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Abstract—We develop the concept of a general factoraggre-
gation operator introduced by the authors on the basis of an
equivalence relation and applied in two recent papers for analysis
of bilevel linear programming solving parameters. In the paper
this concept is generalized by using a fuzzy equivalence relation
instead of the crisp one. By using a left-continuous t-norm
and its residuum we define and investigate two modifications
of such generalized construction: upper and lower generalized
factoraggregations. These generalized factoraggregations can be
used for construction of extensional fuzzy sets.

I. INTRODUCTION

The paper deals with some generalization of the con-
cept of factoraggregation introduced, studied and applied by
the authors in [11] and [12]. Factoraggregation is a special
construction of a general aggregation operator based on an
equivalence relation. The idea of factoraggregation is based
on factorization, which allows to aggregate fuzzy subsets
taking into account the classes of equivalence, i.e. the partition
generated by an equivalence relation. The factoraggregation
operator was specially designed in the context of bilevel linear
programming in order to analyse the satisfaction degree of
objectives on each level and to choose solving parameters
values.

In this paper we develop the concept of a factoraggregation
%erator by using a left-continuous t-norm 7, its residuum

and a T-fuzzy equivalence relation E instead of the crisp
one. We define upper and lower generalized T-fuzzy factor-
aggregations with respect to E and consider their properties.
Taking into account that fuzzy equivalence relations represent
the fuzzification of equivalence relations and extensional fuzzy
subsets play the role of fuzzy equivalence classes we consider
the generalized fuzzy factoraggregations in the context of
extensional fuzzy sets.

Within the theory of fuzzy logic the first researcher, who
pointed the relevance of extensional fuzzy sets, was L.A.
Zadeh [15]. Extensional fuzzy sets are a key concept in
the comprehension of the universe set under the effect of
a T-fuzzy equivalence relation as they correspond with the
observable sets or granules of the universe set. Upper and
lower T-fuzzy factoraggregations generalize upper and lower
extensional fuzzy sets (see, e.g., [9]). The results of upper and
lower generalized T'-fuzzy factoraggregations corresponding to
LI’ are extensional with respect to T'-fuzzy equivalence E.
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The last property mentioned above is important in the
context of a fuzzy equivalence relation and could be used
in the following way. First of all, aggregating extensional
fuzzy sets it could be necessary to obtain as a result an
extensional fuzzy set as well. It could be effectively done by
generalized factoraggregations, while an ordinary aggregation
does not provide us this advantage. Second, upper and lower
factoraggregations could be treated as upper and lower ap-
proximations of a general aggregation operator acting on the
class of all fuzzy sets. Aggregation of these approximations
by applying generalized factoraggregation could improve the
approximation results obtained in the class of extensional fuzzy
sets.

The paper is structured as follows. The second section is
devoted to extensional fuzzy sets. We recall the definition of a
T-fuzzy equivalence relation E and consider upper and lower
extensional with respect to E fuzzy sets.

In the third section we recall the definitions of an ordinary
aggregation operator and of a general aggregation operator
acting on fuzzy structures. Then we give the definition of
a factoraggregation operator corresponding to an equivalence
relation, which is a case of the general aggregation operator.

The fourth section is devoted to the concepts of upper and
lower generalized T'-fuzzy factoraggregations with respect to
a T-fuzzy equivalence relation E. We show that all properties
of the definition of a general aggregation operator such as
the boundary conditions and the monotonicity hold for the
generalized T'-fuzzy factoraggregation operators also.

The fifth section contains some numerical examples.

Finally in the sixth section we specify the definition of
upper and lower generalized T-fuzzy factoraggregations for
the case of a crisp equivalence relation.

II. EXTENSIONAL FUZZY SETS

Fuzzy equivalence relations were introduced in 1971 by
L.A. Zadeh [15] for the strongest t-norm T}, and later were
developed and applied by several authors in more general
cases.

Definition 1: Let T be a t-norm and E be a fuzzy relation on a
set D, i.e. E is a fuzzy subset of D x D. A fuzzy relation E is
a T'-fuzzy equivalence relation if and only if for all x,y,z € D



it holds

(E1) E(z,x) =1 (reflexivity);

(E2) E(r,y) = Ely.z) (symmetry);

(E3) T(E(z,y),E(y,z)) < E(x, z) (T-transitivity).

Dealing with fuzzy equivalence relations usually exten-
sional fuzzy sets attracts an additional attention. These sets
correspond to the fuzzification of classical classes of equiva-
lence, they play the role of fuzzy equivalence classes altogether
with their intersections and unions.

Definition 2: Let T be a t-norm and E be a T-fuzzy equiva-
lence relation on a set D. A fuzzy subset ji € [0,1]P is called
extensional with respect to E if and only if:

T(E(z,y), m(y)) < p(x) for all z,y € D.

Extensional fuzzy subsets have been widely studied in the
literature [2], [6], [7].

We recall two approximation operators ¢ and g, which
appear in a natural way in the theory of fuzzy rough sets
(see, e.g., [4], [10], [14]). Fuzzy sets ¢g(p) and g (p) were
introduced to provide upper and lower approximation of a
fuzzy set p by extensional fuzzy sets with respect to fuzzy
equivalence relation FE.

Definition 3: Let T' be a left-continuous t-norm and E be a T'-

fuzzy equivalence relation on a set D. The maps ¢ : [0, 1]P
[0,1]P and g [0,1]P — [0,1]P are defined for by:

or(p)(z) = sup T(E(z,y), 1(y)),

Ve (p) =1nf7 E(z,y)uy)),

for all x € D and for all ;i € [0,1]P, where ? is the residuum

of T defined for all z,y € [0,1] by
T (aly) = sup{a € [0,1] | T(a, @) < y}.

We recall the following basic properties of the residuum,
which will be used later in the paper:

(T1) T(zly)=1if and only if z < y;

(2;2) T(1ly) =y forall y € [0,1];

(?3) (Oly) =1 forall y € [0,1];

(T4) ify=0and z #0, then T (z]y) = 0;
(T'5) residuum is a non-increasing function with respect to

the first argument and a non-decreasing function with respect
to the second argument:
) > T (as

£1<x2:>?

y1<y2:>?$\y1 S?

III. FACTORAGGREGATION

In this section we recall the definition of a factoraggrega-
tion operator, which is based on a crisp equivalence relation.
This concept was introduced and studied in [11], [12]. Let us
start with the classical notion of an aggregation operator (see,

e.g., [11, [3], [SD.

Definition 4: A mapping A : |J,[0,1]" — [0,1] is called an
aggregation operator if and only if the following conditions
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hold:
(A1) A(0,...,0) =0;
(A2) A(1,...,1) =1;
(A3) forallmn e N for all Ty,...,Tn,Y1,--.,Yn € [0,1] :
$1§y1,---al‘n§yn:>
= Ax1,...,2n) < AY1,- .-, Yn)-

Conditions (A1) and (A2) are called the boundary conditions
of A, but (A3) means the monotonicity of A.

The general aggregation operator A acting on [0,1]”
where [0,1]? is the set of all fuzzy subsets of a set D, was
introduced in 2003 by A. Takaci [13]. We denote an order
on [0,1]” by <. The least and the greatest elements of this
order are denoted by 0 and 1, which are indicators of @ and
D respectively, i.e.

0(z) =0 and 1(z) =1 for all z € D.

Definition 5: A mapping A: |J, ([0, 1]°)" — [0,1]P is called
a general aggregation operator if and only if the following
conditions hold~ ~
(A1) A(0,...,0) = 0;
(A2) A( L) =1;
(A3) for all n € N for all p,.

vy My M1y ooy Tin € [07 1}D

B XMy o D Ny =

- A(M137Mn) j A(n17>nn)
We consider the case:

@ = n if and only if u(z) < n(z) for all z € D,
for 11, € [0,1]"

There exist several approaches to construct a general aggre-
gation operator A based on an ordinary aggregation operator
A. The most simplest one is the pointwise extension of an
aggregation operator A:

Ay, ey i) ()
where fi1, ..., i, € [0,1]P

= A(:ul(z)7 oty /J“Tl(z))v
are fuzzy sets and z € D.

A widely used approach to constructing a general aggre-
gation operator A is the T" - extension [13], whose idea comes
from the classical extension principle and uses a t-norm 7T’
(see, e.g., [8]):

A, piz, ooy pin) () =
= sup T(,ul(ul)a,uQ(uQ)v-~~a,un(un))'
T= A1, Uz, )
Here ju1,p2,...,pn € [0,1]° and z,uy,uo,...,u, € D,
where D = [0, 1

Another method of constructing a general aggregation
operator is factoraggregation [11], [12]. This method is based
on an equivalence relation p defined on a set D and allows to
aggregate fuzzy subsets of D taking into account the classes
of equivalence p, i.e. the corresponding partition of D.

Definition 6: Let A: |J,[0,1]" — [0,1] be an ordinary



aggregation operator and p be an equivalence relation defined
on a set D. An operator

A, (o, 117" = [0,1)”
such as

Ap(ﬂlvﬂﬂv cee aﬂn)(m) =

Alpa (u), p2(u), ...

= sup s tn (),

u€D:(u,x)Ep

where © € D and py, iz, ... pin € [0,1]P, is called a
factoraggregation operator corresponding to p.

The motivation of using the name factoraggregation for flp
is that p factorizes D into the classes of equivalence. Operator
A, aggregates fuzzy sets (i, [t2,..., 4, in accordance with
these classes of equivalence. In this construction for evaluation
of A,(p1, p2, ..., pn)(x) we take the supremum of aggrega-
tion A of values puq(uw),ua(uw),...,un(u) on the set of all
points u, which are equivalent to x with respect to p, i.e. we
consider all elements « € D such that (u,z) € p.

In our previous papers [11], [12] this construction was
used for the analysis of solving parameters for bilevel linear
programming problems with one objective on the upper level
PUY with the higher priority in optimization than multiple

objectives on the lower level PL = (P, Pf, ..., PL):

pY. yo(x) = co121 + ... + copxr —> min

PZ-L »yi(e) = e+ o+ cpry — min, i =1,n

D- 121 + ... + ATk Sbj7 7 =1m,
x>0, 1=1,k,

where k,I,m,n € N, aj;,bj,cqg € R, j = 1,m, 1 = 1,k,
1 =0,n,

and z = (x1,..,2x) € R¥, D c RF is non-empty and

bounded.

The factoraggregation was applied to the membership
functions of the objectives, which characterise how the cor-
responding objective function is close to its optimal value (see

[16]):

1, yi(z) <y,
yi(x) =y :
pi(x) = oty < y(x) < et
Y Y
0, yi(@) >y,
where y™" and y™** are the individual minimum and the

individual maximum of the objective y; subject to the given
constraints, ¢ = 0,n. The introduced operator aggregates
the membership functions on the lower level considering the
classes of equivalence generated by the membership function
on the upper level:

A(p1, ooy i) () = max
o (z)=po(u)

A(pr(w), ooy pin(u)), =€ D.
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In this case po generates the equivalence relation p,,,:
(U,'U) € Puo — ,LL()(U) = ,U/()(U).

The role of this equivalence in the construction of factorag-
gregation follows from the hierarchy between the objectives,
it was explained in details in [11], [12].

The factoraggregation operator is a general aggregation
operator. In the next section we generalize this construction
by using a t-norm 7" and a T-fuzzy equivalence relation E
instead of the crisp one.

IV. UPPER AND LOWER GENERALIZED
FACTORAGGREGATIONS

In this paper we modify the construction of factoraggre-
gation by using a T-fuzzy equivalence relation E in order to
obtain a 7T-fuzzy generalization of factoraggregation.

Definition 7: Let A: |J,[0,1]" — [0,1] be an ordinary
aggregation operator, T be a t-norm and E be a T-fuzzy
equivalence relation defined on D. An operator

AE,T: U([O, 1]D)n — [0, ”D

such as
s ,Un) (.23) =

u), A(/‘l(“)?ﬂZ(”% e

Apr(pa, po, ...
= sup T(E(=z,

ueD

(), (1)

where © € D and ji1, ji2, . . ., jin, € [0,1]P, is called an upper
generalized T-fuzzy factoraggregation corresponding to E.

Let us prove that the construction (1) gives us a general
aggregation operator. We must show that conditions (A1),
(A2) and (A3) are satisfied.

Proposition 8: Let A: |J,[0,1]" — [0,1] be an ordinary
aggregation operator, T be a t-norm and E be a T-fuzzy
equivalence relation defined on D. Operator Ag r given by
(1) is a general aggregation operator.

Proof: First we prove the boundary conditions:

1)

Ag7(0,...,0)(z) =
= sup T(E(x,u), A(0(u), . ..

ueD

— Sup T(E(.’]j’u), A(O, I 7O)) -
ueD
=sup T (E(z,u),0) = ﬁ(x),

ueD
2) - -
Apr(l,...,1)(z) =
= Sgg T(E(Jc,u) A(i(u), 7i(u))) =

= sup T(E(x,u), A(L ) 1)) =
ueD

= sup T(E(z,u),1) = sup E(z,u) = 1(z).
u€D ueD



To prove the monotonicity of A E,7 We use the monotonic-
ity of A and 7"

1=1,2,...,n =
= A(ui(u), ..., pn(u) <
< A(m(u),...,np(u)) forallu e D =
= T(E(z,u), A(p1(u),. .., pn(u))) <
< T(E(‘rvu)v A(nl(u)v s ’nn(u)))
forall z € D and forall ue D —
w), Al (u), ... pn(u))) <

uw), A(m (w), ..., mp(u))) forx € D =

i =15,

= sup T(E(z,
ueD

< sup T(E(z,
u€eD

— AE,T(”la ce. 7,U'TL) j AE,T(nlv s 777”)'

Now we will define another general aggregation operator
analogously to an upper generalized T-fuzzy factoraggrega-
tion, where instead of sup and 7" we use inf and
Definition 9: Let A: |J,[0,1]"
aggregation operator, be the residuum of a left-continuous

t-norm T, and E be a T-fuzzy equivalence relation defined on
D. An operator

Ap 7 U0, 17)" = [0,1)”

— [0,1] be an ordinary

such as

shn)(z) =

E(z, u)|A(p (v), pa(w), . ..

AE ?(,u‘la,u'%-"

= 1nf?

where ji1, lig, - .., ji, € [0,1)P and x € D, is called a lower
generalized T-fuzzy factoraggregation corresponding to F.

7//%(”)))7 2

Again, let us prove that the construction (2) is a general
aggregation operator.
Proposition 10: Let A: |J,[0,1]" — [0,1] be an ordinary
aggregation operator, T' be a left-continuous t-norm with the
residuum T', and E be a T-fuzzy equivalence relation defined
on D. Operator A, = given by (2) is a general aggregation
operator. ’
Proof: First we prove the boundary conditions, using the basic
properties of

1) _ _ -
Ay (0. 0)(a) =
= mf ? E(z,u)|A(0(u),...,0(u))) =
— inf T (E(z, u)|A(0, .., 0)) =
:ulgg? xu|0—0()
2) . . -
AE,?u, D) =
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=1nf?
:1nf7

ueD

E(z,u)|A(1,... 1)) =
(z,u)|1) = 1(z).

To prove the monotonicity of A g7 Weuse the monotonic-

ity of A and basic properties of ?

wi<m, i=12...,n =

— A(u(u), ...

< Alm(w), ...

— T(E (W) <
<T(E n(@)))

forallz € D and foralu e D —

i (w))) <

i (1)) <

7nn(u)) foralue D —
E(x,u)|A(pi(u), ...

E(z,u)|A(n(w),. ..

= mf? E(z,u)|A(pa(u), . ..

_1nf7 E(z,u)|A(m (u),...,nn(u))) for z € D =

— AE?(,U/laa/j/n) = AE’?(T]:[,... ,T]n)

It is clear, that for all pq,...,u, € [0,1]” and for all

x € D it holds

Ap (s in)(@) < Apa (), - pn (@) <

< Apz(pas - pn) ().

Indeed,
Al (), .o () =

= T(E(xa (E),A([Ll(l'), cee 7”%(1'))) <

< sup T(E(z,u), A(pr(u), - . - s pin(u))) =

ueD
=Apr(p,. .. ) (@);

A(pa (@), -, (@) =

E(z, )| A(p1(w), ..., pin(u))) >

s fin (w))) =

~T(E
> inf ?

2 inf E(z,u)|A(p (u), ...

= Ay 7 (e )@,

Let us note that the results of upper and lower generalized
T-fuzzy factoraggregations corresponding to E are extensional
fuzzy sets with respect to T-fuzzy equivalence .



V. NUMERICAL EXAMPLES

Now we illustrate the generalized T-fuzzy factoraggre-
gation with some particular numerical examples. Here and
throughout the paper the numerical inputs are taken from [9].

Let us consider the discrete universe
D= {xlv X2,T3,T4, xS}

and the following Tjs-fuzzy (T, is the minimum t-norm
equivalence relation E, given in the matrix form:

1 09 07 04 02
09 1 07 04 0.2
E=107 07 1 04 02
04 04 04 1 02
02 02 02 02 1

This equivalence relation is also T -transitive and Tp-
transitive, i.e. transitive with respect to the Lukasiewicz t-norm
T, and the product t-norm T'p respectively. Relation E has a
noteworthy feature: elements x4 and x5 are equivalent to other
elements with relatively lower degree, than elements x1, o
and z3. As will be seen from the further examples, this fact
has significant impact on the result of factoraggregation.

Let us take the following fuzzy subsets of D:

0.9 0.2 0.7 0.1
0.5 0.0 0.5 0.9
M1 = 0.6 , U2 = 0.2 y U3 = 0.1 , U4 = 0.2
0.8 0.6 0.8 0.8
0.3 0.9 0.6 0.5

Now we consider the minimum aggregation operator
A=MIN
and obtain the following upper generalized 7T-fuzzy factorag-
gregation:
Apr(p, p2, 3, pa) () =

= max T(E(z, u), min(p (u), pa(w), p3(w), pa(w)).

Taking T'=Tr, T = Ty and T = Tp we obtain as results
the fuzzy subsets pr, , pr,, and pr, respectively:

0.1 0.4 0.24
0.0 0.4 0.24
/,LTL = 01 , I’LTM = 04 3 MTP = 024
0.6 0.6 0.6
0.3 0.3 0.3

First, let us note, that the result pr at points x4 and x5 does
not depend on the choice of the t-norm. It could be explained
with low degrees of equivalence for these points with respect
to other elements. Therefore the result of factoraggregation is
not effected by these other elements. Second, the values of up
at points z1, x2 and x3 depend on each other, since the degree
of equivalence between any two of these points is relatively
high, and at the same time the results of ordinary aggregation
of u1(x), pa(x), ps(x) and pg(z) at these points are relatively
small.
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Taking as an ordinary aggregation operator the arithmetic
mean aggregation operator A = AV G, we obtain the following
upper generalized T-fuzzy factoraggregations respectively:

AE7T(M1aM27M37I~L4)(5€) =
= max T (E(z,u), AVG(p1(u), pa(u), p3(w), pa(u))).

ueD

Taking T'=Tr, T = Ty and T = Tp we obtain as results
the following fuzzy subsets:

0.475 0.475 0.475
0.475 0.475 0.475
pr, = 10275 |, pp, = | 0475 |, pr, = | 0333 |
0.750 0.750 0.750
0.575 0.575 0.575

Here again, one can see, that the result up at points x4
and x5 does not depend on the choice of the t-norm and is not
effected by other points z1, o and z3. The values of the upper
generalized factoraggregation at points x; and x5 depend on
each other because of the high equivalence degree between
these two elements. The dependence of the value of ur at
point x3 on the values at points z; and x5 is effected by the
choice of the t-norm.

Similarly, we will calculate several results for the following
lower generalized T'-fuzzy factoraggregation:

AEy?(MhM%M&M)(ﬂ?) =

= min T (B, u) | AV G (1 (1), (), s (), s (1))

Residua of left-continuous t-norms 77, Th; and Tp are
given by

T Rt x <y,
L(xy)_{l—aﬂ—y, x>y
T L xz<uy,
M(l“\y) = { y, >y
T Rt z <y,
plal) ={ 0 ISV

As a result we obtain the fuzzy subsets B > B and
H respectively:

0.475 0.275 0.393
0.475 0.275 0.393
p= = 1027 |, u= =027, u= = {0275
7 0.750 ERY 0.275 Eie 0.688
0.575 0.575 0.575

In this case the low degree of equivalence has major impact
only at point x5. The result of the lower generalized T-fuzzy
factoraggregation at point x4 now is also effected by other
elements x1, o and x3, while changing the t-norm.



VI. THE CASE OF CRISP EQUIVALENCE RELATION

Let p be an equivalence relation defined on a set D. We
take £ = I, where

(1, (z,y) €p,
Ep(””’y)‘{o, (z.9) ¢ p.

and obtain A E, T = flp for any t-norm 7"

b)) () =

= Sup T(Ep(xa U), A(Ml(u)7 SR
ueD

AEP,T(,UJ’ e

= sup T(laA(Ml(u)v'“’/in(u))) -
u€D:(u,x)Ep
=  sup  A(pi(w),...,pn(u)) =
u€D:(u,x)Ep
= ‘Zlﬂ(u'lv LR 7/-1/71)(3:)

for all py,...,pu, €[0,1]F and = € D.

Numerical evaluation of the value AEp,T(ul,...,un)(a:)
can be reduced to the problem

o — min
{ Alpa(w), - pn(u)) < @ 3)
(u,z) € p, weD.

If we apply the crisp equivalence relation F, in A g 7 for
any left-continuous t-norm 7" we obtain the following formula:

AEP)?(:U’M v 7#11)(:1:) -

= inf T (B, )| A (0), i) =

= ol T A ) () =
= ueD:i(Igz)epA(Ml (u)’ s 7”71(“’))

for all i1, ..., 4, €[0,1] and z € D.

By analogy with the previous case, numerical evaluation of
the value AEP,? (41, -y pir) () can be reduced to the problem

o —> max
{ Alpa(w), s pn(u)) = o, @
(u,z) € p, weD.

Let us note that problems (3) and (4) in the context
of our investigation presented in [11], [12] can be solved
by linear programming methods. Dealing with bilevel linear
programming problems (BLPP), the use of factoaggregation
provided us a possibility to evaluate the degree of optimization
of the lower level objectives on the set, where the upper level
objective reaches its prior defined degree of optimization. This
evaluation in [11], [12] was taken as a basis for further analysis
and adjustment of BLPP solving parameters.
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VII. CONCLUSION

In this paper we introduced two aggregation operators
which act taking into account a fuzzy equivalence relation:
upper and lower generalized factoraggregations. In the case
of a crisp equivalence relation the upper factoraggregation
operator was successfully applied for the analysis of bilevel
linear programming solving parameters in [11], [12]. We hope
that the proposed generalization of factoraggregation will help
us to investigate bilevel linear programming problem in the
context mentioned above for the case of imprecise information.
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