1 ,1 ) , ( 0 ,0 ) ,
        

( 1 , 1 ) ( 1 ,1 ) ( 0 ,0 ) ( 1 ,1 ) ( 0 ,0 )

(

P P

P

s

s

Λ

⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞
⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠
⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞
⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠

1 , 1 ) , ( 1 ,1 ) , ( 0 ,0 ) , ( 1 ,1 ) , ( 0 ,0 ) ,
        

( 1 , 1 ) ( 1 ,1 ) ( 0 ,0 ) ( 1 ,1 ) ( 0 ,0 )

( 0 , 0 ) , ( 0 ,0 ) , ( 0 ,0 ) , ( 0 ,0 ) , ( 0 ,0 ) ,
        

( 0 , 0 ) ( 0 ,0 ) ( 0 ,0 ) ( 0 ,0 ) ( 0 ,0 )

( 1 , 1 ) ,
( 1 , 1 )

⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞
⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠
⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞
⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠
⎛ ⎞
⎜
⎝

( 1 , 1 ) , ( 0 , 0 ) , ( 1 , 1 ) , ( 0 , 0 ) ,
      

( 1 , 1 ) ( 0 , 0 ) ( 1 , 1 ) ( 0 , 0 )

⎛ ⎞
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞
⎜ ⎟⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎜ ⎟⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎝ ⎠

   

1 2

3

{ }

{ }

( 1 , 1 ) , ( 1 ,1 ) , ( 1 , 1 ) , ( 0 , 0 ) , ( 0 ,0 ) ,
        

( 1 , 1 ) ( 1 ,1 ) ( 1 , 1 ) ( 0 , 0 ) ( 0 ,0 )

( 1 , 1 ) , ( 1 ,1 ) , ( 1 , 1 ) , ( 0 , 0 ) , ( 0 ,0 ) ,
        

( 1 , 1 ) ( 1 ,1 ) ( 1 , 1 ) ( 0 , 0 ) ( 0 ,0 )

(

P P

P

s

s

Λ

⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞
⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠
⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞
⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠

0 , 0 ) , ( 0 ,0 ) , ( 0 , 0 ) , ( 0 , 0 ) , ( 0 , 0 ) ,
        

( 0 , 0 ) ( 0 ,0 ) ( 0 , 0 ) ( 0 , 0 ) ( 0 ,0 )

( 1 , 1 ) , ( 1 ,1 ) , ( 1 , 1 ) , ( 0 , 0 ) , ( 0 ,0 ) ,
        

( 1 , 1 ) ( 1 ,1 ) ( 1 , 1 ) ( 0 , 0 ) ( 0 ,0 )

( 1 , 1 ) ,
( 1 , 1 )

⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞
⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠
⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞
⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠
⎛ ⎞
⎜
⎝

( 1 ,1 ) , ( 1 , 1 ) , ( 0 , 0 ) , ( 0 ,0 ) ,
        

( 1 ,1 ) ( 1 , 1 ) ( 0 , 0 ) ( 0 ,0 )

⎛ ⎞
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞
⎜ ⎟⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎜ ⎟⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎝ ⎠

 

[Step 3] The product (as defined in Section 3) of IVFSMs 
and combined choice matrices are given below.

2226



2 3{ }

1

(0.3.0.7), (0.3,0.4), (0.5,0.6), (0.5,0.6), (0.0,0.0),
       

(0.1,0.2) (0.4,0.5) (0.2,0.4) (0.2,0.4) (0.0,0.0)

(0.4,0.5), (0.3,0.7),
(0.3,0.5) (0.2,0.3)

{ ( , )}

P Ps

p i j

Λ

⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞
⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠
⎛ ⎞ ⎛ ⎞
⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

=

(0.3,0.6), (0.3,0.7), (0.0,0.0),
     

(0.1,0.3) (0.1,0.2) (0.0,0.0)

(0.3,0.6), (0.4,0.6), (0.4,0.6), (0.4,0.6), (0.0,0.0),
     

(0.3,0.4) (0.2,0.3) (0.2,0.4) (0.2,0.4) (0.0,

⎛ ⎞ ⎛ ⎞ ⎛ ⎞
⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠

⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞
⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠ 0.0)

(0.4,0.8), (0.2,0.5), (0.2,0.5), (0.2,0.5), (0.0,0.0),
     

(0.1,0.2) (0.3,0.4) (0.3,0.4) (0.3,0.4) (0.0,0.0)

(0.3,0.5), (0.2,0.3), (0.2,0.3
  

(0.2,0.4) (0.4,0.7)

⎛ ⎞
⎜ ⎟
⎝ ⎠

⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞
⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠
⎛ ⎞ ⎛ ⎞
⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

1{ }

(1,1), (1,1), (0,0), (0,0), (1,1),
        

(1,1) (1,1) (0,0) (0,0) (1,1)

), (0.3,0.4), (0.0,0.0),
   

(0.5,0.6) (0.4,0.5) (0.0,0.0)

Ps

⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛
⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜

⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟⊗⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟⎛ ⎞ ⎛ ⎞ ⎛ ⎞
⎜ ⎟⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎜ ⎟⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎝ ⎠

(1,1), (1,1), (0,0), (0,0), (1,1),
        

(1,1) (1,1) (0,0) (0,0) (1,1)

(1,1), (1,1), (0,0), (0,0), (1,1),
        

(1,1) (1,1) (0,0) (0,0) (1,1)

(1,1),
(1,1)

⎞
⎟
⎠

⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞
⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠
⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞
⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠

(1,1), (0,0), (0,0), (1,1),
        

(1,1) (0,0) (0,0) (1,1)

(0,0), (0,0), (0,0), (0,0), (0,0),
        

(0,0) (0,0) (0,0) (0,0) (0,0)

⎛ ⎞
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜
⎜
⎜
⎜ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞
⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎜
⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎜
⎜ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞
⎜ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎜ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎝ ⎠

(0.5.0.7), (0.5.0.7), (0.0,0.0), (0.0,0.0), (0.5.0.7),
       

(0.1,0.2) (0.1,0.2) (0.0,0.0) (0.0,0.0) (0.1,0.2)

(0.4,0.7), (0.4,0.7), (0.0,0
  

(0.1,0.2) (0.1,0.2)

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟⎟

⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞
⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠
⎛ ⎞ ⎛ ⎞
⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

=

.0), (0.0,0.0), (0.4,0.7),
   

(0.0,0.0) (0.0,0.0) (0.1,0.2)

(0.4,0.6), (0.4,0.6), (0.0,0.0), (0.0,0.0), (0.4,0.6),
     

(0.2,0.3) (0.2,0.3) (0.0,0.0) (0.0,0.0) (0.2,0.3)

⎛ ⎞ ⎛ ⎞ ⎛ ⎞
⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠

⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞
⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜
⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝

(0.4,0.8), (0.4,0.8), (0.0,0.0), (0.0,0.0), (0.4,0.8),
     

(0.1,0.2) (0.1,0.2) (0.0,0.0) (0.0,0.0) (0.1,0.2)

(0.3,0.5), (0.3,0.5), (0.0,0.0),
  

(0.2,0.4) (0.2,0.4) (0.0,0

⎟
⎠

⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞
⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠
⎛ ⎞ ⎛ ⎞
⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

(0.0,0.0), (0.3,0.5),
   

.0) (0.0,0.0) (0.2,0.4)

⎛ ⎞
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟⎛ ⎞ ⎛ ⎞ ⎛ ⎞
⎜ ⎟⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎜ ⎟⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎝ ⎠

 

 
1 3{ }

2

(0.3,0.5), (0.5,0.6), (0.2,0.5), (0.0,0.0), (0.5,0.7),
    

(0.3,0.4) (0.3,0.4) (0.3,0.4) (0.0,0.0) (0.2,0.3)

(0.4,0.5), (0.4,0.7), (
  

(0.3,0.5) (0.2,0.3)

{ ( , )}

P Ps

p i k

Λ

⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞
⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠
⎛ ⎞ ⎛ ⎞
⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

=

0.3,0.5), (0.0,0.0), (0.4,0.5),
(0.2,0.3) (0.0,0.0) (0.3,0.4)

(0.3,0.6), (0.7,0.8), (0.2,0.4), (0.0,0.0), (0.4,0.6),
  

(0.3,0.4) (0.1,0.2) (0.3,0.5) (0.0,0.0) (0.2,0.4)

⎛ ⎞ ⎛ ⎞ ⎛ ⎞
⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠

⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞
⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜
⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠
(0.2,0.6), (0.5,0.7), (0.3,0.6), (0.0,0.0), (0.5,0.6),

  
(0.1,0.2) (0.1,0.2) (0.2,0.3) (0.0,0.0) (0.3,0.4)

(0.4,0.5), (0.2,0.3), (0.4,0.7),
  

(0.2,0.4) (0.4,0.5) (0.1,0.3)

⎟

⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞
⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠
⎛ ⎞ ⎛ ⎞ ⎛
⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

2{ }

(1,1), (1,1), (0,0), (1,1), (0,0),
        

(1,1) (1,1) (0,0) (1,1) (0,0)

(1,1),
(1,1)

(0.0,0.0), (0.4,0.5),
(0.0,0.0) (0.3,0.4)

Ps

⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞
⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎜ ⎟
⎜ ⎟ ⎛⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟⊗⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟⎞ ⎛ ⎞ ⎛ ⎞
⎜ ⎟⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎜ ⎟⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎝ ⎠

(1,1), (0,0), (1,1), (0,0),
        

(1,1) (0,0) (1,1) (0,0)

(1,1), (1,1), (0,0), (1,1), (0,0),
        

(1,1) (1,1) (0,0) (1,1) (0,0)

(0,0), (0,0),
  

(0,0) (

⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞
⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠
⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞
⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠
⎛ ⎞
⎜ ⎟
⎝ ⎠

(0,0), (0,0), (0,0),
      

0,0) (0,0) (0,0) (0,0)

(1,1), (1,1), (0,0), (1,1), (0,0),
      

(1,1) (1,1) (0,0) (1,1) (0,0)

(0.5,0.

⎛ ⎞
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞

⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎜ ⎟

⎜ ⎟⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞
⎜ ⎟⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎜ ⎟⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎝ ⎠

=

7), (0.5,0.7), (0.0,0.0), (0.5,0.7), (0.0,0.0),
    

(0.2,0.3) (0.2,0.3) (0.0,0.0) (0.2,0.3) (0.0,0.0)

(0.4,0.7), (0.4,0.7), (0.0,0.0), (
  

(0.2,0.3) (0.2,0.3) (0.0,0.0)

⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞
⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠
⎛ ⎞ ⎛ ⎞ ⎛ ⎞
⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠

0.4,0.7), (0.0,0.0),
(0.2,0.3) (0.0,0.0)

(0.7,0.8), (0.7,0.8), (0.0,0.0), (0.7,0.8), (0.0,0.0),
  

(0.1,0.2) (0.1,0.2) (0.0,0.0) (0.1,0.2) (0.0,0.0)

(0.5,0.7),
(0.1,0.2)

⎛ ⎞ ⎛ ⎞
⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞
⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠
⎛ ⎞
⎜
⎝ ⎠

(0.5,0.7), (0.0,0.0), (0.5,0.7), (0.0,0.0),
  

(0.1,0.2) (0.0,0.0) (0.1,0.2) (0.0,0.0)

(0.4,0.7), (0.4,0.7), (0.0,0.0), (0.4,0.7),
  

(0.1,0.3) (0.1,0.3) (0.0,0.0) (0.1,0.3)

⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞
⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠

⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛
⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠

(0.0,0.0),
(0.0,0.0)

⎛ ⎞
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟⎞ ⎛ ⎞
⎜ ⎟⎜ ⎟ ⎜ ⎟⎜ ⎟⎝ ⎠ ⎝ ⎠⎝ ⎠

 

1 2{ }

3

(0.3,0.5), (0.2,0.7), (0.0,0.0), (0.3,0.6), (0.2,0.4),
    

(0.3,0.4) (0.1,0.3) (0.0,0.0) (0.3,0.4) (0.5,0.6)

(0.3,0.7), (0.3,0.5), (
  

(0.2,0.3) (0.3,0.5)

{ ( , )}

P Ps

p i l

Λ

⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞
⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠
⎛ ⎞ ⎛ ⎞
⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

=

0.0,0.0), (0.4,0.8), (0.7,0.8),
(0.0,0.0) (0.1,0.2) (0.1,0.2)

(0.5,0.7), (0.5,0.6), (0.0,0.0), (0.5,0.6), (0.4,0.6),
  

(0.1,0.3) (0.3,0.4) (0.0,0.0) (0.3,0.4) (0.3,0.4)

⎛ ⎞ ⎛ ⎞ ⎛ ⎞
⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠

⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞
⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜
⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠
(0.4,0.6), (0.4,0.5), (0.0,0.0), (0.3,0.7), (0.3,0.4),

  
(0.2,0.3) (0.3,0.4) (0.0,0.0) (0.2,0.3) (0.4,0.5)

(0.1,0.2), (0.4,0.6), (0.0,0.0),
  

(0.5,0.7) (0.3,0.4) (0.0,0.0)

⎟

⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞
⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠
⎛ ⎞ ⎛ ⎞ ⎛
⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

3{ }

(1,1), (1,1), (1,1), (0,0), (0,0),
        

(1,1) (1,1) (1,1) (0,0) (0,0)

(1,1),
(1,1)

(0.2,0.3), (0.1,0.4),
(0.5,0.6) (0.4,0.5)

Ps

⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞
⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎜ ⎟
⎜ ⎟ ⎛⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟⊗⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟⎞ ⎛ ⎞ ⎛ ⎞
⎜ ⎟⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎜ ⎟⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎝ ⎠

(1,1), (1,1), (0,0), (0,0),
        

(1,1) (1,1) (0,0) (0,0)

(0,0), (0,0), (0,0), (0,0), (0,0),
        

(0,0) (0,0) (0,0) (0,0) (0,0)

(1,1), (1,1),
  

(1,1) (

⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞
⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠
⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞
⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠
⎛ ⎞
⎜ ⎟
⎝ ⎠

(1,1), (0,0), (0,0),
      

1,1) (1,1) (0,0) (0,0)

(1,1), (1,1), (1,1), (0,0), (0,0),
        

(1,1) (1,1) (1,1) (0,0) (0,0)

(0.3,

⎛ ⎞
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞

⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎜ ⎟

⎜ ⎟⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞
⎜ ⎟⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎜ ⎟⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎝ ⎠

=

0.7), (0.3,0.7), (0.3,0.7), (0.0,0.0), (0.0,0.0),
    

(0.1,0.3) (0.1,0.3) (0.1,0.3) (0.0,0.0) (0.0,0.0)

(0.7,0.8), (0.7,0.8), (0.7,0.8),
  

(0.1,0.2) (0.1,0.2) (0.1,0.2)

⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞
⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠
⎛ ⎞ ⎛ ⎞ ⎛ ⎞
⎜ ⎟ ⎜ ⎟ ⎜
⎝ ⎠ ⎝ ⎠ ⎝ ⎠

(0.0,0.0), (0.0,0.0),
(0.0,0.0) (0.0,0.0)

(0.5,0.7), (0.5,0.7), (0.5,0.7), (0.0,0.0), (0.0,0.0),
  

(0.1,0.3) (0.1,0.3) (0.1,0.3) (0.0,0.0) (0.0,0.0)

(0.4,0.7),
(0.2,0.3)

⎛ ⎞ ⎛ ⎞
⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞
⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠
⎛
⎜
⎝

(0.4,0.7), (0.4,0.7), (0.0,0.0), (0.0,0.0),
  

(0.2,0.3) (0.2,0.3) (0.0,0.0) (0.0,0.0)

(0.4,0.6), (0.4,0.6), (0.4,0.6), (0.0,0.0),
  

(0.3,0.4) (0.3,0.4) (0.3,0.4) (0.0,0.0

⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞
⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠

⎛ ⎞ ⎛ ⎞ ⎛ ⎞
⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠

(0.0,0.0),
) (0.0,0.0)

⎛ ⎞
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟⎛ ⎞ ⎛ ⎞
⎜ ⎟⎜ ⎟ ⎜ ⎟⎜ ⎟⎝ ⎠ ⎝ ⎠⎝ ⎠
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[Step 4] The sum of these product interval-valued intuitionistic fuzzy soft matrices is 
 

(0 .5 .0 .7 ) , (0 .5 .0 .7 ) , (0 .0 ,0 .0 ) , (0 .0 ,0 .0 ) , (0 .5 .0 .7 ) ,
       

(0 .1 ,0 .2 ) (0 .1 ,0 .2 ) (0 .0 ,0 .0 ) (0 .0 ,0 .0 ) (0 .1 ,0 .2 )

(0 .4 ,0 .7 ) , (0 .4 ,0 .7 ) , (0 .0 ,0 .0 ) ,
  

(0 .1 ,0 .2 ) (0 .1 ,0 .2 ) (0 .0 ,0

⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞
⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠
⎛ ⎞ ⎛ ⎞
⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

(0 .0 ,0 .0 ) , (0 .4 ,0 .7 ) ,
   

.0 ) (0 .0 ,0 .0 ) (0 .1 ,0 .2 )

(0 .4 ,0 .6 ) , (0 .4 ,0 .6 ) , (0 .0 ,0 .0 ) , (0 .0 ,0 .0 ) , (0 .4 ,0 .6 ) ,
     

(0 .2 ,0 .3 ) (0 .2 ,0 .3 ) (0 .0 ,0 .0 ) (0 .0 ,0 .0 ) (0 .2 ,0 .3 )

(0 .4 ,0 .8

⎛ ⎞ ⎛ ⎞ ⎛ ⎞
⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠

⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞
⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠

) , (0 .4 ,0 .8 ) , (0 .0 ,0 .0 ) , (0 .0 ,0 .0 ) , (0 .4 ,0 .8 ) ,
     

(0 .1 ,0 .2 ) (0 .1 ,0 .2 ) (0 .0 ,0 .0 ) (0 .0 ,0 .0 ) (0 .1 ,0 .2 )

(0 .3 ,0 .5 ) , (0 .3 ,0 .5 ) , (0 .0 ,0 .0 ) , (
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[Step 5] Now the weights of various stages of heart disease 

( ), 1, 2, ..., 5iW d i =  are calculated as follows: 

1

[0.5 0.5 0 .3 0.5 0.5,
0.7 0 .7 0 .7 0.7 0.7 ], [2.3, 3 .5],

( ) .
[0.1 0.1 0.1 0.2 0 .1, [0 .6,1.2]
0.2 0.2 0 .3 0.3 0 .2]

W d

+ + + +⎡ ⎤
⎢ ⎥+ + + + ⎡ ⎤⎢ ⎥= = ⎢ ⎥⎢ ⎥+ + + + ⎣ ⎦
⎢ ⎥+ + + +⎣ ⎦

Similarly, 2 3

4 5

[2.9, 4.5], [3.0,3.7],
( ) , ( ) ,

[0.6,1.1] [0.6,1.2]

[2.3, 3.8], [1.9,3.2],
( ) , ( ) .

[0.6,1.1] [0.8,1.7]

W d W d

W d W d

⎡ ⎤ ⎡ ⎤
= =⎢ ⎥ ⎢ ⎥
⎣ ⎦ ⎣ ⎦
⎡ ⎤ ⎡ ⎤

= =⎢ ⎥ ⎢ ⎥
⎣ ⎦ ⎣ ⎦

 

[Step 6] Scores of various stages of heart disease are 
computed as follows: 

1

2

3

4

5

( ) {(2.3 0.6) (3.5 1.2)} / 2 2
( ) {(2.9 0.6) (4.5 1.1)} / 2 2.85
( ) {(3.0 0.6) (3.7 1.2)}/ 2 2.45
( ) {(2.3 0.6) (3.8 1.1)} / 2 2.2
( ) {(1.9 0.8) (3.2 1.7)} / 2 1.3

S d
S d
S d
S d
S d

= − + − =
= − + − =
= − + − =
= − + − =
= − + − =

 

[Step 7] Since score of d2 is maximum, the patient under 
consideration belongs to Stage ‘II’, i.e., initial stage of heart 
disease as per the collective opinions of the group of experts. 

 
VI. CONCLUSIONS 

 
This paper presents an algorithmic approach for multiple 

attribute group decision making using interval-valued 
intuitionistic fuzzy soft matrix. Firstly we propose interval-
valued intuitionistic fuzzy soft matrix and define some of its 
relevant operations. Next we propose an algorithm using 
combined choice matrix, score function, and accuracy 
function. The proposed method yields optimal alternative(s) 
which reflects the collective opinion of a group of decision 
makers. We have presented a case study related with 
medical diagnosis. In this study, we use opinions of a group 
of experts about a common set of symptoms where opinions 

of some experts about a subset of symptoms might be 
missing due to lack of knowledge or experience. Experts 
provide their opinions using interval-valued intuitionistic 
fuzzy soft sets which are represented in terms of interval-
valued intuitionistic fuzzy soft matrices. Individual interval-
valued intuitionistic fuzzy soft matrices are multiplied with 
respective combined choice matrices. The resultant 
individual product matrices are summed up to find out the 
final matrix where membership values of each alternative 
are added to generate the weights of alternatives. Next, score 
values are calculated. More score will lead to better 
alternative. When there is a tie in score values, then accuracy 
values are used for final decision. Alternative with more 
accuracy value will be the optimal choice. Future scope of 
this research work might be to investigate the various 
properties of interval-valued intuitionistic fuzzy soft matrix 
and apply them to suitable uncertain decision making 
problems. 
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