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Stability Analysis of Nonlinear Time-delay System with Delayed
Impulsive Effects

Guizhen Feng and Jinde Cao

Abstract— This paper concerns time-delay systems with de-
layed impulses. ‘“Average impulsive intervals” is used to replace
the lower and upper bounds of impulsive intervals, which
weakens the limitations to the impulsive sequences. Under
some modified conditions on the impulsive functions and the
Lyapunov-based function, the exponential stability of systems
is established. A specific impulsive delayed system with linear
input time-delays is investigated by virtue of the obtained
results. Finally, some numerical example is given to demonstrate
the applicability of our results.

I. INTRODUCTION

MPULSIVE SYSTEMS have been widely applied to

model practical problems in various fields such as me-
chanical systems [1], control systems [2], complex networks
[31, [4], ect. Moreover, impulsive effects, as a non-continuous
control, provides an important method to modify dynamical
behaviors of impulsive systems. Therefore, during the past
decade, stabilities of impulsive systems have been extensive-
ly investigated by virtue of impulsive control(See [2], [5],
(6], [8D).

Since delays can not be avoided in the transmission of im-
pulsive information, it is necessary to investigate time-delay
impulsive systems and many significant results have been
obtained (See[7], [9], [11]). Note that in these results, the de-
lays of impulsive effects are not considered, which naturally
exist in realistic problems. Recently, [12]investigated delay-
free autonomous systems with delayed impulsive effects.
Using exponential estimates for delay-free systems, they
obtained system state estimates at impulse times and derived
a sufficient condition of asymptotic stability. This method
can not be applied to deal with time-delay systems. [13]
investigated time-delay neural networks with destabilizing
delayed impulses. Using the differential inequality method
they obtained the global exponential stability of systems. [14]
considered some nonlinear time-delay systems with more
general delayed impulses. By virtue of a class of Lyapunov-
based functions, they provided some sufficient conditions to
ensure the exponential stability of systems. We note that both
[13] and [14] imposed some restrictions on delays in relation
to impulsive intervals, which lead to the results in [13] and
[14] to be somewhat conservative.
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In this paper, we also concerns time-delay systems with
delayed impulses. Here we address weakening the limita-
tions to the impulsive sequences [13] and [14]. We use
the so-called “average impulsive interval” (see Definition 2)
recently developed by[15] to replace the lower and upper
bounds of impulsive intervals. For an impulsive sequence
{tx} with average impulsive interval T, there may exist
some intervals (t,_1,t;)(i € N) satisfying |t — tx—1| is
arbitrarily small or large enough(see the example in the end
for details). Therefore, the results obtained in this paper seem
to be less conservative than those in[13] and [14]. Under
some modified conditions on impulsive function g and the
function V' of class vy, we first establish the exponential
stability of the system. Then we apply our results to study
a specific impulsive delayed system with linear input time-
delays and establish it’s exponential stability. Finally we give
some numerical example to demonstrate the applicability of
our results.

II. PRELIMINARIES
For p > 0, let B(p) = {& € R"|jz] < p}

For » > 0, let¢ PRC([-r,0,R") = {¢ : [-r,0] —
R™ }¢ is piecewise right continuous}, which is endowed with
norm || - || = [|¢[l, = sup_,<p<o [¢(6)|. For ¢ € PRC([to —

r,+00),R™) and t > tg, define ¢ € PRC([—r,0],R™) by
oi(s) = ¢(t + s). Suppose that D C R™ is an open set, and
for some p >0, B(p) C D. f: Rt x PRC([-r,0], D) —
R™ satisfies f(¢,0) =0. g, : D x D - R" ke N.

We consider the following nonlinear time-delay system
with delayed impulses

i(t) = f(t,20); t>to,t # ty
z(t) = ge(z(t™),2(t —dp)”), t=tr,keN (1)
z(to + 0) = ¢(0), 6 € [-T,0],

where z € R” is the state of the system. z(¢*) and z(¢™)
are the right and left derivatives of x at t, respectively.
Suppose any solution of (1) is right continuous, i.e., z(t7) =
x(t). {dr > 0,k € N} are impulsive delays satisfying
maxp{dp} = d < oo. tg > 0 is the initial time. {tz} is
an impulsive sequence on [tg, +00), tg < t; < -+ < tg <
- = 400. ¢ € PRC([—7,0],R™) is the initial state, where
T = max{r,d}.

Definitionl: For a given impulsive sequence {ty}, the
trivial solution of (1) is said to be exponentially stability,
if there exists positive numbers pg, M and A\ such that if

lloll- < pos
|z(t,to, @) < M||@|lre 2T ¢ > ¢



Moreover, if the trivial solution of (1) is exponentially stable,
and the number py can be an arbitrarily large finite number,
then the trivial solution is called to be globally exponentially
stable.

In order to guarantee the existence of solutions of (1), gen-
erally, one needs make the following assumptions(see[10])

(Ao1) f is composite PRC, that is for each ¢y € Rt and
a>0,if x € PRC([to —r,to + ], D) and z is continuous
at t # tg, t € (to,to + «f, then the composite function
f(t,z¢) € PRC([to,to + a],R™).

(Ag2) f is quasi-bounded on R™ x PRC([—r,0], D), that
is for each ¢y > 0, @ > 0 and compact subset F' of D, there
exists M > 0 such that for each (¢,z) € [to,to + ] X
PRC([-r,0], F), |f(t,z)| < M.

(Aos) For each fixed t € RT, f(¢,x) is continuous with
respect to x € PRC([—r,0], D).

Definition2: (Average Impulsive Interval[15]) The aver-

age impulsive interval of { = {t1, o, - } is T, if there exist
Ny € Z+t and T, > 0 such that
T—t T—t

— No < N¢(T't) < +No, VT >t >0,

where N¢(T',t) is the impulsive times of ¢ on (¢,7).

Remarkl: The concept of average impulsive interval was
first introduced in [15] to investigate some systems with
nonunited distributive impulses, whose impulsive interval
length may be arbitrarily small or large. Specific examples
can be found in [15]. See also the numerical example in the
end.

III. EXPONENTIAL STABILITY

In this section we investigate exponential stability of
solutions of (1) with nonunited distributive impulses. We
make assumptions as follows

(A1) There exists Ly > 0 such that for each ¢ €
PRC(1=1,0}, B(p)). | (t.%)| < Lillgll,-

(A2) There exists Ly and Ls > 0 such that for all k €
N and z,y1,42 € 2(p). |gr(2,0)] < Lalz|, [gx(z, 1) —
gk(z,y2)| < Lslyr — yal.

(A3) The average impulsive interval of ¢ = {t} is T, >
0, that is there exist Ny € N,T,, > 0 such that for all T' >
t > to, Tt — No < Ne(T,t) < L=t + Np. Thus, there
exist at most [ = [T%] + No impulses on (to, to + d], where
fT%] means the upper integer of T%. Let V = max{1, Ly +
L3}, 0 = Viek1d,

Suppose that the impulsive instants on (tg,to + d] are
{t:}, i=1,2,--- ,;m, m<lL.

Lemmal: If the system (1) satisfies (A1) — (Aos) and
(A1) — (A3), then for any ¢ € PRC([—7,0],%(p/0)).
|z(t, to, ®)| < ol ¢+t € [to — 7, t0 +d].

Proof: Obviously, |x(to + 0)| = |#(0)] < ||¢|l- < p(0 €
[—7,0]). Then for t € [to — T,t0], |z(t)| < p. We show this
is also holds on [tg — 7,t1). If not, there exists t* € (tg,t1)
such that for t € [to — 7,t*), |z(¢)| < p and |z(t*)| = p.
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For t € [to,t*],0 € [—r,0], without loss of generality, we
assume t + 0 > tg. Integrating the first formula of (1) from
to to t + 6 and using (A;) yields

t+6
w(t+0)] = mww+l‘ f(s,22)ds| < |6(0)]
t t
+ /Iﬂ&%ﬂﬁSHMh+L{/H%W®-
to to
Then,

t
lzellr < |9l +L1/ @sllrds, € [to,t"].
to

By the Gronwall’s inequality,
thHT < ||¢|‘T6L1(t_t0)a te [t07t*}

Therefore,
()] < Lelrd < p,
1Y

a contradictionary.

From the above argument, we also obtain that
e < Nl < [ttt
< gllreBr )t e [t — 7, ).
By (Ap), for k € N and z,y € A(p),
gk (2, y)| < La|x| + La|yl.

(@)

Hence,

|z ()]

lgk(x(ty ), z((t1 — d1)7))]
Lo|z(ty )| + Lalz((t1 — d1)7)|
(L2 + Ls)||o|| €= 110
V||| el to),

Thus, we have proved that

()] < VI[gll-e" 1, t € [to, ta].

IN A IA

Repeatedly, we obtain
j2(t)] < V™ |[@ll-e" 1) < Vgl -t M) ¢ € fto, ).

Since there are not impulses on (t,,,tg + dlfor t € [to —
T, to + d], we have

()] < V|| gll-e™ 1) < V@]l = olg]l--

We will apply some functional related to system (1) to
investigate the stability of it’s solutions.

Definition3: A function V : [-7,00) x D — R* is said
to belong to the class v if

(1) V is continuous in each of the sets [tx_1,¢x) X Dand
for each k € N, lim(t’y)%(tk_dw) V(t,y) = V(t,,x) exists

(2) V(t,z) is local Lipschitz with respect to x € D, and
for all ¢ > to, V(¢,0) = 0.

Definitiond: Let V € vy, for each (¢,¢) € [tg,00) X
PRC([—7,0],%(p)), the upper right-hand derivative of V
with respect to (1) is defined by

DTV (t,¢(0))

:nmwpgv@+m¢m»uﬁw¢»—vmwwm-
h—0



Theoreml: Suppose (1) satisfies (A1) — (Ao3) and (Ay)—
(As), and there exists V' € vp,a,b,¢,p > 1,k > 1 satisfying
(S1) For all (t,x) € [-7,00) x D, a|z|P <V (t,z) < blz|P.
(S2) For t € [tg,00), t # t, and ¢ € PRC([—7,0], B(p)),
KV (t,p(0)) > V(t + 0,0(0)) (8 € [-7,0]) leads to
DV (1, p(0)) < —eV (1, 9(0)).

If there exist v, k1, k2 > 0 satisfying
(Sg) For all t = ¢t and z
V(t, gr(z,2)) <vV(t,x).

(S4) For all t = t;, and x,y € B(p) with z +y € B(p),
Vit,x +y) < k1V(t,z) + k2V(t,y). There exists d > 0
such that

€ Blp/(V + L3)),

3)

then if the time-delays dj, satisfying di, < d,k € N, (1) is
exponentially stable.

Proof: Tt is easy to see that if (3) is true, there exists
A € (0, min{c, 2%}) such that

b
kiv + kIQELg[dLl + l(l + Lo + L3)]p

k‘1l/ + k‘gng [dLl(i)\(Tde)/p
a
+l(1 + Lo + L3)62)\d/p]p < 1.

Take § € (0, ((/%(V + L3)0)~'p). Suppose that the so-
lution of (1) subject to (to, #) € RT x PRC ([—,0], %B(9))
is x(t) = z(t, to, ¢), with maximal existence interval [to —
7,T), where T > tq is a positive number. We show that
T = oo and

V(t) =V (t,z(t) < be"||p|Pe

“4)

(t=to=d) "t e [t — 7,7).
For simplicity, we also denote the sequence on (to + d, T)
by {t;},i = 1,2,---. Let ¢t; = min{ty,T}. For t €
[tk ti 1), k € N, define

W(s) = =DV (s), s € [ty —7,1]. (6)
We first show that, for s € [tg — T, &),
W(s) < bo®|[9]7. @)
The method is mathematical induction. By Lemma 1,
lz(t)] < olloll+,t € [to — T, to + d]. (8)

Combing (6), (8) and (51), we see (7) holds.
We claim that for ¢ € [tg — 7,t1), (7) also holds. If not,
there exists t* € [to +d, 1) and 0 < € < b[(V + 2L3)P — 1]

such that
W(t") = (b+e)o”gll7, DTW(t") =0 )
and for s € [tg — 7,t%),
Wi(s) < W(t"). (10)

By (9), (10) and (57), as s € (o,t*), we have

»/b+¢€
e < {2 ollol- < p.

For s € [t* — r,t*), (10) implies

« 1
V(") > e M=V (5) > e MV (s) > EV(S).
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Thus from (S2), we obtain DTV (t*) < —cV(t*), which
leads to

DTW(t*) < —(c = N o=y (%) < 0,

a contradiction with (9). Hence, for [to — T, 1), (7) holds on
[to —T7,t0 +d].
We now assume that for [tg — 7,t,,), (7) is true, Then

&)

W(t,) < bo”|[¢]7 (11)
In the following we show that W (¢,,) < bgp||¢\|p
Since Ne(tm,tm — dm) < %= + No < 4 + No, there
exist at most [ = (T%] + Ng impulses on (¢, — dm, tm)s
which are assumed that t,,,, tm,, -, tm,,,lo < 1
By (11) and (S4), for s € [tog — 7, tm),
P b —A(s—to—
[o(s)| < \/;glldue Mozt d/e < p, (12)
From (12) and (A4;), (A2),
| (t_) —z(tm )_|
. / 5)ds + ZAm tm)
v —dm =1
< [f (s, )| ds|
twn_drn
lo
+ Z ‘gmi (.Z‘(t_ ‘T((tmi - dmi)_)) - x(tr_m)
i=1
t
S
t?n_dnL
lo
+ Y [+ Lo)la(ty, ) + Lsla(tm, —dm,)"[]  (13)

1=1
< [leeA(T’-Fd)/P

b

UL Ly L) ()7 g e A0,

Let Agy, = gm/(x(t
Then by (12), (13),

& (tm = dm) ™) = gm (2 (), (E,))-

m)
(A2) and the choice of §, we obtain

|Agm|P < LE[L,de*r+d/P
b
HI(L+ Lo + Ls)e”d/p]”(5)Qpllsﬁ\\ie”“'"*“*d).

It is also easy to check

|gm (2 (t5,), 2(t,))] < ps
m)> &((tm = dm) 7)) < p,
|Agm| < p.

|gm (z(t (14)



Combing (11), (13), (15), (S1), (S3) and (S4) gives

V(tm) = V(tm, z(tm))
= V(tm, gm(z(ty), 2((tm — dn) 7))
= V(tm, gm(z(ty,), z(t,)) + Agm) :
< RVt gn(@(t),2(67))) + kaV (b, Agy) 1} 1= 12
< kwV(t,,) + keb|Agm|P
< {khv+ gkzLé’[dLle’\(”d)/P

£ UL+ Lo+ Lo)e /7)oy gfre Nt to=

)\(tm —to 7d)

IN

be?|[¢l7e™

Therefore, W (t,,) < bo”|||2.
In summary, we have proved, for s € [tg — T, 1),

W (s) < bo®||9]7. (15)

We can establish by contradiction that (15) holds on
[tm,tm+1) as same as that on [tg — 7,t1). By the math-
ematical induction method, for any k£ € N, (15) holds on
[to — 7, tx). Similar to the above argument, we can establish
W (tr) < boP||¢||?. Again using the contradiction method,
we can see(15) is true on Ltk, tzH). By the theorem of con-
tinuity in[10], we obtain 7' = 400, and (1) is exponentially
stable.

Theorem 1 can be used to investigate the Robust stability
of some continuous time-delay systems with delayed impuls-
es, where the condition (S2) implies the continuous system
in (1) is stable. If the constant ¢ in (S3) is negative, then the
continuous system is not stable. In this case, the Lyapunov
function associated with this system is not necessary to be
decreased along it’s orbits. Thus, the stability of the whole
system greatly depends on the effect of the input impulses.
The next theorem concerns this case.

Theorem2: Suppose (1) satisfies (Ag1)— (Aos) and (Ay)—
(A3). There exist V € vg,a,b,p > 1,k > 1l and ¢ < 0
such that (S7) — (S2) holds. Let A = NyTj,. If there exist
v, k1, ke > 0 such that (S3) — (Sy) is true. Moreover, we can
find d > 0 satisfying

e D < min{k, [kiv

b
k(L + 11+ Ly + La)") 7'} (16)

then the system (1) is exponentially stable as long as the
input impulsive delays dy < d,k € N.

Proof: It is easy to see that, if (16) is true, there exist
A, 0 > 0 such that

emtND <
b
< min{ke ", {kyv + —ko L5 (dL, /P
a

+1(1 4 Ly + Lg)e2 ¥/Pypy=11 (17)

Take § € (0,({:/%"(V + L3)o)~1p). Suppose z(t) =

x(t,to, @) is the solution of (1) subject to (tg, ) € RT x
PRC ([-T,0],%(0)), with maximal existence interval [to —
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T, T), where T > to is a positive number. We show T =00
and

V(t) < bogP||¢|[Pe =D e[t —7,T).  (18)

We still denote the impulsive sequence on (to +d,T) by
- . Let tj; = min{ty, T'}. For t € [ty, 1} ),
define

W(s) = A= DY(s), s e [ty — 1. (19)

Similar to the proof of Theorem 1, we will apply the
method of mathematical induction to establish that for & >
1,8 € [to —T,tk),

W (s) < bog”[|o]7.
By (S1) and Lemma 1
W(s) <be”ll¢l%, s € [to—7,to+d].

Then (20) holds on [ty — T,t0 + d].
We claim that for ¢ € [to — 7,%1), (20) also is true.
Otherwise, there exists s € [to + d,¢1) such that

W (s) > bog®||9]l7.

Let t* = inf{t € (to + d,t1); W (s) > boeP|¢|2}. Then
t* € (to +d,t1) and W (¢*) = boo?||¢||2}. Let ¢ = sup{t €
(to — 7, t*); W(s) < beP||¢||E}. Then t € [to + d,¢*) and
W) = b6l

For s € [t,t%),

(20)

1 1
W(s) 2 be®llgll7 = —-boe?lléll7 = —W(s+9), 6 € [~r,0].
by which and (17) we have

V(s) > A91/(s+9)

> 1
0’ o
€l-r

— 0
KV($+ ), 6

e MV (s+6)

0]

For s € [t,t*), using W (s) < bogP||¢||? and (S ), we obtain
»/bo
2() < {/*Zololl < .

€ [t,t7).

Integrating the above formula from ¢ to ¢* yields

V() S e DY) = DAt Dy g
= N D A o) p| 51 1P @n

Y

Then by (Sa2),

DtV (s) < —cV (s),

Since there are not impulses on (¢,t*), N¢(t*,t) = 0. By the
definition of average impulsive interval, t* —t < NoT, = A.
By (21),

V(E) € el Aoy g
< g M Dpg g2, 22)
Then W (t*) < bogP||¢||?, a contradiction.
Now, assume for m e N, 1 <m <k — 1,
W(s) < bad”||9|2, s € [to — Tytm)- (23)



we will show
W(s) < bod”||9[2, s € [tm,
By(23) and (5;),

b
j2(5)] < {/ Zollgll-eCT0m VP < p s € [to — 7).
a

Since N (b, tm — dp) < dm + Ny < & JrNO, there are at
most | = [T ]+ No 1mpulses on (t,, — dm,tm).
As the proof of Theorem 1, we can establish that

timt1)- (24)

|2(t) — (tm — dim) " |
< [Lade T D/P {11 4 Ly + Lg)e? /7] %U
ol|p|| e M im—to=d)/p, (25)
Then
V(tm)

b
< {k11/+ 5k2Lg[L1d€/\(T+d)/p

+ 114 Ly + L3)e®P|PYoo P || p|[L e A Em —to=d)
< bod?||gfpe M imtom D),

That is
W (tm) < boo”|[¢]l7.

We can establish by contradiction that (15) holds on
[ty tm+1) as same as that on [ty — 7,¢1). By the math-
ematical induction method, for any £ € N, (15) holds
on [tg — T,tx). Similar to the above argument, we can
establish W (1) < boP||¢||2. Again using the contradiction
method, we can see(15) is true on [ty, ¢}, ;). By the theorem
of continuity in [10], we obtain 7' = 400, and (1) is
exponentially stable.

IV. AN APPLICATION OF THE MAIN RESULTS

We now apply the above results to investigate the follow-
ing time-delay system with delayed impulses.

i(t) = Az(t) + ®(t,z(t — r)); t>to,t £t
a(t™) = pa(t”) + Bi(z(t —di)7), t=1t;i€N
z(t) = ¢(t — to), to— 71 <t <to,

(26)
where A is an n X n constant matrix, > 0 is a time-delay,
Ax(t;) = z(t;) — z(t; ). Impulsive sequence {t;} satisfies
to <t1 <tg < oo <ty <---,lim,_ oo t, = 0. d; is the
impulsive delay. d = max;{d;} > 0. ¢(t) € C*([to — 7,0]),
where 7 = max{r,d}. B;,i = 1,2,--- are n X n matrices.
For a matrix B, define it’s norm by ||B]| = \/Amax(BT B),
where Aoy (BT B) is the most maximum eigenvalue of
BTB.

Recently, [12] investigated (26) without time-delays(i.e.,
r = 0). They established that the solution of (26) is
(uniformly) equi-attractive in large. Here we consider the
exponential stability of (26). Suppose

There exist My, My, Lo such that ||B; + plI|| <
Mo, ||Bil] < My,i = 1,2,--- .|®(t,x)| < Lolz|, (t,z) €
R+ x R™.
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This guarantees for each (to,¢) € RT x C([-7,0],R"),
the system (26) has a local solution z(t) = z(t, to, ¢) ([10]).
Here we assume this solution is right-hand continuous on it’s
existence interval.

For the impulsive sequence {¢;}, we suppose it’s average
impulsive interval is T,, i.e., there exist No € N,7, > 0

such that 2=t — No < (T, 1) < Z=£ + No.
Let f(t, xt) Az + O(t, (t — )) 9i(®,y) = pr + Biy.
Then for Ly = ||A|| + Lo, L2 = pp and L3 = My, (A1), (As)

are satisfied.

Choose V () = |¢| for p € PRC([—7, 0], R™). Obvious-
ly, V € 1y and V satisfies (S7) for a = b= p = 1. It is not
difficult to calculate that

(z(t), Az (1)) + (2(1), D(t, 2(t = 7))
()]

Amax (A) [z (t)] + Lo|z(t —7)].

Then whenever KV (¢(t)) > V(¥(t +0)), 0 € [—7,0], (S2)
holds for ¢ = —(Amax(A) + kLg).

Since V(gi(x,2)) = |(B + pDye| < |[B + ul|fs] <
MyV (x), for v = My, (S3) holds. For k; = ko =1, (Sy4) is
true.

If A+ kLo < 0 and there exists d > 0 such that

Mo + My [d([|All + Lo)

Ha] + No)(1 4 e+ My)] <

DYV (z(t)) =

IN

L 27

theP (3) holds;
If A+ kLo > 0 and there exists d > 0 such that

6(5\+nL0)NOTa < [M() + Ml (d(HA” + LO)

+ (%1 ©No)(1 M) 28)

then (16) is true.
By Theorem 1 and Theorem 2, for arbitrary input delays
dy, < d, the solution of (26) is exponentially stable.

V. NUMERICAL EXAMPLES

In this section, as a specific example of the above sub-
section, we consider the following time-delay system with
delayed impulses:

iy (t) = axy(t) + 21 (t —r)sin(za(t — 7)) ¢ # b,
:i:g(t)—a:zzg(t)+ ot = r)cos(zi(t —r)) t#tk
o1 (th) = pr (t7) + by ((E—di) ™) t =ty
xg(t+) ,ux (t )+b$2((t—dk) ) t:tk
(29)

where a,b,p are constants, r,dy > 0,k € N. Here the
impulsive sequence is taken by ¢ = {e,2¢,---,(Ng —
1)6,NOTa,NOTa + E,N()Ta + 26,-” ,NQTa + (NO -
1)e,2NoTy, - - - }, which was first constructed in [15]. Ob-
viously, infren+{tr — thm1} = €, sUppen+{ts — tho1} =
No(T, — €) + €. When € is small enough, the smallest length
of impulsive intervals can be arbitrarily small. While if Vg
is large enough, the supremum of impulsive intervals can
be very large. Assume the average impulsive interval is 7.
Here we take T, = 0.5, N9 = 5,r = 1.



a O b 0
LetA—|:0a:|,Bi—B—|:O b],@(t’x)_
T sin xo 7 B B

|: T COS T :| - Then HAH - |a‘|aMO - |b + :UJ|7M1 =

b7 LO = 17)\max(A) + K/LO =a-+ k.
In (29), for k = 3, if we choose a = —2,b = p = 74,d =

1, then Amax(A) + kLo = —% < 0 and (27) holds; If we

choose a = 1,b = ﬁ,u = ﬁ,d = 1. ThenApax (A)+

kLo = % > 0 and (28) holds. In both cases, for any dj

satisfying 0 < dj, < 1, the system is exponentially stable by
virtue of the results in the above subsection.
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