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Abstract—In this paper, based on Lyapunov-Krasovskii
functional approach and the decentralized control theory of
interconnected systems, we consider the observer-based control
design for a class of fuzzy descriptor interconnected systems.
Firstly, the stability conditions of the T-S fuzzy model with a
prescribed performance level are provided in theorem 1, but
there is no efficient algorithm solving the inequalities. Theorem
2 proposes a single-step method, reducing the conservatism of the
conditions. This method overcomes the drawback of the two-step
approach in other methods. The stability conditions in theorem 1
are the sufficient and necessary conditions of the ones in theorem
2. The parameters of reliable /oo controllers can be found via
LMI toolbox in MATLAB software. Finally a numerical example
is given to show the validity of the proposed method.
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L.

In modern times, interconnected systems are widely applied
in industrial control and actual production. There are a lot of
factors affecting their normal operation, for example,
information structure constraints, multi-objective, multi-
decision-makers, uncertainty, and nonlinear as well as human
factors. Stability, observability and controllability are three
basic nature of the system. The task of stabilization is typical
control problem.

INTRODUCTION

Takagi-Sugeno (T-S) fuzzy model has become a popular
and effective approach to control complex systems, and a lot of
significant results on stabilization and Heo control via linear
matrix inequality (LMI) approach have been reported, see [1-
4]. There are some works about stability and stabilization of
fuzzy large-scale systems [5-8], quadratic performance or/and
Heoo performance [9-14]. The technology of descriptor model
transformation is used in [15, 16]. T-S fuzzy descriptor
tracking control design for nonlinear systems with a guaranteed
Heo model reference tracking performance is discussed [17].
Up to now, many important issues have been studied for
observer-based Heo control of nonlinear systems [18, 19].

This paper investigates the observer-based control issue for
the interconnected systems. Firstly the stability conditions of
the T-S fuzzy model with a prescribed Heo performance level
are given. But there is no efficient algorithm solving the
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inequalities by one step. This paper improves the stepwise
design method of observer-based Hee controller in the
existing literature, and provides a single-step method, reducing
the conservatism of conditions. Then we can design the
observers and controllers in single-step.

Finally a numerical example is given to show the validity of
the proposed method. Through theoretical derivation and
simulation, the design method of the fuzzy controller presented
in this article is proved to be feasible, effective and convenient.

IL.

Suppose the following interconnected systems consist of
N interconnected subsystems S, , £ =1,---, N . Each rule of the

SYSTEMS DESCRIPTION

subsystem S, is represented by a T-S fuzzy model as follows:

If &, is M, and...and ¢, isM ,

N
Then X, () = 4,x, (1) + B, w, () + Bu, (D+ Y. C,ux, (1)

n=l,n#k

2, (1) = Dy x, (1) + Eu, (2)
(1
Where x, () e R" , u,(t)e R™ 7, (t)e R? and w,(t) denote
the Air

By , By Dy, Ey denote system matrices, C;,; denote the
interconnection matrices between nth and kth subsystem of

state, input, output and disturbance vector.

>

the ith rule. fkl,"',fkp are the premise variables, M s 1s the
fuzzy set.

If we utilize the singleton fuzzifier, product fuzzy
inference and central-average defuzzifier, (1) can be inferred
as:

X, (1) = iluik (xk)(Aikxk (1) + By w, () + By, (1)

+ ﬁ: C..x, (t)]

n=l,n#k

)

z, () = Zj:luik(xk)(Dikxk (O +Eu, (t))



Where,

[on (fk)=HM[’[(§p)’/'lik (fk)=na)lkﬁ

2 @(6)

premise variables, M, (5,) is the grade of membership
of §,(t) in M, . Tt can be seen that @, (&) >0, 1, (x,)=0,
and D p,(x)=1.

i=1

Observer Rule k:

é:/m”

Y fkp are the

If§, is M and...and g, is M,

Then X, (1) = Zﬂfk (A[kfck + B, w, + B, u,

3
i=1
+ Z kafcn]_zlumLm (yk - )
n=l,n#k i=1
Where Ly, is the observer gain of the kth rule, and:
V= Zlujk (Dyjk)%k + E,g'ka ) “)
Jj=1
According to the conventional parallel distributed

compensation concept, the fuzzy controllers corresponding
to S, are used as follows:

If &, is M, and ... and¢, isM , 5
Then u, (t) = K, %, ®)
The output of the fuzzy controller of subsystem S, is:
L (t) = ZﬂikKik)ek (6)
i=1

Then, the closed-loop fuzzy subsystem can be expressed as
the following form:

e Tk N
X, = Zzﬂik ik (Aikxk + B, w, + BZikKjk)%k + Z Cinkan
i=l j=1 n=l,n#k
(7
Therefore, the whole fuzzy observer system becomes:
X ()= Zluik (Aik),ek + B w, + B, u,
i=1
. ®)
+ Z Cink)’en _Lik (yk _)’}k )J
n=l,n#k
Denote the error of the system:
e =X —x ©)
Then we have:
noon N
€ = zz#m ik (A[k +L[kDyjk )ek + z Cre, (10)
i=l j=1 n=Il,n#k

Then the augmented system can be described as:

722

5= H= XYttty (A% + B +Cu%) (1)
k i=l j=1
2y = Zzﬂiklujk |:D[k +E[kKjk E[kKjk :|5Ek (12)

i=1 j=I

Where,

BZikKjk B = B 0]
Az’k+Lz'kDyjk o 0 of

N
Z C[nk

n=l,n#k

T A[k +B2ikKjk
Az'k - 0

0 -

N
Z Cink

n=l,n#k

0

Definition 1 [20]. For given prescribed level of disturbance
attenuation 7, >0,k =L1---,N | the system (11) has the Hoo
performance index, if the following two conditions are satisfied:

1. When w, (¢) =0, the whole interconnected closed-loop
system is asymptotically stable.

2. For the zero initially condition (¢T (=0,re[-T, 0]) ,
J J - 1/2
Szl <2l Where |, =([) 2 @)z, 0]

Lemma 1 [21]. For any matrix C;, F;, vector X; ,the following

inxi

inequality holds:

2

i=1

J J
T 2 T
i=1 J=1,j#i

J
T
X Bl Y, Cyx,
=L j#i

J
T ~T
+ 2 %G
joLj#

Where N; is the number of Cj #0,/ =12,....,J

Theorem 1. For given prescribed level of disturbance
attenuation ¥, >0,i=1,---, N, if there exist matrices X,,Y,,
symmetric matrix X, and X, =X ;k

satisfying the following inequalities (13)-(15), then the system
(7) is asymptotically stable and achieves the Heo output
tracking performance.

> i =127,

Qiik < Xiik (13)

Qijk+jSk SX[jk+Xjfk’i¢j (14)
X X UlTjk

' S PY) (15)
X rlk X rrk U;k
U, U, -I

Where



o - Q. X,B,K,
ijk * Qii
Q) =(4; +K} By ) X, + X, (4, + B, K ;)
N
;XBl,ka,kx HN-D)X+ Y L,
k n=l,n#k
Q) = (4, +D}, L, )Y, +Y, (4, +L,D,,)

N
+(N_1)Y/€2 + z C[z;kc[nk
n=l,n#k
U/k =[Dik+Ekamk Kmk],m=1,2,...,1"k
Proof:

We choose the following Lyapunov function for the neutral

systems (7):
Tx, k Xk
0 e,

0
Y

V=iikTPk)~Ck =Z

N
Xy
k=1 =1 €

k=1
Therefore, we have:

(16)

Mz

V= (kaxk+kaxk)

=~
L

ZZZﬂzk ik I:xk ("lez;cPk +Pk‘;1ik)ik +W£B£Bf'ilk

k=1 i=1 j=1

cr

n~" ink

N N
<SSl o, [k}zy,fwzwz
k= k k=1

According to (13) and (14), we have:

SZZZM/{#,/(I:X/{ ek:IX|: :|+Z7’ZWkW,(T (17)

i=1 j=1
According to (15), use Schur complement, we have:
z z Z /Lllk Jk

Xk
[xk ekJX
k=l i=l j=1 €
Xe | 7
="ZZ;
€

=T
+kuB,kwk +X P x, +x,(PCm,(an

SN (18)
<SS Srnnn[d 4o,

i=l j=1 u=1 v=1
When w, =0,V <

When w, # 0, according to (18), V <—z]z, + ﬁw,fwk <0.

With zero initial condition V(X (0)) =0, integrating both
sides of (13) from 0

v N
Z"anz <Sn ||Wk ||2 is satisfied.
k=1 k=1

There is no efficient algorithm solving the inequalities in
theroml, because they are nonstandard. But the inequalities can

to oo | the He performance
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be worked out by two steps. A single step LMI method for
fuzzy tracking control system is given in the following theorem.

Theorem 2. For given prescribed level of disturbance
attenuation ¥, >0,i=1,--- , if there exist matrices

M:ka J, El.k, Oy i,j=12,....1,j>i,and
symmetric positive definite matrices X, k,?k , satisfying the

following LMIs (19)-(24), then system (7) is asymptotically
stable and achieves the He output tracking performance.

&> Symmetric matrix

n, -2, X\
|: ik iik k L/(:| < 0 (19)
* -1
ng - Qz‘ik Yk
L, 1<0 (20)
*  =(N-)
Hijk +sz’k _Bjk _Pjik )?/(ka )?ijk
* -1 0 |<0 (1)
* * -7
T@ +0,-0,-0, Y, ]
ijk ijk Jik 1 k L < 0 (22)
| * =27(N-1) |
an Qm
: Pol<0 (23)
le;'k erk
Py B X DT +M31-kET
: : _ <0
P _ P, XkDgc + MikEer
leXk +ElkM Drka +Erkak -
(24)
Where
=X A)k +A7kX +M Bij +Bzsz
1
7//{2 Bthf,k (N_l)
TS, T IT - T
O, =AY, +¥, A4, +DL T+, D+ > CLC,,
n=l,n#k
v, =[Ch cr Cly |:n=12--N.n=k

K,=MX',L=Y"J,m=12,

1

Proof :

X, =X, P,

o
them into (13), pre-multiply and post-multiply (13) by
matrices[/ 0]and [/ 0], and we have (25).

Vi = I:Cgk
M, =K, X, ,use Schur complement, and we have (19).

X, = 2
Let X =| =X, X, X, , plug

Let cr Ch Jn=12--N.n#k,



_ 1
XkA; +A7kX +X K BZTzk +BszK X +— 72 BlszI{k
‘ (25)

N

(N - t 2

n=l,n

/(CIEI-/(CM/(X/C < O
Let Y Y., O, Q”k , pre-multiply and post-multiply (13)

by matrices[/ 0]and [I 0], and we have:

ATY, + D" ILY, + YV A, + YLD, +(N-1)Y}

vik yik
I

n=l,n#k

<0 (26)

mk mk Itk

LetJ, =Y,L, , use Schur complement, and we have (20).

According to (14), we can achieve (21) and (22) by the
same method.

Where X, X X X
ere X, = ~ |, Xu= ~ .
" * Qijk 7 * jSk

According to (15), (23) and (24) are obtained by elementary
transformation and Schur complement.

(25) and (26) can be transformed to the following form:

q) (I)}zic 0 Rzk Rzlkl 0
< 27
0 Tff/{ 0 Qf[/{
Where
(I)}zlk = (Bzsz )Y iik (Bz,kK )
Pulkl = (Bzsz ) - iiinikYF iik (Bzsz )
(D _X AZk +AukX +;2 Blthlzjk (N_l)
k
N p— p—
+ z XkC;kCinka
n=l,n#k
_ _ _ N
Yi[k =r€kY;c YF +(N_1)Y;c2+ z CL:kak
n=l,n#k
Ank A + BZlelk > F - Aik + LikDyik

Pre-multiply and post-multiply (27) by matrices Z and its
transposition, and we have:

D, B, K <|:B,.k H,.[k:|
(B,y Ky ) T H:k O

1 (B,K,
0 I

(28)

Y
Where Z= ) " :|, IT,, (lekK )T iik Liik -

Let X, = X LY, = Z, pre-multiply and post-multiply (28)

o [xt oo x;!
by matrices and
0 I 0

0
1} , and we have (13).

By elementary transformation and Schur complement, (21)
and (22) can be converted to (29):
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q)l 1k 0 Y,1 1k O
< 29)
0 Y, +Y, 0 0,+0,

P,

ijk

Where
+gX Pwak +5Y ka

D, XAT+AX+1BBT

ijk ijk ik = lik
v

+ﬁl)‘(cfc X

n=I,n#k

+(NV-1)

1BBT

7/2 1jk =1 jk

@, =X AL AL X+

Jik Jik

N

— T —
ZX Jnk mk
n=1,n

+(N-1)

N
+ Z Clnkclnk

Y —FTY+YF (V- l

ijk ijk
n=ln#k

Y, =T7Y +Y,T, +(N-1)F, Z

Jik Jnk /nk

n=l,n#k

D, =0, +P, (BMK +B,,K, )(Y +Yﬂk)

ijk ijk

(lekK +B,,K, )
ijk

(Qa'k+Qﬁk)(Yuk+Yﬂk) (BuK +BszK)

By the same transformation as the one done to (27), we
have (14).Where,

Y, =P, +P,—(B,K,+B,,K,)(Y +rj,k)

v | BB X By,
* O [
V-1 v-1 -l
X. = Xk })jz’ka Xk B2ijzk
jik
: * O

According to (23) and (24), (30) and (31) are obviously true.

])llk Plrk q)ITk
S |<0 (30)
])rlk Prrk (I)gk
o, - @, I
Qllk erk
N ) (31)
erk o erk
Use Schur complement, pre-multiply and post-multiply the
obtained inequality by diag [)7 PR GLE B | I J ,

then we have (15). Where @, = (Dl.k +E, K, ))_(k ,i=1,2,..r



R,kX 1 )?/;1 (BZikKjk )Tiliik iik 4 0 :| |: 1:|
ik = — . W = > Aok
0,r" (BMK ) X 0, __58.6168 -0.15 58.7600 0
So far, the proof of therom2 is completed. A = 0 1
1586168 0.15] 58.5350 0
III. ILLUSTRATIVE EXAMPLES B 0 1
Consider the inverted pendulum system: Ay = | 58.7600 0 } Lg 5350 0}’
S () = 034 () L[ o 1
" 0.15] 58.7600 0]’

xzk(t){(/,) (ka ‘" Cl/ lzﬂxlk(;) :58.2168

4, = } k=1,.
—VVMsin(xlk(z))xgk(t)Jr( %mﬂ)”"(’) 58.6168 —0.15

ka(a—cl o= ® .5, -5, °
+0'1wk2(t)+[ ”(“'C%nlz]xln(t) B Y e Y A R

PO =30+ 001 1) c,.,,ﬁ[o((’m g} . =[1 0L.E, =001

w,, =5sin(10¢)e ™" € L,,w,, =cos(10¢)e " € L

Where X, (?) , X, (f) represents the angle and velocity of
the kth inverted pendulum respectively, u; (¢) is the control of 2>
the kth inverted pendulum, y;(f) is the output of . (k)=10sin(sin(10t))e’°'5’ L,
the kth inverted pendulum, @, (t) refers to the external
disturbance, v, (f) refers to measurement noise, X, (f) is the vz(k):IOsin(cos(IOI))e’o'S’ €L,
transmit correlation coefficient between the kth machine and

the nth machines. The control parameters obtained from Matlab simulation

are as follows:

K, =[-2302 -1933], K, =[-1598 —-6.239]
o » L, =[76978 591.521],L,, =[87.166 670.848]
i i L, =[102.246 790.923],L,; =[101.818 787.135]

L, =[104.607 806.945],L, =[107.369 826.384]

w,] w ) ’
M M L, = [107.066 823.253],L8]. =[122.564 949.002]
O O OHO) L, = [131.301 1019.372]
Figure 1 inverted pendulum device installed in two cars i=1,2,..,9.=1,2.

connected by a spring
e .. T
Set the parameters of the double organ system as follows: For  the initial condition  x (0)=[-1 3],
c=mf(m+M); x,(0)=(1 —2]T, The simulation curves are shown by figure 2

to figure 5.
m =1kg (the weight of the inverted pendulum);

11

—— \hatix) (11}

M =5 kg (the weight of the car);
a=0.2m 5 0.4
[ =1 m (the length of the inverted pendulum);

k =1 N/m (spring constant);

g=98 m/ s? (gravity constant).

o 1 2 s 4 5 6 7 8 5 10
In order to reduce the complexity of the system, the metees)
systems are approximated by the fuzzy model with nine-rule

Fig. 2 Th f x;,and X
which is similar as [22]. Other parameters are shown as follows: & ¢ curves of Apand A
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Xo1

8 — \hat{x)_{21)

time(sec)

Fig. 3 The curves of X,;and )221

%12
— \hatix}_{12)

0 1 2 3 4 5 6 7 8 9 10
time(sec)

Fig. 4 The curves of X, and )212

*22
—— \hat{x}_{22}

time(sec)

Fig. 5 The curves of X,, and )%22

Iv.

The problem of observer-based Heo control design for a
class of fuzzy descriptor interconnected systems has been
addressed. The stability conditions of the T-S fuzzy model with
a prescribed Heo performance level have been given. In order to
improve the stepwise design method of observer-
based Heo Controller , a single-step method reducing the
conservatism of the conditions has been proposed. Then we can
design the observers and controllers in single-step.

CONCLUSION
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