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Sensitivity Analysis of the Weighted Generalized Mean Aggregation
Operator and its Application to Fuzzy Signatures

Istvan A. Harmati, Adim Bukovics and Liszl6 T. Kéczy

Abstract—In this paper we give bounds on the changing of
the weighted generalized mean in terms of vector norms of the
changing of the variables. Applying this result we characterize
the sensitivity of fuzzy signatures which equipped with weighted
generalized mean operators in their nodes. Finally, a practical
example from civil engineering is also examined.

I. INTRODUCTION

UZZY SIGNATURES are hierarchical representations

of data structuring into vectors of fuzzy values [1].
A fuzzy signature is defined as a special multidimensional
fuzzy data structure, which is a generalization of vector
valued fuzzy sets [2], [3], [4]. Vector valued fuzzy sets are
special cases of L-fuzzy sets which were introduced in [5].
A fuzzy signature is denoted by

A X — S(”),
where 1 < n and

[0, 1]
S(m)

We can represent a fuzzy signature by nested vector value
fuzzy sets and also by a tree graph, which is much more
understandable [6].

The goal of this article is to discuss how the membership
value of the whole fuzzy set changes if the membership
values in the nested vectors change. In other words, if we
think of the tree graph representation, how the membership
value of the root changes if the membership values of leaves
change. To answer this question we have to know how to
compute a membership value of a subgraph from the leaves.
In this article we assume that all the operators applied on
membership values in the signature are from the class of
weighted generalized mean aggregation operators.

The paper organized as follows: in Section II we recall
the weighted generalized mean (WGM) and some of the
mathematical tools, in Section III and IV the sensitivity
of WGM is discussed, in Section V and VI we determine
the sensitivity of fuzzy signatures, and in Section VII we
analyse the sensitivity of a fuzzy signature applied in civil
engineering.

S = xn 8 8= {
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II. THE WEIGHTED GENERALIZED MEAN

The generalized mean and its generalization, the weighted
generalized mean form a very large class of aggregation
operators. Their various special cases often arise also in
theoretical and practical problems.

Definition 1 (Generalized mean): Let z1,...,x, be non-
negative real numbers and p € R (p # 0). Then their
generalized mean with parameter p:

=

1 n
My(z1,...,2,) = EZxﬁ
k=1

Some special cases in p:

e p=1 arithmetic mean
e p=2 quadratic mean
e p = —1 harmonic mean
Definition 2 (Weighted generalized mean; WGM): Let
Z1,...,T, and wi,...,w, be nonnegative real numbers,
n

w; > 0,% w;=1and p € R (p # 0). Then the weighted

i=1
generalized mean of zi,...,xz, with weights wy,...
and with parameter p:

7wn

1

n
My (x1,. .. 2n) = Zwkxi
k=1

The generalized mean is a special case of the weighted
generalized mean with weights wy = % The definitions
above work well if p > 0. If p < 0 and any of x, equals zero
the formulae above are meaningless, so we have to define
their values in these points. We will use the following, which
is consistent with the case of p > 0:

Definition 3: If p < 0 then the weighted generalized mean
of x1,...,x, with weights w,...,w, and with parameter

p:

P .
MY (x1,...,2,) = Zwkxk if Vo, > 0
k=1

0 otherwise
The limits at +oo regardless to the weights:

n P
pll>1r101O l E wkasil = max(x;)
k=1
1
n »
lim g wyxh | = min(z;)
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The limit if p — 0 is the weighted geometric mean:

1
n P n
3 p — w;
b Yot T
k=1 =1

Our goal is to give an upper bound on the changing of M
if we know the changing of the input values z1, ..., x,. Let
we introduce the following notations:

an) Q* = (1‘1(77le)

M* = M(x3,...,z})

n

z=(x1,...,
M = M (x) AM = M* —
We search for such a bound for |[AM| which depends on
Az, more exactly, on a kind of vector norm of Az. First we
recall the definition of the p-norm. Unfortunately the usual
naming is p-norm, but this p is not necesseraliy identical
with the p of the generalized mean. For this reason this p
will be denoted by p'.

Definition 4 (p-norm): Let p’ > 1 a real number and z =
(x1,...,2,) € R™ Then the p'-norm of z

1

n »
/
[l = (Z vaklp)

Some widely used p-norms: =

o p/ =1 (taxicab norm) ||z|; = |z1| + ... + |z,]

o p' =2 (euclidean norm) ||z = /2% + ... + 22

e p' = 0o (maximum norm) ||z||ec = max(|z1], ..., |Tn|)
For estimation of |AM| we use the multivariate case of
Lagrange’s mean value theorem and its corollaries:

Theorem 5: Let G be an open subset of R™ and let
f:GCR" - R If z,y € G and f is differentiable at
each point of the line segment zy, then there exists on that
line segment a point & between x and y such that

fly) = f@) = V) (y—=z)

or in other form:

Z 6%1

Corollary 6: From the theorem above we can derive upper
bounds on the changing of f in terms of p-norms:

o Applying the CAUCHY-BUNYAKOVSKY-SCHWARZ in-
equality we get the following:

IVFOll2 - lly — zll2

o From the triangular inequality we get that

af (&)
0

‘ -max |y; — @i
T

|fly) — f@)| < Z

=IVFOl1-lly — zlloo

Azx=z"—z

o Again from the triangular inequality we get that

8 n
1)~ F@)] < max| | D

=IVf(¢ )Hoo ly -zl

M = My (z1,...,2,) =

1
n P
[ wkx£‘|
k=1

M  We look for a bound on the change of the output in the

terms of the change of the input, so we look for a K for
which the inequality
[AM| < Kp - || Azl

holds for a p’-norm.

III. SENSITIVITY ANALYSIS OF WGM

In this section we introduce the values of K, -s for the
values p’ = 1, 2 and p’ = oo, and for the whole range of the
parameter p.

A. In || - ||]2 norm of Az

Let we have

1

M = M;;“(osl,...,:rn = [Zwkxk]

then the first order partial derivative:

n lfl
g wia? cwy - aPh
axl k 4 %

The sum of squares of the first order partial derivatives:

S Z

=2
Dkt weTR|”

2 2p—2
1 Wi %y

Analyzing the expression of G we can conclude the follow-
ing:
2

e if p > 2 then G < max (w{’) = (maxwi)%

e if 1.5 <p < 2then G < (maxwi)% .pp!

. ifl<p<15thenG<max(wi)

e if p=1then G=3 1  w?

e if 0 < p <1 then G is unbounded

2

2
e if p < 0 then G < max (wf) = (minw;)?»

Since G is not bounded in case of 0 < p < 1, we cannot
give such a K for which the inequality |[AM| < K- ||Az]|2
holds for arbitrary Az. The K coefficients are listed in Ta-

ble 1, where we used the notation w/P = (w%/p . w}/p).
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TABLE 1

VALUES OF THE COEFFICIENT K3 FOR |[AM| < K> - ||Az]|2.
value of p ‘ Ko ifw; =1/n
p<0 max {wil/p} = |w/?| 0 n=1/p
p=0 - -
0<p<l1 - -
p= flwll2 n=1/2
1<p<15 | max{w;}'? = |w'/?| e n~1/2
1.5<p<2 max{wil/p}~n1/p_1/2 n=1/2
2<p max {wil/P} = |w'/P|loo n—1/p
B. In | - ||oo nOrm of Ax

The sum of the absolute values of the first order partial
derivatives:

n

=313

i=1

Z:’l:l wixf_l
— —
[>kmy wray] P

Analyzing H we arrive at the following statements:

6%

1
o if p > 2 then H < max wf)nflﬂ
e ifl<p<2then H<1
o if p=1then H =1

e if 0 < p < 1 then H is unbounded
1 1
e if p <0 then H < max (wf) = (minw;)?

As in the previous case we cannot give a bound if 0 < p < 1.
The values of K are listed in Table II.

TABLE II
VALUES OF THE COEFFICIENT Koo FOR |[AM| < Koo - ||AZ|co-
value of p ‘ Koo ifw; =1/n
p<0 maX{wil/p} = |w'/Ploo n=1/»
0<p<1 - -
1<p<2 1 1
2<p rnax{wl.l/p}~nl/p:Hyl/puoo-nl/?J 1

C. In| |1 norm of Az

The maximal value of the absolute values of %:

n
= max E wyx},
k=1

From the partial derivative we can conclude that if p > 1 then

g—M is increasing in z; and decreasing in all other variables.

1
1

F = max
?

Ox;

It reaches its maximal value if ; = 1 and 2}, = 0 (k 7£ i).
Its maximal value is w; UP It p = 1 then g—M = w;. If
0 < p < 1 then the partlal derlvatlve is unbounded. Fmally,

if p < 0, then ‘9—;” is decreasing in z; and increasing in all

other variables. It reaches its maximal value if z; = 0 and
xr =1 (k #1). After some transformation we get that its
maximal value is w./?. The values of F

1
e if p > 1 then F' < max (wlp)

e if p =1 then F' = max(w;)
e if 0 < p < 1 then F is unbounded

1

o if p <0 then F' < max (wip

As in the case of || - ||2 and || - ||oc We again cannot give a
bound if 0 < p < 1. The values of K are listed in Table III.

TABLE III
VALUES OF THE COEFFICIENT K1 FOR |AM| < K - ||Az]1.
value of p ‘ Ky ifw; =1/n
p<0 | max{wj/?} = |w!/Plo | al/
0<p<l1 - -
p=1 max(w;) nt
p>1 | max {w/"} = /7|l ~1/p

IV. SPECIAL CASES IN p

In this section we give the bounds for special cases in p
which occur more often in mathematics. In these cases the
weights are equal, namely w; = % forall1 <k <n.

A. Arithmetic mean (p = 1)

[AM|<n™2 | Az): = —= - Al

1
n
[AM| < — - || Azl

|AM| < IIAglloo

B. Harmonic mean (p = —1)

JAM| < n-||Az]
[AM| < n-[|Az
JAM| < n-[|Az]le

C. Quadratic mean (p = 2)

1
[AM| < N |Az][2

1
[AM| < 7 Azl
[AM] < [|Az]l
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D. Extreme values of p

1) p— oo:

S

L o ol _
My, = ph%rgloM = phﬁrglo Lz_:l wkxkl = mlax(xl)

2
. 1\»
Ar < fim ()" Iagl = 18],

[AMso| < [[Azly
[AMoo| < || Azl

2) p— —oo:
1
n P
L o Pl in(s
M—oo - pl}r—noo M= pl}riﬂoo |J; wkxk‘| o In’iln<xl)

2
. 1\~7
A< i (1) 8l = 2l

[AM_oo| < [[Az]y
AM_oo| < [[ Azl

V. SENSITIVITY OF FUZZY SIGNATURES

Based on the results shown in the previous section we
analyse the sensitivity of fuzzy signatures in which the values
are determined by a WGM operator in every nodes. The
sensitivity bound of the whole fuzzy signature is derived
from the bounds of the WGM-s, according to the graph
structure of the signature.

A. In || - |1 norm of the input vector

Let us denote by K77 the bound for the WGM applied
in the root of the signature and by Az,; of the changing
of its input vector; the bounds for their WGM operators are
Ko, ..., Kapn, (ng is the number of vertices to the root), the
changing of their inputs are Az,y,...,Ax,,, etc., tll the
end of the graph. Then changing of the output value can be
estimated by the following way:

IAf] < K1 - [Azyy 1 <
< Kiy - (Kop - [[Azgy [l + -+ + Kony - [ Az, 1)

N N

<) K- |Az| < max (K;) - Y | Az
=1 =1

= max(K;) - [[Az[)y

where K is the product of the bounds form the root to the
i-th leaf.

B. In || - ||2 norm of the input vector

Now it is more convenient to deal with |Af|? instead of
|Af|. The estimation works quite similar as in the previous
case. The C,.-s denote the squares of the bounds for the
WGM operators. The estimation:

‘Af|2 < 0121 : ||Al11H§
< Cf - (0221 Az |5+ + 022n2 : HAQanH%)

N N
< ZC? Az > < max(C?) - Z |Ax;|?
i=1 i=1

= max(C7) - [ Azlf3

where C? is the product of the squares of the bounds from
the root to the i-th leaf.

C. In || - ||co norm of the input vector

This case differs a bit form the others because of the max
operator. The D,.-s are the bounds for the WGM operators.

|AfI < Dir - [|Azyy lloo
S Dll - max (DQI : HA£21H007 .. ~;D2712 . HAQQnZHOQ)

<
= max(D;) - [ Azl

where D); is the product of the greatest bounds at every level.

VI. SENSITIVITY OF HOMOGENEOUS FUZZY SIGNATURES

The sensitivity analysis of a fuzzy signature becomes
much more simple if the value of the parameter p is the
same for all of the WGM operators applied in the nodes.
If this condition holds, the output vale of the signature is
the weighted generalized mean of the input values with
parameter p, where the weights are the product of the weights
form the root to the leaves.

Definition 7: A fuzzy signature is called homogeneous if
all of the aggregation operators in the nodes are weighted
generalized mean operators with the same value of p.

Lemma 1: The WGM of yi,...,y; with weights
v1,...,V; and with parameter p where all of the y;-s are
WGM’s of xj;-s with weights wy;,...,wy,; and with the
same parameter of p, is the WGM of the z-s with weights
Vi - W4

Proof:

1iqp
P

1
k P k 2
E D _ § E p
( yz = ( wji . sz'
i=1 i=1 j=1

1

4 k  n;
— E E p
= U - Wyg * xji

i=1 j=1

k n;
_ p
= Zvi . iji 'xji
i=1 j=1
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Fig. 1. Non-homogeneous fuzzy signature graph.

A. Example for non-homogeneous fuzzy signature

Consider the fuzzy signature in Figure 1, which is a
non-homogeneous fuzzy signature. The estimations of the
changing of the output are given by:

|Af] <0.5Y2.0.7Y3 . ||Az]l; =~ 0.63 - || Az,
IAf] <0.5Y2.0.7Y3 || Ay = 0.63 - || Az,
IAf] <0.5Y2.3Y2.0.7Y/3 . 213 | Azl oo &~ 1.37 - | Az]| oo

B. Example for homogeneous fuzzy signature

If it were a homogeneous fuzzy signature with parameter
p = 3, then the weights for the leaves (from top to bottom)
we =0.06 w3=0.09 wy=0.30
Weg = 0.06 wr = 0.14

w1 = 0.15
ws = 0.20

From these weights we can give an estimation for the
changing of the output:

[Af] <033 || Azl ~ 0.67 - || Az,
[Af] <033 ||Az]s ~ 0.67 - | Azl
[Af] <0373 73 Az ~ 1.28 - [|A]| o

If we not use the fact of homogeneity our the estimation is
the following:

IAf] <0.5Y3.0.7Y3 . | Az|ly =~ 0.705 - || Az,
IAf] <053 .0.7Y3 || Azlly = 0.705 - || Azl
IAf] <0.53.31/3.0.5Y3 .33 | Azl ~ 1.31 - ||Az] 0o

VII. AN EXAMPLE FROM CIVIL ENGINEERING

In this section we give the sensitivity analysis of a fuzzy
signature which was applied for status-determining and rank-
ing buildings of similar age and structural arrangement. For
detailed description of the methodology of status-determining
and ranking see [7], [8] and [9].

The structure of the signature is shown in Figure 2. The
names and meanings of the input and internal variables are
listed below.

Fig. 2. A fuzzy signature for status-determining and ranking buildings.

The input variables:

x : foundation structures
x5 : wall structures

x3 : cellar floor

x4 : intermediate floor
x5 : cover floor

xg : side corridor structures
7 : step structures

xg : facade

xg : footing

19 : roof structures

x11 : roof covering

T19 : tin structures

8

13 : insulation against soil moisture and ground water
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The internal variables:

h1 : floor structures

ho : vertical load-bearing structures
hs : horisontal load-bearing structures
h4 : primary structures

hs : surface formation

he : secondary structures

h7 : primary and secondary structures

This is a homogeneous fuzzy signatures with parameter
p =1 and with the following weights:

w11 = 0.75 w12 = 0.25
0.6 -
w21 = 0.4 w22 = ﬁ,f
o 06 o 0.4
23T 1 24708402 n
0.2-n 0.2
w = —-——— w - —_—
257 08402-n 267 084+02-n
0.2
S = 0.55 — 0.05 -
2T 08402-n W31 n
0.65
w32 = 0.45 +0.05-n w33 = m
o 02-f w015
24708402 f 25708402 f
0.5 0.5
w3,6:1_7 war ="~
T 0.35-m
ST 024045 (n—1)+0.35-m
wr o 0.45-(n—1)
27 024045-(n—1)+0.35-m
0.2
W4,3

T 02+045-(n—1)+0.35-m

The possible values of the parameters:

e n=2,3,4,5 (number of the storeys of the building)
e 0 <m <1 (extend of the cellar built)
e f =0 or 1 (building with or without side corridor)

The input values (x;-s) are real numbers between 0 and 1
according to the opinion of a human expert about the status of
the ¢-th partial structure. The final output is the membership
value of hr. If a building is surveyed by different experts then
their opinion about the status of partial structures may result
different values of h;. The crucial question is the following:
may a small deviation in the input yields a large changing
in the output or not?

From the weights and using the property of homogeneity

we get that:

|Ahz| < 0.28 - || Az,
[Ahr| < 0.4 [[Azll2
|Ah7| < [ Azl

The result shows that this signature is not sensitive, namely
a relatively small change in the input does not have an
enermous effect (so the butterfly effect will not happen).
For example if two experts examine the same building and
they score the partial structures within a 0.1 error, then the
difference of their final decisions will not more than 0.1.

VIII. CONCLUSIONS

We discussed the sensitivity of the weighted generalized
mean aggregation operator in various vector norms, which
depends on the maximal weight and on the p parameter of
the WGM. Based on this result we described the sensitivity
of fuzzy signatures equipped with WGM-s. A special case,
when all of the WGM-s have the same parameter was also
discussed, and its advantage is obvious.

As an example the sensitivity of a method for status-
determining and ranking buildings was analysed, and we
established that the applied fuzzy signature is not sensitive
not only in the sense of mathematics, but also in practical
sense.
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