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Abstract—In this paper, we propose a recursive soft margin
(RSM) subspace learning framework for dimension reduction
of high-dimensional data, which has strong recognition ability.
RSM is motivated by the soft margin criterion of support
vector machines (SVMs), which allows some training samples
to be misclassified for a certain cost to achieve higher
recognition results. Instead of maximizing the sum of squares
of Euclidean interclass (called intracluster in unsupervised
learning) pairwise distances over all the similar points in
previous work, RSM seeks to maximize every pairwise
interclass distance between two similar points, and this
distance is represented in absolute. Then, we introduce a
symmetrical Hingle loss function into the RSM framework.
Doing so is to allow some pairwise interclass distances to
violate the maximization constraint, such that we can get
satisfactory classification performance by losing some training
performance. To find multiple projection vectors, a recursive
procedure is designed. Our framework is illustrated with
Graph Embedding (GE). For any dimension reduction method
expressible by the GE, it can thus be generalized by the
proposed framework to boost their recognition power by
reformulating the original problems.

Keywords—Ilinear discriminant analysis; orthogonal linear
discriminant analysis; orthogonal projection vectors; QR
decomposition

I. INTRODUCTION

Dimension reduction (DR) is one of the fundamental
topics in data mining, pattern recognition and computer
vision, etc.. The primary goal of DR is to seek for such an
optimal low-dimensional space that can help speed up the
computation of any pattern classifier and gain the advantage
of better analyzing the intrinsic data structures for large
volumes of real-world applications. To be specific, the DR
techniques are to construct a meaningful lower-dimensional
representation in the reduced space of high-dimension data
in the input space.

Over past decades, a family of DR techniques has been
widely studied. Two most notable linear DR techniques are
Linear Discriminant Analysis (FDA) [1] and Principal
Component Analysis (PCA) [2]. Recently, many research
efforts have shown that many forms of real data, such as
faces [3] [4] and webpages [5], exhibit the essential
nonlinear manifold structure. Numerous manifold learning
based techniques have been proposed to discover the
nonlinear manifold structure, e.g., Isometric Feature
Mapping (ISOMAP) [6], Local Linear Embedding (LLE)
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[7], Laplacian Eigenmap (LE) [8]. Despite the exhibited
promising results, these nonlinear methods cannot solve the
so-called “out-of-sample” problem. Locality Preserving
Projections (LPP) [4] is proposed to address this problem.

The above nonlinear techniques take into account only
the local geometry of the data manifold. In subspace
learning systems, the recognition performance of DR
algorithms is known to be greatly improved with large
margin training. Large margin DR (LMDR) techniques try
to find the maximal margin projection by taking both
interclass geometry (called intercluster geometry in
unsupervised learning) and intraclass = geometrical
information (called intracluster geometry in unsupervised
learning) into account, which is categorized into two
classes: global and local. Global LMDA algorithms include
FDA [1]. The past years can see many local LMDR
algorithms, e.g., Marginal Isomap (M-Isomap) [9], Marginal
Fisher analysis (MFA) [10], Local Fisher Discriminant
Analysis (LFDA) [11], Locality Sensitive Discriminant
Analysis (LSDA) [12], Maximum Margin Projection
(MMP) [13], and Unsupervised Discriminant Projection
(UDP) [14]. M-Isomap, MFA, and LFDA are supervised.
M-Isomap, like ISOMAP, cannot address the ‘“out-of-
sample” problem. MFA, LFDA and LSDA are similar in
sprit, which construct two graphs, i.e. interclass graph and
intraclass graph, by using class information and
neighborhood information. UDP, an unsupervised
algorithm, characterizes locality and nonlocality to represent
the intracluster and intercluster scatters by using
neighborhood information. UDP can be viewed as an
unsupervised version of MFA, FDA, MMP and LFDA. The
success of UDP is largely based on the manifold
assumption. Yan et al. [10] pointed out that each of the
LMDA algorithms can be expressible by the Graph
Embedding (GE) framework with a penalty graph.

Recall that the primary goals of SOMAP, LLE and LE,
are focusing on best visualizing the given data. The LMDA
algorithms discussed above devote to evaluating the maps
on test data points without losing the primary goals of
SOMAP, LLE and LE. Those studies are worthwhile in the
endeavor of achieving large margin models or competitive
visualized performance (or training performance) of given
data; nevertheless, what makes us most interesting is that
the map functions on test data can help obtain the optimal
recognition results on the test data and simultaneously
reflect and describe the rule of the given data in real
applications. Furthermore, the given data are usually



disturbed by many negative factors, such as noise and not
supported manifold assumption, etc., which usually leads to
the unreliable visualization result and the undesired
recognition performance.

Support Vector Machines (SVMs) [15], as well-known
large margin classifiers, use a soft margin criterion, which
allow some samples to appear on the wrong side of the
hyperplane in the training phase to yield higher
generalization performance. With the soft margin criterion,
training patterns are allowed to be misclassified for a certain
cost. Inspired by SVMs, we, in this paper, develop a novel
dimension reduction framework, referred to as Recursive
Soft Margin (RSM). Many existing DR algorithms can
naturally be generalized by our framework to boost their
generalization power. RSM maximizes every pairwise
interclass distance between two patterns rather than their
Euclidean squares sum. We represent this distance in
absolute to simplify the reformulated optimization problem.
Then, we introduce a symmetrical Hingle loss function into
the RSM framework, which leads to allow some interclass
pairwise distances to violate the maximization constraint.
Doing so helps us achieve higher generalization by losing
some visual performance on given training data. Note that
for our framework in unsupervised setting, “interclass” is
called “interclass”, as in [14]. The constraint of the resultant
optimization is nonconvex. We use the Concave-Convex
Procedure (CCCP) [16] to solve our nonconvex
optimization. In order to seek to find all the projections
axes, a recursive algorithm is developed. In each time of
iterations, only a projection axis is computed based on the
updated dataset in which the “old” information represented
by previously-computed projection axes has been discarded.
We illustrate our framework with Graph Embedding (GE)
with the penalty graph.

II. GRAPH EMBEDDING

We consider the problem of representing all of the
vectors in a set X=[x,X,,...x,|, X, € R’ , where X denotes

the matrix of all the training samples, where n is the sample
size and d the dimensionality. For supervised learning, the

class label of the sample x, is from the set {1,2,...,0},

where ¢ is the number of classes. Define by ze R/(1<r<n)
a low-dimensional representation of a high-dimensional
sample x in the original input space, where r is the
dimensionality of the reduced space. The purpose of DR is
to seek for a transformation matrix W, such that a lower

representation z of the sample x can be yielded asz = W'x,
where “T ” denotes the transpose.

A large family of dimension reduction algorithms has
been designed for various motivations and application
problems. GE, as a general formulation, can unify them
within a common framework, which can be also used as a
platform for developing new dimension reduction

algorithms [10]. Let G={X,V} denote a complete
undirected graph with similarity matrix V€ R™ . Each

element of the matrix records the edge weight that measures
the similarity between a pair of vertices. The matrix can be
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defined by various similarity criteria. In GE, the optimal
projection can be yielded by solving the following graph-
preserving criterion

n

minz

w,w XMX w=] “—
i,j=1

"wa,.—wal.Hng = mn  WXLXw (1)
‘ w,w XMX' w=]

where L =D -V is the graph Laplacian of G, andDis a
diagonal matrix whose elements on diagonal are the column

sum of V, ie, D, =ZVU. . M from the constraint has
j=1
two-fold choices. First, it is typically a diagonal matrix for
scale normalization, that is, M =D . Second, it can also be
selected as a graph Laplacian matrix of the penalty
graph G', that is, M=D'-V', where V'is a similarity
matrix of G' and D'is a diagonal matrix whose elements
on diagonal are the column sum of V'. As a result, the

. 2
constraint can be formulated as ZHWT x[" V, for scale
i=l

normalization or ZHWT X, —wW Xj||2 Vy for the graph G'. (1)
i,j=1
can be split into the following problems

n&iyn i ”wai —WTX]. "2 \£ 2)
ij=1

st. Y [w'x [V, =1, 3)
=1

or Zn: "wa,. -w'x, "2 v, =1. )

i.j=1

The optimal solution of (2) can be found by solving an
eigen-equation. Yan et al., [10] has shown that a large
family of dimension reduction algorithms, such as PCA,
LPP, FDA and UDP can be expressed by simply defining
the similarity matrix V or V'. We note that in FDA the
similarity matrix is formed by using prior class information
and each edge weight is1/n, , where n, denote the number

of the samples in the kth class.

III. RECURSIVE SOFT MARGE SUBSPACE LEARNING

The large margin dimension reduction (LMDR)
algorithms are expressible by the framework (2) with the
constraint in (4). In this section, we introduce our RSM
algorithm, which is based the problem (2) with the
constraint in (4).

A. The Soft-margin Objective Function

As we have described, previously, the distribution of
training samples diverges from the distribution of new
occurring test samples. To obtain high recognition results,
we maximize a soft margin between any pair of vertices of
graph G'. Specifically, we define the objective function of
RSM as follows:

. 1 n
min EWTXLXTW +3 D€,
ij=1

©)

s.t. wa,.—waj.|V[}+F,[j > f,&,20



where 8>0 is a parameter; f >0 is a constant; and ||

denotes the absolute distance between any pair of vertices of
graph G' projected onto w Note

that w XLX'w = i"wr X, —w' xj"2 V, . The constraint in (2)
ij=1

demands the distance between any pair of points of G'to be
greater than f . The variable &, is used to measure the
amount by which the constraint |wa,.—wT X j|V[;. > f s
violated. We can arbitrarily select the nonnegative
constant f , and changing it to any other positive
constant @results in w being replaced by aww .
The problem (5) has an equivalent loss+regularization
formulation
. 1 T T c T T !
min Ew XLX w+62(f—|w X, - W X].|V,.j)+ (6)
i,j=1
where the subscript “+” means the positive part
( z, =max(z,0) ). The loss function (f —¢), is called

symmetric Hingle loss, where ¢ = ‘wrxi -wix |V, .

B. Optimization

For DR in multi-class settings, the absolute function in
(5) will be retained, such that the constraint is nonlinear.
Fortunately, it can be viewed as a difference of two convex

: T T !
functions |W X,-W X /.|Vl.j and 1-§, . Therefore, we can

solve the problem with the constrained “concave-convex”
procedure (CCP) [16]. Considering that the CCP is rarely
used in dimension reduction, we simply introduce this
algorithm.

The CCP is designed for solving the optimization
problems with a concave-convex function and concave-
convex constraints and aims at solving the following
optimization problem [16]

min /,(2)- g, (2)

st. fi(z)—g,(z)<m,i=L2,..,1
where f; and g, are two real-values convex functions on a
vector space Z for all i=1,2,..,n and 7, € R. Denote by
T { f.z}(z') the first order Taylor expansion of f at
location z , that is Tl"{f,z}(z'):f(z)+61f(z)(z'—z), where 9, f(z)

is the gradient of the function f at z . For non-smooth
functions, d,f(z) can be replaced by the subgradient.
Initialize z, with a random value or a best guess. The CCP
r+1 by g(z)
witth{g[,z,}(z), and then sets z,, to the solution of the

following convex optimization problem

min f,(2) -7, {g,.2} (2),
st. fi(2)-T{g.2}(2)<c,i=12,.,L

calculates z from z

; replacing

t+1
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The above continues until z,

converges. Smola et al. [16] has proved the fast
convergence of CCP. Clearly, the minimization (5) satisfies
the condition of the CCP: simply define

recursive procedure

ﬁ>(W,§,-j)=%WTXLXTW+5Zn:§,; fwE) =&,

ij=1
g (w.&;)=0,and g,(W.§,) =|WTX[ —waj|V,.;..

We also set 7, equal to zero for alli . We now solve the
optimization (5) with the CCP. It is important to notice that
while |WTXI. —waj|Vl;. is a convex function with respect to
W, it is non-smooth. Thus, the gradient can be replaced by
its subgradient [16]. Initiate the w,, and then the CCP

V. with

calculates w f

: T T
from w, by replacing ‘w X, —W'X,

t+1

the first order Taylor expansion, i.e.
[W'x, =W, |V, +sign[ W] (% —x)) [V =W, —x,)V,
=W (1" —p) [ +sign| W] (x, —x) W' (x, X))V,
—sign[ W] (x, =x)) |[w/ (x, =x )]V,
= sign[w,T(x[ —xj)J[wT(x[ —xj.)}\/;.

Substituting (7) back into the problem (5), we arrive at

()

min %WTXLXTW +3) €,

i,j=1

st. S,w+g, 2 1.,§, 20.

)

in which S,=sign [W,T (x, - X, )] (x,—x,)"V, . We rewrite
the optimization problem (8) in matrix form as
. 1 T T T
min —w" XLX" w + e
2 : ©)

st. Fw+&2> fe,£>0.

where
F={sig,n[wf(x1 —xl)J(x1 —xl)Vl'I,...,sign[wf(x1 —Xn):|(X1 =XV, 1 s
sign| W (x, =X, (%, =X )V,,...sign[ W/ (x, -x,) |(%, ~x, )V, |

and e is a column vector of ones of appropriate dimensions.
The label of the newly-constructed k, mentioned above is

computed as sign[wf(xl.—xj)} at the tth iteration. The

model in (9) is a constrained convex optimization problem,
which can be solved using its dual problem

: 1 T T\N—-1 T T
min —o F(XLX ) Fa—-e a
2 ( ) (10)

s.t. 0<a<de,

in which ais the Lagrange multiplier vector and XLX" is
assumed to be nonsingular. After @ is computed, the

solution w is calculated as w=(XLX")"'F’a , which is



obtained by setting the Lagrange multiplier function of (9)
with respect to the variable w equal to zero. It is easy to
check that the optimization problem (10) is also convex
if XLX" is nonsingular.

According to the CCP, the solution w obtained from the
minimization (9) is then replaced withw,,, . RSM obtains
the final solution by solving the problems as defined in (9),
iteratively. The aforementioned computation aids the
generation of only one projection vector. In the following,
we show how to generate multiple projection vectors by a
recursive procedure.

C. Produce the Multiple Projection Vectors

We develop a recursive procedure to extract more
discriminant projection vectors. Instead of calculating all the
projection vectors once, the projection vectors will be
obtained step by step. At each step, we calculate only a new
projection vector based on the previously-obtained
projection vectors. Before the next projection vector is
computed, the training samples are updated, such that all the
information represented by the “old” projection vectors will
be eliminated. The first RSM projection vector w, is

calculated by (5). Let Wﬂ:[wl,wz,...,wpfl}e R*¥™ be the
matrix representing the previously-computed normalized
p—1 (1< p<r ) projection vectors. Before the pth
projection vector w, is solved, we discard the information

represented by W, _, from all the training samples as follows

X, = X—W}H(WQIX) 1n
Based on the new training set, we find the pth feature
vector w, by optimizing the following problem

1 <
min EW/T»XpLX;WP + Szlé[j
ij=

(12)

T
WX

’x

s.t. X,

-wix, |V, +&, 2 f,
which has the similar problem as defined in (5), just

replacing X with X . The solution w , can be found with the

CCP, similar to finding the solution w, . RSM bears the

similar idea as suggested by Recursive Fisher Linear
Discriminant (RFDA) [18], which is to generate new sample
sets by projecting the samples into a subspace that is
orthogonal to previously-computed projection vectors.
RFDA can be viewed a variant of FDA, which solves a
similar eigenvalue problem defined in FDA at each
iteration. However, Out RSM algorithm casts RFDA as a
SVM-type problem at each iteration. Clearly, RFDA is a
special example of our approach.

pii

In next section we will describe the algorithm of RSM in
detail and give some theoretical proofs.

IV. ALGORITHM AND THEOREM

In summary, the algorithmic procedure of RSM formally
stated below:
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Step 1. Construct the graphs G and G' using the original
sample set X .

Step 2. Use RSM to extract the first projection vector
w, based on the set X.

Step 3. Generate the new set X in which the
information represented by all the previously extracted

projection vectors is discarded by X, =X-W (WPT_IX) ,
where p>2.

Step 4. Use RSM to find another projection vectorw , .
This solution is similar to step 2.

Step 5. Go to step 3 if needed to extract more projection
vectors.

After accomplishing the training of RSM, we obtain a
projection matrix We R . Depending on applications,
some postprocessing, such as the nearest rule for
classification, is applied to the projected samples to
complete classification tasks.

It is observed that the optimization problem (5) is solved

under the assumption that the matrix XLX is nonsingular.
However, this assumption does not hold in many real
applications, such as face recognition problems where
sometimes the number of samples in the training set tends to
be much smaller than that number of projection vectors in

each sample, such that the matrix XLX" is singular. A
popular method to overcome this problem is to first project
the sample set to the PCA space. Hereafter, we suppose that

the matrix XLX is singular.
Given three sets

S, ={(x,.x, )| thereis larger similarity between x; and x;,1<i, j <n]

S, ={(x,.,x; )| thereis sller similarity between x, and x;,1<i, j <n]

and S :{(X, X )i )= 1,...,n} , it is easy to conclude that
$NS, =0 and S, US, c S, according to [10].

Definition 1: Given a nonzero edge weight K, put

between x; and x,, the weights V and V' can be defined as
[4, 8, 14]

V. = K,, if (x;,x;)€eS,
Y 0, otherwise

V = K,, if (x;,x;)eS,
’ 0, otherwise

Typically, K, is set as the Gaussian kernel, namely,
2 . .
K, = exp(—"xi -X, " /o) , where 0o is a variance.

Proposition 1: Denote by

ST = in(Xi _Xj)(xi _X/)T

i,j=1



the generation matrix of the global scatter matrix in PCA.
Based on above definitions onV and V', it is easy to check
that

S, = \ K.(x. - x )Xx. -x.)
. Z ;X =X )(X, —X,) (14)

=S, +S+S;

where S, =3V, (x x5 %) . $,= 3 A, (% %)% x,) .

i,j=1 i,j=1

S.=2 V(% —x)x —x) =XIX, and A, =K, -V, -V].

i,j=1
Let B:span{[il,[iz,...,[iq} be the subspace and denote

byB* = span{ﬁ PPN | d} its orthogonal complement, where
B,.B,,....B, are the first g eigenvectors of S; corresponding
to positive eigenvalues. Obviously, B* is the null space

of S, . Based on the equation (5), we have the following
theorem.

Proposition 2: Let w=u+0 be a decomposition of

w (weR") into a part ue B and a part@e B+, then the
constrained optimization problem (5) is equivalent to

R S T z
min —u XLX u+ Szgi.

w2 =i (15)
st [u'x, —uij|Vl;. +&, 2 1,§, 20

The proof is provided in Appendix A.

Proposition 2 discloses the fact that the solution of (5)
can be produced in the subspace B without any loss of the
information. Let P denote a transformation matrix
of g dimensions, each column vector of which is

corresponding to a non-zero eigenvalue of S, . By linear
algebra theory, B is isomorphic to the ¢ -dimensional

Euclidean space R? [14]. The isomorphic mapping is
exactly the transformation matrix P, one hasu=Pn,ue B,

ne R?, where P=(B.B,,...B,) . By the above mapping,

the formulation (15) can be re-formulated as the following
problem

min L’ XLX n+ 3 €,
no2 =l (16)

st. ' xi—n'x;|V, +&, 2,8, 20

where X =P’X is the PCA transformation of data matrix
X. Therefore,  can be generated in the PCA subspace. If

N is the solution to (16), then, u" =Py’ is the first RSM
optimal feature. With the recursive procedure in our
algorithm, the solution ), to (16) on the set X® can be
calculated. Then, the r optimal projection vectors of RSM
areu; =I:;r|;, p=12,..,r.

V. ALGORITHM AND THEOREM

We generalize FDA and UDP by RSM to evaluate the
performance of the proposed subspace framework. The
resulting schemes are termed as RSM/FDA and
RSVM/UDP, respectively. In this way, PCA, FDA, RFDA,
LPP, UDP, and the proposed RSM/FDA and RSM/UDP are
used to extract features. Note that PCA, UDP and RSS/UDP
are unsupervised and the others are supervised. In all the
experiments, two face databases YALE [19] and ORL [20]
are used.

A. Face recognition on YALE database

The YALE database [18] was constructed by the Yale
Center for Computational Vision and Control. It contains
165 grayscale images of 15 individuals. All the images
demonstrate variation in lighting condition (center light, left
light, and right light), facial expression (normal, happy, sad,
sleepy, surprised, and winking). Original images were
manually normalized, aligned, cropped and scaled to 32X 32
pixels.

In our experiment, the first 2, 3 and 4 images per
individual are used for training, respectively, and the
remaining images for testing. Before implementing all the
algorithms, PCA is first applied to throw away the
components corresponding to zeroes eigenvalues. After
dimension reduction, the Nearest Neighbor classifier is used
for classification. The maximum recognition rate of each
method and the corresponding dimension is listed in Tablel.
Fig. 1 plots the recognition rate versus the variation of
dimensions.

TABLE L THE MAXIMUM RECOGNITION RATES (%) ON YALE DATABASE. THE NUMBERS IN PARENTHESES ARE THE OPTIMAL DIMENSIONS AFTER
DIMENSION REDUCTION.
Training Size PCA FDA RFDA RSM/FDA LPP UDP RSM/UDP
2 Train 52.6(25) 60.7(13) 64.4(15) 66.7(25) 48.2(28) 48.2(29) 57.1(26)
3 Train 59.2(24) 65.8(14) 70.8(28) 72.5(27) 49.2(43) 55.037) 60.0(38)
4 Train 63.8(47) 71.4(14) 74.3(35) 79.1 (36) 52.4(59) 61.9(55) 66.7(43)

As can be seen, our supervised algorithm RSM/FDA
outperforms all other six algorithms. The supervised
algorithms FDA, RFDA and RSM/FDA outperform the
unsupervised PCA, LPP, UDP and RSM/UDP. UDP
performs better than LPP, which is consistent with [17].
Among all the unsupervised algorithms PCA, LPP, UDP
and RSM/UDP, RSM/UDP performs the best.
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B. Face recognition on YALE database

The ORL face database [19] contains 400 images of 40
individuals and has become a standard database for testing.
The images were captured at different times with the
different variations, including expression like open or closed
eyes and smiling or non-smiling, and facial details like




glasses or no glasses. The images were aligned, cropped and
scaled to 32X 32 pixels. Each image is represented by a

32X 32 (i.e., 1024) dimensional vector in image space. 8
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Fig.3. Recognition rate of RSM/FDA with Respect to different values of the parameter o .

The experimental design is the same as the previous
experiment. The best result obtained in the optimal subspace
and the corresponding dimension of each method is listed
Tablell. As can be seen, our supervised RSM/FDA performs
the best for all the cases. UDP obtains better result than
other two unsupervised methods PCA and LPP, but is worse
than its generalized version RSM/UDP. These results
indicate the effectiveness of the proposed RSM.

C. Parameter Selection

120 140 160

In this section, we evaluate the performance of our
algorithm with the different values of the parameterd . In
above experiments, the parameter is determined using the
global-to-local strategy [14] to make the recognition result
optimal. We select RSM/FDA as an instance.
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Fig.3 shows the recognition rate of our algorithm
RSM/FDA on YALE and ORL with respect to different
values of this parameter. As can be seen, our algorithm is
not sensitive to & when it is selected from 0.0001 to 0.1.

VI. CONCLUSION

We have introduced a novel subspace learning
framework, called Recursive Soft Margin  Subspace
Learning (RSM). Different from traditional large margin
subspace learning algorithms involving the eigen-
decomposition, RSM casts them as related SVM-type
problems, respectively. Doing so makes these traditional
algorithms possess the soft-margin concept, and thus further
help improve the discriminant powers of the traditional
large margin subspace learning algorithms by allowing
some interclass pairwise distances to violate the
maximization constraint. To achieve more projection
vectors, a recursive procedure is designed. Theoretically, we
reveal some nature of RSM. The experiments on two face
databases YALE and ORL indicates the effectiveness of
RSM. From the RSM model, it can be seen that it is easy to
directly develop the sparse RSVM model, which is our
future work.
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Appendix A: The proof of proposition 2

Every 0 can be decomposed as a linear combination of
the orthogonal eigenvectors of S, that correspond to zero

eigenvalues. Since® € B+, we have 0'S,0=0and S,0=0.
SinS, =S +S+S;, one can get0'S,0=0'S, 0+0'S,0+0'S,0=0.
We further get 8'S,0=0, 0"S,0=0 and 6'S,0=0, since
S, , Sy and S, are positive semi-definite, which implies
S,0=0,S,0=0 and S;0=0. Therefore,
w'S,w=u+0)'S,(u+0)=u'S,u



w'S w=(u+0)"S (u+0)=u'S u
Since |wa,.—waj|VL;=sqrt(wTSNw) , we further
conclude |wai—waj|Vi'/.=|uTx,.—uij|VI;. . Therefore,
the projection axis w needing to be estimated can be

replaced with u . Thus, optimization problem (5) is
equivalent to that in (15).m[]
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