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Interpolative GCD Aggregators

Jozo Dujmovi¢

Abstract—This paper investigates the structure and
properties of interpolative generalized conjunction/disjunction
(GCD) aggregators. The main advantage of interpolative
aggregators is the possibility to include suitable properties and
to exclude inconvenient properties of aggregators. Using this
method we can create new forms of logic aggregators by
interpolating between heterogeneous base aggregators, i.e.
aggregators that belong to different families and have different
logic properties. The resulting interpolative aggregators then
extend the desirable properties inherited from the base
aggregator classes. We propose a general interpolative GCD
aggregator (IGCD) and its important uniform special case.
IGCD can be used to build compound aggregators and complex
logic aggregation structures with suitable logic properties.

I. INTRODUCTION

GGREGATION operators are important components of
many decision models. In the case of decision models
that are used for evaluation and comparison of complex
systems and alternatives the basic properties of logic
aggregators include monotonicity, internality, idempotency
and compensativeness. In addition, such aggregators must
express different degrees of importance of individual inputs,
and consequently they must be commutative only in the
special case of equal importance, and in all other cases they
must be noncommutative. Logic aggregators that have such
properties are regularly implemented using means [12][4] and
called averaging functions or averaging aggregators [1][13].
In mathematical literature [15][13] the process of
aggregation is considered using any nonempty real interval,
bounded or not. In the case of logic aggregation we are only
interested in aggregation within the unit hypercube. So, we
have a vector of continuous logic variables x = (x,...,x,),

x;el, i=1,.,n, I1=[0,1] and the aggregation function

/1" = I, n>1. Not surprisingly, there are many families of

aggregation functions and to include all of them the
aggregation functions are defined in [1] and [13] very
generally as functions that are nondecreasing in each
argument and satisfy two boundary conditions as follows:

vxel", Vyel”, n>1, x<y = f(x)<f(y)
£(,0,..,00=0, f(1,.,)=1.
(x <y denotes x; < y;, i =1,...,n ; however, if Vi: x; <y,
and Jje {l,..,n}: x; <y;,thatis denoted X<y, x#y).

Two significant families of aggregation functions that are

Jozo Dujmovi¢ is with the Department of Computer Science, San
Francisco State University, 1600 Holloway Ave., San Francisco, CA 94132
USA (phone: 415-338-2207; fax: 415-338-6826; e-mail: jozo@sfsu.edu).

978-1-4799-2072-3/14/$31.00 ©2014 IEEE

closely related to logic operations are conjunctive and
disjunctive aggregators implemented using t-norms and
t-conorms and the averaging aggregators that are
implemented using means. Both families provide models of
simultaneity and substitutability (replaceability) [10].
However, models of simultaneity and substitutability
implemented using t-norms and t-conorms are strong in the
sense that comjunctive aggregation functions satisfy
f(x) <min(x) and disjunctive aggregation functions satisfy

f(x) 2max(x) [1] [13], where min and max denote the

pure/full conjunction min(x)=min(x,...,x,) and the

pure/full disjunction max(x) = max(x;,...,x, ). As opposed to
that, the averaging aggregation functions are weaker in the
sense that an aggregator is considered predominantly
conjunctive if min(x) < f(x) <mid(x) and predominantly
disjunctive if mid(x) £ f(x) < max(x) , where mid denotes

the arithmetic mean mid(x)=(x+...+x,)/n , and

f(x)=mid(x) only if x =...=x, and in all other cases
f(x) < mid(x). A related fundamental difference between

these families is that averaging functions support internality
and idempotency, and t-norms and t-conorms are not
idempotent. In the evaluation area idempotency is a necessary
property: if all components of a system have the same value
(same suitability degree), then that value is the overall value
of the whole system. Since the averaging functions by
definition satisfy internality min(x) < f(x) < max(x), then if

fl,x,..,x)=x
(idempotency is a consequence of internality and
monotonicity). The last fundamental difference between the
averaging aggregators and t-norms/conorms is the strict

xel and x=(x,x,..,x) we have

monotonicity of averaging aggregators inside I”

Interpolative logic aggregators are applicable primarily in
evaluation and consequently, in this paper we focus on the
family of averaging aggregators.

The paper is organized as follows. In Section II of the
paper we introduce a set of definitions that characterize logic
aggregators. In Section III we analyze additive properties of
andness and orness indicators. Development and properties
of interpolative GCD aggregators are presented in Section [V
and Section V.

II. PROPERTIES OF LOGIC AGGREGATORS

In the context of logic aggregation of degrees of preference
(or suitability, or degrees of fuzzy membership), we use logic

aggregators A:1" — I, n>1 that generalize classic Boolean
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logic operations and have the following properties:

Definition 1. A logic aggregator A:1" — I is an averaging

function that satisfies (a) strict monotonicity inside I", (b)
continuity, (c) internality, (d) idempotency, (e)
compensativeness, and (f) boundary conditions, as follows:

(a) Vxel", Vyel”, x<y = AX)< A(y)
vxelo, [, Vyelo,l[", x<y, xzy = A(x)< A(y)
(b) Vxel", Vyel”, x<y, Vce[A(x), Ay)] =
Jze 1",
() VxelI" = min(x,...,x,)< AX) < max(x;,...,X,)
(d) Vxel = A(x,x,..,x)=x
() VxloIl, Vx; el0,If, i# j, 35, €l0,1[ =
A(xp,eenX

i

x<z<y, A(z)=c

_Sl‘,...,xj' +8j,...,.xn):

A(xl,...,xl-,...,xj,...,x,,), 0<g; <o
(f) 4(0,0,..,00=0, ALlL..,1)=I.
Note 1. For this type of aggregators, idempotency is a direct
consequence of internality and the boundary conditions are a
direct consequence of idempotency.
Definition 2. Logic aggregators are symmetric
(commutative) if they generate the same result for any
permutation of arguments; if not, they are asymmetric
(noncommutative):

Viefl,...n}, Vjell,.,n}, i# ], x;#x; =

y ) . <
i 0<x‘1 +g; <1

A(...,x,-,...,xj,...) =A(, Xy X;y.00) , OF
A(...,xi,...,xj,...) § A(...,Xj,...,xi,...) .
Note 2. Asymmetry is indispensable for supporting semantic
aspects of aggregation, primarily for modeling different
degrees of importance or arguments. Asymmetry is usually
realized using different weights of aggregators and in such
cases the symmetry is a special case that corresponds to equal
weights.
Definition 3. A logic aggregator A is conjunctive if it is
concave in each argument:
Yte I, Yae I, Vbe I, a#b,
Vie{l,..,n}, x;=ta+(1-1)b =
A(X] ooy Xy ooy X)) 2 LA(XY s @y X))+ (1= A(Xy 500 B0, X))
Definition 4. A logic aggregator 4 is disjunctive if it is
convex in each argument:
Vte I, Yae I, Vbel, a#b,
Vie{l,..,n}, x; =ta+(1-1)b =
AX e X e X)) SLAQKY ey @y X )+ (=) A0, b, ., X))
Definition 5. A logic aggregator 4 is neutral if it is both
concave and convex:
Vte I, Yael, Vbel, a#b,
Vie{l,...n}, x; =ta+(1-1)b =
Aoy Xy X)) = LA(XY 5 s Ay X ) (1= 1) A(Xq, 00,0, X,
Definition 6. A logic aggregator A has annihilator ae [ ina
specific argument x;, i€ {l,..,n} if forx; =aand Vx; eI,

j#i we have A(xp,...,x;,....,x,)=a . Otherwise, 4 is an

aggregator without annihilator in argument x;, i € {l,...,n} .
Definition 7. A logic aggregator 4 has homogeneous
annihilators if it is without annihilator in all arguments, or if
it has the annihilator @ in all arguments (Vie {l,...,n}, x; =a
and Vx;el, j#i = AX)=a).

Definition 8. A logic aggregator 4 has heterogeneous
annihilators if it has the annihilator ¢ in a subset of
arguments, and it is without annihilator in all other
arguments.

Definition 9. A conjunctive logic aggregator 4 with
homogeneous annihilators is hard, if it is has the annihilator 0
in each argument:

Viedl,..,n}, x; =0, X; 20,j#2i = A(x,....X;5.5X,) =0
A hard conjunctive logic aggregator is called a Hard Partial
Conjunction (HPC) if A(x)>min(x) , x#Xx=(x,....,X) ,
xe I (the arguments are not all equal).

Definition 10. A conjunctive logic aggregator 4 with
homogeneous annihilators is soff, if it is without the
annihilator 0 in all arguments:

Viedl,..,n}, x; >0, X =0,j#i = A(X),..sX;5.05%,) >0
A soft conjunctive logic aggregator is called a Soft Partial
Conjunction (SPC) if A(x)<mid(x) , x#x=(x,...,X) ,
xel.

Definition 11. A parameterized conjunctive logic aggregator
A that has homogeneous annihilators and can be either hard or
soft is called a Partial Conjunction (PC). PC satisfies the
condition min(x) < 4(x) < mid(x), x#x=(x,...,x), x€ 1.
A symmetric PC is symbolically denoted A(x)=xA...Ax,
and the asymmetric version is A(x; W) = Wjx|A...AW,x,, .
Definition 12. A disjunctive logic aggregator 4 with
homogeneous annihilators is kard, if it has the annihilator 1 in
each argument:

Vie{l,..,n}, x; =1, X <L jzI = AX), e Xjyen Xy ) =1
A hard disjunctive logic aggregator is called a Hard Partial
Disjunction (HPD) if A(x)<max(x) , X#X=(xX,...,X) ,
xel.

Definition 13. A disjunctive logic aggregator 4 with
homogeneous annihilators is soft, if it is without the
annihilator 1 in all arguments:

Viedl,..,n}, x; <1, X =1L, j#i = AX],erXjyeen X)) <1
A soft disjunctive logic aggregator is called a Soft Partial
Disjunction (SPD) if A(x)<max(x) , x#X=(x,..,X) ,
xel.

Definition 14. A parameterized disjunctive logic aggregator
A that has homogeneous annihilators and can be either hard or
soft is called a Partial Disjunction (PD). PD satisfies the
condition mid(x) < A(x) <max(x) , x#Xx=(x,..,x) ,
xel . A symmetric PD is symbolically denoted
A(x)=xV..Vx, and the asymmetric version is

AX; W) =W V.VIW,x,.
Definition 15. A conjunction degree or andness o€ / is a
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degree of similarity between a symmetric (commutative)
logic aggregator A(x) with homogeneous annihilators and
the pure conjunction; its fixed values are:

0, if A(x)=max(x)

a=1 Y, if A(x)=mid(x)

1, if A(x)=min(x)
Andness can also be interpreted as a degree of membership of
a logic aggregator in the fuzzy set of conjunctive aggregators.
Definition 16. A disjunction degree or orness me / is a
degree of similarity between a symmetric (commutative)
logic aggregator A(x) with homogeneous annihilators and
the pure disjunction; its fixed values are:
0, if A(x)=min(x)
Y2, if A(x) = mid(x)
I, if A(x)=max(x)
Orness can also be interpreted as a degree of membership of a
logic aggregator in the fuzzy set of disjunctive aggregators.
Definition  17.  Simultaneity and  substitutability
(replaceability) are complementary properties. Consequently,
andness and orness are complementary indicators: a+w=1.
Definition 18. The threshold andness og is the lowest

w=

andness of the hard partial conjunction.

Definition 19. The threshold orness g is the lowest orness
of the hard partial disjunction.

Definition 20. The partial conjunction has the andness in the
range ¥2<a<1 . In the range Y2<a<ag the partial

conjunction is soft and in the range ag <a <1 the partial

conjunction is hard.
Definition 21. The partial disjunction has the orness in the
range 2<w<1 . In the range %2<w<wy the partial

disjunction is soft and in the range wy <® <1 the partial

disjunction is hard.

Definition 22. A logic aggregator is called the Generalized
Conjunction/disjunction (GCD) if it has homogeneous
annihilators and supports all values of andnessa.e / and all
values of orness we I . Thus, GCD supports the full (pure)
conjunction (min(x)), PC, neutrality (mid(x)), PD, and the
full (pure) disjunction (max(x)). The continuous transition
from conjunction to disjunction is realized by selecting
appropriate values of andness/orness.

Note 3: GCD can be symmetric or asymmetric. Andness and
orness are defined for symmetric version of GCD. The
arguments of GCD have weights, and in the case of
symmetric version of GCD all weights are equal:
Wi =..=W,=1/n . Asymmetric versions of GCD are
realized using two or more weights different from 1/n. A
symmetric version of GCD is symbolically denoted
A(x)=x0..0x, and the asymmetric version is
AX; W) =W x0..0W,x,, .

Definition 23. GCD is uniform if each of its principal special

cases (HPC, SPC, SPD, and HPD) partitions the region of
andness/orness in equal parts (1/4 for each of them). In other

words, the uniform GCD is characterized by ag =g =3/4.
If HPC, SPC, SPD, and HPD partition the region of

andness/orness in parts that are not equal, then such a version
of GCD is nonuniform.

III. ADDITIVITY OF ANDNESS AND ORNESS

Three basic definitions of andness and orness are:
(1) The local andness/orness [5]:
X V..vx, —A(x)

aé(x): B
XI V... VX, =X A A X,

AX) =X AL AX,

oy (x)=1-0,(x)=
XV VX, =X ALLAXy,

(2) The mean local andness/orness [5]:
o = L,, oy (x)dx;...dx,

= J.I”

X V..vx,—AX)

dxy...dx,

X VoV X, =X A A Xy,

AX) =X AL AX,

(3) The global andness/orness [7]:
B II” (q V...vx,)dx..dx, _II” A(X)dx;...dx,,

g~ I[,, (v V..oV x,)dx,..dx, —Ln (o AveeA Xy, )dxy .. dx,

w, =1-0,
-[1” A(x)dxy...dx, _II” (g AeoAXy,)dxy..dx,

- II” (v V...V x,)dx,..dx, _-[1” (o AveeA X, )dxy..dx,

According to [6] we have

1
jn(xlA...Ax )dxy...dx, = —
I n n
n+1 (1)

n
[n Gy v v x, )d dx, = —

Consequently, using (1) the global andness/orness can be
written as follows:

_n- (n+ DJ‘I” A(X)dxy...dx,

a
8 n—1 )
(n+ I)Ln A(X)dx;...dx, —1
- n—1
Let us now consider compound logic aggregators that are a
linear combination of k£ component aggregators:

k k
A(X):ZpiAi(X)a 0<pi <1a Zpl =1
i=1 i=1

cogzl—ag

X V..V x, = 4;(x)
o (X):
g xl\/...\/xn—xl/\.../\xn ’

X V..V x, = 4;(X)

a(l- = J.]” dxl...dxn .

X V.V X, =X A A X,

_n- (n+ I)Ln A;(x)dx;...dx,
& n—1 ’
The local andness/orness, the mean local andness/orness,

o
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and the global andness/orness are additive indicators. Let us
now prove the andness/orness additivity theorem.

Theorem. For compound logic aggregators that are a linear
combination of &k >1 component (base) aggregators the
compound andness/orness is the same linear combination of &
component andness/orness indicators:

k k
AX)=Y piA4i(x), 0<p; <1, > p;=1
i=1 i=1

k k
oy (x) =Y piog(X), ©,(X)= pio,(x),
i=l i=1

k k
) =2 pid;, ©) = pi®y;, 3)
i=l i=1
k k
Og = _lel'“gi’ g = lei“)gi
= =
Proof.
X V..vx, —A(x
Otg(X) — 1 n ( )

X VoV X, =X Al A Xy,

k
X V.V x, = pidi(X)
_ i=1

XV VX, =X A AX,

k k
S pi(xqv.a.vx,)= pidi(x)

_i=l i=1

XV VX, =X ALLAX,

k X V.V X, — A:(X) k
1 ee

=2 (Pi — =2 Py (X)

i=1 i=1

Furthermore, in the case of mean local andness we have

k — 4
(Pi X V..V x, —4;(x) del...dxn

Oy =J.[’1z
i=1 X V.. VX, =X A A Xy,

XV VX, =X AL AXy,

u X V.V X, = 4(X) koo
:zpiJ[” ! z ! dxl...dxn :zpia/i
i=1 X VeV Xy =X Al A Xy =
According to (2), in the case of global andness we have
n n+l. &
Oy =—————/|m A (X)dx; ...dx
A | n_l.'.[ iz:lpl z( )dl n

k

n n+1

pi——— 2 Pi—— [ n 4 (X)ddx;...dx,,
n—1 n—1

i=1

M~

I
—_

1
n n+l1 k
z Di [E_EI[" A; (x)dx;..dx, ) = Ei ity

Since orness is the complement of andness the proofs for
orness directly follow from the proofs for andness; e.g.:

Il
M-

k k k k
ug :1—Q)g = Zpiagi = Zpl‘(l—ﬁ)gl’) = zpl _Zpiwgi
i=1 i=1 i=1 i=1

k k
=1-2 piwg = 0g =2 Py -
i=1 i=1
IV. INTERPOLATIVE LOGIC AGGREGATORS

The additive local, mean local, and global andness/orness are
different metrics of simultaneity and substitutability. The

global andness/orness is the simplest and the most frequently
used indicator. For simplicity, let us now assume that o and ©
denote the global andness and orness. An aggregator A,
parameterized with the global andness o and denoted
A(x;a), can be interpolated between the base aggregators

A (x;0q) and 4,(x;0,) as follows:
Ax;0) = pA(x;00)+(A-p) 4 (x505), pel
a=poy+(1-ploy, ©=po;+(-po,.

In this case the base aggregators 4 (x;0,) and 4, (x;0,) are

interpreted as fixed bounds of an interval and
(assuming a; <o, ) inside the interval we use the linear

Thus,
A(x;a) can be interpreted as an interpolative aggregator with

interpolation yielding o) <a<a,, 0 <0<

the range of andness o€ [ay,0,].

In many applications it is convenient to use andness and
orness as parameters of interpolative logic aggregators. If we
define p=(ay—a)/(ay—0y) , I-p=(a—a;)/(ay—-0y),
then a parameterized interpolative logic aggregator can be
defined using andness (or orness) as its parameter, as follows:
(0 —a) A (x50q) + (o —ay) Ay (X;05)

Oz 0y

A(x;a) = , 0 <a<a, (4)

For example, A(xy,x,;3/4) can be interpolated between

Al(xl,x2;2/3) =\ XX

follows:

and 4 (x,x;)=x Axy as

(1=3/4)Jxxy +(3/4=2/3)(x; AXy)
1-2/3

3 1 3 1
==X X +— (X AXp), O=—0;+—0y) =
PR 4(1 2) PR

A(x),x233/4) =

.g.’_ 1:3
3 4

Slw
I

V. INTERPOLATIVE GCD

The selection of threshold andness and threshold orness are
fundamental decisions in the development of GCD. The most
frequently used model of GCD is based on weighted power

WPM) MU W) = lim(Wxf +..+ W, xS,

Nerdd
, W=W,..w,) , 0<W; <1, i=L...,n ,
2.1 W; =1[4][10]. In this case 0y =2/3,and wg =1, i.e. the

value of ag is rather low and the value of wqis too high, so

mean

—o0 < 7 < Hoo

that the only hard partial disjunction is the pure disjunction
max(xy,...,X, ) . Therefore, WPM is a nonuniform aggregator.

Evaluators can be trained to efficiently use WPM as a logic
aggregator in applications [8], but there is no evidence that this
is the most suitable among many means [1][4][12] that can be
used as logic aggregators. A natural way to approach this
problem is to first investigate what is the distribution of
threshold andness in human reasoning and then to specify
requirements that the GCD aggregators should satisfy.

An empirical analysis of the distribution of threshold
andness in intuitive human reasoning [11] shows that 80% of
both experts and non-experts suggest the range
0.71< 04 <0.91 and the mean value ag =0.81. So, there is a

clear interest to have an interpolative GCD aggregator

1781



(denoted IGCD) that provides independently adjustable values
of the threshold andness and the threshold orness.

In a general case of n attributes we can use the interpolative
aggregator (4) to first create a threshold aggregator that is
interpolated between the base aggregators of the geometric
mean Ag,, (X;0g,.,) and the pure conjunction 4., (x;1) :

(1-019) Age (X3 0gey ) + (0l = Cgey ) Ao (X51)

l—ageo

Ay (x;09) =

E)

Vie {l,.,n}, x; =0, x; 20, j#i =

Ay (Xp5 e X5 X309) =0, Qg S0 <1

The threshold aggregator has the annihilator 0 and provides a
wide range of threshold andness; using (1) and (2) we have

. _ln
Ageo(x’ageo)_xl
1/n 1/n
n—(n+1)IInxl Xy, dxy..dx,

n—1

_n_ (nt)) ( n "o [_n -l
n-1 n-1 \n+l n—1 n+l1

1 3 _on n Y

a0 =0u0 =55 (041)

1/n 1/n
1 ."-xn

xl/n

n >, n>1

Ogeo

(I-og)x +(a6—ugeo)(xl A AXy)

®

Ay (x;09) =

n n n—1
o 1_(_] <up <1
n-—1 n+l1

In general asymmetric cases the threshold aggregator is using
weights that are not all equal tol/n :

geo

m W,
(I=0g)x; '+ xy ™ +(0g = Olgey )(X) A A, )

4y (x; W, 09) =
Wgeo

Ogep S0 <1 ®)
We can now use the arithmetic mean, the threshold
aggregator (5) and the pure conjunction as the base
aggregators for an interpolative GCD. Let
C,(x;W,a,0q),%2<a<o0g denote the SPC with the

threshold andness oy . By interpolating between the neutrality
(weighted arithmetic mean) and the weighted threshold
aggregator Ay(x; W,0g) we have:
(og —o)mid(x; W)+ (a—1/2) 4y (x; W, 04)
ag—1/2
mid(x; W) = Wx; +...+ W, x, (6)
0<W; <], Wi+.+W,=1; Y2<a<ay.
Using similar notation, the HPC Cj,(x; W,0,04), ag Sa<1
should be interpolated between the weighted threshold
aggregator A(x; W,aq) and the pure conjunction:
(I-a)A4g(x; W,09) +(a—0g)(x) A...AX,,)
I-ay

Cy(x; W, 0,0q) =

i=1,..,n,

C,(x; W,a,0q) =

ag <oa<l (7
According to (2), the global andness of an interpolative
aggregator A(x; W,a) has the following properties

n—(n+ I)Ln A(x; W, 0)dx;...dx,
n—1
n—(n+ I)Ln AQ-x; W, a)dyx;...dx,
n—1
Since (n+ l)j'[n AX; W, )dx,..dx, =n—(n—1o , we also

=a, W=(1/n,..,1/n)

=a

have
n=(n+1)[,n (1= A(x; W, 0))dx,...dx,
n—1
_n=(n+D)+(n+1) [n ACG W, 0)dx; ...dx,,

n—1
=—1+n—(n—l)a=1_a )
n—1

n—(n+ 1)j'1,, (1- A1 —x; W, 0))dx; ...dx,
n—1
n—(n+ 1).[1” A(x; W,1-a)dyx;...dx,
n—1
From (8) we get De Morgan duality for GCD:

=1—-0a

AW, 1-0)=1-A(1-x;W,a)

W) . ©)
x;W,0)=1-401-x; W,1-0a)

Partial disjunction can be developed using the same
method as the partial conjunction. The simplest way is to
select a desired value of the threshold orness wg and then to

create the PD D(x; W, a,mg) as De Morgan dual of the PC
C(x; W,a,aq ) that has the threshold andness 0y = 0y =0:

D(x;W,0,0)=1-C1-x;W,1-0,0), O0<a<¥

10
C(x;W,0,0)=1-DA-x;W,1-0,0), Yo<a<l1 (10)

E.g., for desired threshold 6, ag,, <6 <1we can use WPM

and create the SPD D, (x;W,a,0) and the
HPD Dj, (x; W,a,0) using Cy(x;W,0,0) and C;,(x; W,a,0)
as follows:

D, (x;W,0,0)=1-C,(1-x;W,1-0,0), 1-0<a <

11
Dy (x;W,0,0)=1-C,(1-x;W,1-0,0), 0<a<1-0 (i

De Morgan duality is used in (10) and (11) for
ae 7\{0,%,1} but it obviously holds in the whole range

a€ [ . Using formulas (5)-(11) we can now define a general
interpolative GCD aggregator IGCD(x; W, a, 0, g )
which has independently adjustable threshold andness ag and

threshold orness ®q as shown in formula (12).

1782



IGCD(x; W, a,0q,0q)

X V..VXx,, a=0 [Pure disjunction]
a f l-o- 0tgeo /n\ . .
1- H(l x) +——/N\(-x), 0O<a<l-mg  [Hard partial dis.]
Ogeo =1 1- Ogep =1
—-l+a 2 - 1- L
-2 “zwa x)+ f‘ 1790 oy 20 e /\(1 x)|, 1-wg<a<¥ [Soft partial dis.]
(09 - i=1 2| 1- Ogeo i=1 Ogeo
=<Wx; +..+W,x, a=1% [Neutrality]
n
—o N _1 1— n . Og—a
% Z o inxiwl 49 g0 A\ x|, Ya<a<og [Soft partial con.]
Og —1/ _ (Xe =% 1 (Igeo i=1 1 (lgeo i=1
I-a & A
Hlei + g0 \ X, ag <a<l [Hard partial con.]
1 Ogeo i=1 ~Ogep =1
X]AAX, a=1 [Pure conjunction]
n n n—1
ageozm 1—(mj s Ogey SOg ST, O, Swp <L 0<W; <1, i=L.,n, Wj+..+W, =1, n>1 (12)
TABLE L
DECOMPOSITION AND SPECIAL CASES OF THE UNIFORM INTERPOLATIVE GCD
Aggregator UNIFORM INTERPOLATIVE GENERALIZED CONJUNCTION/DISJUNCTION
decompo-
sition a{)nd Conjunction (models of simultaneity) Disjunction (models of replaceability)
special Pure Partial conjunction Neutrality Partial disjunction Pure
cases Con. ' ' o L Dis.
Hard partial con. Soft partial con. Soft partial dis. Hard partial dis.
Symbol C CH+| CH | CH- | CS+ CS | CS- A DS- | DS | DS+| DH-| DH | DH+ D
131 6 11 3 9 | 4 1 3 S |2 3 1 1
Andness ! 4 | 7 |4 | 7| 147 2 7 14| 7 | 14| 7 |14 0
1 1 3 2 S5 | 3 1 4 9 | 5 11 6 13 1
Orness 0 4 | 7 |14 |7 |14 7 2 7 | 14| 7 | 14| 7 |14

GCD decision steps:

1. Form: conjunction
or disjunction or
neutrality?

2. Type: partial or full
(pure)?

3. Mode: hard or soft?

4. Level: low or
medium or high?

v
A D

Fig. 1. A simple form-type-mode-level decision process for selecting a uniform interpolative GCD aggregator.
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Note that IGCD(x; W, a,0¢4,0g) must be idempotent, and

it is a weighted sum of idempotent functions:

IGCD(x; W, 0, 09, 09) = O3 Wix; + R[] ’+T/\x (13)
i=1 i=l i=l
Consequently, if we insert x=Xx=(x,...,x), xe [ in (13),

then we have that the sum of weights must be 1:

IGCD(x; W, 0, 04,0q) = x = Q(a, 0, 09 )X + R(a, 0y, 09 )X
+T'(a,0g,09)x
" 0(a,0p,00) + R(a, 0, 0¢) +T(0, 09, 09) =1

In addition, if we insert W =W = (%, ,%) and use (3) to

compute the andness of (13) we have the following:

n

n—1
=%Q(a,ae,we)+ni{l—(—j }R(u,ae,me)

-1 n+l

+T'(0,0q,0)

A natural next question is related the selection of threshold
andness and threshold orness, and the definition of special
cases of GCD.

Generally, the region of hard partial conjunction can have
a different size than the region of soft partial conjunction
(09 #3/4) . Similarly, the region of hard partial disjunction

can have a different size than the region of soft partial
disjunction (wg # 3/4). In addition, the conjunctive special

cases of GCD need not necessarily be symmetric to the
disjunctive special cases (og # 0g) .

In the absence of convincing arguments justifying the need
for nonuniform distribution of hard and soft partial
conjunction and disjunction, or the need for asymmetric
conjunctive and disjunctive properties of GCD, a default
form of GCD should have symmetric PC/PD and uniform soft
and hard ranges: ag = wg =3/4 . This value is close to the

empirical mean value oy = 0.81 and inside the interval [0.71,
0.91] defined as [og—o0, 0y +0] where o denotes the
standard deviation of the empirical distribution of ay .

A Uniform Interpolative GCD (or UIGCD) is presented
in Table I. The proposed UIGCD uses seven levels of
simultaneity and seven levels of replaceability, providing
easy and reliable choice of the most appropriate level [14]. In
most cases the selection process consists of four easy steps
illustrated in Fig. 1. Therefore, there are two binary decisions
and two ternary decisions, what might an ultimate level of
simplicity in selecting the most appropriate version of a GCD
aggregator. The UIGCD aggregator should be a default
version of GCD, suitable for a wide variety of users,
including those that are not professional decision analysts.

In the special case of two variables UIGCD takes the
following form:

UIGCD(x; W, a,4 4)

1-3a(l—x)" (1= )2 —(1=30)[1= (v x,)]

1= (4o —=1)(1 =W = W) =30 (1—x) "1 (1= ) "2 -

= -y vx)], L<a<d
(3= 4a) (W, +Wyxy) + 923 112 4 2051 (3 A xy)
1<as<3

(3—3(1)er1gi2+(3(x—2)(x1/\x2), %Saﬁl

0<W <1, O<W, <1, W,+W, =1 (14)

According to (14), the 15 special cases of UIGCD
aggregators presented in Table I are the following:

Clx, %) =X AXp

CH (x,x) =22/ 1) +

ll
75 X 1 (X1 AX)
CH 32 44
(x,xy) = x1 Ty 2 +2 (xl AXy)

M,

CH™ (xl,xz)——x1 Xy ﬁ(xl/\xz)

m _w;
CS™ (x1,%y) =7(Wlx1 +W2x2)+%x1 Txy 2 +%(x1 AXy)
m W
CS(x, %) =2 (Wyx +Waxy) +2 3 1x) 2 +1(x A xy)
CS™(x,:) =2
A(XI,X2)=VVI.X1 +W2X2

DS (x,%) = 1-3(1- W

3 M1
(Mxy +Waxy)+37 371Xy 2 4176 AX)

—W2x2)+
+ 2 1= 1=x)"2 + L 1= (v xp)]
DS(x1,%,) = 1=2 (1= Wx; = Wpxy) +
+3(1-x)"1 (1= x)"2 +1[1- (3 v xy)]
DS" (3, %)) =1 =2 (1= Wx; =W xy) +
+ 2 1= 1=x)"2 + 2 [1- (3 v xp)]
[1—(x1 VX))
3(1-x)(1-x,)" ——[1—(x1 vx)]

[1 — (xl A\ x2 )]

DH™ (xj,xp) =1-2-(1=x)"1 (1= x,)"2 =
DH(X],Xz)Zl—
DH* (xj,x) =1-3-(1=x)"1 (1-x,)"2 -

D(xp,x) =x; VX,

0<wW <1, 0<W, <1, Wj+W, =1 (15)
The presented aggregators illustrate a situation where the
threshold andness and the threshold orness do not need to be

below the value of a,,, . Experiments with human decision

makers indicate that this is almost always acceptable. The
selection of basic aggregators that we used (the arithmetic
mean, the geometric mean, and the minimum function) is
convenient because of the availability of function o, (1)
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for all values of n.

In cases where the computational simplicity is a primary
goal, it is suitable to use the harmonic mean as the threshold
andness aggregator:

oy —o

-05(w W
(Wi, + W)y )+ e LA
(xe—O.S (16—0.5

-1
j , 05<0<0y
MxAWrxy =

o
11__70'0;[%14—%] 1+%(;¢1 AXy), Gg<a<l, og=Inl6-2
WiV Waxy =1-W(1-xDA Wy (1-x3), 0.5<w<l,
In this case ag =In16-2=0.7726 >3/4 and the region of
HPC/HPD is slightly smaller than the region of SPC/SPD. So,

this aggregator provides the symmetry between PC and PD,
but not the perfectly uniform soft and hard ranges.

Wy = 0. (16)

Of course, there are many other candidates that can be used as
basic aggregators [9]. The simplest way to create a three-base
UIGCD is to wuse the weighted power mean

1/r
Ae(x;W,ae)z(Wlxlr +...+W,,x,rl) directly as a threshold

aggregator withag =3/4 . Using numerical integration the

corresponding values of exponent » for n=2,3,4,5 should
respectively be -0.7201, -0.7317, -0.7205, and -0.7054.
Another approach, yielding ultimate computational
simplicity, is to use the  harmonic  mean
Ay(x; W,09)=1/(W; / x; +...4+W, /x,) as the threshold

aggregator and to interpolate soft partial conjunction between
the arithmetic and harmonic means. A spectrum of threshold
aggregators can also be designed using multiplicative
techniques introduced in [9].

The concept of interpolative aggregators is not limited to
idempotent aggregators only. Interpolative aggregators are a
powerful technique for refinement and expansion of all types
of aggregators. Interpolation can be efficiently applied to
t-norms, t-conorms, and overlap and grouping functions [3].
E.g., the global andness of the min norm 7, (x,y)=xAy is
a=1 and for the product norm Tp(x,y)=xy is a=5/4.
Using T(x,y)=(5—-4a)(xAy)+4(a—Dxy, ISa<5/4 we
can realize a continuous transition between these two norms.
The same holds for t-conorms. In addition, interpolative
aggregators can provide a seamless transition between the
region of idempotent aggregators (means) and the region of
nonidempotent aggregators [2][3]. This opens a rather wide
area for research of new aggregators and their applications,
particularly in the field of image processing.

VI. CONCLUSIONS

Uniform and nonuniform versions of GCD are
fundamental logic averaging aggregators used to model
human evaluation reasoning. IGCD and UIGCD are simple
and efficient implementations of GCD. Generally, logic
averaging aggregators need to satisfy several fundamental
conditions: (1) monotonicity, (2) continuous transition from
conjunction to  disjunction based on adjustable
andness/orness, (3) soft and hard aggregation properties in
order to include/exclude annihilators, (4) the use of weights
that express relative importance of inputs, and (5)

idempotency, which is needed in the vast majority of
evaluation decision models. Such logic aggregators are
means, and the search for suitable aggregators is most
promising among monotonic special cases of the
Bajraktarevi¢ mean [1][4]:

Z?:l w; (x;)

w; 1 —=[0,+oo[ ,

B(x)=F"! (17)

F : I —[—oo,+oo], strictly monotonic

No special case of B(x)is known to perfectly satisfy all

conditions that logic aggregators must satisfy, but for each
fundamental condition there is a special case of (17) that
satisfies the condition. Interpolative logic aggregators IGCD
and UIGCD provide a way to integrate convenient special
cases of (17) in a single interpolative form, and to provide all
desirable logic properties in a single aggregator. In particular,
interpolative logic aggregators provide independent control
of both the threshold andness and the threshold orness.
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