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Optimization Subject to Quasiconvex Constraints
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Abstract—This paper presents a single layer recurrent network
for solving optimization problems with pseudoconvex objectives
subject to quasiconvex constraints. The penalty method using a
finite penalty parameter is applied for the design and analysis of
the neural network. The lower bounder of the penalty parameter
is given in order to guarantee the exact penalty property. It is
rigorously proved that the neural network is globally convergent
to the global optimal solution of the corresponding optimization
problem. Simulation results are included to illustrate the perfor-
mances of the proposed neural network.

I. INTRODUCTION

ECURRENT neural networks (RNNSs) constitute one of

the most successful computational intelligent models.
They have achieved great successes in many engineering
applications, such as kinematic control of redundant robot
manipulators [1], nonlinear model predictive control [2], [3],
hierarchical control of interconnected dynamic systems [4] ,
compressed sensing in adaptive signal processing [5], and so
on. Particularly, since the pioneering work of Hopfield neural
networks [6], [7], RNNs have shown promises for online
optimization. Compared with traditional numerical optimiza-
tion algorithms, RNNs offer a highly computationally efficient
optimization paradigm due to the parallel and distributed
information processing.

The past three decades witnessed remarkable progress in
the area of online optimization using RNNs. For example,
a deterministic annealing neural network was proposed for
solving convex programming problems based on the simulated
annealing algorithm [8], a Lagrangian network was developed
for solving convex optimization problems with linear equality
constraints based on the Lagrangian optimality conditions
[9], the dual networks [10]-[12] were developed for solving
convex optimization problems based on the Karush-Kuhn-
Tucker optimality conditions, projection neural networks were
developed for constrained optimization problems based on the
projection method [13]-[16]. These neural networks models
can globally converge to the unique optimal solutions of
convex optimization problems.

In addition to convex optimization, RNNs have been suc-
cessfully extended to optimization problems with general con-
vex objectives. For example, [17] proposed a projection neural
network for solving pseudomonotone variational inequalities
and pseudoconvex optimization problems. [18] proposed a
recurrent neural network for solving the differentiable pseudo-
convex optimization problems with linear equality constraints.
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[19] proposed a finite-time convergent recurrent neural net-
work for constrained optimization problems with piecewise-
linear objective functions, [20] proposed a penalty-based recur-
rent neural network for solving a class of constrained optimiza-
tion problems with generalized convex objective functions.
[21] proposed a one-layer projection neural network without
any design parameter for solving nonsmooth optimization
problems with generalized convex objective functions.

Despite of the effectiveness and usefulness and the afore-
mentioned RNNSs, there are still some issues worth in-depth
investigation. Specifically, previous studies mainly focused on
extending the objectives to generalized convex functions, but
they did not pay much attention on the constraints. In other
words, most existing neural network models can only deal
with convex constraints. However, many real world optimiza-
tion problems involve nonconvex constraints. It is obviously
interesting and necessary to investigate RNNs that allow the
constraint functions not necessarily to be convex.

In this paper, a single layer recurrent neural network is
proposed for optimization problems with pseudoconvex ob-
jectives and quasiconvex constraint functions. To design the
neural network, the penalty method is applied where an exact
penalty function with finite penalty parameter is constructed.
It is proved that the neural network is globally convergent to
its equilibrium point which corresponds to the global optimal
solution of the underlying optimization problem.

The remainder of this paper is organized as follows. Section
II introduces some definitions and preliminary results. Section
IIT discusses an exact penalty function. Section IV presented a
neural network model and analyzed its convergent properties.
Section V provides simulation results. Finally, Section VI
concludes this paper.

II. PRELIMINARIES

Consider a constrained optimization in the following form

f(x)
gi(r) <0, i=1,2,--- ,m, (D

minimize

subject to
where z € R" is the decision vector; f and g;,: R — R (i =
1,2,--- ,m) are continuously differentiable functions, but not
necessarily convex. f is assumed to be radially unbounded.
The feasible region

F={xeR":g(x)<0,i=1,2,--- ,m}

is assumed to be a nonempty set. The global solutions of the
problem (1) is defined as

G={z"e€F: f(x)> f(z"), Vo eF}
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Some definitions and propositions are presented which are
needed to obtain the main results. We refer readers to [22]-
[26] for a more thorough research on these topics.

Definition 1: A differentiable function f, defined on an
open convex set D C R", is called pseudoconvex if

X1, T2 € 'D,f(l‘l) > f(zg) = Vf(ZEl)T(xQ — xl) < 0.

Definition 2: A differentiable function f, defined on an
open convex set D C R", is called quasiconvex if

xr1, T2 € D,f(l‘l) > f(l‘g) = Vf(xl)T(xg — .131) <0.

Definition 3: A function f : R™ — R satisfies the growth

condition if
lim f(x) = 4o0.
[|z]] =400

Proposition 1: A function f : R™ — R satisfies the growth
condition if and only if Yo € R, level set L(a) = {x € R™:
f(z) < a} is bounded.

Proposition 2: Let f : R™ — R be continuously differen-
tiable. Then max{0, f(x)} is a regular function, it’s Clarke’s
generalized gradient as follows:

Vf(z), for f(x) > 0;
Omax{0, f(x)} =< (0,1)Vf(x), for f(z)=0;
0, for f(x) < 0.

Proposition 3: If f : R® — R is a regular at z(¢) and
x : R — R™ is differentiable at ¢ and Lipschitz near ¢, then

%f(x(t)) = (6, #(t)) V€€ Of(x(t)).

Let A C R™ we denote the closures of A by clA,
the internal of A by intA, the border of A by bdA, the
complement of A by A° and the ball centered at the origin
with radius 1 by B.

Throughout this paper, the following assumptions hold.

Assumption 1: The objective function f(z) satisfies the
growth condition.

Assumption 2: The gradients of constraint functions
Vgi(z),i = 1,...,m, are linearly independent, where
g1(2) = g2(2) = ... = gm(2) = 0.

Assumption 3: F = cl(intF).
III. EXACT PENALTY FUNCTION

In this section, a penalty function is defined and analyzed
based on an appropriate neighborhood of the feasible region
F. Consider the following function:

V()= 3 max{0.gi(x)}

V(z) is a continuous function and satisfies the growth con-
dition. By Proposition 1 the feasible region F = {z € R" :
V(z) < 0} is a compact subset. For any x € R™, we define
the index sets:

S
=N
2
&
I

{i:gi(x) =0, iel},
{i:gi(x) >0, iel},

~
+
—
8
S~—
Il

I_(x)={i:gi(z) <0, 1 €I}

The Clarke’s generalized gradient of V' (z) as follows:

V(x)= > Va@) + > 0,1Vg@). @

iely (z) i€ly(x)

Since V(z) is a continuous function and satisfies the growth
condition, then 3 r > 0 such that

D:={zeR":V(z)<r}CF+RB

For the problem (1), a penalty function is commonly defined
as follows:

Eolw) = () + V (2),

where o > 0 is penalty parameter. The E,(x) is a continuous
function and satisfies the growth condition.
Consider the following problem:

min E, (z), € D. 3)

The Clarke’s generalized gradient of E,(x) as follows:
1
0FE,(x) =V f(x) + ;8‘/(:5).

Since D is an open set, any local solution of problem (3),
provided it exists, is unconstrained; thus problem (3) can be
considered as an essentially unconstrained problem. The sets
of global solutions of problem (3) is denoted by G(o) :

G(o)={xeD:E,(y) > E,(x), Yy € D}.

Definition 4: The function E,(z) is an exact penalty func-
tion for problem (1) with respect to the set D if there exists
an o* > 0 such that for all o € (0,0%], G(0) =G.

The following lemma plays an important role in conver-
gence analysis.

Lemma 1: There exist R > 0 and mg > 0 such that

dist(0, 9V (z)) > mg4 > 0. 4)

min

z€(F+RB)\INtF

Proof:  First, we prove that V © € bdF, 0 ¢ OV (x).

If not, then 3 Z € bdF such that, dist(0,0V (%)) = 0. Since

x — dist(0,0V(z)) is a lower semi-continuous real-valued

function and F = cl(intF), we can take {zx} C F°, o — &

and 7, € OV (x) such that limy_, o ||7x|| = 0. There exist
ag, € [0,1] (@ € Iy(zx)) such that

Nk = Z Vgi(zk) + Z ar, Vgi(zr). ®)
i€l (z) i€lp(xy)
Extracting a subsequence and re-indexing, we assume with
out loss of generality that, for all natural numbers k, I (zy)
= I (z1), In(zx) = Io(x1) and limg_oo ; = «; Taking
k — oo in (5), then

Z Vi () + Z a; Vg (&) = 0. 6)
i€I+(Z1) ielo(ﬂfl)

Note that I+(.131) #* () and gl(i‘) =0(ze€ I+(J)1) U Io(l‘l)),
(6) is a contradiction to Assumption 2, thus V = € bd.F, 0 ¢
oV (x).
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Next, by Proposition 4.1 in [27], there exist R > 0 and
mg > 0 such that
min

_dist(0,0V (x)) > my > 0.
ze(F+RB)\INtF

|
The following theorem establishes a sufficient condition for
E,(x) to be an exact penalty function.
Theorem 1: E,(x) is an exact penalty function for (1) with
respect to the set D.

Proof: By the compactness of clD and the continuity of
E,(x), for all ¢ > 0, E,(x) admits a global minimum point
on clID. We show first that there exists an o] > 0 such that, for
all o € (0,07] we have G(o) # (). Suppose that this assertion
is false. Then, for any integer k there must exist an o1, < 1/k
and y*) € bdD such that

Efflk(y(k))_ inf E01k( )

zeclp

There exists a convergent subsequence, which we relabel
{y™} such that, limy_,o. ¥ = ¢, and § € bdD. For each
natural number k,

infazef f( ) lanE}—E 1k (.13) Z infxeClD EUlk (.13)
Eoy (y™) = fly “)) V(™)
inf, co1p f(2) + 7V (™).

It follows from (7) that

IVl

)

max{g;(y), 0} = limy 0o max{g;(y*), 0}
< limsupy,_, o o1k[infzer f(z) — inf__qp f(@)]=0.

Therefore,
gi(y) <0, foralliel. (8)

From (8), we have y € F C D, which is a contradiction with
i € bdD. Therefore, there exists an o7 > 0 such that, for all
o € (0,07 we have G(o) # 0.

Next, we will prove that there exists an ¢* >0 (0 < o* <
o}) such that, for all o € (0,0*] we have G(c) C G. Namely,
there exists o* > 0, such that if 0 € (0,0%], and z € D
satisfies

FE,(z) = inf E,
() = inf E,(2),
then z € F, and f(z) = inf,cr f(z).

Let us assume the converse. Then there exist a sequence
{o%}52, C (0,07] and a sequence {z(¥)}3°, C D such that
for all natural numbers k,

<

s B (2W) = il By (w), 2V ¢F )

?T'M—l

For each natural number £,

infoer f(z) = infrer By, (z) > infrep By ()
= B, (zW) = f(zW) + ng(Z(k))
< infeep f(z) + 1k V()
(10)

Extracting a subsequence and re-indexing, we may assume
without loss of generality that there exists

Jim. k) = 7. (11)

By (10) and (11), similar to proof of (8), we have z € F.
Since z(¥) is a global minimizer of E,, () on D, then for
each integer £ > 1,

1
0€IE, (W) = V(=) + Zav (™),
Tk
0eVi")+ [ > Valz ®)+ > [0,1]Vgi(2")].
'L€I+<z(k)> i€Ip(2(k))

(12)

For each integer k£ > 1, 3 ay; € [0, 1] such that

0=0,Vf( z(k) Z Vi (z( )) Z akngi(z(k)).
iely (z(F) i€lo(2(F))
(13)
By (9), for all integers k& > 1,
I (20 £ 9. (14)

Extracting a subsequence and re-indexing, we may assume
without loss of generality that, for all natural numbers k,
I (zM) = 1,.(2®), I_(zM) = I_(2®), and for each
i€ 10(2(1))7

lim ap; = ay. (15)
k—o0
Set k — oo in (13), it follows from (9), (11) and (15) that
0= > Va@+ D, «Va®. 16
i€l (2(D) i€lo(z(D)
By z € F,
9i(2) =0, i € I (V) U Ip(zM). (17)

Therefore, (16) is a contradiction with Assumption 1. The
contradiction proves that there exists o* > 0, such that if
€ (0,0*], then G(o) C G.
Let # be a global minimizer of problem (1) and z, €
G(o) (o € (0,0*]), then

f(xo) = Es(25), f(Z)=Ey(2). (18)

Therefore, as f(z,) = f(Z), (18) implies that E,(Z) =
E,(z,) and this proves that Z is a global solution to problem
3). [ |

IV. NEURAL NETWORK MODEL

To solve the the optimization problem (1), a neural network
is presented based of the exact penalty property of F,(x) as
follows

x(t) € —OFE,(xz(t)),zg € D. (19)

Z € D is said to be an equilibrium point of system (19),
if 0 € —0F,(Z). We denote by £(o) the set of equilibrium
point of (19).

Proposition 4 (see [28]): Let & € F, T € (o), then T €
G if f is a pseudoconvex function and g;,7 = 1,...,m are

3175



quasiconvex functions. Moreover, there exists a ¢* > 0, such
that for all o € (0,0*], if 2, € £(0), then z, € G.

Proposition 5: Let * € G, then z* € (o) for all ¢ > 0
such that A} < 1/0, i € Iy(x*).

Since V f(x) is continuous and OV (z) is upper semicontin-
uous with nonempty compact convex values, cID \ intF is a
compact subset, there exist Ly > 0 and Ly > 0 such that, for
xz € cID \intF, ||V f(z)|| < Ly and [0V (z)| = max{||n|| :
nedV(x)} < Ly.

The following corollary shows that any equilibrium point
of (19) corresponds to an optimal solution of (1) when the
penalty parameter is sufficiently small.

Corollary 1: If 0* = mgy/2L; and o € (0,0%], then
E(o) CG.

Proof: Note that for all z € D\ F and o € (0,0%],
3 vy € OV (x) such that

|0Ey(x)| := min{||V f(z) + (1/o)v|| : v € OV (z)}
=[|Vf(z) + (1/0)wl|
> (L/a)[[vol| = IV f(2)]]

> (1/o)mg — Ly > 0.

Therefore, if z € £(0), then x € G. [ |

Theorem 2: Any state of (19) converges to an optimal
solution of Problem (1) if 0* = m,/2Ls, 0 € (0,0*] and f(z)
is a pseudoconvex function and g;(z), ¢ € I are quasiconvex
functions.

Proof: By Corollary 1, £(0) C F.

If 2(t) € £(o), then z(t) reaches £(o) in finite time.

If z(t) ¢ E(o), f(x(t)) > f(a*). Since f(z) is pseudocon-
vex, then

(VF((#)),(t) —=") > 0. (20)
If 2(t) € bdF, 3 oy € [0,1], i € Io(x(t)),
#(t) ==V @)= (1/o) DY aVg(=t), @)

1€Ip(z(t))
thus
(d/dt)B(t, ") = ~[|&(t)[[* — (Vf(2(t), 2(t) — z*))
—(1/o) > a(Vag(a(t),z(t) —2*).  (22)
i€lo(x(t))
Since g;(x) (i € Iy(z(t))) are quasiconvex functions and
9i(z(t)) = gi(z), then
(Vgi(z(t)),z(t) —x*) >0, i€ Iy(x(t)).
By (20 and (22), (d/dt)E(t, ") < 0.
If z(t) € intF,
(d/dt)E(t,z*) = —||z@)|]* — (Vf(a(t), x(t) —2*)). (23)

By (20) and (23) (d/dt)E(t,z*) < 0.

Therefore, the state of (19) either converges to an optimal
solution of (1) in finite time or converges to an optimal solution
of (1) asymptotically. |

Remark 1: Compared with existing results on recurrent
neural networks for pseudoconvex optimization, such as [29],

Zy
)

Fig. 1. Transient behaviors of the proposed neural network for Example 1

the contribution of the neural network model (19) lies in
this applicability of deal with generalized convex constraint
functions. In contrast, previous models and theoretic results
are only valid for convex constraints.

V. SIMULATION RESULTS

In this section, simulation results on a numerical example
are provided to illustrate the effectiveness and efficiency of
the proposed recurrent neural network model (19).

Example 1: Consider an optimization problem as follows:

. 2 dxitas
min - S@= " 24)
subject to  In(zf +23) <0, & —zp+2f <0.

The objective function f is pseudoconvex, the constraint
function g; = In(x? + 22) is quasiconvex, and the constraint
function go = % — o +a? is convex. The generalized gradient
OF, is computed as

x%—i—le—xg—i—l 1
(r +12 'zt 1

OB, (z) = ( )T+ (1/0)0V (2),

where
1
OV (x) = Omax{0,In(z? + x3)} + 0 max{0, 5 %2 + 3},

The global optimal solution of (24) is (—0.1321,0.5175)%".
Fig. 1 illustrates the transient behaviors of the proposed neural
network from 30 random initial states. Fig. 2 shows the 2-
dimensional phase plot from 100 random initial states. The
simulation results show that the proposed neural network
always converges to the global optimization problem (24).
Moreover, the proposed neural network is capable of com-
puting the optimal solution in micro-second scale, which is
highly efficient.
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Fig. 2. Phase plot of the proposed neural network for Example

VI. CONCLUSION

This paper presents a single layer recurrent neural network

for

optimization problems with pseudoconvex objectives and

quasiconvex inequality constraints based on an exact penalty
design. The proposed neural network is proved to be con-
vergent to the global optimal solution of the corresponding
optimization problem. Simulation results are discussed to sub-
stantiate the characteristics and effectiveness of the proposed
neural network. Future investigations are directed to general
nonconvex optimization.
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